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» Synchronized activity is crucial for brain function: . Contractive system: x = f(x) is contractive, if any two Consider a network with dynamics
» Occurs at multiple levels (neuronal or regional) - - PTI K (1) — K Kj / _ xK _ -
» Related to many pathological conditions (Parkinson’s disease & epilepsy) trajectories u & v converge to ?ach other exponentially: Xg (1) = 1e, <x%f(t)’ t> jg\;kﬁy D (x ) xc€f(t)> K=1.....6
. L . u(t) — vt < e{ju(0) —v(0)||, <O . . .
> In realistic networks, complex patterns of synchronization emerge: Ju(t) = v = eTu(0) = v(O)ll, x (K clusters with homogenous intrinsic dynamics) that satisfies CIE.
~ (Gomplete) synchronization » Matrix measures (Logarithmic norms)

Objective: Find conditions on network structure, coupling weights,
and intrinsic nodal dynamics, that guarantee convergence to .#.

» Cluster synchronization (e.g. phase lock)

L N Y X, | - . a finite-dim normed vector space over R or C
» Finding the conditions that foster synchronization is critical to (X1 lix) P

L(X, X): normed space of linear transformations A: X — X with

understanding biological systems. Useful tools: N G
» Contraction theory & Algebraic graph theory the induced operator norm N
| Ax|| x \ \ Graph decomposition:
|A[[x—x = sup N5 . .
x20 || X x » G: interconnection graph
n_vatri).( measure “?(H induced by. | - || x is defined as the NG » G,: subgraph describing connections
» Synchronization: N coupled systems, x', ..., xN € R”, converge directional derivative of the ma}tnx norm: \Z\\ G2 within cluster r, A%’: 2nd eigenvalue
to a forward-invariant manifold, called synchronization manifold: Hx[A] = hlLrBLE (H/+ hA| xx — 1) gl/A ) . G: subgraph describing connections
) N v N (N o - - v G among clusters, \?): 2nd eigenvalue
Sy = {x ceR™ | x'=...=x" x'¢€ R”} W ) » A sufficient condition for contractivity If 3 || - || x s.t.
wiv sup, ux|[J4(X)] < 0, then x = f(x) is contractive. (J;: Jacobian) v
» Cluster synchronization: N coupled systems, x',....x"N € R”,
partitioned in K < N groups, converge to a forward-invariant
manifold, called cluster synchronization manifold:
Sk = {x cRM X =- . =x% . T —... —x% xeR") » Q: a positive definite matrix s.t. Q°D + DQ? is positive definite. Let y1 := max, sup n k2. |Ji,. (X, t) — (Aﬁé) + 5\(2)> D|. Then for any
cluster 1 cluster K ) | _ . 5 , ’ r r |
> ||X]|2.q := ||QX||2: @ Q weighted L= norm

solution x, 3 a solution X s.t.

o e M y > p2,qlA]: matrix measure induced by || - ||z,
[ & /‘W'W\‘/\‘v\\ALL,NW\UM)WW e SUP(x) 112.q | (X 1) = A&D b IX(t) = X() 2000 < €"1X(0) = X(0)]|2. 0

Time Then for any solution x, 3 a solution X such that

[%(1) = X()l|2.nee < €"[1X(0) — X(0)|[2,1yz 02
® : Kronecker product | |
For 1 < 0, the dynamics synchronize x'(t) — x/(t) - 0 ast — oc.

For 1 < 0, the dynamics in each cluster synchronize: Vi, € ¢,

Xl () — %, (1) =0 ast— o

» Dynamics of a network of N nodes, X' ¢ R", i=1,..., N:
y W z - - . - For some graphs (complete, star, linear), this result is true for any LP norms3.
x/(t) = f (x'(t), t) + Y +ID (xf(t) _ x'(t)) N; : neighbors of x graphs (comp ) !
JEN Network of Fitzhugh-Nagumo (FN) and Hindmarsh-Rose (HR) oscillators:
. e . i 2D reduction of Hodgkin-Huxley: 2D version of Hindmarsh-Rose:
» Nonlinear intrinsic dynamics of each node: f | 23 / | 5 o2tz ]
: : : : : : : : : =" —Z—a-—+ = Z
» Linear diffusive coupling: Diffusion matrix D € R"*" is diagonal and }Z/: f(y sz) }Z/: §(1 3 gyz ~ 2)
indicates which dimensions of the dynamics are coupled. » Cluster synchronization arises in heterogeneous networks .
» Laplacian matrix with eigenvalues 0 = A1) < )\ < ... < \IN); 1. K < N groups %, . .., %x with identical intrinsic dynamics: f . Sufficient condition for synchronization with diffusion matrix D = diag(, 0):
( : . . -1 - i =56 r S i , 2
Sken 7K i— | 2. Cluster-input-equivalence ((k)IE). for imy XL, X in 1 . (26, - 5) L c2 L (%p_ 1/p)
H ' . s : — s Qj p, Of =
Li=31 —" 1#JJeN > 1= X TN 3@, [ | AR50p2 =) 40gp 3 0 T YT b,
0 otherwise ke ket | @

(J/,Cgf — indices of neighbors of r in group %;.)
» Then, the cluster synchronization manifold .7k is forward-invariant
(necessary condition for cluster synchronization).
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