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ARTICLE INFO ABSTRACT
AMS subject classifications: This paper presents a numerical approach to the stochastic obstacle problem using the stochas-
65K15 tic Galerkin (SG) method. Due to the low regularity of the solution, linear finite elements are
65C20 employed in both the physical and random variable spaces. Properties of random fields and vari-
Z:g?g ational inequalities of the first kind are employed to establish the well-posedness of the problem.
Finite element spaces are introduced to construct suitable approximation subspaces, and a com-
Keywords: prehensive SG formulation is proposed to solve the stochastic obstacle problem. Well-posedness
Stochastic elliptic variational inequalities of the discrete formulation is shown and an optimal error estimate for the numerical solution
Obstacle problem in the H'-norm is derived. Numerical experiments validate the effectiveness of the SG method,
Stochastic Galerkin method showing that the expectation error converges at a rate of O(h) in the H'-norm, consistent with

A priori error estimate theoretical predictions.

1. Introduction

Variational inequalities (VIs) are a fundamental class of mathematical problems that extend the concepts of optimization and
equilibrium. They are extensively applied in fields such as applied mathematics, physics, engineering, and economics to model
systems involving constraints, inequalities, or non-smooth behavior ([1-6]). VIs offer a robust framework for addressing challenges
in the presence of complex constraints or irregularities. Since closed-form solutions are rarely available for VIs arising in practical
applications, numerical methods are required to solve such problems. Various numerical approaches have been developed and studied
to this end, including, notably, finite element methods ([7-10]), discontinuous Galerkin methods ([11,12]), and virtual element
methods ([13-16]).

In many complex physical and engineering models, significant uncertainties arise from various sources, including parameters,
coefficients, forcing terms, and boundary conditions. These models are often described using stochastic partial differential equations
(SPDEs). In recent years, significant attention has been given to the stochastic Galerkin method ([17-21]) and stochastic collocation
method ([22,23]) as effective tools for uncertainty quantification and propagation in random PDEs.

The stochastic Galerkin method addresses uncertainty by expanding the solution in a polynomial basis with respect to random
variables, thereby transforming the problem into a high-dimensional deterministic system. Galerkin finite element techniques, includ-
ing both h- and p-versions ([17,19,20]), have been effectively used to approximate statistical quantities of interest. In contrast, the
stochastic collocation (SC) method ([22,23]) offers a non-intrusive alternative based on evaluating the solution at carefully chosen
points in the stochastic space and interpolating the result.
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$H^1$


$O(h)$


$H^1$


$h$


$p$


$O(h)+O(M^{-1/2})$


$M$


$M$


$H^1$


$D\subset \mathbb {R}^n$


$n$


$u \in K$


\begin {align}\label {eq1} \int _{D} a \nabla u \cdot \nabla (v-u) \, \mathrm {d} \bx \geq \int _{D} f(v-u) \, \mathrm {d} \bx \quad \forall v \in K,\end {align}


$f \in L^2(D)$


$a \in L^{\infty }(D)$


$K$


\begin {align*}K = \{v \in H_0^1(D) | v \geq g \text { a.e. in } D\},\end {align*}


$g$


$H^1_0(D)$


\begin {equation*}(u,v)_{H^1_0(D)}=\int _D \nabla u\cdot \nabla v\, \mathrm {d}\bx \end {equation*}


$\|v\|_{H^1_0(D)}=(v,v)_{H^1_0(D)}^{1/2}$


$a(\cdot )$


$a_0 > 0$


$V$


$K \subset V$


$b(\cdot , \cdot ) \colon V \times V \to \mathbb {R}$


$V$


$\ell \in V^\prime $


\begin {equation*}u \in K, \quad b(u, v-u) \geq \ell (v-u) \quad \forall v \in K\end {equation*}


$a$


$f$


$g$


$a$


$f$


$g$


$(\Omega , \mathcal {F}, \mathbb {P})$


$\Omega $


$\mathcal {F}$


$\sigma $


$\mathbb {P}$


$\mathcal {F}$


$Y \in L^1(\Omega )$


\begin {equation*}\mathbb {E}[Y] = \int _{\Omega } Y(\omega )\,\mathrm {d}\mathbb {P}(\omega ).\end {equation*}


$X$


$D \subset \mathbb {R}^n$


$\|\cdot \|_X$


$v : D \times \Omega \to \mathbb {R}$


$L^p(\Omega ;X)$


$1 \leq p < \infty $


\begin {equation*}\|v\|_{L^p(\Omega ;X)}^p := \int _{\Omega } \|v(\cdot ,\omega )\|_X^p\,\mathrm {d}\mathbb {P}(\omega ) < \infty .\end {equation*}


$p=\infty $


$L^\infty (\Omega ;X)$


\begin {equation*}\|v\|_{L^\infty (\Omega ;X)} := \operatorname *{ess\,sup}_{\omega \in \Omega } \|v(\cdot ,\omega )\|_X.\end {equation*}


\begin {equation*}\|v\|_{L^2(\Omega ;L^2(D))}^2 = \mathbb {E}\left [\|v(\cdot ,\omega )\|_{L^2(D)}^2\right ] = \int _{\Omega }\int _D |v(\bx ,\omega )|^2\,\mathrm {d}\bx \,\mathrm {d}\mathbb {P}(\omega ).\end {equation*}


$\omega $


$\bx $


$H_1$


$D \subset \mathbb {R}^n$


$H_2$


$\Gamma \subset \mathbb {R}^M$


$H_1 \otimes H_2$


$u(\bx ,\by ) = \sum _{i=1}^d v_i(\bx ) w_i(\by )$


$\{v_i\} \subset H_1$


$\{w_i\} \subset H_2$


$(u, \hat {u})_{H_1 \otimes H_2} = \sum _{i,j} (v_i, \hat {v}_ j)_{H_1} (w_i, \hat {w}_j)_{H_2}$


$D$


$\Gamma $


$H^1(D) \otimes L^2(\Gamma )$


\begin {equation*}(u, \hat {u})_{H^1(D) \otimes L^2(\Gamma )} = \int _{\Gamma } \int _{D} \left ( u(\bx ,\by ) \hat {u}(\bx ,\by ) + \nabla _{\bx } u(\bx ,\by ) \cdot \nabla _{\bx } \hat {u}(\bx ,\by ) \right ) \, \mathrm {d}\bx \, \mathrm {d}\by .\end {equation*}


$u \in H^k(D) \otimes L^2(\Gamma )$


$u(\cdot , \by ) \in H^k(D)$


$\by \in \Gamma $


$\bx \in D$


$u(\bx , \cdot ) \in L^2(\Gamma )$


$H^k(D) \otimes L^2(\Gamma ) \simeq L^2(\Gamma ; H^k(D)) \simeq H^k(D; L^2(\Gamma ))$


$a \in L^{\infty }\left (\Omega ; L^{\infty }(D)\right )$


$f \in L^2(\Omega ; L^2(D))$


$g \in L^{2}\left (\Omega ; H^{1}(D)\right )$


$u$


$\omega \in \Omega $


$u(\cdot , \omega ) \in K_{\omega }$


\begin {equation}\label {eq2} \int _{D} a(\bx , \omega ) \nabla u({\boldsymbol x}, \omega ) \cdot \nabla (v({\boldsymbol x})-u({\boldsymbol x}, \omega )) \, \mathrm {d}\bx \geq \int _{D} f(\bx , \omega )(v({\boldsymbol x})-u({\boldsymbol x}, \omega )) \, \mathrm {d}\bx \quad \forall \,v \in K_{\omega },\end {equation}


$K_{\omega } = \{v(\cdot , \omega ) \in H_0^1(D) \mid v(\cdot , \omega ) \geq g(\cdot , \omega ) \text { a.e. in } D\}$


$\nabla $


$\bx \in D$


$u(\bx ,\omega )$


\begin {align}-\text {div}(a(\bx ,\omega )\nabla u(\bx ,\omega )) &\geq f(\bx ,\omega ) &\text { in } D, \nonumber \\ u(\bx ,\omega ) &\geq g(\bx , \omega ) &\text { in } D, \nonumber \\ (\text {div} (a(\bx ,\omega )\nabla u(\bx ,\omega ))+f(\bx ,\omega ))(u(\bx ,\omega )-g(\bx , \omega )) & = 0 & \text { in } D,\label {eqe3}\\ u(\bx ,\omega ) &= 0 &\text { on } \partial D. \nonumber \end {align}


\begin {equation*}g(\bx ,\omega ) \leq 0 \quad \mbox {for a.e. } \bx \in \partial D \mbox { and } \omega \in \Omega .\end {equation*}


$u(\cdot ,\omega )$


$V=L^2(\Omega ;H_0^1(D))$


$\omega $


$a_{\min }$


$a_{\max }$


\begin {equation*}0<a_{\min } \leq a(\bx ,\omega ) \leq a_{\max }<\infty , \quad \mbox {for a.e. } (\bx ,\omega )\in D\times \Omega .\end {equation*}


$V = L^2(\Omega ; H_0^1(D))$


$(v,w)_{V} = \mathbb {E}[(\nabla v, \nabla w)_{L^2(D)}]$


$\|v\|_V=(v,v)_V^{1/2}$


$v,w \in V$


\begin {equation}\label {eq5} u \in \mathcal {K}, \quad b(u, v-u) \geq \ell (v-u), \quad \forall v \in \mathcal {K},\end {equation}


$b(\cdot , \cdot )\colon V \times V \to \mathbb {R}$


$\ell \colon V \to \mathbb {R}$


$\mathcal {K}$


\begin {align}b(u, v) & := \mathbb {E}\left [\int _{D} a(\boldsymbol {x}, \omega ) \nabla u(\boldsymbol {x}, \omega ) \cdot \nabla v(\boldsymbol {x}, \omega ) \, \mathrm {d} \boldsymbol {x}\right ], \label {eq4} \\ \ell (v) & := \mathbb {E}\left [\int _{D} f(\boldsymbol {x}, \omega ) v(\boldsymbol {x}, \omega )\, \mathrm {d} \boldsymbol {x}\right ], \\ \mathcal {K} & := \{ v \in V | v(\bx ,\omega ) \geq g(\bx , \omega )\ { {\rm a.e.\ in\ } D \times \Omega } \}. \nonumber \end {align}


$f \in L^{2}\left (\Omega ; L^{2}(D)\right )$


$V$


\begin {align*}b(u, v) &= \int _{\Omega }\int _D a\,\nabla u \cdot \nabla v \, \mathrm {d}\bx \, \mathrm {d} \mathbb {P} (\omega ) \\ & \leq a_{\max } \int _{\Omega }\int _D |\nabla u \cdot \nabla v|\, \mathrm {d}\bx \,\mathrm {d}\mathbb {P} (\omega )\\ &\leq a_{\max }\lVert \nabla u \rVert _ {L^2(\Omega ; L^2(D))} \lVert \nabla v \rVert _ {L^2(\Omega ; L^2(D))} \\ &= a_{\max } \lVert u \rVert _ V \lVert v \rVert _ V.\end {align*}


\begin {align*}b(v, v) &= \int _{\Omega }\int _D a\,\nabla v \cdot \nabla v \,\mathrm {d}\bx \,\mathrm {d} \mathbb {P}(\omega ) \\ & \geq a_{\min } \int _{\Omega }\int _D \lvert \nabla v \rvert ^2 \, \mathrm {d}\bx \, \mathrm {d}\mathbb {P} (\omega ) = a_{\min } \lVert v \rVert _{L^2(\Omega ; H_0^1(D))}^2.\end {align*}


$f \in L^{2}\left (\Omega ; L^{2}(D)\right )$


$\ell $


$V$


$a$


$f$


$g$


$a$


$f$


$g$


$a$


$f$


$g$


$\widetilde {a}, \widetilde {f}, \widetilde {g}\colon D \times \Omega \to \mathbb {R}$


\begin {align}\label {eq8} \widetilde {u} \in \widetilde {\mathcal {K}},\quad \widetilde b(\widetilde {u}, v-\widetilde {u}) \geq \widetilde \ell (v-\widetilde {u}), \quad \forall v \in \widetilde {\mathcal {K}},\end {align}


$\widetilde {b}\colon V \times V \to \mathbb {R}$


$\widetilde {\ell }\colon V \to \mathbb {R}$


\begin {equation*}\begin {aligned} \widetilde {b}(u, v) & := \mathbb {E}\left [\int _{D} \widetilde {a}(\boldsymbol {x}, \omega ) \nabla u(\boldsymbol {x}, \omega ) \cdot \nabla v(\boldsymbol {x}, \omega )\,\mathrm {d} \boldsymbol {x}\right ], \\ \widetilde {\ell }(v) & := \mathbb {E}\left [\int _{D} \widetilde {f}(\boldsymbol {x}, \omega ) v(\boldsymbol {x}, \omega )\,\mathrm {d} \boldsymbol {x}\right ],\\ \widetilde {\mathcal {K}} & := \{ v \in V | v(\bx ,\omega ) \geq {\widetilde {g}(\bx , \omega )} \ { {\rm a.e.\ in\ } D \times \Omega } \}. \end {aligned}\end {equation*}


$H$


$\mathcal {K},\widetilde {\mathcal {K}}\subset H$


$\mathcal {B}, \widetilde {\mathcal {B}}\colon H \times H \to \mathbb {R}$


$H$


$0<\alpha _{\min } \le \alpha _{\max }$


\begin {equation*}\alpha _{\min }\|v\|_H^2 \le \min \{\mathcal {B}(v,v),\widetilde {\mathcal {B}}(v,v)\}, \qquad \max \{|\mathcal {B}(v,w)|,|\widetilde {\mathcal {B}}(v,w)|\}\le \alpha _{\max }\|v\|_H\|w\|_H\end {equation*}


$v, w \in H$


$\mathcal {B}$


$\widetilde {\mathcal {B}}$


$\gamma \ge 0$


\begin {equation}\label {eq2.8} \big |\mathcal {B}(v,w)-\widetilde {\mathcal {B}}(v,w)\big |\le \gamma \,\|v\|_H\|w\|_H \qquad \forall \,v, w \in H.\end {equation}


$\mathcal {L},\widetilde {\mathcal {L}} \in H'$


$u \in \mathcal {K},\widetilde {u} \in \widetilde {\mathcal {K}}$


\begin {equation}\label {eq2.9} \mathcal {B}(u,v-u)\ge \mathcal {L}(v-u)\quad \forall \,v \in \mathcal {K},\end {equation}


\begin {equation}\label {eq2.9t} \widetilde {\mathcal {B}}(\widetilde {u},v-\widetilde {u})\ge \widetilde {\mathcal {L}}(v-\widetilde {u})\quad \forall \,v \in \widetilde {\mathcal {K}}.\end {equation}


\begin {equation*}\delta _{\mathcal {K}} := \inf _{v \in \mathcal {K}}\|\,\widetilde {u}-v\,\|_H,\qquad \delta _{\widetilde {\mathcal {K}}} := \inf _{v \in \widetilde {\mathcal {K}}}\|\,u-v\,\|_H,\end {equation*}


$e := u-\widetilde {u}$


\begin {equation}\label {eq2.11} \|e\|_H \leq \frac {1}{\alpha _{\min }} \left (\|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}+\gamma \|u\|_H\right ) + \sqrt {\frac {2}{\alpha _{\min }}\!\left (\big (\alpha _{\max }\|u\|_H+\|\mathcal {L}\|_{H'}\big )\delta _{\mathcal {K}} +\big (\alpha _{\max }\|\widetilde {u}\|_H+\|\widetilde {\mathcal {L}}\|_{H'}\big )\delta _{\widetilde {\mathcal {K}}}\right )}.\end {equation}


$\mathcal {K} = \widetilde {\mathcal {K}}$


$\delta _{\mathcal {K}} = \delta _{\widetilde {\mathcal {K}}} = 0$


\begin {equation}\label {eq:nogap} \|u-\widetilde {u}\|_H\leq \frac {1}{\alpha _{\min }}\Big (\|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}+\gamma \|u\|_H\Big ).\end {equation}


$\mathcal {K}$


$\widetilde {\mathcal {K}}$


$0$


\begin {equation*}\|u\|_H\leq \frac {1}{\alpha _{\min }}\, \|\mathcal {L}\|_{H'},\qquad \|\widetilde {u}\|_H\leq \frac {1}{\alpha _{\min }}\, \|\widetilde {\mathcal {L}}\|_{H'},\end {equation*}


\begin {equation}\label {eq2.13} \|u-\widetilde {u}\|_H \leq \frac {1}{\alpha _{\min }}\!\left (\|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}+\frac {\gamma }{\alpha _{\min }}\|\mathcal {L}\|_{H'}\right ) + \sqrt {\frac {2}{\alpha _{\min }}\! \Big (1+\frac {\alpha _{\max }}{\alpha _{\min }}\Big )\big (\|\mathcal {L}\|_{H'}\,\delta _{\mathcal {K}} +\|\widetilde {\mathcal {L}}\|_{H'}\,\delta _{\widetilde {\mathcal {K}}}\big )}.\end {equation}


$u$


$\widetilde {u}$


$e := u-\widetilde {u}$


$\widetilde {u}_{\mathcal {K}} \in \mathcal {K}$


$u_{\widetilde {\mathcal {K}}} \in \widetilde {\mathcal {K}}$


$\|\widetilde {u}_{\mathcal {K}}-\widetilde {u}\|_H=\delta _{\mathcal {K}}$


$\|u-u_{\widetilde {\mathcal {K}}}\|_H=\delta _{\widetilde {\mathcal {K}}}$


$v=\widetilde {u}_{\mathcal {K}}$


$v=u_{\widetilde {\mathcal {K}}}$


\begin {equation*}\mathcal {B}\big (u,\widetilde {u}_{\mathcal {K}}-u\big )\ge \mathcal {L}\big (\widetilde {u}_{\mathcal {K}}-u\big ),\qquad \widetilde {\mathcal {B}}\big (\widetilde {u},u_{\widetilde {\mathcal {K}}}-\widetilde {u}\big )\ge \widetilde {\mathcal {L}}\big (u_{\widetilde {\mathcal {K}}}-\widetilde {u}\big ).\end {equation*}


$\widetilde {\mathcal {B}}$


\begin {equation*}\alpha _{\min }\|e\|_H^2\le \widetilde {\mathcal {B}}(e,e)=\widetilde {\mathcal {B}}(u,e)-\widetilde {\mathcal {B}}(\widetilde {u},e).\end {equation*}


$\mathcal {B}(u,e)$


$\widetilde {u}_{\mathcal {K}}-u=(\widetilde {u}_{\mathcal {K}}-\widetilde {u})-e$


$u_{\widetilde {\mathcal {K}}}-\widetilde {u}=e-(u-u_{\widetilde {\mathcal {K}}})$


\begin {equation*}\begin {aligned} \alpha _{\min }\|e\|_H^2 &\le \big (\widetilde {\mathcal {B}}(u,e)-\mathcal {B}(u,e)\big )+\big (\mathcal {L}(e)-\widetilde {\mathcal {L}}(e)\big ) \\ &\quad +\Big (\mathcal {B}\big (u,\widetilde {u}_{\mathcal {K}}-\widetilde {u}\big )-\mathcal {L}\big (\widetilde {u}_{\mathcal {K}}-\widetilde {u}\big )\Big ) - \Big (\widetilde {\mathcal {B}}\big (\widetilde {u},\,u-u_{\widetilde {\mathcal {K}}}\big )-\widetilde {\mathcal {L}}\big (u-u_{\widetilde {\mathcal {K}}}\big )\Big ). \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \big |\widetilde {\mathcal {B}}(u,e)-\mathcal {B}(u,e)\big | &\leq \gamma \|u\|_H\|e\|_H,\\ \big |\mathcal {L}(e)-\widetilde {\mathcal {L}}(e)\big | &\leq \|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}\|e\|_H,\\ \big |\mathcal {B}(u,\widetilde {u}_{\mathcal {K}}-\widetilde {u})-\mathcal {L}(\widetilde {u}_{\mathcal {K}}-\widetilde {u})\big | &\leq \big (\alpha _{\max }\|u\|_H+\|\mathcal {L}\|_{H'}\big )\,\|\widetilde {u}_{\mathcal {K}}-\widetilde {u}\|_H =\big (\alpha _{\max }\|u\|_H+\|\mathcal {L}\|_{H'}\big )\delta _{\mathcal {K}},\\ \big |\widetilde {\mathcal {B}}(\widetilde {u},u-u_{\widetilde {\mathcal {K}}})-\widetilde {\mathcal {L}}(u-u_{\widetilde {\mathcal {K}}})\big | &\leq \big (\alpha _{\max }\|\widetilde {u}\|_H+\|\widetilde {\mathcal {L}}\|_{H'}\big )\,\|u-u_{\widetilde {\mathcal {K}}}\|_H =\big (\alpha _{\max }\|\widetilde {u}\|_H+\|\widetilde {\mathcal {L}}\|_{H'}\big )\delta _{\widetilde {\mathcal {K}}}. \end {aligned}\end {equation*}


\begin {equation*}\alpha _{\min }\|e\|_H^2 \leq \Big (\gamma \|u\|_H+\|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}\Big )\|e\|_H +\big (\alpha _{\max }\|u\|_H+\|\mathcal {L}\|_{H'}\big )\delta _{\mathcal {K}} +\big (\alpha _{\max }\|\widetilde {u}\|_H+\|\widetilde {\mathcal {L}}\|_{H'}\big )\delta _{\widetilde {\mathcal {K}}}.\end {equation*}


$\|e\|_H$


$\alpha _{\min }/2$


\begin {equation*}\frac {\alpha _{\min }}{2}{\|e\|}_H^2 \leq \frac {1}{2\alpha _{\min }}{\Big (\gamma \|u\|_H+\|\widetilde {\mathcal {L}}-\mathcal {L}\|_{H'}\Big )}^2 +\big (\alpha _{\max }\|u\|_H+\|\mathcal {L}\|_{H'}\big )\delta _{\mathcal {K}} +\big (\alpha _{\max }\|\widetilde {u}\|_H+\|\widetilde {\mathcal {L}}\|_{H'}\big )\delta _{\widetilde {\mathcal {K}}},\end {equation*}


$\mathcal {K}=\widetilde {\mathcal {K}}$


$\mathcal {K}$


$\widetilde {\mathcal {K}}$


$0$


$v=0$


$v=2u$


$\mathcal {B}(u,u)=\mathcal {L}(u)$


$\|u\|_H\le \alpha _{\min }^{-1}\|\mathcal {L}\|_{H'}$


$\widetilde {u}$


$\operatorname {Tr} g=\operatorname {Tr}\widetilde {g} \, \text {on} \, \partial D \, \text {for almost every}\, \omega \in \Omega $


$\max {(\delta _{\widetilde {\mathcal {K}}}, \delta _{\mathcal {K}})} \leq {\lVert \widetilde {g} - g \rVert } _ H$


$u + \max {(\widetilde {g} - g, 0)} \geq \widetilde {g}$


\begin {equation*}\begin {aligned} \delta _{\widetilde {\mathcal {K}}}\,=\,\inf _{v \in \widetilde {\mathcal {K}}}\|\, {u}-v\,\|_H & \leq \|\,u - (u + \max {(\widetilde {g} - g, 0))} \,\|_H \\ & \leq \|\, g - \widetilde {g} \,\|_H. \end {aligned}\end {equation*}


$\delta _{\mathcal {K}}\, \leq \|\, g - \widetilde {g} \,\|_H$


$H = L^2(\Omega ; H_0^1(D))$


$\widetilde {a}$


$0 < a_{\min } \leq \widetilde {a} \leq a_{\max } < \infty $


$D \times \Omega $


$f, \widetilde {f} \in L^2(\Omega ; L^2(D))$


$u \in \mathcal {K}$


$\widetilde {u} \in \widetilde {\mathcal {K}}$


\begin {align}\|u-\widetilde u\|_{H} \leq \, & \frac {1}{a_{\min }}\,\left (\|\widetilde a-a\|_{L^{\infty }(\Omega ;L^{\infty }(D))}\,\|u\|_{H}+ C_{D}\,\|\widetilde f-f\|_{L^{2}(\Omega ;L^{2}(D))}\right ) \nonumber \\ & + \sqrt {\frac {2}{a_{\min }}\!\left (\big (a_{\max }\|u\|_{H}+C_{D}\|f\|_{L^{2}(\Omega ;L^{2}(D))}\big )\,\delta _{\mathcal {K}}+\big (a_{\max }\|\widetilde u\|_{H}+C_{D}\|\widetilde f\|_{L^{2}(\Omega ;L^{2}(D))}\big )\,\delta _{\widetilde {\mathcal {K}}}\right )}. \label {eq2.14}\end {align}


$g=\widetilde {g}$


\begin {equation}\label {eq2.15} \|u-\widetilde u\|_{L^{2}(\Omega ;H_{0}^{1}(D))} \,\leq \, a_{\min }^{-1}\!\left (\|\widetilde a-a\|_{L^{\infty }(\Omega ;L^{\infty }(D))}\,\|u\|_{L^{2}(\Omega ;H_{0}^{1}(D))} + C_{D}\,\|\widetilde f-f\|_{L^{2}(\Omega ;L^{2}(D))}\right ),\end {equation}


$C_D > 0$


$D$


$\lVert v \rVert _{L^2(D)} \leq C_D \lVert v \rVert _{H_0^1(D)}$


$v \in H_0^1(D)$


\begin {align*}| \mathbb {E}[\int _D (a-\widetilde {a}) \nabla v \cdot \nabla w\, \mathrm {d} \bx ] | & \leq \|\widetilde {a}-a\|_{L^{\infty }\left (\Omega ; L^{\infty }(D)\right )} \left ( \mathbb {E}[\int _D | \nabla v |^2 \,\mathrm {d} \bx ] \right )^{1/2}\left ( \mathbb {E}[\int _D | \nabla w |^2 \, \mathrm {d} \bx ] \right )^{1/2} \\ & = \|\widetilde {a}-a\|_{L^{\infty }\left (\Omega ; L^{\infty }(D)\right )} \| v \|_H \|w\|_H,\end {align*}


$\gamma =\|\widetilde {a}-a\|_{L^{\infty }\left (\Omega ; L^{\infty }(D)\right )}$


$a$


$f$


$g$


$\mu _a(\bx )$


$a(\bx ,\omega )$


$V_a$


$a$


$\mathcal {V}_a\colon L^2(D)\to L^2(D)$


$\{(v_k^a,\phi _k^a)\}_{k\in \mathbb {N}_+}$


$\mathcal {V}_a$


$v_1^a \geq v_2^a \geq \cdots \geq 0.$


$a \in L^{2}(D; L^2(\Omega ))$


$\{{\xi _k^a}\}_{k \geqslant 1} \subset L^{2}(\Omega )$


\begin {equation*}\int _{\Omega } {\xi _i^a}(\omega ) \,\mathrm {d} \mathbb {P}(\omega ) = 0, \quad \int _{\Omega } {\xi _i^a}(\omega ) {\xi _j^a}(\omega ) \,\mathrm {d}\mathbb {P}(\omega ) = \delta _{ij} \quad \forall i, j \geqslant 1\end {equation*}


$a(\cdot ,\cdot )$


$L^{2}(D; L^2(\Omega ))$


\begin {equation}\label {eq2.17} a(\bx ,\omega ) = \mu _{a}({\bx }) + \sum _{k=1}^{\infty } \sqrt {v_{k}^a} \phi _{k}^{a}(\bx ) \xi _{k}^{a}(\omega ),\end {equation}


$\{ (v_k^a, \phi _k^a)\} _{k \in \mathbb {N}_+}$


$\mathcal {V}_a$


${v_k}^{a} \neq 0$


\begin {equation*}\xi _{k}^{a}(\omega ) := \frac {1}{\sqrt {v_k^a}} \int _{D} (a(\bx ,\omega ) - \mu _a) \phi _{k}^{a}(\bx ) \, \mathrm {d}\bx \quad \forall k \geqslant 1.\end {equation*}


$M_a\in \mathbb {N}$


\begin {align}\label {truncatecca} a_{M_a}(\bx ,\omega ) = \mu _a(\bx ) + \sum _{k=1}^{M_a} \sqrt {v_k^a}\,\phi _k^a(\bx )\,\xi _k^a(\omega ).\end {align}


$f$


$g$


\begin {equation}\label {truncateccf} f_{M_f}(\bx ,\omega ) = \mu _f(\bx ) + \sum _{k=1}^{M_f} \sqrt {v_k^f}\,\phi _k^f(\bx )\,\xi _k^f(\omega ),\end {equation}


\begin {equation}\label {truncateccg} g_{M_g}(\bx ,\omega ) = \mu _g(\bx ) + \sum _{k=1}^{M_g} \sqrt {v_k^g}\,\phi _k^g(\bx )\,\xi _k^g(\omega ).\end {equation}


$\widetilde {a} = a_{M_a}$


$\widetilde {f} = f_{M_f}$


$\widetilde {g} = g_{M_g}$


$\widetilde {a}, \widetilde {f}, \widetilde {g}$


$a, f, g$


$M_a, M_f, M_g$


$L^2$


\begin {equation}\big \|a-a_{M_a}\big \|_{L^2(\Omega ;L^2(D))} \to 0 \qquad \text {as } M_a\to \infty . \label {Xeqn13-2.20}\end {equation}


$f\in L^2(\Omega ;L^2(D))$


\begin {equation*}\|f-\widetilde {f}\|_{L^2(\Omega ;L^2(D))} \to 0 \qquad \text {as } M_f\to \infty .\end {equation*}


$g\in L^2(\Omega ;H^1(D))$


\begin {equation*}\|g-g_{M_g}\|_{L^2(\Omega ;H^1(D))} \to 0 \qquad \text {as } M_g\to \infty .\end {equation*}


$L^2$


\begin {equation*}{\big \|a-a_{M_a}\big \|}_{L^\infty (\Omega ;L^\infty (D))} \to 0 \qquad \text {as } M_a\to \infty .\end {equation*}


$V_a$


$a$


$D \times D$


$\{\xi _k^a\}_{k \in \mathbb {N}_+}$


\begin {equation}\|a - a_{M_a}\|_{L^{\infty }(\Omega ; L^\infty (D))} \leq c_{a} \exp \left (-c_{1,a} M_a^{1/n}\right ) \quad \forall M_a \in \mathbb {N}, \label {Xeqn14-2.21}\end {equation}


$n$


$c_a$


$\{\xi _k^a \}_{k \in \mathbb {N}_+}$


$c_{1,a}$


$a$


$a_{M_a}$


$M_a$


$\{\xi _k^a\}_{k \in \mathbb {N}_+}$


$\widetilde {a}$


$M_a \geq 0$


$\mathcal {F}_{M_a} \subset \mathcal {F}$


$\sigma $


$\xi _1, \ldots , \xi _{M_a}$


\begin {equation*}\mathbb {E}[a|\mathcal {F}_{M_a}] = a_{M_a}.\end {equation*}


$a$


$a_{M_a}$


\begin {equation*}0<a_{\min } \leq {a}_{M_a}({\bx },\omega )\leq a_{\max }<\infty \quad \text {a.e.\ in } D \times \Omega .\end {equation*}


$\xi _k^a$


$\xi _k^f$


$\xi _k^g$


$\Omega $


$\mathbb {P}$


$\Gamma \subset \mathbb {R}^M$


$\boldsymbol {\xi } = [\xi _1, \ldots , \xi _M]^\top $


\begin {equation*}b(u, v) = \int _\Omega \int _D a(\bx , \omega ) \nabla u(\bx , \omega ) \cdot \nabla v(\bx , \omega ) \, \mathrm {d}\bx \, \mathrm {d}\mathbb {P}(\omega ).\end {equation*}


$\ell (v)$


$\widetilde {a}$


$\widetilde {f}$


$\widetilde {g}$


$\xi _k \colon \Omega \to \Gamma _k \subset \mathbb {R}$


$1 \leq k \leq M$


$\omega \in \Omega $


$\by = [y_1, \dots , y_M]^\top \in \Gamma := \Gamma _1 \times \cdots \times \Gamma _M \subset \mathbb {R}^M$


$\widetilde {a}(\bx , \omega )$


$\widetilde {f}(\bx , \omega )$


$\widetilde {g}(\bx , \omega )$


$\widetilde {u}(\bx , \omega )$


$\widetilde {a}(\bx , \by )$


$\widetilde {f}(\bx , \by )$


$\widetilde {g}(\bx , \by )$


$\widetilde {u}(\bx , \by )$


$\xi _k\colon \Omega \to \Gamma _{k}$


$k=1,\ldots ,M$


$M<\infty $


$v \in L^{2}\left (\Omega ; L^{2}(D)\right )$


$v(\boldsymbol {x}, \boldsymbol {\xi }(\omega ))$


$\boldsymbol {x} \in D$


$\omega \in \Omega $


$\boldsymbol {\xi }=\left [\xi _{1}, \ldots , \xi _{M}\right ]^{\top }\colon \Omega \to \Gamma \subset \mathbb {R}^{M}$


$\Gamma := \Gamma _{1} \times \cdots \times \Gamma _{M}$


$M$


$p(\boldsymbol {y})$


$\boldsymbol {\xi } = \left [\xi _{1}, \ldots , \xi _{M}\right ]^{\top }$


$\Gamma = \Pi _{k=1}^{M}\Gamma _{k}$


$\xi _i$


$p_i(y_i)\colon \Gamma _i \to \mathbb {R}^{+}$


$i = 1,\ldots , M$


$\{\xi _i\}_{i=1}^{M}$


$p(\boldsymbol {y}) = \Pi _ {i=1}^{M} p_i(y_i)$


$v = v(\boldsymbol {x}, \boldsymbol {\xi })$


$p$


$\boldsymbol {\xi }$


\begin {equation*}\|v\|_{L^{2}\left (\Omega ; L^{2}(D)\right )}^{2}=\mathbb {E}\left [\|v\|_{L^{2}(D)}^{2}\right ] = \int _{\Gamma } p(\boldsymbol {y})\|v(\cdot , \boldsymbol {y})\|_{L^{2}(D)}^{2} \, \mathrm {d}\boldsymbol {y},\end {equation*}


$y_{k} := \xi _{k}(\omega )$


$\boldsymbol {y}=\left [y_{1}, \ldots , y_{M}\right ]^{\top }$


$v(\boldsymbol {x}, \boldsymbol {\xi }) \in L^{2}\left (\Omega ; L^{2}(D)\right )$


$v=v(\boldsymbol {x}, \boldsymbol {y})$


$L^{2}$


\begin {equation*}L_{p}^{2}\left (\Gamma ; L^{2}(D)\right ) := \left \{v\colon D \times \Gamma \to \mathbb {R} \mid \int _{\Gamma } p(\boldsymbol {y})\|v(\cdot , \boldsymbol {y})\|_{L^{2}(D)}^{2} \, \mathrm {d} \boldsymbol {y}<\infty \right \} .\end {equation*}


$a(\boldsymbol {x}, \omega )$


$f(\boldsymbol {x}, \omega )$


$g(\bx , \omega )$


$\boldsymbol {\xi }_a$


$\boldsymbol {\xi }_f$


$\boldsymbol {\xi }_g$


$\boldsymbol {\xi } = [\boldsymbol {\xi }_a, \boldsymbol {\xi }_f, \boldsymbol {\xi }_g]$


$a(\boldsymbol {x}, \cdot )$


$f(\boldsymbol {x}, \cdot )$


$g(\boldsymbol {x}, \cdot )$


$\sigma (\boldsymbol {\xi })$


$u(\boldsymbol {x}, \cdot )$


$\sigma (\boldsymbol {\xi })$


$\boldsymbol {y}=[y_1,\ldots ,y_M]^\top $


$\boldsymbol {\xi }_a$


$\boldsymbol {\xi }_f$


$\boldsymbol {\xi }_g$


$\{y_k\}_{k=1}^{M_a},\, \{y_{M_a+k}\}_{k=1}^{M_f},\, \{y_{M_a+M_f+k}\}_{k=1}^{M_g}$


$u(\boldsymbol {x},\omega )$


$\boldsymbol {\xi }$


$u(\boldsymbol {x},\boldsymbol {y})$


$u(\boldsymbol {x},\omega )$


$\widetilde {a}$


$\widetilde {f}$


$\widetilde {g}$


\begin {equation*}W := L_{p}^{2}\left (\Gamma ; H_0^{1}(D)\right ) = \left \{v \colon D \times \Gamma \to \mathbb {R} \mid \int _{\Gamma } p(\boldsymbol {y})\|v(\bx , \boldsymbol {y})\|_{H_0^{1}(D)}^{2} \, \mathrm {d} \boldsymbol {y}<\infty \right \},\end {equation*}


\begin {equation*}\widetilde {\mathcal {K}} := \{v \in W \mid v(\boldsymbol x,\boldsymbol y) \geq \widetilde {g}(\boldsymbol x, \by )\text { a.e.\,in }D \times \Gamma \}.\end {equation*}


$D \times \Gamma $


\begin {equation}\label {eq11} \widetilde {u} \in \widetilde {\mathcal {K}} , \quad \widetilde b( \widetilde u, v-\widetilde u) \geq \widetilde \ell (v- \widetilde u), \quad \forall \, v \in \widetilde {\mathcal {K}} ,\end {equation}


$\widetilde {b}\colon W \times W \to \mathbb {R}$


$\widetilde {\ell }\colon W \to \mathbb {R}$


\begin {align}\label {eq12} \widetilde {b}(u, v) & := \int _{\Gamma } p(\boldsymbol {y}) \int _{D} \widetilde {a}(\boldsymbol {x}, \boldsymbol {y}) \nabla u(\boldsymbol {x}, \boldsymbol {y}) \cdot \nabla v(\boldsymbol {x}, \boldsymbol {y}) \,\mathrm {d} \boldsymbol {x} \, \mathrm {d} \boldsymbol {y}, \\ \widetilde {\ell }(v) & := \int _{\Gamma } p(\boldsymbol {y}) \int _{D} \widetilde {f}(\boldsymbol {x}, \boldsymbol {y}) v(\boldsymbol {x}, \boldsymbol {y})\, \mathrm {d} \boldsymbol {x} \, \mathrm {d} \boldsymbol {y} .\nonumber \end {align}


$p\colon \Gamma \to \mathbb {R}^{+}$


$\boldsymbol {\xi }=\left [\xi _{1}, \ldots , \xi _{M}\right ]^{\top }$


$M = M_a+ M_f+ M_g$


$\xi \colon \Omega \to \Gamma \subset \mathbb {R}^{M}$


$\widetilde {u} \in \widetilde {\mathcal {K}}$


$\Gamma $


$\Omega $


\begin {equation*}\widetilde {a}(\boldsymbol {x}, \boldsymbol {y})=\mu _{a}(\boldsymbol {x})+\sum _{k=1}^{M_a} \sqrt {v_{k}^{a}} \phi _{k}^{a}(\boldsymbol {x}) y_{k}, \quad \boldsymbol {x} \in D, \boldsymbol {y} \in \Gamma \end {equation*}


$\widetilde {f}$


$\widetilde {a}_{\min }\le \widetilde {a}_{\max }$


\begin {equation*}0<\widetilde {a}_{\min } \leq \widetilde {a}(\boldsymbol {x}, \boldsymbol {y}) \leq \widetilde {a}_{\max }<\infty , \quad \text { a.e.\,in } D \times \Gamma .\end {equation*}


$\xi _1,\ldots , \xi _{M_a}$


\begin {equation*}{a}_{\min } \leq \widetilde {a}(\boldsymbol {x}, \boldsymbol {y}) \leq a_{\max }.\end {equation*}


$\widetilde {f} \in L_{p}^{2}\left (\Gamma ; L^{2}(D)\right )$


$(\sqrt {v_k^a}, \phi _k^a)$


$D \subset \mathbb {R}^n$


$\Gamma \subset \mathbb {R}^M$


$D \times \Gamma $


$D$


$D$


$D$


$D$


$\tau $


$\{\mathcal {T}_h ^D\}_{h>0}$


$D$


$\bar {D} = \cup _{\tau \in \mathcal {T}_{h}^D} \bar {\tau }$


$h = \max _{\tau \in \mathcal {T} _h ^D} h_\tau $


$h_\tau $


$\tau $


$D$


$\sigma $


$h_\tau / \rho _\tau \leq \sigma $


$\tau \in \mathcal {T}_h ^D$


$\rho _\tau $


$\tau $


$h$


$X^h \subset H_0^1(D)$


$\mathcal {T}_h ^D$


$\Pi _h$


\begin {equation*}\Pi _h \colon H^2(D) \cap H_0^1(D) \to X^h, \qquad \Pi _h v = \sum _{i = 1}^{I} v(\bx _i)\varphi _i,\end {equation*}


$\left \{\bx _{i}\right \}_{i=1}^{I} \subset \bar {D}$


$D$


$\left \{\varphi _{i}\right \}_{i=1}^{I}$


$C>0$


$h$


$v\in H^2(D) \cap H_0^1(D)$


\begin {equation}\label {interpolation} \|v - \Pi _h v \|_{m,D} \leq C h^{2-m} |v|_{2,D}, \quad m = 0,1.\end {equation}


$\Gamma \subset \mathbb {R}^M$


$\Gamma \subset \mathbb {R}^M$


$\Gamma = \Pi _{k= 1}^M \Gamma _k$


$\Gamma $


$B_{\gamma }= \Pi _{k=1}^{M}[a_k^{\gamma },b_k^{\gamma }] \subset \mathbb {R}^M$


$[a_k^{\gamma },b_k^{\gamma }]\subset \overline {\Gamma _k}$


$k = 1, \ldots ,M$


$I$


\begin {equation*}\overline {\Gamma } = \bigcup _{\gamma \in I} B_{\gamma } = \bigcup _{\gamma \in I} \prod _{k=1}^{M} [a_k^\gamma , b_k^\gamma ],\end {equation*}


$\mathring {B_{\gamma _ 1}} \cap \mathring {B_{\gamma _2}} = \varnothing $


$\gamma _1, \gamma _2 \in I$


$0 < s_k < 1$


\begin {equation*}s_k = \max \left \{b_k^\gamma - a_k^\gamma \,\,|\,\, \gamma \in I \right \},\end {equation*}


$k = 1,\ldots , M,$


$\tilde {s} = (s_1,\ldots ,s_M)$


$q = \left (q_1, \ldots , q_M\right )$


$q_k$


$y_k$


$Y_{\tilde {s}}^q \subset L^2(\Gamma )$


$\varphi \in Y_{\tilde {s}}^q$


\begin {equation*}\left .\varphi \right |_{B_{\gamma }} \in \operatorname {span}\left \{\prod _{k=1}^{M} y_k^{\alpha _k} \,\,|\,\, \alpha _k \in \mathbb {N}, \alpha _k \leq q_k, \, k = 1, \ldots , M\right \}.\end {equation*}


$Y_{\tilde {s}}^q$


$\Pi _s$


$\{C_k\}_{k=1}^{M}$


$q_k$


$v \in H^{q+1}(\Gamma )$


\begin {equation*}\|v-\Pi _s v\|_{L^2(\Gamma )}\le \sum _{k=1}^{M} C_k {s_k}^{q_k+1}\|\partial _{y_k}^{q_k+1} v\|_{L^2(\Gamma )}.\end {equation*}


$\mathcal {T}_h ^D$


$\mathcal {T}_{\tilde {s}} ^\Gamma $


$\Gamma $


$\tilde {s}$


$s = \max \{| b_k^\gamma - a_k^\gamma | \colon \gamma \in I, k = 1, \dots , M\}$


\begin {equation}\label {Tensorccinterpolation} \|v - \Pi _s v\|_{L^2(\Gamma )} \leq s^{\lambda } \sum _{k=1}^{M} C_k \|\partial _{y_k}^{q_k+1} v\|_{L^2(\Gamma )},\end {equation}


$\lambda = \min _{1 \leq j \leq M} \{q_j + 1\}$


\begin {equation*}0<p_{\min }\leq p(\boldsymbol {y})\leq p_{\max }<\infty \quad \text {for a.e. }\boldsymbol {y}\in \Gamma .\end {equation*}


$L^2$


$\Gamma $


$\Pi _s$


$\Pi _s$


$y_n$


$q = (1, \dots , 1)$


$Y^s = Y_{\tilde {s}}^q$


$D$


$\Gamma $


$D \times \Gamma .$


$D \times \Gamma $


$X^h$


$Y^s$


\begin {equation*}X^h \otimes Y^s = \operatorname {span} \left \{ \varphi _i (\bx ) \psi _j(\by ) \mid \varphi _i(\bx ) \in X^h, \psi _j(\by ) \in Y^s \right \}.\end {equation*}


$\{\boldsymbol {x}_i\}_{i=1}^I \subset \bar {D}$


$\mathcal {T}_h^D$


$\{\boldsymbol {y}_j\}_{j=1}^J \subset \Gamma $


$\mathcal {T}_s^\Gamma $


$B_\gamma $


$X^h \otimes Y^s$


\begin {equation*}\{(\boldsymbol {x}_i, \boldsymbol {y}_j) \in D \times \Gamma \mid i = 1,\ldots ,I, \ j = 1,\ldots ,J\}.\end {equation*}


$X^h\otimes Y^s$


\begin {equation*}\Phi _{ij}(\boldsymbol {x}, \boldsymbol {y}) = \varphi _i(\boldsymbol {x}) \psi _j(\boldsymbol {y}), \quad i = 1,\ldots ,I, \ j = 1,\ldots ,J,\end {equation*}


$\varphi _i$


$X^h$


$\psi _j$


$Y^s$


$I \times J$


$D \times \Gamma $


$W^{hs} = X^h \otimes Y^s$


\begin {equation*}\widetilde {\mathcal {K}}^{hs} = \left \{ { v^{hs} \in W^{hs}} \mid v^{hs}(\bx ,\by ) \geq \widetilde {g}(\bx , \by ) \text { for any node } (\bx , \by ) \right \}.\end {equation*}


\begin {equation}\label {eq4.1} \widetilde {u}^{hs} \in \widetilde {\mathcal {K}}^{hs}, \quad \widetilde b( \widetilde u^{hs}, v^{hs} - \widetilde u^{hs}) \geq \widetilde \ell (v^{hs} - \widetilde u^{hs}), \quad \forall { v^{hs} \in \widetilde {\mathcal {K}}^{hs}},\end {equation}


$\widetilde {b}\colon W \times W \to \mathbb {R}$


$\widetilde {\ell }\colon W \to \mathbb {R}$


$\widetilde {\mathcal {K}}^{hs}$


$W^{hs}$


$V$


$K \subset V$


$V^{h} \subset V$


$K^{h} \subset V^{h}$


$b(\cdot , \cdot )$


$V$


$l \in V^{\prime }$


$u$


\begin {equation*}u \in K, \quad b(u, v-u) \geq (f, v-u) \quad \forall v \in K,\end {equation*}


$u^{h} \in K^{h}$


\begin {equation*}u^h\in K^h, \quad b\left (u^h,v^h-u^h\right )\ge \left (f,v^h-u^h\right ) \quad \forall v^{h} \in K^h,\end {equation*}


\begin {equation}\left \|u-u^{h}\right \|^{2} \leq c \inf _{v \in K} R\left (v-u^{h}\right )+c \inf _{v^{h} \in K^{h}}\left [R\left (v^{h}-u\right )+c_{1}\left \|u-v^{h}\right \|^{2}\right ], \label {4.1a}\end {equation}


\begin {equation*}R(v)=b(u, v)-\ell (v).\end {equation*}


$K^h \subset K$


\begin {equation*}\lVert u - u^h \rVert ^2 \leq c \inf _{v^{h} \in K^{h}}\left [R\left (v^{h}-u\right )+c_{1}\left \|u-v^{h}\right \|^{2}\right ].\end {equation*}


$\widetilde {u}$


$\widetilde {u}^{hs}$


$\widetilde {f} \in L_{p}^{2}\left (\Gamma ; L^{2}(D)\right )$


$\operatorname {div}(\widetilde {a}\nabla \widetilde {u})\in L_p^2(\Gamma ;L^2(D))$


$\widetilde {u}, \widetilde {g} \in H_p^2(\Gamma ;H^2(D)) \cap C(\overline {\Gamma };H^2(D))$


\begin {equation*}\left \|\widetilde {u}-\widetilde {u}^{hs}\right \|_{W} \leq c (h+s) ,\end {equation*}


$c$


$\lVert \widetilde {u}\rVert _{H _p^{2}\left (\Gamma ; H^{2}(D)\right )}, \lVert \widetilde {f}\rVert _{L_p^2(\Gamma ;L^{2}(D))}$


$\lVert \widetilde {g}\rVert _{H _p^{2}\left (\Gamma ; H^{2}(D)\right )}$


$W = L_{p}^{2}\left (\Gamma ; H_0^{1}(D)\right )$


\begin {equation*}\widetilde {a}_{\min }\left \|\widetilde {u}-\widetilde {u}^{hs}\right \|_{W}^2 \leq \widetilde {b}\left (\widetilde {u}-\widetilde {u}^{hs}, \widetilde {u}-\widetilde {u}^{hs}\right ) \leq \widetilde {a}_{\max }\left \|\widetilde {u}-\widetilde {u}^{hs}\right \|_{W}^2 .\end {equation*}


\begin {equation*}\widetilde {R}(v)=\widetilde {b}\left (\widetilde {u}, v\right )- \widetilde {\ell } \left (v\right ).\end {equation*}


$\widetilde {R}(v)$


\begin {align*}\widetilde {R}(v) = \widetilde {b}\left (\widetilde {u}, v\right )- \widetilde {\ell }\left (v\right ) = \int _{\Gamma } p(\by ) \int _{D} \left [ \widetilde {a}(\bx ,\by ) \,\nabla \widetilde {u} \cdot \nabla v - \widetilde {f}(v) \right ]\,\mathrm {d} \bx \, \mathrm {d} \by .\end {align*}


\begin {align*}\widetilde {R}(v) = \int _\Gamma p(\by ) \int _{D}\left [-\operatorname {div}(\widetilde {a}(\bx ,\by ) \, \nabla \widetilde {u})-\widetilde {f}\right ] v\,\mathrm {d} \bx \, \mathrm {d} \by \leq \left \|-\operatorname {div}(\widetilde {a}\,\nabla \widetilde {u})-\widetilde {f}\right \|_{L_p^2(\Gamma ;L^{2}(D))}\|v\|_{L_p^2(\Gamma ;L^{2}(D))}.\end {align*}


\begin {align*}\left \|\widetilde {u}-\widetilde {u}^{hs}\right \|_{W}^{2} & \leq c \inf _{v^{hs} \in \mathcal {K}^{hs}}\left [\widetilde {R}(v^{hs}-\widetilde {u})+\left \|\widetilde {u}-v^{hs}\right \|_{W}^{2}\right ] + c \inf _{v \in \mathcal {K}} \widetilde {R}(v-\widetilde {u}^{hs}) \\ & \leq c\left \{ \inf _{v^{hs} \in \mathcal {K}^{hs}} \left [\left \| \widetilde {u}-v^{hs}\right \|_{W}^{2} + \left \|-\operatorname {div}(\widetilde {a}\, \nabla \widetilde {u})-\widetilde {f}\right \|_{L_p^2(\Gamma ;L^{2}(D))}\left \|v^{hs}-\widetilde {u}\right \|_{L_p^2(\Gamma ;L^{2}(D))} \right ] \right . \\ &\quad {} \left . + \left \|-\operatorname {div}(\widetilde {a}\, \nabla \widetilde {u})-\widetilde {f}\right \|_{L_p^2(\Gamma ;L^{2}(D))} \inf _{v \in \mathcal {K}} \left \|v-\widetilde {u}^{hs} \right \|_{L_p^2(\Gamma ;L^{2}(D))}\right \}.\end {align*}


$\Pi _s \Pi _h \widetilde {u} \in \widetilde {\mathcal {K}}^{hs}$


$\Pi _h$


$\Pi _s$


\begin {equation*}\|v - \Pi _h v \|_{m,D} \leq C h^{2-m} |v|_{2,D}, \quad m = 0,1.\end {equation*}


\begin {equation*}\|v - \Pi _h v \|_{L_p^2(\Gamma ;H^{m}(D))} \leq C h^{2-m} |v|_{L_p^2(\Gamma ;H^2(D))}, \quad m = 0,1.\end {equation*}


\begin {equation*}\lVert \Pi _h \widetilde {u} \rVert _{L _p^{2}\left (\Gamma ; L^{2}(D)\right )} \leq c \lVert \widetilde {u} \rVert _{L _p^{2}\left (\Gamma ; H^{2}(D)\right )} \text { and } \lVert \Pi _h \widetilde {u} \rVert _{L_p^{2}\left (\Gamma ; H_0^{1}(D)\right )} \leq c \lVert \widetilde {u} \rVert _{L _p^{2}\left (\Gamma ; H^{2}(D)\right )}.\end {equation*}


$\partial _y^\alpha \!\big (\Pi _h \widetilde u(\cdot ,y)\big ) = \Pi _h\!\big (\partial _y^\alpha \widetilde u(\cdot ,y)\big ) \ \text {for all multi-indices } \alpha $


\begin {equation*}\|\Pi _h \widetilde u\|_{H_p^2(\Gamma ;L^2(D))}^2 = \sum _{|\alpha |\le 2}\int _\Gamma p(y)\, \big \|\Pi _h\big (\partial _y^\alpha \widetilde u\big )\big \|_{L^2(D)}^{2}\,dy \leq c \sum _{|\alpha |\le 2} \lVert \partial _y^\alpha \widetilde u\rVert _{L_p^2(\Gamma ;H^2(D))}^2 = c \lVert \widetilde {u} \rVert _{H_p^2(\Gamma ;H^2(D))}^2.\end {equation*}


\begin {equation*}\begin {aligned} \lVert \Pi _s \Pi _h \widetilde {u} - \widetilde {u}\rVert _{L _p^{2}\left (\Gamma ; L^{2}(D)\right )} & \leq \lVert \Pi _s \Pi _h \widetilde {u} - \Pi _h \widetilde {u}\rVert _{L _p^{2}\left (\Gamma ; L^{2}(D)\right )} + \lVert \Pi _h \widetilde {u} - \widetilde {u}\rVert _{L _p^{2}\left (\Gamma ; L^{2}(D)\right )}\\ & \leq c s^2 \lvert \Pi _h \widetilde {u} \rvert _{H_p^2(\Gamma ;L^2(D))} + c h^{2} \, |\widetilde {u}|_{L _p^{2}\left (\Gamma ; H^{2}(D)\right )}\\ & \leq cs^2 \lVert \widetilde {u} \rVert _{H_p^2(\Gamma ; H^2(D))} + ch^2 \lVert \widetilde {u} \rVert _{L_p^2(\Gamma ;H^2(D))}\\ & \leq c(s^2 + h^2)\lVert \widetilde {u} \rVert _{H_p^2(\Gamma ;H^2(D))}. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\lVert \Pi _s \Pi _h \widetilde {g} - \widetilde {g}\rVert _{L _p^{2}\left (\Gamma ; L^{2}(D)\right )} \leq c(s^2 + h^2) \lVert \widetilde {g} \rVert _{H_p^2(\Gamma ;H^2(D))},\\ &\lVert \Pi _s \Pi _h \widetilde {u} - \widetilde {u}\rVert _{L _p^{2}\left (\Gamma ; H_0^1(D)\right )} \leq c(s^2 + h) \lVert \widetilde {u} \rVert _{H_p^2(\Gamma ;H^2(D))}. \end {aligned}\end {equation*}


\begin {align*}\inf _{v^{hs} \in \mathcal {K}^{hs}} & \left [\left \| \widetilde {u}-v^{hs}\right \|_{W}^{2} + \left \|-\operatorname {div}(\widetilde {a}\, \nabla \widetilde {u})-\widetilde {f}\right \|_{L_p^2(\Gamma ;L^{2}(D))}\left \|v^{hs}-\widetilde {u}\right \|_{L_p^2(\Gamma ;L^{2}(D))} \right ]\\ & \leq \left \| \widetilde {u}- \Pi _{s}\Pi _{h} \widetilde {u}\right \|_{W}^{2} + \left \|-\operatorname {div}(\widetilde {a}\, \nabla \widetilde {u})-\widetilde {f}\right \|_{L_p^2(\Gamma ;L^{2}(D))}\left \| \Pi _{s} \Pi _{h} \widetilde {u}-\widetilde {u}\right \|_{L_p^2(\Gamma ;L^{2}(D))}\\ & \leq c(h^2 + s^2).\end {align*}


$\inf _{v \in \mathcal {K}} \left \|v-\widetilde {u}^{hs} \right \|_{L_p^2(\Gamma ;L^{2}(D))}$


\begin {equation*}\widetilde {u}^{hs,*}(\bx ,\by ) = \max \{\widetilde {u}^{hs}(\bx ,\by ), \widetilde {g}(\bx ,\by )\},\quad (D \times \Gamma )^{*} = \{\bx \in D, \by \in \Gamma \mid \widetilde {u}^{hs}(\bx , \by ) < \widetilde {g}(\bx , \by )\}.\end {equation*}


$D \times \Gamma \setminus (D \times \Gamma )^{*}$


$\widetilde {u}^{hs,*} = \widetilde {u}^{hs}$


$\widetilde {u}^{hs} \in L_p^2(\Gamma ;H_0^1(D))$


$\widetilde {g} \in L_p^2(\Gamma ;H^2(D))$


$\widetilde {g} \leq 0$


$\partial D \times \Gamma $


$\widetilde {u}^{hs,*} \in \mathcal {K}$


\begin {equation*}\inf _{v \in \mathcal {K}} \left \|v-\widetilde {u}^{hs} \right \|_{L_p^2(\Gamma ;L^{2}(D))} ^2 \leq \left \| \widetilde {u}^{hs,*}-\widetilde {u}^{hs} \right \|_{L_p^2(\Gamma ;L^{2}(D))}^2 = \int _ {(D\times \Gamma )^{*}} | \widetilde {u}^{hs,*}(\bx ,\by )-\widetilde {u}^{hs}(\bx ,\by ) |^2 p(\by ) \, \mathrm {d} \bx \, \mathrm {d} \by .\end {equation*}


$\Pi _s \Pi _h \widetilde {g}$


$\widetilde {g}$


$(\bx _i, \by _j)$


$\widetilde {u}^{hs}(\bx _i, \by _j) \geq \widetilde {g}(\bx _i, \by _j)$


$\widetilde {u}^{hs} \geq \Pi _s \Pi _h \widetilde {g}$


$D \times \Gamma $


$(D \times \Gamma )^{*}$


\begin {equation*}0 < | \widetilde {u}^{hs}(\bx ,\by ) - \widetilde {g}(\bx ,\by )| = \widetilde {g}(\bx ,\by ) - \widetilde {u}^{hs}(\bx ,\by ) \leq \widetilde {g}(\bx ,\by ) - \Pi _s \Pi _h \widetilde {g}(\bx ,\by ).\end {equation*}


\begin {align*}\int _ {(D \times \Gamma )^{*}} | \widetilde {u}^{hs,*}(\bx ,\by )-\widetilde {u}^{hs}(\bx ,\by ) |^2 p(\by ) \,\mathrm {d} \bx \, \mathrm {d} \by &\leq \int _ {(D \times \Gamma )^{*}}\,| \widetilde {g}(\bx ,\by ) - \Pi _s \Pi _h \widetilde {g} (\bx ,\by ) |^2 p(\by ) \, \mathrm {d} \bx \, \mathrm {d} \by \\ & \leq \int _ {D \times \Gamma } | \widetilde {g}(\bx ,\by ) - \Pi _s \Pi _h \widetilde {g}(\bx ,\by ) |^2 p(\by ) \,\mathrm {d} \bx \, \mathrm {d} \by \\ & = \lVert \widetilde {g} - \Pi _s \Pi _h \widetilde {g} \rVert _{L_p^2(\Gamma ; L^2(D))}^2.\end {align*}


\begin {equation*}\inf _{v \in \mathcal {K}} \left \|v-\widetilde {u}^{hs} \right \|_{L_p^2(\Gamma ;L^{2}(D))} \leq c (s^2 + h^2) \,|\widetilde {g}|_{H_p^{2}\left (\Gamma ; H^{2}(D)\right )}.\end {equation*}


\begin {equation*}\left \|\widetilde {u}-\widetilde {u}^{hs}\right \|_{W} \leq c (h + s),\end {equation*}


$c > 0$


$\lVert \widetilde {u} \rVert _{L _p^{2}\left (\Gamma ; H^{2}(D)\right )}$


$\|\widetilde {f}\|_{H_p^2(\Gamma ;L^{2}(D))}$


$\lVert \widetilde {g} \rVert _{H_p^{2}\left (\Gamma ; H^{2}(D)\right )}$


\begin {align*}\lVert \mathbb {E}[\widetilde {u}] - \mathbb {E} [\widetilde {u}^{hs}] \rVert _{H_0^1(D)} ^2 & \leq \mathbb {E} \left [\lVert \widetilde {u} - \widetilde {u}^{hs} \rVert _{H_0^1(D)}^2 \right ].\end {align*}


$\|v\|_{W}^{2}=\mathbb {E}\!\left [\|v\|_{H_0^1(D)}^{2}\right ]$


\begin {equation*}\lVert \mathbb {E}[\widetilde {u}] - \mathbb {E} [\widetilde {u}^{hs}] \rVert _{H_0^1(D)} ^2 \leq \lVert \widetilde {u} - \widetilde {u}^{hs} \rVert _W^2.\end {equation*}


\begin {align*}\lVert \mathbb {E}[\widetilde {u}] - \mathbb {E} [\widetilde {u}^{hs}] \rVert _{H_0^1(D)} & \leq \lVert \widetilde {u} - \widetilde {u}^{hs} \rVert _W \leq c(h+s).\end {align*}


\begin {align*}\left \lVert \mathbb {E}\left [(\widetilde {u})^2 - (\widetilde {u}^{hs})^2\right ] \right \rVert _{L^1(D)} &= \left \lVert \mathbb {E}\left [ (\widetilde {u}-\widetilde {u}^{hs}) (\widetilde {u}+\widetilde {u}^{hs}) \right ] \right \rVert _{L^1(D)} \\ &\leq \left \lVert \widetilde {u}-\widetilde {u}^{hs} \right \rVert _{L_p^2(\Gamma ;L^2(D))} \left \lVert \widetilde {u}+\widetilde {u}^{hs} \right \rVert _{L_p^2(\Gamma ;L^2(D))} \\ &\leq c\left \lVert \widetilde {u}-\widetilde {u}^{hs} \right \rVert _W \left ( \left \lVert \widetilde {u}\right \rVert _W + \left \lVert \widetilde {u}^{hs}\right \rVert _W \right ) \\ &\leq c\left \lVert \widetilde {u}-\widetilde {u}^{hs} \right \rVert _W \\ &\leq c(h+s).\end {align*}


$W^{hs} = X^h \otimes Y^s$


$X^h$


$I$


$Y^s$


$J$


$IJ$


\begin {align*}\widetilde {b}(u, v) & =\int _{\Gamma } p(\boldsymbol {y}) \int _{D} \widetilde {a}(\boldsymbol {x}, \boldsymbol {y}) \nabla u(\boldsymbol {x}, \boldsymbol {y}) \cdot \nabla v(\boldsymbol {x}, \boldsymbol {y}) \, \mathrm {d} \bx \, \mathrm {d} \by , \\ \widetilde {\ell }(v) & =\int _{\Gamma } p(\boldsymbol {y}) \int _{D} \widetilde {f}(\boldsymbol {x}, \boldsymbol {y}) v(\boldsymbol {x}, \boldsymbol {y}) \, \mathrm {d} \bx \, \mathrm {d} \by .\end {align*}


\begin {equation*}\widetilde {a}(\boldsymbol {x}, \boldsymbol {y}) = \mu _{a}(\boldsymbol {x})+\sum _{k=1}^{M_a} \sqrt {v_{k}^{a}} \phi _{k}^{a}(\boldsymbol {x}) y_{k}, \quad \widetilde {f}(\boldsymbol {x}, \boldsymbol {y}) = \mu _{f}(\boldsymbol {x})+\sum _{k=1}^{M_f} \sqrt {v_{k}^{f}} \phi _{k}^{f}(\boldsymbol {x}) y_{M_a + k}.\end {equation*}


$\widetilde u^{hs} \in \widetilde {\mathcal {K}}^{hs}$


\begin {equation*}\widetilde u^{hs}\in \widetilde {\mathcal {K}}^{hs}, \quad \widetilde b( \widetilde u^{hs}, v-\widetilde u^{hs}) \geq \widetilde \ell (v- \widetilde u^{hs}), \quad \forall v \in \widetilde {\mathcal {K}}^{hs}.\end {equation*}


$\widetilde {u}^{hs}$


$\widetilde {u}^{hs}(\boldsymbol {x}, \boldsymbol {y}) = \sum _{i=1}^{I} \sum _{j=1}^{J} {u}_{ij} \phi _{i}(\boldsymbol {x}) \psi _{j}(\boldsymbol {y})$


$v^{hs} = \phi _{r} \psi _{t}$


$r=1, \ldots , I$


$t=1, \ldots , J$


$A \in \mathbb {R}^{IJ \times IJ}$


$\boldsymbol {b} \in \mathbb {R}^{IJ}$


\begin {equation*}\begin {aligned} {[A]}_{(r,t),(i,j)} &= \tilde {b}(\phi _i\psi _j, \phi _r\psi _t), \\ {[\mathbf {b}]}_{(r,t)} &= \tilde {\ell }(\phi _r\psi _t), \end {aligned} \quad \text {for } r, i = 1, \ldots , I \text { and } t, j = 1, \ldots , J.\end {equation*}


\begin {equation*}A=\left (\begin {array}{cccc} A_{11} & A_{12} & \ldots & A_{1\thinspace J} \\ A_{21} & A_{22} & \ldots & A_{2\thinspace J} \\ \vdots & \vdots & \ddots & \vdots \\ A_{J 1} & A_{J 2} & \ldots & A_{J J} \end {array}\right ), \quad \boldsymbol {u}=\left (\begin {array}{c} \boldsymbol {u}_{1} \\ \boldsymbol {u}_{2} \\ \vdots \\ \boldsymbol {u}_{J} \end {array}\right ), \quad \boldsymbol {b}=\left (\begin {array}{c} \boldsymbol {b}_{1} \\ \boldsymbol {b}_{2} \\ \vdots \\ \boldsymbol {b}_{J} \end {array}\right ).\end {equation*}


$j^{\rm th}$


\begin {equation*}\boldsymbol {u}_{j} = \left [u_{1 j}, u_{2 j}, \ldots , u_{I j}\right ]^{\top }, \quad j=1, \ldots , J.\end {equation*}


\begin {equation*}\begin {aligned} A_{t j} &= \left \langle \psi _{j}, \psi _{t}\right \rangle _{p} K_{0}+\sum _{k=1}^{M_a}\left \langle y_{k} \psi _{j}, \psi _{t}\right \rangle _{p} K_{k},\\ \boldsymbol {b}_{t} &= \left \langle \psi _{t},1\right \rangle _{p}\boldsymbol {f}_{0}+\sum _{k=1}^{M_f}\left \langle y_{M_a + k}, \psi _{t}\right \rangle _{p} \boldsymbol {f}_{k}, \end {aligned} \quad \text {for}\ t, j = 1, \ldots , J.\end {equation*}


$K_{0}, K_k \in \mathbb {R}^{I\times I}$


$\boldsymbol {f}_{0}, \boldsymbol {f}_{k} \in \mathbb {R}^I$


\begin {equation*}\begin {aligned} \left [K_{0}\right ]_{r i} & = \int _{D} \mu _{a}(\boldsymbol {x}) \nabla \phi _{i}(\boldsymbol {x}) \cdot \nabla \phi _{r}(\boldsymbol {x}) \, \mathrm {d} \bx , \quad &\left [K_{k}\right ]_{r i} & = \int _{D}\left (\sqrt {v_{k}^{a}} \phi _{k}^{a}(\boldsymbol {x})\right ) \nabla \phi _{i}(\boldsymbol {x}) \cdot \nabla \phi _{r}(\boldsymbol {x})\, \mathrm {d} \bx ,\\ \left [\boldsymbol {f}_{0}\right ]_{r} & = \int _{D} \mu _{f}(\boldsymbol {x}) \phi _{r}(\boldsymbol {x})\,\mathrm {d} \bx , \quad &\left [\boldsymbol {f}_{k}\right ]_{r} & = \int _{D}\left (\sqrt {v_{k}^{f}} \phi _{k}^{f}(\boldsymbol {x})\right ) \phi _{r}(\boldsymbol {x}) \,\mathrm {d} \bx . \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &A = G_{0} \otimes K_{0}+\sum _{k=1}^{M_a} G_{k} \otimes K_{k}, \\ &\boldsymbol {b} = \boldsymbol {g}_{0} \otimes \boldsymbol {f}_{0} +\sum _{k=1}^{M_f} \boldsymbol {g}_{k} \otimes \boldsymbol {f}_{k}, \end {aligned}\end {equation*}


$G_{0},G_k \in \mathbb {R}^{J \times J}$


$\boldsymbol {g}_{0}, \boldsymbol {g}_{k} \in \mathbb {R}^J$


\begin {equation*}\begin {aligned} \left [G_{0}\right ]_{j t}&=\left \langle \psi _{j}, \psi _{t}\right \rangle _{p}, \quad &\left [G_{k}\right ]_{j t}&=\left \langle y_{k} \psi _{j}, \psi _{t}\right \rangle _{p},\\ \left [\boldsymbol {g}_{0}\right ]_{t} &= \left \langle \psi _{t},{1}\right \rangle _{p}, \quad &\left [\boldsymbol {g}_{k}\right ]_{t} &= \left \langle y_{M_a + k},\psi _{t}\right \rangle _{p}. \end {aligned}\end {equation*}


$A\mathbf {u} = \mathbf {b}$


\begin {equation*}\mathbf {u} \geq \mathbf {g}, \quad A\mathbf {u} - \mathbf {b} \geq \mathbf {0}, \quad (\mathbf {u} - \mathbf {g})^{\top }(A\mathbf {u} - \mathbf {b}) = 0,\end {equation*}


$\mathbf {g} \in \mathbb {R}^{IJ}$


$g_{ij} = \widetilde {g}(\bx _i, \by _j)$


\begin {equation*}(u_{ij} - g_{ij})[A\mathbf {u} - \mathbf {b}]_{ij} = 0 \quad i=1,\ldots ,I \text { and } j = 1, \ldots , J.\end {equation*}


$(\boldsymbol {x}_{i'}, \boldsymbol {y}_{j'})$


\begin {equation*}\widetilde {u}^{hs}(\boldsymbol {x}_{i'}, \boldsymbol {y}_{j'}) = \sum _{i=1}^{I} \sum _{j=1}^{J} u_{ij} \phi _{i}(\boldsymbol {x}_{i'}) \psi _{j}(\boldsymbol {y}_{j'}) \geq g(\bx _{i'}, \by _{j'} ),\end {equation*}


$u_{ij} \geq g_{ij}$


$i = 1, \dots , I$


$j = 1, \dots , J$


$X^h$


$Y^s$


$\{\phi _i\}_{i=1}^{I}$


$\{\psi _j\}_{j=1}^{J}$


\begin {equation*}\widetilde u^{hs}(\bx ,\by ) = \sum _{i=1}^{I}\sum _{j=1}^{J}u_{ij}\phi _i(\bx )\psi _j(\by ) = \sum _{j=1}^{J}\widetilde u_j(\bx )\psi _j(\by ), \qquad \widetilde u_j(\bx )=\sum _{i=1}^{I}u_{ij}\phi _i(\bx ).\end {equation*}


$u_{ij}$


\begin {equation*}\mathbb {E}[\widetilde u^{hs}](\bx ) = \sum _{j=1}^{J}\widetilde u_j(\bx ) \int _{\Gamma }p(\by )\psi _j(\by )\,\mathrm {d}\by ,\end {equation*}


\begin {equation*}\mathbb {E}[(\widetilde u^{hs})^2](\bx ) = \sum _{k=1}^{J}\sum _{j=1}^{J} \widetilde u_k(\bx )\widetilde u_j(\bx ) \int _{\Gamma }p(\by )\psi _k(\by )\psi _j(\by )\,\mathrm {d}\by .\end {equation*}


\begin {equation*}e_{L^2}^{rel,1}(u, u^{hs}) = \frac {\|\mathbb {E}[u]-\mathbb {E}[ u^{hs}]\|_{L^2(D)}} {\|\mathbb {E}[u]\|_{L^2(D)}}, \qquad e_{H^1}^{rel,1}(u, u^{hs}) = \frac {\|\nabla \mathbb {E}[u]-\nabla \mathbb {E}[ u^{hs}]\|_{L^2(D)}} {\|\nabla \mathbb {E}[u]\|_{L^2(D)}}.\end {equation*}


\begin {equation*}e_{L^2}^{rel,2}(u, u^{hs}) = \frac {\|\mathbb {E}[u^2]-\mathbb {E}[( u^{hs})^2]\|_{L^2(D)}} {\|\mathbb {E}[u^2]\|_{L^2(D)}}, \qquad e_{H^1}^{rel,2}(u, u^{hs}) = \frac {\|\nabla \mathbb {E}[u^2]-\nabla \mathbb {E}[( u^{hs})^2]\|_{L^2(D)}} {\|\nabla \mathbb {E}[u^2]\|_{L^2(D)}}.\end {equation*}


$D=(-1.5,1.5)^2$


\begin {equation*}a(x_1,x_2, \omega ) = 1 + \exp (\xi _1) + 2\exp (\xi _2),\end {equation*}


\begin {equation*}{f}(x_1,x_2,\omega ) = -2,\end {equation*}


$\xi _1, \xi _2 \thicksim \text {i.i.d.} \, \mathrm {U}(- 1, 1)$


$g = 0$


\begin {equation*}u(x_1,x_2,\xi _1,\xi _2) = \begin {cases} 0, & x_1^2 + x_2^2 \leq 1, \\ (\frac {x_1^2+x_2^2}{2}-\frac {\log (x_1^2+x_2^2)}{2}-\frac {1}{2})* \frac {1}{1+\exp ({\xi _1})+2\exp ({\xi _2})}, & x_1^2+x_2^2 >1. \end {cases}\end {equation*}


$s = (e - e^{-1})/2^{4}$


$s = (e-e^{-1})/2^4$


$H^1$


$H^1$


$L^1$


$s$


$h$


$h = {2^{-5}}$


$h = \frac {3}{2(e-e^{-1})}s$


$h = \frac {3}{2(e - e^{-1})} s$


$s$


$2^{15}$


$D=(-1,1)^2$


\begin {equation*}a(x_1,x_2, \omega ) = 1,\end {equation*}


\begin {equation*}{f}(x_1,x_2, \omega ) = \begin {cases} 8r^2(x_1^2+x_2^2-1-r^2)*(\exp (\xi _1)+2\exp (\xi _2)),& x_1^2+x_2^2 \leq r^2,\\ -8(2x_1^2+2x_2^2-r^2)*(\exp (\xi _1)+2\exp (\xi _2)), & x_1^2+x_2^2>r^2, \end {cases}\end {equation*}


$\xi _1,\xi _2 \thicksim \text {i.i.d.}\, \mathrm {U}(- {1}, {1})$


$g = 0$


$r = 0.7$


\begin {equation*}u(x,y,\omega ) = \begin {cases} 0, & x_1^2+x_2^2 \leq r^2,\\ (x_1^2+x_2^2-r^2)^2*(\exp (\xi _1)+2\exp (\xi _2)),& x_1^2+x_2^2>r^2. \end {cases}\end {equation*}


$s = (e - e^{-1})/2^3$


$s = (e - e^{-1})/2^3$


$H^1$


$s$


$h = s/ (e - e^{-1})$


$h = s/(e-e^{-1})$


$2^{15}$


$O(h)$


$H^1$


$H^1$


$O(h)$


$H^1$


$H^1$


$L^1(D)$
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Building on these methods, several theoretical investigations have been conducted to support their applicability in various con-
texts. For example, Shen et al. [21] present a detailed analysis of the stochastic Galerkin method for optimal control problems gov-
erned by elliptic partial differential equations with random coefficients and state constraints. In more challenging settings, such as
stochastic obstacle problems, the convergence behavior may degrade due to the limited regularity of the solution with respect to the
random parameters. Consequently, polynomial chaos discretizations fail to achieve exponential convergence rates in the stochastic
domain, thereby diminishing the efficiency of SG/SC methods. Nonetheless, if the coincidence set is only mildly sensitive to stochastic
variations, satisfactory convergence behavior may still be observed. For instance, Forster and Kornhuber [24] report promising nu-
merical results for elliptic variational inequalities with random diffusion coefficients using a stochastic collocation method; however,
a rigorous theoretical justification for the observed performance remains lacking.

One of the main challenges in numerically solving stochastic obstacle problems using stochastic collocation methods arises from
the limited global regularity of the solution with respect to the random parameters. This lack of smoothness is a direct consequence of
the complementarity condition, which introduces non-smooth dependence on the stochastic variables. Consequently, the efficiency
of stochastic collocation approximations may deteriorate, and a rigorous error analysis becomes more challenging in this setting. In
contrast, Monte Carlo (MC) methods, which are widely used in statistical simulations, offer a flexible and non-intrusive alternative
that remains applicable even in the presence of low regularity. For example, multilevel Monte Carlo finite element methods (MLMC-
FEMs) have been applied to stochastic elliptic variational inequalities in [25], and a convergence theory for multilevel sample variance
estimators was developed in [26]. The overall error of such MC-based finite element methods is bounded by O(k) + O(M /%), where
M denotes the number of samples.

However, for stochastic obstacle problems, each sample requires the solution of a nonlinear variational inequality, which is
significantly more expensive than solving a linear PDE. Consequently, the cost per sample in MC methods becomes substantially
higher, making the slow convergence rate with respect to M even more problematic when high accuracy is desired. To overcome
this bottleneck, we adopt a stochastic Galerkin finite element discretization, which replaces many independent solves by a single
coupled deterministic variational inequality in a tensor-product space ([17]). Once the SG system is solved, statistical quantities of
the solution such as the expectation and the second moment are obtained by inexpensive post-processing of the SG coefficients. To
the best of our knowledge, a rigorous numerical analysis of SG finite element discretizations for stochastic obstacle problems has been
largely absent. This work fills that gap by establishing the well-posedness of both the continuous problem and its SG discretization,
and by deriving a priori error estimates.

The main contributions of this paper are summarized as follows. First, we formulate a stochastic Galerkin finite element ap-
proximation for the stochastic obstacle problem in a tensor-product space, using linear finite elements in the physical variables and
piecewise multilinear finite elements in the stochastic variables to accommodate the limited regularity of the solution. Second, based
on a finite-dimensional parametrization of the random data, we establish the well-posedness of the continuous stochastic variational
inequality, the corresponding parametric formulation, and the fully discrete SG formulation. Third, we derive an a priori error esti-
mate in the H'-norm for the proposed SG finite element approximation. Finally, numerical experiments are presented to confirm the
theoretical convergence behavior and to illustrate the accuracy of the method for the expectation and second moment of the solution.

The remainder of this paper is organized as follows. In Section 2, we introduce the stochastic obstacle problem in the form of a
variational inequality of the first kind and explore its well-posedness. In Section 3, we construct finite element spaces, employing
continuous piecewise linear functions for both the physical and stochastic discretizations. Based on these spaces, in Section 4, we
present the full finite element formulation, including the Galerkin approximation and providing a priori error analysis. Finally,
in Section 5, we illustrate the performance of the proposed method through numerical experiments that confirm the theoretical
convergence behavior across different stochastic configurations.

2. Obstacle problem with random coefficients
2.1. Deterministic obstacle problem

First, we describe a deterministic obstacle problem ([27,28]). Let D C R" be an open, bounded Lipschitz domain, the positive
integer n being the spatial dimension. The weak formulation of the obstacle problem is a variational inequality: Find u € K such that

/aVu~V(U—u)dx2/f(u—u)dx Yv e K, 2.1)
D D
where f € L?(D), a € L®(D) and K is the set of admissible displacements,

K ={ve Hj(D)|v>gae. in D},

in which g denotes the height function of the obstacle. In the space H& (D), we use its canonical inner product

, = Vu - Vod

(u U)Hé(D) /D u-Vodx

1/2
Hy (D)
conclude that the obstacle problem has a unique solution by applying the following result ([9, page 3] and [28, Theorem 11.3.9]).

and the corresponding norm ||v|| ;1 o = @) . Assuming the coefficient a(-) is bounded below by a constant a, > 0, we can
0

2
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Lemma 1. Let V be areal Hilbert space, and let K C V' be a non-empty, closed and convex set. Assume b(-,-) : V XV — R is a continuous,
V-elliptic bilinear form, ¢ € V'. Then the following elliptic variational inequality

ue kK, buv—u)y>¢(v—-u) YveK
has a unique solution.

While the deterministic formulation assumes precise knowledge of the input data, real-world scenarios often involve uncertainties
in the coefficient a, the source term f and height function g of the obstacle. These uncertainties will be described by randomness of
the data a, f and g.

2.2. Stochastic framework and functional setting

We begin by briefly recalling some standard definitions related to random variables and random fields; cf. e.g., [29-31] for
comprehensive introductions. Let (Q, 7, P) be a probability space, where Q is the set of elementary events, F is a c-algebra, and P is
a probability measure on F. For any Y € L!(Q), its expected value is denoted by

[E[Y]:/Y(co)d[P’(a)).
Q

Let X be a Banach space of real-valued functions defined on a domain D c R”, equipped with a norm | - ||y. A measurable
real-valued random field v : D X Q — R belongs to the Bochner space L?(Q; X), 1 < p < oo, if

1ol gy = /Q ot I, dP(@) < oo.
For p = o0, L®(Q; X) is equipped with the essential supremum norm
loll Lo xy := esssup v, @)l x-
weQ

In particular,

101 ) = E[I0C s | = [ [ o 0 ax P,
L2@L2(D) ol = fy /,

Given the distinct structural properties of stochastic functions with respect to @ and x, their numerical approximations require the
use of tensor spaces. Let H, be a Hilbert space of functions defined on the physical domain D c R”, and H, a Hilbert space of functions
defined on the parameter domain ' ¢ R™. The tensor space H; ® H, is the completion of finite sums u(x, y) = ZLI v;(x)w;(y), where
{v;} c H, and {w;} C H,, with respect to the norm induced by the inner product (u, Dy, gm, = Z[J(v,-, 0) pr, (wy, li)j)Hz. For domains
D and T, the tensor space H'(D) ® L*(T') is equipped with the inner product

(M, a)H](D)®L2(F) = /]" ./D (“(x5 y)fl(x, y) + qu(x’ .Y) . Vxﬁ(xs Y)) dx dy

Thus, ifu € H*(D) ® L2(I), it follows that u(-, y) € H*(D) for almost every y € I', and for almost every x € D, u(x, ) € L*(T'). Moreover,
there exists an isomorphism H*(D) ® L*(I') ~ L*(T'; H*(D)) ~ H*(D; L*(T")) ([19]).

With the above notations, we now consider the stochastic obstacle problem: Given a € L®(Q; L®(D)), f € L*(Q; L*(D)), g €
L?(Q; HY(D)), find a function u such that for almost every w € Q, u(-,w) € K,, and the following inequality holds:

/ a(x,w)Vu(x, ) - V(u(x) — u(x, w))dx > / f(x, 0)(v(x) —u(x,w))dx VveK, 2.2)
D D

where K, = {v(-,0) € Hé (D) | v(-,w) > g(-,w) a.e. in D}. The gradient operator V refers to differentiation with respect to x € D. The
corresponding pointwise formulation is to find a random function u(x, w) such that (cf. [28, Example 11.1.1])

—div(a(x, ®)Vu(x,w)) > f(x,w) in D,
u(x, w) > g(x, w) in D,

(div(a(x, w)Vu(x, ) + f(x, ) (u(x, w) — g(x,w)) =0 in D, (2.3)
u(x,w) =0 on dD.

To ensure the compatibility of the obstacle with the homogeneous Dirichlet boundary condition, we assume that
g(x,w) <0 fora.e.xe€ oD and w € Q.

For each admissible realization, the existence and uniqueness of u(-, w) follow from Lemma 1 under sample-wise positivity and
boundedness of the diffusion coefficient. However, the stochastic variational formulation below is posed in ¥ = L%(Q; HOI(D)). To
obtain the boundedness and coercivity of the stochastic bilinear form with constants independent of w, we impose the following
uniform ellipticity and boundedness assumption ([25]).

Assumption 1. There exist two constants a,,;, and a,,,, such that

0 < apip < a(x,w) < ap,, < oo, fora.e (x,w) € DxQ.

min
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2.3. Well-posedness of the stochastic obstacle problem

Let V = L%(Q; HS(D)), equipped with the inner product (v, w), = E[(Vv, Vw) 2] and the corresponding norm ||v||,, = (v, v):// 2

for v, w € V. We consider the following stochastic variational inequality ([24,26]):

uek, buv-u)>¢wv-u), VYveK, 2.4)
where b(-,-): VXV - R, ¢: V - R and K are defined as follows:
b(u,v) :=E [/ a(x, w)Vu(x, w) - Vo(x, ) dx], (2.5)
D
() :=E [/ f(x, w)v(x,w) dx], (2.6)
D

K :={veV|vx,w) > gx o) ae. in DXQ}.
Theorem 1. Under Assumption 1, for any f € L?(Q; L*(D)), the problem (2.4) admits a unique solution.

Proof. To prove the existence and uniqueness of a solution to (2.4), we show that the bilinear form is bounded and V-elliptic.
Applying the Cauchy-Schwarz inequality, we get

b(u,u)://anVudxd[P’(a))
oJp

Samax//qu-Vvldxd[P’(w)
oJp

< A IVl 120,120 1V 0l 1200512y
= apullully llolly -

By Assumption 1, we have

b(u,v)://aVu~VdedP(w)
oJp

2 2
> : = .
_amm/Q/D|VU| dx dP(w) am‘“”U”LZ(Q;Hé(D))’

It is readily verified that f € L?(Q; L?(D)) implies the continuity of the linear form ¢ on V. By applying Lemma 1, we conclude
that (2.4) admits a unique solution. O

Since the diffusion coefficient a, the source term f and obstacle function g are typically not known exactly in applications, it is
useful to consider approximations for a, f, and g. We now examine a perturbation of the weak formulation (2.4) and analyze the
magnitude of the resulting perturbation in the solution. Replacing a, f, and g in (2.4) by their approximations @, f,3: DX Q — R
leads to a perturbed stochastic variational inequality:

7ek, bEv-m2fw-u), VYvek, 2.7)

whereb: VXV - Rand 7 V — R are defined by

b, v) 1= [E[ / d(x, 0)Vu(x, ) - Vo(x, ®) dx],
D

‘) = [E[/ Fx, 0)v(x, ) dx],
D
K 1= {veV|ux o) > Zx o) ae in DxQ}.
As demonstrated in [19], we employ a general framework to establish the well-posedness of problem (2.7).

Proposition 1. Let H be a Hilbert space. Let K, K C H be non-empty, closed, convex sets. Consider symmetric bilinear forms B, B: H x H —
R that are H-coercive and bounded: there exist 0 < a;, < @max SUch that

minllvll}y < min{B,v), Bv,0)},  max{|Bw, ), 1B(o, )]} < ayaglloll g llwll g
for all v,w € H. Assume moreover that 3 and B are comparable: there exists y > 0 such that

|B(u, w)—BN(u, w)| <7yl gllwll g Yo,we H. (2.8)
Given L,L € H', letue K,u e K solve

Bu,v—u)>Lv-u) VveK, (2.9)

B@,v-w>Lw-u) VYvek. (2.10)
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Denote the distances

Sp i=inf ||U-v 6z =inf lu—v
o= b IT= vl B = ik u-olly.

and set e := u —u. Then

1 < 2 N ~
lelly < —— (12 = Llly +7lully ) + \/r((amaxllu||ﬂ 1N )+ (3 + 1E )6 ) 2.11)
In particular, if K = ]E, then 6, = 6z = 0 and
~ 1 ~
e =l < ——(IE = Ll o + el )- (2.12)
min

Moreover, if K and K are convex cones with vertex at 0, then

1 1

Nally < =€l @y < —— 12l o,
and consequently
~ 1 ~ Y 2 Xmax ~
=l < ——( 12 = Llle+ ==L ) + 4/ =1+ 22 ) (1Ll S+ 1 55)- (2.13)

Proof. Applying Lemma 1, we know that u and i are well defined. Denote e := u — . Choose . € Kand ug € £ such that e —ully =
6 and |lu — uglly = 65 (cf. [28, Section 3.4]). Using (2.9) with v = u and (2.10) with v = u yields

B(u,ﬁ,c—u)zﬁ(ﬁlc—u), E(ﬁ,ui—ﬁ) ZE(uE—ﬁ).
By coercivity of B,
apinllell?, < Ble,e) = Bu, ) — B, e).
Insert and subtract B(u, e), and rewrite . —u = (U —#) — e and ug — i = e — (u — ug) to obtain
aminllell}; < (Blu,e) = B, ) + (L(e) - L(e))
+ (B(u,'ﬁ,c —E) - £('IZ,C - E)) - (lg(ﬂ, u— uﬁ) - E(u - ”E))
By (2.8) and boundedness,
|Bw.e) = B, o) < rllullgllell -
|£(0) = L(e)| < 1E = Lilrllell -
|B(uj}c —u) = LUy — ﬁ)\ < (amaxlull g + L0 ) Nt =8l gy = (a1l g1 + 1L g7 ) S
|B@u = ug) = L= )| < (@l + 1 E0 ) Nt = il gr = (@ il + 121121 ) 8-
Hence
tinllellyy; < (7”””H +£- £||H/>||e||H + (amaxllell g + 1L g ) + (@ma 1l + ”E”H’)éﬁ'

Applying Young’s inequality to the linear term in ||e|| ; with parameter «,,;,/2 gives
Ay 1 ~ 2 - ~
el < 5o (Pl +1E =l )+ (el + 1L 0) 6 + (@ L1+ 1l )3
min

which implies (2.11). If K = K, the distances vanish and (2.12) follows.
If K and K are cones with vertex at 0, testing (2.9) by v = 0 and v = 2u yields B(u, u) = L(u) and thus ||ul|; < «
argument for . Substituting these into (2.11) yields (2.13). O

-1

il s the same

Corollary 1. Assume that Tr g = Tr g on d D for almost every o € €, then the distance max (53, 6x) < 18— gll -
Proof. From definition, u + max (g — g,0) > g. Then,
og = ulg;fE lu-vlg <llu—(u+max(g-g0) g
<lg-gllu-

Similarly, we have 6 <|lg—-gllyg. O
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Corollary 2. Let H = L*(Q; H&(D)). Keep the assumptions stated in Theorem 1. Assume the perturbed coefficient a satisfies 0 < a,;, < d <
Omax < 0, a.e. on DxQand f, fe L2(Q; L*(D)). Letue Kandu € K be the unique solutions to (2.4) and (2.7), respectively.
Then

=y < = (17 = all ooy Nl + Co IF = Flli2urzy )
min
2 - ~
+ 2 (@maxlullzr + Copll f 2200 ) 81 + (@max 1@l + Coll fll 2ur200)) 8% )- (2.14)
‘min

In particular, if g = g then (2.14) reduces to

i~ 71 ~ -~
e =l 2oy < (1= @l @uimon 1l 2ntcon + Co I = iz ) (2.15)
where Cj, > 0 is the Poincaré constant for the domain D, i.e., ||v|l;2p) < Collvll g1 py forany v e H&(D).
0

Proof. We apply Proposition 1. From

172 172
|[E[/(a—a>Vv~vLudx]| < ||a~—a||Lw@;Lm<D>><[E[/ |vU|2dx]) (E[/ |VW|2dx]>
D D D

=|la- all po @ pllvll g llwll g,
we see that (2.8) holds with y = ||a — all oo ;L0 (D)) Then, (2.14) follows from (2.11). O
2.4. Karhunen-Loéve expansions
Randomness in many systems can often be effectively approximated using a small number of uncorrelated or independent random
variables. In this work, we approximate the random fields a, f and g by truncated Karhunen-Loéve expansions ([30,32]).

Denote by p,(x) the expectation of a(x, ). Let V, be the covariance function of a, and let V, : L*(D) — L?*(D) be the corresponding
covariance operator. We denote by {5, P ken, the eigenpair sequence of V,, where vf 205> 20.

Proposition 2. ([33]) If a € L%(D; L*(Q)), then there exists a sequence of random variables {£{} 5, C L*(Q) satisfying
/fo(w) dP(w) =0, /Qé,f'(w)-ff(w) dP(w)=6; Vi, j>1
and such that the random field a(-, -) can be expanded in L*(D; L*(Q)) as
a(x, @) = y(x) + i NG SON (2.16)
k=1

where {(vi, ) }ken, s the eigenpair sequence of the operator V,,. Moreover, for v, # 0,

1

£l(@) = / (a(x, ) = p)P(x) dx Yk > 1.
D

a
Uk

Based on the expansion (2.16), for any M, € N, we define the truncated diffusion coefficient by

MH
ayg, (5,0) = py(¥) + D) Jot 50 Ef@) 2.17)
k=1
Similarly, the source term f and the obstacle function g are approximated by
My
Fa, ) = )+ YA o B0 @), @2.18)
k=1
and
M&'
1, () = 1y () + 3 \Jof B0 E . 2.19)
k=1

We denote the truncated approximations of the coefficient, source term and obstacle function, by @ =a M, f =f M, andg=g¢g M,

and use the notation a, f~ g throughout to refer to the Karhunen-Loeve approximations of a, f, g with truncation levels M,, M My,
respectively.
Proposition 2 implies the L?-convergence of the truncated Karhunen-Loéve expansion. In particular,

0 as M, —» oo. (2.20)

”a M| 22y
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Similarly, if f € L?>(Q; L*(D)), then
”f - f”LZ(Q;LZ(D)) -0 as Mf — 00.

Moreover, if g € L2(Q; H'(D)) ([34, Theorem 7.2.8] and [33]), then
g —gm 2@ty =0 as My > co.

To apply Corollary 2, a stronger convergence of the truncated diffusion coefficient is needed. Indeed, Proposition 2 only gives
L?-convergence, while the perturbation estimate requires

- 0 as M, .
”a M, || po ez ) a7 ®

One sufficient condition is given below.

Proposition 3. ([35]) If the covariance V, of a is piecewise analytic on D x D and {&}'} ken, s bounded uniformly, then
1
lla = @, Il s @uzoey < caexp (—craMy") VM, €N, 2.21)

where n is the dimension of physical space, ¢, is a bound of {& }en, , €14 IS a positive constant.

While Assumption 1 ensures that a is uniformly positive and bounded, this does not necessarily guarantee that the same lower and
upper bounds are preserved by its finite-term truncation a,, , unless M, is sufficiently large; see Proposition 3. However, if {£] },en,
are independent, then under Assumption 1, these bounds hold for @ as well for any M, > 0. As shown in [35, Remark 3.3], if we
denote F), C F as the o-algebra generated by the random variables ¢, ..., &y, , it follows that

Ela|Fy, 1= ap,-
The monotonicity of conditional expectations ensures then that the lower and upper bounds of a hold for a);, too, i.e.
0 < apip S ap (X, 0) < apyy <00 ae in DXQ.

Consequently, problem (2.7) is well-posed. For simplicity, we assume that &, 5,{ and 5,§ have the same distribution ([30, page
389).

2.5. The case of a finite-dimensional noise

The weak form of the problem (2.4) is not an ideal starting point for numerical approximation, as it involves integration over the
abstract probability space Q with respect to the measure P. To enable efficient numerical discretization, it is advantageous to express
the randomness using a finite number of independent random variables. To this end, it is customary to transform the problem onto
a parametric domain I' ¢ R, where the randomness is encoded by a finite set of independent random variables & = [¢/, ..., &),]".

Specifically, we focus on the transformation of the bilinear form

b(u,v) = / / a(x, w)Vu(x, w) - Vo(x, ) dx dP(w).
oJp

A similar discussion can be made for #(v).

To make this formulation more tractable, we assume that the coefficient @, source term f and obstacle function g are func-
tions of finitely many random variables &, : Q - T', C R, for 1 <k < M, as is the case for truncated Karhunen-Loéve expansions
(see Section 2.4). In this setti~ng, each realization w € Q corresponds to a point y = [y,,...,yy]' € ;=T X --- xT'); ¢ RM, and the

stochastic functions a(x, ®), f(x,w), g(x,w) and u(x, ) can be equivalently represented as deterministic parametric functions a(x, y),
f(x,y), g(x,y) and u(x, y). This setting is referred to as the finite-dimensional noise case ([30, page 3941).

Definition 1 (Finite-dimensional noise). Let & : Q - T, k=1,..., M, be real-valued random variables, M < c0. A function v €
L2(Q; LX(D)) of the form v(x, &(w)) for x € D and w € Q, where & = [, ... ,gM]T QT cRMandT ;=T x - xT), is called a
finite-dimensional or an M-dimensional noise.

In what follows we use p(y) to denote the joint probability density of & = [, ..., &/] T, andI' = H;(‘i \I'k- Each &; is assumed to have
a density function p;(y;): I; » R* fori = 1,..., M. If (&}¥ are independent, then p(y) = 1Y p,(,).

For a finite-dimensional noise v = v(x, £), we can compute its expectation using a change of variables. If p is the joint density of
&, then

1012, (g2 = E[ 101220 | = /r PO, ) 4,

where y; =& (w)and y = [y, ... ,yM]T. Thus, any random field v(x, &) € L?(Q; L*(D)) can be associated with a function v = v(x, y)
belonging to the weighted L? space

L(TLX(D)) := {u: DxT —R| /p(y)llv(zy)llzz(m dy < oo}-
r

7
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If the diffusion coefficient a(x, ), the source f(x, ®) and obstacle function g(x, ) are finite-dimensional noises, we can combine £, & »
and g, to form a finite-dimensional random variable & = [£,, & 72&e]-In this case, a(x, -), f(x,-) and g(x, -) are o(£)-measurable, and the
solution u(x, -) of (2.4) is also ¢(&)-measurable ([25, Theorem 3.3] and [36, Proposition 1.1]). Accordingly, the three groups of compo-

nents of the parameter vector y = [y, ..., y,,]" corresponding to &, ¢/, and &, are, respectively, {y, }21"1, (Vm,+k }kM=f1 {yMa+Mf+k }kM=81.
Under the assumption of finite-dimensional noise, u(x,w) can be described by the same random variable ¢ by Doob-Dynkin lemma
(cf. [37, Proposition 3]). Thus, we denote the solution as u(x, y) to explicitly represent u(x, ).

Returning to the weak form (2.7), we obtain its deterministic equivalent. Let @, f and g be the truncated Karhunen-Loéve expan-
sions (2.17)-(2.19), define

= 72(1 gl — . 2
W =L, (s Hy(D)) = {v- DxTI'=>R| /rp(y)llv(x,y)llHé(D)dy< 00},

K:={veW |uvx,y) >3xy) aein DxT}.
The variational inequality (2.7) on D x I is

ek, b@v-m=Fw-W, YveK, (2.22)
whereb: W xW — Rand 7: W — R are defined by

b(u,v) = / p(y) / a(x, y)Vu(x, y) - Vo(x, y) dx dy, (2.23)
r D
£(v) = / ) / f(x yyo(x. y)dxdy.
r D

The weight p: I' > R™ is the joint density of & = [¢, ... ,fM]T, where M = M, + M, + M, and £: Q > I c R™. Under these assump-
tions, u € K is uniquely determined by (2.22). Consequently, we have transformed the stochastic problem (2.7) into the deterministic
problem (2.22).

Transforming a stochastic variational inequality into its deterministic parametric form is a crucial step that enables the application
of finite element methods to approximate solutions. Working over I' instead of Q, we have

MH
A(x,y) = () + Y\ [viix)y, xeDyel
k=1

and a similar expression for f. We can ensure the existence of a unique solution of (2.22) under the following conditions.

Assumption 2. There exist two positive constants a,;, < ap,,, such that

min <
0 < Aip S a(x,y) < Qe < 0, a.e.in DXT.
Recall that if £, ..., &, are independent, then Assumption 1 implies
Amin < A(%,Y) < Apax-
Theorem 2. Under Assumption 2, for any f € Li(l‘; L2(D)), the variational inequality (2.22) admits a unique solution.

Since our primary focus is on developing numerical methods for the stochastic obstacle problem rather than modeling the problem
itself, we consider synthetic expansions of the form (2.17). In these expansions, the pairs ( ve, @}) are carefully selected so that
the solution representation has specific, desirable properties. Notably, in our numerical experiments, the coefficient expansions are
synthetically constructed and are not derived from predefined covariance operators. Hence, they do not correspond to classical
Karhunen-Loéve expansions in the strict sense.

3. Finite element spaces

In this section, we begin by examining standard finite element spaces over the spatial domain D Cc R” and the parameter domain
I' c RM independently. Next, we introduce tensor product finite element spaces on D x I', which will serve as the foundation for
approximating solutions to problem (2.22). Finally, we conclude with a discussion of key approximation properties of the tensor
product finite element spaces.

3.1. Finite element spaces on the spatial domain

We begin by considering the finite element spaces defined over the spatial domain D. If D is a polyhedral domain, then it can be
partitioned into triangles and quadrilaterals. For a general domain, the partition may be more complicated. In this paper, we assume
the domain Disa polygon, and consider to partition D into triangles z. Let {ThD }ns>0 Tepresent a regular family of triangulations of
D, such that D = U__;p7. Define 4 = max__;p h,, where h_ denotes the diameter of the element 7. We assume the triangulations of D

h h

inscribed circle in 7. Moreover, the mesh parameter s approaches zero (cf. [38, Section 4.4] and [39, page 124] and [28, page 411]).

are regular, which means there exists a positive constant ¢ such that 4, /p, < s forall r € ThD , Where p_ is the diameter of the largest

8
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Consider the finite-dimensional space X" c H&(D), consisting of piecewise linear continuous functions defined on ThD. We define
the interpolation operator II, by

,: HXD)n Hy(D) - X", M=) v(x)e;
i=1

where {x } C D is the set of interior node points in D and {(p,} is the corresponding finite element basis functions of the
correspondlng nodes. Then ([28, Theorem 10.3.9] and [19]) the followmg approximation properties hold:
There exists a constant C > 0 independent of & such that for any v € H*(D) N H(:(D),

lo =0l p < CA* ™0l p, m=0,1. (3.1)
3.2. Tensor product spaces on I' ¢ RM

Next, we consider the finite-dimensional space defined onT" ¢ RM [19,21]. LetI" = HM Tk be as in Section 2.5. Consider a partition
of I" consisting of a finite number of boxes, B, = Hf{”: . ["Z’ bz] CcRM, [a/
1’

o k] c Fk for k =1, ..., M, such that, for some finite index set

r= UB _UH[“k’ [

yel vel k=
where qul n Bo},7 = @ for distinct y, y, € I. The maximum grid size parameter 0 < s, < 1 is defined as
5 :max{bi—ai lyer},

for k=1,..., M, and we set § = (s,..., sy,). For each nonnegative integer multi-index ¢ = (ql, Y ), consider the finite element
approximation space of piecewise polynomials of a degree at most g, in each direction y,, denoted by Y;’ cL*(D).Ifgp e Y;’, then its
restriction to each of the partition boxes satisfies

M
ols, € span{]'[y;'k | a €Nyay < gy, k = 1,...,M}.

k=1

The finite element spaces Y;' satisfy (cf. [38, Section 4.6] and [19]) the following approximation property: let I, be the standard
tensor product interpolation operator. Then, there are positive constants {C; } L”: , depending only on g, such that for any v € H (),

M
1) 39k+1
[lo =Tl 2y < z Cese ™ 10y vll 2y
=1

Similarly for 7, D, we will use the 7' to denote the division of I" with respect to 3.
Additionally, 1f we define s = max{ |bV —a | y€l,k=1,...,M}, it follows that

M
+1
llo =Tl 2y < 5% D Cllay ™ vl 2y, (3.2)
k=1

where A = min, ;. {q; + 1}.
In the subsequent error analysis, we assume that the joint probability density satisfies

0 < Prin S PY) < Pax < 0 fora.e. y el

Consequently, the weighted and unweighted L? norms on I' are equivalent, and estimate (3.2) also holds in the corresponding
weighted Bochner norms. We further assume that the functions to which II; is applied are continuous with respect to the parameter
variable, so that the nodal tensor-product interpolation operator I1; is well defined.

In this paper, we select piecewise polynomials of degree 1 in each direction y,, i.e., ¢ = (1, ..., 1), and for simplicity, we denote
Ys=Y/

Ha\S/ing defined the finite element spaces on D and I', we now construct the tensor product space over the product domain D X T'.

3.3. Tensor product finite element spaces on D x I’

Combining the finite element spaces X” and Y*, we construct the following tensor product space:
X" @ Y* = span {@;(x)w;(¥) | ;(x) € X", y;(y) € Y*}.

Let {x; }l.’:I C D be the set of interior spatial nodes from the triangulation ThD and {y;} ;:1 C I be the set of parameter nodes from

the partition 7., which are the vertices of the boxes B,. The finite element nodes of X" ® Y* are obtained as the Cartesian product
of the spatial and parameter nodes:

{(x,y)eDXT|i=1,....1, j=1,....J}.



C. Zhu et al. Journal of Computational and Applied Mathematics 490 (2027) 117950

The corresponding basis functions of X" @ Y* are given by the tensor products
Dx, ) =0;@y;(y), i=1...1 j=1,..J,

where ¢, are the piecewise linear finite element basis functions of X” and y; are the piecewise multilinear finite element basis
functions of Y*. This tensor product framework generates a total of I x J basis functions, facilitating the approximation of solutions
over the product domain D x I

4. Stochastic finite element methods

In this section, we consider a fully discrete method. In the fully discrete method, we discretize both the spatial and parameter
domains.

4.1. Fully discrete method

Let Whs = X" ® Y* and define
ichs = {v" € W' | v"5(x,y) > &(x, y) for any node (x, y)}.
Then, the fully discrete method to solve (2.22) is
s e K, b, o — i) > 2t ), ot e K, (4.1

whereb: WxW — Rand #: W — R are defined as in (2.23).
Clearly, K" is a closed convex subset of W"s.

Theorem 3. If the conditions of Theorem 2 hold, then (4.1) admits a unique solution.

Now we provide an error analysis for the fully discrete method. For this purpose, we recall the following generalized Céa lemma
([28, page 445]).

Lemma 2 ([28]). Let V be a real Hilbert space and K C V be non-empty, closed and convex. Let V" C V be a finite element space and
K" c V" be non-empty, closed and convex. Assume the bilinear form b(-,-) is bounded and V -elliptic, and | € V.
If u is the solution of

ue K, bu,v—u)>(f,v—u) VYvek,
and u" € K" is the finite element solution defined by

W e Kh, b(uh,vh —uh) > (f, ot —uh) Vol e Kh,
then

”u - uh”2 <c 32£R(U - uh) +c Uhigih [R(Uh —u)+¢ ”u - vhﬂz], (4.2)
where

R(v) = b(u,v) — £(v).

Observe that if K” c K, then the inequality (4.2) is reduced to
llu—u")? <c inf R(vh - u) +¢ ”u - uh”2 .
vhekh

Theorem 4. Let Assumption 2 hold, and let if and & be solutions of the problem (2.22) and (4.1). Assume f € le)(l" s LA(D)), div(@vi) €
Li(F; L*(D)) and W, % € H‘f(r; H%(D)) n C(T'; H3(D)). Then

fo-

w S c(h +s),

where ¢ depending only on ||E||H3(F;H2(D)), ”f”L%(l";LZ(D)) and ||§||H3(F;H2(D)).
Proof. Recall that W = L (I'; Hj(D)). Assumption 2 implies

~hs
Amin

P <B@-wa-u) <@

Denote
R) = Z('ﬁ, v) - ﬂv).

First, we bound the term R(v):

R@w) =5(@v) - £(v) = / Py / [a(x, y)Vii- Vo - f(u)] dxdy.
T D

10
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Applying integration by parts, we have

Rw) = /p(y)/ [— div(@x, y) Vﬂ)—f]udxdy < ||- div@va - 7
r D

ey ez o)
Lemma 2 implies

2
fo-
w

2 . ¢ hs ~ hs
<c inf R(u‘—ﬁ)+“u—u‘
w vhsexchs

SC{ inf [”ﬁ—uhs
vhsexchs

+H— div(a@ Vi) — f]

} +c inf R — ™)
vek

iy + “- div(@ VE) — ﬂ

”Uhx —ul

L(T;L2(D)) Lﬁ(r:LZw»]

~hs

LT L2(D)) }

Apparently, ILII,u € Kchs | where I, is the continuous piecewise linear interpolation operator (3.1), and II; is the tensor product
interpolation operator (3.2).
According to finite element interpolation error estimates (3.1), we have

inf “U -
LATSLA(D)) vek

llo=T,0ll,,p < CA* "0l p, m=0,1.
It follows that
o =Tl 20 mepyy < CH 022y =051
From the triangle inequality of the norm, we have
WLl c2c0) < Ml o) A0 ITLE o s ) < €Ml a2 )

Due to ag(nhi(., y) = Hh(d;’ﬁ(~, y)) for all multi-indices a, we have

2
1.7l 2 sy 7|2 ~12
I < E = .
I hu”H,?(F;LZ(D)) IZ /l—p(y) H h (0yu) ”LZ(D) dyse ”ayu”L%(l";Hz(D)) C”u”Hg(l";HZ(D))

al<2 la|<2
Then
LT3 =l 2 1 20y < LT = T 2 1,2y + I =Tl 2 1 20
2 ~ 2157
<cs |Hh“|Hp2(r;L2(D)) +ch |“|L3(F;H2(D))
21157 21157
<cs“|lu ) +ch”|lu .
= ” ” HPZ(I",HZ(D)) ” ” L%(F,HZ(D))
2 25N1153)
<c(s“+h )”u”Hg(F;HZ(D))'
Similarly, we can get
”H.ynhg - g”Lg(F;LZ(D)} <e(st+ h )”g” HPZ(I";HZ(D))’
ITL T, — ]

) -
L,%(r;Hé(D)) <e(s™+ h)ll"”y,}(r;yz(p))-

Hence,

inf “ﬁ — ot
L"”EK."”

hs_'i

iV + H—div(avu) - f]

L2(T;L2(D)) ” v L2 (r;LZ(D))]

~ ~112 e~ ~ o~
< [ = 1@l + |- div@ VD = 7| 5 o I = T 320
<c(h? +57).

Following the idea of Falk [7], we bound the inf s ||v —ahs || L2 12D
2(r;
Denote

@ (x, y) = max (@ (x,).8(x.y)}, (DXD)*={x € D,y €' |@"(x,y) < gx.y)}.
Then, over D x T\ (D x D)*, @"* = u". Since " € Li(l"; Hd(D)) and g € Lg(r; H?*(D)) with § <0 on aD x T, clearly, &** € K,

2

2
inf ”v—u'” < ”uhs’* -l ) =
Ly(T3L2(D))

vek L2TL2(D) ~

/ [i15% (x, y) — @ (x, y) |2 p(y) dx dy.
(DXT)*

Let I1,I1,g be the continuous piecewise linear interpolant of g. Since the discrete solution satisfies the nodal constraint, at any node
(%1 ¥7)s s (x;, ¥;) 2 g(x;,y;), we have " > I1,11,g in D x . Hence, over (D x I')*, we have

0 < [ (x,y) — 8(x, p)| = 8(x, y) — i (x,y) < &(x, y) - [LIL,E(x, ).

11
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Thus, we get

/ 75 e, y) — 7 e, y)2p(y) dx dy < / 180x. ) — TL,TL,Z(x. ) ply) dx dy
(DXT)* (DXT)*

< / 180x, y) — 1,11, 2x. )P p(y) dx dy
DXI”

T =12
=g Hsnhglng(r;sz»'

Then

inf ”u - 7’““

2 25 15
< .
vek razmy < Ol o)

Finally, we get the order estimate

-

<

w S c(h+s),

where the constant ¢ > 0 depending only on ||ﬂ||L%(F;H2(D)), ||f||sz(r;L2(D)) and ||§||H3(F;H2(D)). O
Then, by Jensen’s inequality [29, Theorem 1.6.2] we obtain

~hsq12 ~ _ ~hs)2
— < —
(@ - Ef@ ]“H(;(D)—[E[”" 7 ||H3(D)].

Using the definition ||v||%, = E{||v||2 , |, we conclude that
H (D)

G - EG™)1%,

~ _ ~hs2
< —
i < 1T

Taking the square root on both sides,
WEGE) = Bl g1 ) < 7= Tl < ch+5).

Similarly, following [22], we derive the following estimate for the second-moment error:

”[E[(m2 _ (',7}15)2] “ — HlE[(’l;_ ";’hS)(";_'_ Eh:)]

)LJ(D)

T+

L1(D)

<o

L(T;L2(D)) H

o [y +

L3(T;L2(D))

v)

< c”a-;’“

< c”;;—a'“

w
<c(h+s).

4.2. Stochastic Galerkin system

We now discuss the nonlinear algebraic system that must be solved to compute mean and variance following the notation of [30,
page 405]. Our approximate space is the tensor-product space WS = X" ® Y*, where X" is the finite element space of dimension I
and Y* is the piecewise polynomial space of dimension J. Consequently, the total number of degrees of freedom is IJ.

Starting from the fully discrete formulation (4.1),

Bu, v) = /p(y)/ a(x,y)Vu(x,y) - Vo(x, y)dx dy,
r D

()= / () / fx,yyo(x, y) dxdy.
r D

The parameter fields are represented by the truncated Karhunen-Loéve expansion (2.17) and (2.18)

M, My
A, y) = p )+ Y [l T y) =)+ Y\ 0L bl Oy i
k=1 k=1

We seek i/ € K such that
W e £, B, o-iy 2 P -, Yoe KM
By expanding @ as in (4.1), @ (x,y) = 21(:1 ZLI u;;
andt = 1,..., J. This process yields a matrix A € R!/*!/ representing the discretized bilinear form and a vector b € R!” representing
the discretized linear form:
[Aln.y = Ddiw; dwy),
[b](r,t) = f((ﬁrWr)’

¢;(x)y;(y) and testing against all basis functions v =g, forr=1,...,1

forr,i=1,...,landt,j=1,...,J.

12
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This results in a block-structured matrix and corresponding vectors:

A Ay o Ay u; b,
A= Az A'zz A?J Cou=| 2| b= b.2
App Ap Agg uy b,

The j'" block of the solution vector is given by

T
uj=[ulj,u2j,...,u,j] , Jj=1,..J.
The constituent blocks are given by

M(l
Ay = <Wj’wt>pK0 + Z <ykwf’u/’>pkk’
k=1

fort,j=1,...,J.
M,
b= w0y fo+ 3 (e vi) Fie
k=1

The finite element matrices K, K, € R* and vector f, f, € R! are defined as

[Kol,, = /D (VP (x) -V, dx, K], = /D (V/eide0 ) Va0 - Vb, (0,

[fo], = /D 1 (X)b,(x) dx, [£il, = /D <\/u—,{¢>{(x>>¢,(x>dx.

This block structure admits a compact Kronecker product representation [40,41]:

M

A=Gy®Ky+ ) G, ® Ky,
k=1
M;
b=g0®f0+zgk®fk’
k=1

where the matrices Gy, G, € R’*/ and vectors g, g, € R’ are defined by
[GO]jt = <Wj’u/t>p’ [Gk]jr = <yk‘//j"//t>pv
[0, = (Wi 1), [gc], = <yMg+k’Wt>17.

Crucially, the discretization of the variational inequality (4.1) is not the linear system Au = b, but rather the nonlinear comple-
mentarity problem:

u>g, Au-b>0, (u-g"(Au-b)=0,

where g € R!/ is the vector of nodal values of the obstacle, g; ; = 8(x;,y;) and the last condition implies component-wise complemen-
tarity:

(u; - g)lAu=bl; =0 i=1,...Tandj=1,...J.
When adapting the active set method [42,43] to solve the variational inequality (4.1), at any node (x,y; ), we need only satisfy

the condition

I J

ﬁl”(x,-/,yj/) = Z z u,-j¢,-(x,-/)lllj(yj/) 2 g(xi'syj"),

i=1 j=1

which is equivalent to the condition U 2 g fori=1,....,/and j=1,...,J.
5. Numerical experiments

In this section, we present numerical experiments to illustrate the performance of the proposed stochastic Galerkin method. The
main quantities of interest are the expected value and the second moment of the solution. We use the finite element spaces X" and Y*
introduced in Section 3, with bases {¢;} 1,1=1 and {y; }J{=1’ respectively. The fully discrete stochastic Galerkin approximation is written
as

I J J I
Wy = Y Y wb vy = YT @) B =Y udx).

i=1 j=1 j=1 i=1

13
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Table 1

Relative errors of expected values with s = (e — e™!)/2°.
h efx"l (u, u") order e’;’\'l (u, u") order
3/2% 3.6004e-01 4.7088e-01

3/23 7.6845e-02 2.2281 2.3794e-01 0.9847
3/24 2.1563e-02 1.8333 1.2199e-01 0.9638
3/2° 5.9221e-03 1.8644 6.1089¢-02 0.9979

Table 2

Relative errors of second moments with s = (e — e~!)/2*.
h e 2 (u, 1) order e;j’;z(u, uhs) order
3/22 8.0635e-01 7.6605e-01

3/23 2.2570e-01 1.8370 4.2420e-01 0.8527
3/2¢4 5.9037e-02 1.9347 2.1764e-01 0.9628
3/2° 1.6042e-02 1.8797 1.0952e-01 0.9907

Table 3

Relative errors of expected values with 4 = ﬁx
s e'[z"] (u, uhs) order e;jl,'l (u, ul) order
(e—e /20 4.1212e-01 4.7822e-01

(e—e /2! 8.9613e-02 2.2013 2.3942e-01 0.9981
(e—e /22 2.4148e-02 1.8918 1.2207e-01 0.9717
(e—e1)/23 5.9221e-03 2.0277 6.1089¢-02 0.9988

After the coefficients ;; are obtained, the expected value and the second moment are computed by

J

E[@"](x) = Zﬁj(x) / p(Yw;(y)dy,
r

=1

and
J J
LG 10 = ) Y ()i (x) / PO, (y) dy.
k=1j=1 r

The numerical errors are evaluated for the expected value and the second moment of the solution. For the expected value, we
define

o EL] = EL |2 ) IVELu] = VE[" 1l 120p

erel,l (u,u - , erel,l (u, uhS) —
L ||[E[u]||L2(D) H! ||V[E[u]||L2(D)
For the second moment, we define
ol 2( hy) ||[E[u2] _ [E[(uhx)z]”LZ(D) rel 2( hs) ||V|E[u2] — VE[(M’”)Z]”L%D)
e T(u,u) = . e (u,u) =
L ||[E[u2]||L2(D) H! ||V[E[u2]||L2(D)

We consider two numerical examples. Example 1 involves a stochastic diffusion coefficient, while Example 2 involves a stochastic
source term. These examples are designed to test the convergence behavior of the method under different types of stochasticity.

Example 1. Let D = (-1.5,1.5)? and
a(xy,x,, ) = 1 +exp(&) +2exp(&,),
fxp,x,0) = =2,

where ¢,,&, ~ i.i.d. U(-1, 1), and the obstacle function g = 0. The exact solution is

0, x% + x% <1,
u(xy,x2,81,86) =9 22422 log(x2+x2)
1>42-61 (xlxz_ogxlxz_l

1 1 2, .2
2 2 2) * I+exp(é))+2exp(&,)” xl + x2 > 1.

From Tables 1 and 2, we observe approximately first-order convergence in the H!-norm for both the expected value and the
second moment. The result for the expected value is consistent with the theoretical estimate, while the observed H'-convergence of
the second-moment error is stronger than the L'-estimate established above.

Since the error in the probability space is not significant, it is difficult to observe the convergence order with respect to s when A
is fixed, even at h = 27°. To mitigate this issue, in Table 3, we adopt a compromise by setting h = ﬁs, aiming to better capture
the convergence behavior with respect to s.

14
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C. Zhu et al.
025 - 025
02 02
0.15 - 0.15
014 01
0.05 - 0.05
H \\ J 2
1 0\\ ///4////1 2
. 7\\\v///w °
2 2
(a) Expectation of the Exact (b) Expectation of the SG
solution solution

x10* %1072

4.

o 1

™ ~ B, —
>~ % 1\ "
- S -1 h < -1

£, K 2 2

(d) Variance of the Exact solution  (e) Variance of the SG solution (f) Variance of the MC solution

Fig. 1. Comparison of statistical properties: expectation and variance of the exact solution, SG solution, and MC solution.

x1073

(a) Error between expectation of exact solution (b) Error between expectation of exact solution
and SG solution and MC solution

Fig. 2. Absolute error in the expectation: comparison between the SG and MC solutions with respect to the exact solution.

Fig. 1 demonstrates the high accuracy of the SG method, which also exhibits superior computational efficiency, completing in just
10.49 seconds compared to the MC method’s 344.56 seconds for processing 2'3 samples. However, as shown in Fig. 2, while the MC
solution outperforms the SG solution, it does so at the cost of increased computational resource consumption.

Example 2. Let D = (—1,1)> and

a(xy,x3,w) =1,

8r2(x2 + x2 — 1 — 12) * (exp(&)) + 2exp(&y)), x% +x2 <12,
f(x1, %0, 0) = 172 175
—8(2x? +2x% — %) # (exp(d)) +2exp(&)), X3+ x5 > 12,
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Table 4

Relative errors of expected values with s = (e — e™!)/23.
h e’L”:"l (u, ul) order e;’,'l (u, u") order
1/2? 1.3864e-01 3.2220e-01

1/2} 3.5350e-02 1.9716 1.6350e-01 0.9786
1724 8.9860e-03 1.9760 8.2092e-02 0.9940
1/2° 2.2315e-03 2.0096 4.1091e-02 0.9984

Table 5

Relative errors of second moments with s = (e —e~')/23.
h e'L”:"Z (u, ul) order e;’,'z(u, uhs) order
1/2? 4.1182e-01 6.0197e-01

1/2} 1.0932e-01 1.9134 3.1815e-01 0.9200
1724 2.7766e-02 1.9772 1.6141e-01 0.9789
1/2° 6.9689¢-03 1.9944 8.1007e-02 0.9947

Table 6

Relative errors of expected values with h = s/(e —e™").
s eff" (u, uhs) order e;‘;','l (u, u"s) order
(e—e /2! 5.4709e-01 6.0731e-01

(e—eh)/2? 1.3864e-01 1.9804 3.2220e-01 0.9145
(e—e™h)/23 3.5350e-02 1.9716 1.6350e-01 0.9786
(e—e /24 8.9860e-03 1.9760 8.2092e-02 0.9940

(a) Expectation of the Exact (b) Expectation of the SG (¢) Mean of the MC solution
solution solution

150 -,

100 -

(d) Variance of the Exact solution  (e) Variance of the SG solution (f) Variance of the MC solution

Fig. 3. Comparison of statistical properties: expectation and variance of the exact solution, SG solution, and MC solution.

for ¢),&, ~ii.d. U(-1,1), g =0, and r = 0.7. The exact solution is

0, x% + x% <r?,

u(x,y,w) =
(3 + 33 = P22 (exp(€) + 2exp(&), X) 433 > 1.
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x1078
25

0.025
0.02
0.015 -
0.01

0.005

(a) Error between expectation of exact solution (b) Error between expectation of exact solution
and SG solution and MC solution

Fig. 4. Absolute error in the expectation: comparison between the SG and MC solutions with respect to the exact solution.

From Tables 4 and 5, we again observe approximately first-order convergence in the H'-norm for both the expected value and
the second moment. To investigate the convergence behavior as s decreases while balancing the spatial and stochastic discretization
errors, we set h = s/(e — e”!); the corresponding results are presented in Table 6.

The SG method not only achieves high accuracy, as demonstrated in Figs. 3 and 4, but also exhibits superior computational
efficiency, completing in just 9.82 s. In contrast, the MC method requires 349.29 s to process 2'> samples, yet it still falls short of
the true solution. Consequently, the MC method would need significantly more samples to approximate the true solution, thereby
increasing its computational demands.

Our numerical experiments demonstrate that both the expectation error and the second moment error converge at an O(h) rate
in the H! -norm.

6. Conclusion

In this study, we developed stochastic Galerkin formulations to solve stochastic obstacle problems and established the well-
posedness of the discrete formulation. Our numerical analysis provided an optimal-order error estimate for linear finite elementd
in the H'-norm with respect to the physical variable. Numerical experiments supported these theoretical findings, showing that the
expectation error and the second-moment error of the solution converge at a rate of O(h) in the H'-norm. This agrees with the derived
estimate for the expectation, while the H'-convergence of the second-moment is stronger than the theoretical L'(D)-estimate.

The main limitation of the proposed SG method is the possible curse of dimensionality. When the random inputs have strong
spatial variability or complex stochastic structures, more random variables may be needed for an accurate representation, leading to
high-dimensional tensor-product discretizations and increased computational cost. Moreover, the SG method is intrusive and leads to
a coupled deterministic variational inequality, whose assembly and solution are more involved than those of non-intrusive sampling-
based methods. The theoretical error estimate also relies on sufficient regularity of the parametric solution, which may be weakened
when the coincidence set is highly sensitive to the random variables.

This approach can be extended to more complex stochastic problems, including time-dependent variational inequalities, while
adaptive strategies will be designed to refine the stochastic discretization dynamically based on error indicators, focusing computa-
tional effort on regions of high variability. We will also explore the comparative advantages of stochastic collocation methods against
the SG approach in handling diverse randomness and solution structures. To address the challenges of high-dimensional random
spaces, sparse grids, low-rank tensor approximations, and reduced-order modeling will be employed to mitigate the curse of dimen-
sionality and enhance efficiency. Finally, to improve accuracy in problems with limited regularity, we aim to develop specialized
finite element spaces or enriched basis functions that better capture solution features.
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