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Abstract: Variational-hemivariational inequalities are an area full of interesting and challenging mathematical

problems. The area can be viewed as a natural extension of that of variational inequalities. Variational-

hemivariational inequalities are valuable for application problems from physical sciences and engineering that

involve non-smooth and even set-valued relations, monotone or non-monotone, among physical quantities. In

the recent years, there has been substantial growth of research interest in modeling, well-posedness analy-

sis, development of numerical methods and numerical algorithms of variational-hemivariational inequalities.

This survey paper is devoted to a brief account of well-posedness and numerical analysis results for variational-

hemivariational inequalities. The theoretical results are presented for a family of abstract stationary variational-

hemivariational inequalities and the main idea is explained for an accessible proof of existence and uniqueness.

To better appreciate the distinguished feature of variational-hemivariational inequalities, for comparison, three

mechanical problems are introduced leading to a variational equation, a variational inequality, and a variational-

hemivariational inequality, respectively. The paper also comments on mixed variational-hemivariational inequal-

ities, with examples from applications in fluid mechanics, and on results concerning the numerical solution of

other types (nonstationary, history dependent) of variational-hemivariational inequalities.
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1 Introduction

It is generally agreed that the first variational inequality (VI) was formulated in A. Signorini’s paper
[90] in 1933 for a study of a frictionless contact problem between a linearized elastic body and a
rigid foundation. The problem is commonly known as the Signorini problem. The existence and
uniqueness of a solution to the Signorini problem was proved in early 1960s by G. Fishera (cf. [38]).
This is considered as the beginning of the area of variational inequalities (VIs) ([4]). In mid 1960s to
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early 1970s, foundations of basic mathematical theory of VIs were established in a series of papers,
cf. [13, 66, 78, 97]. The monograph [28] plays an important role in popularizing the area of VIs
as it is shown in the book that many complicated application problems in mechanics and physics
can be modeled and studied as VIs. Since there are no analytic solution formulas for VIs arising
in applications, one relies on numerical methods to solve VIs. Early comprehensive references on
numerical methods for solving VIs are [41, 42, 69]. Mechanics is a rich source of VIs, and there is a large
number of references devoted to this topic, cf. [60, 100] on elasto-plasticity, [20, 29, 61, 67, 74, 91, 92, 94]
on contact mechanics. Nowadays, active research persists in the area of VIs due to emerging new
applications and the need of developing more efficient and effective numerical methods and algorithms
to solve VIs (e.g., [17, 45, 71, 101, 119]).

VIs are featured by the presence of nonsmooth terms with a convex structure in their mathematical
formulations. For applications, the nonsmooth convex structure often comes from a nonsmooth mono-
tone relation among physical quantities of interest. For applications involving nonsmooth nonmono-
tone relations for physical quantities, hemivariational inequalities (HVIs) arise. P. D. Panagiotopoulos
started the area of HVIs in early 1980s ([86]). VIs can be viewed as a special or degenerate case of HVIs
in the sense that when the nonsmooth relations among physical quantities happen to be monotone,
a HVI is reduced to a VI. We may consider the more general variational-hemivariational inequality
(VHI) which contains nonsmooth terms of both kinds, those with a convex structure and those with
a nonconvex structure. In the literature, the term HVI is often used to refer to a VHI also. In this
paper, we use the terms VHI and HVI interchangeably.

Early comprehensive references in the area of VHIs include [82, 83, 87] on modeling, mathematical
analysis and applications, and [68] for the finite element method to solve VHIs. In the last three
decades, the area of VHIs has attracted the attention of ever more researchers, and recent compre-
hensive coverage of mathematical theory and applications can be found in [15, 16, 43, 44, 81, 96]. In
these books and most math journal papers on VHIs, abstract surjectivity results on pseudomonotone
operators are needed in proving the existence of a solution. Such an approach has its own merits.
However, the requirement of the knowledge on abstract mathematical theory of pseudomonotone op-
erators seems to be a hurdle to popularize the area of VHIs in the research communities of applied
and computational mathematicians and engineers. An effort was made in [48, 49] in developing an
alternative accessible approach for the mathematical theory of VHIs that does not rely on the abstract
mathematical theory of pseudomonotone operators. We will describe the main idea of this alternative
approach for studies of stationary VHIs in Subsection 4.1. We also note that the accessible approach
is extended in [55, 56] for well-posedness of mixed VHIs. A comprehensive reference in these regards
is the book [50].

Numerical methods are needed to solve VHIs. The finite element method and a variety of solution
algorithms are discussed in [68] to solve HVIs. An optimal order error estimate is first presented in
[57] for the linear finite element solutions of a VHI. This is followed by a series of papers on further
analysis of the finite element method to solve VHIs, e.g., [47, 63–65]. The survey papers [62] and
[52] provide accounts of recent advances on numerical analysis of VHIs. Besides the finite element
method, other numerical methods such as the discontinuous Galerkin method and the virtual element
method, have also been applied to solve VHIs, cf. discussions in Section 7. For the numerical solution
of inequality problems (VIs, VHIs) of second-order, an optimal order error estimate can be achieved
only for the linear element (linear finite element, linear virtual element) solutions (order one in the
H1 norm). Moreover, due to the limited regularity properties for solutions of inequality problems, low
order elements are preferred to solve the inequalities.

The paper provides a summary account on the mathematical theory and numerical solution of
VHIs and we focus on the stationary/time-independent problems. The main goal is to present the
reader a relatively complete picture on the current status of the research on VHIs, especially regarding
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the numerical analysis of VHIs. In Section 2, we review the notions of generalized subdifferentials
and generalized subgradients, and their properties, as these are fundamental in the study of VHIs.
In Section 3, we introduce three typical sample problems in mechanics in the order of increasing
complexity. The first example is a variational equation (VE) for a standard boundary value problem.
The other two examples are from contact mechanics, in the form of a VI and a VHI, respectively.
It is hoped that through the presentation of the three examples, one can observe clearly what kind
of features in a mechanical problem lead to a VI or a VHI. In Section 4, we consider an abstract
stationary VHI. The first part of the section is to explain the main idea in the well-posedness analysis
without the commonly used surjectivity results of pseudomonotone operators. The second part of
the section summarizes main numerical analysis results on the abstract stationary VHI. The results
presented in this section are general, and they can be applied to concrete VHIs, and to VIs and VEs
which are special cases of VHIs. In Section 5, the theory presented in Section 4 is applied to the VHI
contact problem introduced in Section 3, and we provide a well-posedness result and an optimal order
error estimate for its numerical solution using the linear finite element method under certain solution
regularity assumptions. In Section 6, we present sample results on Stokes and Navier-Stokes HVIs in
fluid mechanics, as examples of mixed VHIs. In Section 7, we briefly comment on other numerical
methods to solve VHIs and studies of time-dependent VHIs.

2 Generalized Directional Derivative, Subdifferential
and Subgradient

In the study of nonsmooth problems, one fundamental issue is how to extend the concept of differentia-
bility for functions that are not differentiable in the classical sense. For VIs, notions of subdifferential
and subgradients serve such a purpose, and one can consult [30, 120] and many other excellent books on
convex analysis for these notions. For VHIs, we need the notions of the generalized directional deriva-
tive and generalized subdifferential/subgradient for locally Lipschitz continuous functions introduced
by F. H. Clarke ([23, 24]).

Let V be a Banach space, and let U be an open subset in V . Often, we can simply take U = V .
Let Ψ: U → R be a locally Lipschitz continuous function. Given u ∈ U and v ∈ V , the classical
directional derivative Ψ′(u; v) may not exist. The idea is to consider the ratio (Ψ(w + λv)−Ψ(w)) /λ
for w close to u and λ > 0 close to 0. If the classical directional derivative Ψ′(u; v) does not exist,
then we cannot take the limit as w → u and λ ↓ 0 on the ratio (Ψ(w + λv)−Ψ(w)) /λ. Nevertheless,
since Ψ is locally Lipschitz continuous at u, the upper limit of the ratio always exists as a real number.
Thus, the generalized (or Clarke) directional derivative of Ψ at u ∈ U in the direction v ∈ V is defined
by

Ψ0(u; v) := lim sup
w→u, λ↓0

Ψ(w + λv)−Ψ(w)

λ
.

The next step is to define the generalized (or Clarke) subdifferential of Ψ at u ∈ U by

∂Ψ(u) :=
{
u∗ ∈ V ∗ | Ψ0(u; v) ≥ ⟨u∗, v⟩ ∀ v ∈ V

}
. (2.1)

It can be shown that ∂Ψ(u) is nonempty, convex, and weakly ∗ compact in V ∗. Any element in the
set ∂Ψ(u) is called a generalized (or Clarke) subgradient of Ψ at u ∈ U .

Furthermore, it can be proved that in case Ψ: U → R happens to be convex, then the generalized
subdifferential ∂Ψ(u) at any u ∈ U coincides with the convex subdifferential ∂Ψ(u). Because of this
property, it is perfectly reasonable to use the same symbol ∂ for both the generalized subdifferential
of locally Lipschitz continuous functions and the convex subdifferential of convex functions.
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Properties of the generalized directional derivative and the generalized subdifferential can be found
in several books, e.g., [24, 26] or [81, Section 3.2]. In the following, we mention some basic properties
to help those readers without prior exposures to the notions of the generalized directional derivative
and the generalized subdifferential for a better understanding.

The generalized directional derivative is non-negatively homogeneous and sub-additive with respect
to the direction variable:

Ψ0(u;λ v) = λΨ0(u; v) ∀λ ≥ 0, u ∈ U, v ∈ V,

Ψ0(u; v1 + v2) ≤ Ψ0(u; v1) + Ψ0(u; v2) ∀u ∈ U, v1, v2 ∈ V.

The generalized subdifferential is defined by the formula (2.1) through the use of the generalized direc-
tional derivative. Conversely, knowing the generalized subdifferential, we can compute the generalized
directional derivative by the formula

Ψ0(u; v) = max {⟨u∗, v⟩ | u∗ ∈ ∂Ψ(u)} ∀u ∈ U, v ∈ V. (2.2)

In the study of VHIs and their numerical approximations, limiting properties of the generalized
subdifferential and the generalized directional derivative are useful and we list two such properties
below:
If un → u in V , un, u ∈ U , and vn → v in V , then

lim sup
n→∞

Ψ0(un; vn) ≤ Ψ0(u; v).

If un → u in V , un, u ∈ U , u∗n ∈ ∂Ψ(un), and u
∗
n → u∗ weakly∗ in V ∗, then u∗ ∈ ∂Ψ(u).

Next, let Ψ,Ψ1,Ψ2 : U → R be locally Lipschitz functions. Then, we have the scalar multiplication
rule

∂(λΨ)(u) = λ∂Ψ(u) ∀λ ∈ R, u ∈ U,

and the summation rule

∂(Ψ1 +Ψ2)(u) ⊂ ∂Ψ1(u) + ∂Ψ2(u) ∀u ∈ U, (2.3)

or equivalently,

(Ψ1 +Ψ2)
0(u; v) ≤ Ψ0

1(u; v) + Ψ0
2(u; v) ∀u ∈ U, v ∈ V. (2.4)

Moreover, (2.3) and (2.4) hold with equalities if Ψ1 and Ψ2 are regular at u. The regularity of the
Lipschitz continuous function Ψ: U → R at u ∈ U means that the directional derivative Ψ′(u; v) exists
and

Ψ′(u; v) = Ψ0(u; v) ∀ v ∈ V. (2.5)

It is known that a function is regular at any point where the function is continuously differentiable.
Also, a convex function is regular in the interior of its effective domain.

In the study of VHIs, we will assume that there exists a constant αΨ ≥ 0 such that

Ψ0(v1; v2 − v1) + Ψ0(v2; v1 − v2) ≤ αΨ∥v1 − v2∥2V ∀ v1, v2 ∈ U. (2.6)

This condition characterizes the degree of non-convexity of the functional Ψ: the smaller the constant
αΨ ≥ 0, the weaker the non-convexity of Ψ. For a convex functional Ψ, (2.6) holds with αΨ = 0. The
condition (2.6) is sometimes expressed equivalently as a condition on the generalized subdifferential:

⟨v∗1 − v∗2, v1 − v2⟩ ≥ −αΨ∥v1 − v2∥2V ∀ vi ∈ U, v∗i ∈ ∂Ψ(vi), i = 1, 2. (2.7)
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In the literature, (2.7) is usually called a relaxed monotonicity condition. The inequality (2.7) with
αΨ = 0 is the monotonicity of ∂Ψ for a convex functional Ψ. A short-hand expression of the condition
(2.7) is

⟨∂Ψ(v1)− ∂Ψ(v2), v1 − v2⟩ ≥ −αΨ∥v1 − v2∥2V ∀ v1, v2 ∈ U. (2.8)

It can be proved (e.g., [50, p. 26]) that the condition (2.6) holds if and only if the functional v 7→
Ψ(v) + (αΨ/2) ∥v∥2V is convex on U . This result provides a simple way to verify the condition (2.6).

In virtually all the applications in mechanics, the locally Lipschitz continuous functional Ψ takes
the form of an integral of a locally Lipschitz continuous function ψ of a real variable or of several real
variables. For a locally Lipschitz continuous function defined over a finite dimensional set, there is a
useful formula to compute the generalized subdifferential (cf. [25, Theorem 10.7], [81, Prop. 3.34]).

Proposition 2.1. Assume Ω ⊂ Rd is open, ψ : Ω → R is locally Lipschitz continuous near x ∈ Ω,
D ⊂ Rd with |D| = 0, and Dψ ⊂ Rd with |Dψ| = 0 such that ψ is Fréchet differentiable on Ω\Dψ.
Then,

∂ψ(x) = conv
{
limψ′(xk) | xk → x, xk ̸∈ D ∪Dψ

}
.

Next, we show some examples to compute the generalized subdifferential of locally Lipschitz con-
tinuous functions by applying Proposition 2.1 to conclude this section.

For the function ψ1(x) = −|x|, x ∈ R, its generalized subdifferential coincides with its classical
derivative −1 for x > 0, and 1 for x < 0. At x = 0, ∂ψ1(0) equals the convex hull of the two derivative
limiting points −1 and 1. Thus,

∂ψ1(x) =


1 if x < 0,
[−1, 1] if x = 0,
−1 if x > 0.

For the generalized directional derivative ψ1(x; y), x, y ∈ R, we can use the property (2.2) to find that

ψ0
1(x; y) =


y if x < 0,
|y| if x = 0,
−y if x > 0.

Similarly, for ψ2(x) = |x|, x ∈ R, its generalized subdifferential is

∂ψ2(x) =


−1 if x < 0,
[−1, 1] if x = 0,
1 if x > 0.

Note that ψ2 is a convex function, and ∂ψ2 is also the convex subdifferential of ψ2. Moreover, the
generalized directional derivative is, for any y ∈ R,

ψ0
2(x; y) =


−y if x < 0,
|y| if x = 0,
y if x > 0.

As a more complicated example, consider

ψ3(x) =


sinx if x < 0,

−x2 if 0 ≤ x ≤ 1,

x3 − 3x2 + 3x− 2 if x > 1.
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For its generalized subdifferential, we can readily write down the formula

∂ψ3(x) =


cosx if x < 0,

[0, 1] if x = 0,

−2x if 0 < x < 1,

[−2, 0] if x = 1,

3 (x− 1)2 if x > 1.

For the directional derivative at points where the classical derivative does not exist, we find that

ψ0
3(0; y) = max{0, y},

ψ0
3(1; y) = max{0,−2 y}

for any y ∈ R.

3 Three Representative Problems in Linearized Elasticity

We will see an example of a VHI in Subsection 3.4, for a contact problem. For comparison, under
similar mechanical settings with simpler boundary conditions, we will provide an example of a varia-
tional equation in Subsection 3.2, and an example of a VI in Subsection 3.3. We will first introduce
the notation in Subsection 3.1.

3.1 Notation

Consider mathematical models describing the equilibrium state of an elastic body subject to the action
of external forces and constraints on the boundary. Let the reference configuration of the body be the
closure of an open, bounded and connected set Ω in Rd. For applications, the dimension d = 2 or 3.
Assume Ω has a Lipschitz boundary Γ = ∂Ω. Then, the unit outward normal vector ν exists a.e. on
Γ. We use boldface letters for vectors and tensors. A typical point in Rd is denoted by x = (xi). The
range of indices i, j, k, l is between 1 and d. We adopt the summation convention over a repeated
index. For convenience, for a subset ∆ of Ω or that of Γ, and a function g defined on ∆, we use I∆(g)
to denote the integral of the function g over ∆.

We denote by Sd the space of real symmetric matrices of order d. Over Rd and Sd, we use the
canonical inner products and norms:

u · v = uivi, |v| = (v · v)1/2 ∀u = (ui),v = (vi) ∈ Rd,

σ : τ = σijτij , |τ | = (τ : τ )1/2 ∀σ = (σij), τ = (τij) ∈ Sd.

The primary unknown of the mechanical problems in this section is the displacement of the elastic
body, u : Ω → Rd. The linearized strain tensor is

ε(u) =
1

2

(
∇u+ (∇u)T

)
,

which is an Sd-valued field in Ω. In componentwise form,

εij(u) = (ε(u))ij =
1

2
(ui,j + uj,i), 1 ≤ i, j ≤ d,

where ui,j = ∂ui/∂xj . In mechanical problems, another important quantity is the stress tensor
σ : Ω → Sd, which is also an Sd-valued field in Ω.
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We will use Sobolev and Lebesgue spaces on Ω, Γ, or their subsets, such as L2(Ω;Rd), L2(ΓN ;Rd),
L2(ΓC ;Rd), H1(Ω;Rd), and H1(Ω; Sd), endowed with their canonical inner products and associated
norms. Here, ΓN and ΓC are measurable subsets of Γ. For a function v ∈ H1(Ω;Rd) we write v for
its trace γv ∈ L2(Γ;Rd) on Γ. A standard reference on Sobolev spaces is [1]. One may also consult
many other books on Sobolev spaces or PDEs, e.g., [14, 31].

The space for the stress field is

Q := L2(Ω; Sd) =
{
σ = (σij) | σij = σji ∈ L2(Ω), 1 ≤ i, j ≤ d

}
. (3.1)

This is a real Hilbert space endowed with the inner product

(σ, τ )Q =

∫
Ω
σ : τ dx, σ, τ ∈ Q.

The corresponding norm is denoted by ∥ · ∥Q.
Let ΓD be a non-trivial measurable subset of Γ. We will specify a homogeneous displacement

boundary condition on ΓD, and seek the unknown displacement field in the space

V :=
{
v ∈ H1(Ω;Rd) | v = 0 on ΓD

}
(3.2)

or its subspace. Since |ΓD| > 0, Korn’s inequality asserts that there is a constant c > 0, depending on
Ω and ΓD, such that

∥v∥H1(Ω;Rd) ≤ c ∥ε(v)∥Q ∀v ∈ V . (3.3)

A proof of the Korn inequality can be found in numerous publications, e.g. [84, p. 79]. As a result, V
is a real Hilbert space under the inner product

(u,v)V = (ε(u), ε(v))Q. (3.4)

The induced norm is

∥v∥V = ∥ε(v)∥Q. (3.5)

It follows from Korn’s inequality (3.3) that ∥ · ∥H1(Ω;Rd) and ∥ · ∥V are equivalent norms on V . We will
use ∥ · ∥V as the norm on V or its subspace. Denote by V ∗ the dual of the space V and by ⟨·, ·⟩ the
corresponding duality pairing. For any element v ∈ V , define its normal and tangential components
on Γ by vν = v · ν and vτ = v − vνν, respectively. Similarly, for a function σ : Ω → Sd, its normal
and tangential components on Γ are σν = (σν) · ν and στ = σν − σνν, respectively.

For a differentiable field σ : Ω → Sd, its divergence is a vector-valued function divσ : Ω → R with
components

(divσ)i = σij,j , 1 ≤ i ≤ d,

where the summation convention over the repeated index j is applied. For σ ∈ H1(Ω; Sd) and v ∈
H1(Ω;Rd), we have Green’s formula (integration-by-parts formula)∫

Ω
σ : ε(v) dx+

∫
Ω
divσ · v dx =

∫
Γ
σν · v ds,

which is applied repeatedly in derivations of weak formulations.
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3.2 A variational equation problem in linearized elasticity

The first mechanical problem leads to a variational equation. In this subsection only, the boundary
Γ = ΓD ∪ ΓN is split into two parts ΓD and ΓN , with |ΓD| > 0. If ΓN = ∅, then ΓD = Γ is the entire
boundary. The pointwise formulation of the problem is

− divσ = f0 in Ω, (3.6)

σ = Eε(u) in Ω, (3.7)

ε(u) =
1

2

[
∇u+ (∇u)T

]
in Ω, (3.8)

u = 0 on ΓD, (3.9)

σν = f2 on ΓN . (3.10)

We comment that (3.6) is the equilibrium equation, f0 being the density function of the body force;
(3.7) is the elastic constitutive law, E being the elasticity tensor; (3.8) is the defining relation for
the linearized strain tensor; (3.9) represents the homogeneous boundary condition on ΓD; and (3.10)
describes the traction boundary condition on ΓN , f2 being the density function of the traction force.

In the general case, the elasticity operator E : Ω× Sd → Sd in the constitutive law (3.7) is allowed
to depend on the spatial location. For homogeneous materials, E : Sd → Sd does not depend on the
spatial variable. We assume the following properties:

(a) There exists a constant LE > 0 such that a.e. in Ω,
|E(·, ε1)− E(·, ε2)| ≤ LE |ε1 − ε2| ∀ ε1, ε2 ∈ Sd;

(b) there exists a constant mE > 0 such that a.e. in Ω,
(E(·, ε1)− E(·, ε2)) : (ε1 − ε2) ≥ mE |ε1 − ε2|2

∀ ε1, ε2 ∈ Sd;
(c) E(·, ε) is measurable on Ω for all ε ∈ Sd;
(d) E(·,0) = 0 a.e. in Ω.

(3.11)

For the force densities, we assume

f0 ∈ L2(Ω;Rd), f2 ∈ L2(ΓN ;Rd), (3.12)

and define an element f ∈ V ∗ by

⟨f ,v⟩ =
∫
Ω
f0 · v dx+

∫
ΓN

f2 · v ds ∀v ∈ V . (3.13)

Through a standard procedure, one can derive the following weak formulation of the problem
defined by (3.6)–(3.10); for such a derivation, cf. e.g., [50, Section 4.2].

Problem 3.1. Find a displacement field u ∈ V such that

(E(ε(u)), ε(v))Q = ⟨f ,v⟩ ∀v ∈ V , (3.14)

where f ∈ V ∗ is defined by (3.13).

Well-posedness of Problem 3.1 can be shown through an application of the well-known Lax-Milgram
lemma; for detail, one may consult [50, Theorem 4.1].
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3.3 A variational inequality in contact mechanics

In the study of contact problems, we assume the boundary of Γ of the domain Ω is decomposed into
three non-overlapping measurable parts: Γ = ΓD ∪ ΓN ∪ ΓC , with |ΓD| > 0 and |ΓC | > 0. We will
specify a displacement boundary condition on ΓD, a traction boundary condition on ΓN , and contact
boundary conditions on ΓC . A variety of mathematical models of contact problems can be found in
many publications, cf. e.g., the comprehensive references [29, 61, 74, 81, 92, 94, 109].

For the sample contact problem considered in this subsection, the pointwise relations (3.6)–(3.10)
are supplemented by a bilateral contact condition with a Tresca’s friction law on ΓC :

uν = 0,
|στ | ≤ fb and
|στ | < fb ⇒ uτ = 0,
|στ | = fb ⇒ uτ = −λστ for some λ ≥ 0.

(3.15)

Here fb ≥ 0 is a constant bound of the magnitude of the friction force.
A study of this contact problem can be found in several references, e.g., [50, Subsection 4.4.1]. The

tangential contact conditions in (3.15) can be equivalently expressed as

|στ | ≤ fb and στ ·uτ + fb|uτ | = 0,

or as
|στ | ≤ fb, −στ = fb

uτ
|uτ |

if uτ ̸= 0,

or as
−στ ∈ ∂ϕ(uτ ), ϕ(z) = fb|z| for z ∈ Rd.

Here, ϕ is a convex function and ∂ϕ stands for the (convex) subdifferential of ϕ.
Define a subspace of the space V :

V 1 = {v ∈ V | vν = 0 on ΓC} (3.16)

and use the norm ∥ · ∥V over the subspace V 1. The weak formulation of the contact problem is the
following VI (cf. [50, Problem 4.6]).

Problem 3.2. Find u ∈ V 1 such that

(Eε(u), ε(v − u))Q + IΓC (fb|vτ |)− IΓC (fb|uτ |) ≥ ⟨f ,v − u⟩ ∀v ∈ V 1, (3.17)

where f ∈ V ∗ is defined by (3.13).

Well-posedness of this problem is the content of [50, Theorem 4.7]. See also Section 5.

3.4 A variational-hemivariational inequality in contact mechanics

In this subsection, we consider another contact problem whose mathematical model is a VHI. As in
the previous subsection, Γ = ΓD ∪ ΓN ∪ ΓC , with |ΓD| > 0 and |ΓC | > 0. The pointwise relations
(3.6)–(3.10) are supplemented by the normal compliance contact condition ([81, Section 6.3]) with
Tresca’s friction law on the contact boudnary ΓC :

−σν ∈ ∂ψν(uν),
|στ | ≤ fb and
|στ | < fb ⇒ uτ = 0,
|στ | = fb ⇒ uτ = −λστ for some λ ≥ 0.

(3.18)
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Here, the function ψν : R → R is locally Lipschitz continuous and is not necessarily convex, fb ≥ 0
is a constant bound of the magnitude of the friction force. In particular, when fb = 0, the last two
relations in (3.18) degenerate to the frictionless condition

−στ = 0 on ΓC .

We assume the following properties on the function ψν : R → R:
(a) ψν(·) is locally Lipschitz on R;
(b) there exist constants c̄0, c̄1 ≥ 0 such that

|∂ψν(z)| ≤ c̄0 + c̄1 |z| ∀ z ∈ R;
(c) there exists a constant αψν ≥ 0 such that

ψ0
ν(z1; z2 − z1) + ψ0

ν(z2; z1 − z2) ≤ αψν |z1 − z2|2 ∀ z1, z2 ∈ R.

(3.19)

The weak formulation of the contact problem of (3.6)–(3.10) and (3.18) is the following VHI (cf.
[57], [50, Problem 4.20]).

Problem 3.3. Find a displacement field u ∈ V such that

(E(ε(u)), ε(v)− ε(u))Q + IΓC (fb|vτ |)− IΓC (fb|uτ |) + IΓC (ψ
0
ν(uν ; vν − uν))

≥ ⟨f ,v − u⟩ ∀v ∈ V . (3.20)

Well-posedness of Problem 3.3 is stated in Theorem 5.1. The more general case of a friction bound
fb = fb(uν) is considered in [57], see also [50, Example 5.51].

4 An Abstract Stationary Variational-Hemivariational Inequality

Problem 3.3 can be studied within the framework of an abstract stationary VHI discussed in this
section. Problem 3.1 and Problem 3.2 can be studied as special cases of a VI and a VE of the abstract
stationary VHI. Denote by ∆ the physical domain or its sub-domain, or its boundary or part of the
boundary, and denote by I∆ the integration over ∆,

I∆(v) =

∫
∆
v dx if ∆ ⊂ Ω, I∆(v) =

∫
∆
v ds if ∆ ⊂ Γ.

For a positive integer m, we let
Vψ = L2(∆;Rm). (4.1)

For application in the study of Problem 3.3, we take m = 1; for some other contact problems (e.g.,
Problem 4.18 in [50]), we take m = d.

We first introduce the following assumptions on the data for the abstract VHI.

H(V ) V is a real Hilbert space.

H(K) K is a non-empty, closed and convex set in V .

H(A) A : V → V ∗ is LA-Lipschitz continuous and mA-strongly monotone.

H(Φ) Φ: V → R is convex and continuous on V .

H(ψ) γψ ∈ L(V ;Vψ); ψ : Rm → R is locally Lipschitz continuous and for some non-negative constants
cψ and αψ,

|∂ψ(z)|Rm ≤ cψ (1 + |z|Rm) ∀ z ∈ Rm, (4.2)

ψ0(z1; z2 − z1) + ψ0(z2; z1 − z2) ≤ αψ|z1 − z2|2Rm ∀ z1, z2 ∈ Rm. (4.3)
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H(f) f ∈ V ∗.

Note that an operator A : V → V ∗ is said to be LA-Lipschitz continuous if

∥Av1 −Av2∥V ∗ ≤ LA∥v1 − v2∥V ∀ v1, v2 ∈ V, (4.4)

and it is said to be mA-strongly monotone if

⟨Av1 −Av2, v1 − v2⟩ ≥ mA∥v1 − v2∥2V ∀ v1, v2 ∈ V. (4.5)

A consequence of the assumption H(Φ) is that Φ(·) is bounded below by a function that grows at
most linearly, i.e., for some constants c3 and c4, not necessarily positive,

Φ(v) ≥ c3 + c4∥v∥V ∀ v ∈ V, (4.6)

cf. e.g., [5, Lemma 11.3.5].

Generally, we can consider the situation where ψ = ψ(x, z) is a function defined for x ∈ ∆ and
z ∈ Rm. To simplify the exposition, we will only consider the case where ψ = ψ(z) does not depend
on x ∈ ∆.

The condition (4.3) is equivalent to the following inequality:

⟨v∗1 − v∗2, v1 − v2⟩ ≥ −αΨ|v1 − v2|2Rm ∀ vi ∈ Rm, v∗i ∈ ∂ψ(vi), i = 1, 2. (4.7)

It can be shown (e.g., Lemma 4.2 in [52]) that under the assumption H(ψ),∣∣I∆(ψ0(γψu; γψv))
∣∣ ≤ c (1 + ∥u∥V ) ∥γψv∥Vψ ∀u, v ∈ V. (4.8)

The abstract VHI is the following.

Problem 4.1. Find u ∈ K such that

⟨Au, v − u⟩+Φ(v)− Φ(u) + I∆(ψ
0(γψu; γψv − γψu)) ≥ ⟨f, v − u⟩ ∀ v ∈ K. (4.9)

In [50], this problem is called a VHI of rank (1, 1) to reflect the fact that in the variational-
hemivariational inequality (4.9), the convex function Φ depends on one argument and the locally
Lipschitz continuous function ψ depends on one argument. In the general case K ̸= V , Problem 4.1
can be viewed as a constrained VHI of rank (1, 1).

When K = V is the entire space, Problem 4.1 becomes an unconstrained VHI of rank (1, 1): Find
u ∈ V such that

⟨Au, v − u⟩+Φ(v)− Φ(u) + I∆(ψ
0(γψu; γψv − γψu)) ≥ ⟨f, v − u⟩ ∀ v ∈ V. (4.10)

4.1 Well-posedness of the abstract stationary variational-hemivariational
inequality

As an intermediate step in the well-posedness study of Problem 4.1, we analyze an auxiliary VHI.

Problem 4.2. Find u ∈ K such that

⟨Au, v − u⟩+Φ(v)− Φ(u) + Ψ0(u; v − u) ≥ ⟨f, v − u⟩ ∀ v ∈ K. (4.11)
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In the analysis of Problem 4.2, we assume H(V ), H(K), H(A), H(Φ), H(f), and

H(Ψ) Ψ: V → R is locally Lipschitz continuous, and for some constant αΨ ≥ 0,

Ψ0(v1; v2 − v1) + Ψ0(v2; v1 − v2) ≤ αΨ∥v1 − v2∥2V ∀ v1, v2 ∈ V.

In the majority of the references on well-posedness analysis of VHIs, the operator A : V → V ∗

is assumed pseudomonotone, coercive, and strongly monotone, and abstract surjectivity results for
pseudomonotone operators (e.g., [83, Theorem 2.12], [27, Theorem 1.3.70]) are applied (cf. [81, 96]).
While such an approach carries its own merit, it is desirable to have a more accessible approach for
applied and computational mathematicians, and for engineers. One accessible approach is developed
in [48, 49], and it does not require knowledge on pseudomonotone operators or abstract analysis. We
provide a summarizing account of this approach below. For details, the reader can consult the book
[50].

In the first step of the accessible approach, we assume additionally that A : V → V ∗ is a potential
operator, i.e., it is the Gâteaux derivative of a functional FA : V → R. This allows us to define a
related optimization problem.

Problem 4.3. Find u ∈ K such that

E(u) = inf {E(v) | v ∈ K}

where the energy functional

E(v) = FA(v) + Φ(v) + Ψ(v)− ⟨f, v⟩, v ∈ V.

Problem 4.2 is analyzed through Problem 4.3.

Theorem 4.1. Assume H(V ), H(K), H(A), H(Φ), H(Ψ), H(f), and αΨ < mA. Assume addition-
ally that A is a potential operator with the potential FA. Then, Problem 4.3 has a unique solution
u ∈ K, which is also the unique solution of Problem 4.2.

In the second step of the accessible approach, we get rid of the additional assumption that A is a
potential operator by a fixed-point technique. More precisely, for a fixed parameter θ > 0, given any
element w ∈ K, consider the auxiliary problem of finding u ∈ K such that

(u, v − u)V + θ
[
Φ(v)− Φ(u) + Ψ0(u; v − u)

]
≥ (w, v − u)V − θ [⟨Aw, v − u⟩ − ⟨f, v − u⟩] ∀ v ∈ K. (4.12)

An application of Theorem 4.1 shows that for θ > 0 sufficiently small, the inequality (4.12) admits a
unique solution u ∈ K. Moreover, it can be shown that the mapping w 7→ u is a contraction. By the
Banach fixed-point theorem, for θ > 0 sufficiently small, the mapping w 7→ u has a unique fixed-point,
and this unique fixed-point is the unique solution of Problem 4.2. We state the result next; its detailed
proof can be found in [50, Section 5.2].

Theorem 4.2. Assume H(V ), H(K), H(A), H(Φ), H(Ψ), H(f), and αΨ < mA. Then, Problem 4.2
has a unique solution u ∈ K.

In the last step of the accessible approach, let

Ψ(v) = I∆(ψ(γψv)), v ∈ V (4.13)
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in (4.11). Denote by c∆ > 0 the smallest constant in the inequality

I∆(|γψv|2Rm) ≤ c2∆∥v∥2V ∀ v ∈ V. (4.14)

It can be shown that H(ψ) implies H(Ψ) with αΨ = αψc
2
∆, cf. Theorem 5.19 in [50].

In most mathematics references (e.g., [81, 96]), the form of a stationary VHI studied is Problem
4.2. We comment that the inequality (4.11) looks simpler than (4.9), however, the form (4.9) arises
directly in application problems. Any solution of Problem 4.2 is a solution of Problem 4.1 since ([81,
Theorem 3.47])

Ψ0(u; v) ≤ I∆(ψ
0(γψu; γψv)).

Conversely, if ψ or −ψ is regular in the sense of (2.5), then

Ψ0(u; v) = I∆(ψ
0(γψu; γψv));

as a result, (4.11) and (4.9) coincide, and Problem 4.2 and Problem 4.1 are identical. This is the
approach taken in early references on mathematical theory of variational-hemivariational inequalities,
e.g., [81].

In our approach, we do not assume the regularity of the function ψ or −ψ. Again, we note that a
solution of Problem 4.2 is also a solution of Problem 4.1. In addition, it can be shown that a solution
of Problem 4.1 is unique. Thus, Problem 4.1 admits a unique solution. The result is stated next, cf.
[50, Section 5.4] for details.

Theorem 4.3. Assume H(V ), H(K), H(A), H(Φ), H(ψ), H(f), and αψc
2
∆ < mA. Then Problem

4.1 has a unique solution u ∈ K. Moreover, the solution u ∈ K depends Lipschitz continuously on
f ∈ V ∗.

4.2 Galerkin method for the abstract stationary variational-hemivariational
inequality

Since there is no analytic solution formula for a VHI arising in applications, numerical methods are
needed to solve the problem. In this subsection, we discuss the numerical solution of Problem 4.1. The
numerical method is of Galerkin type. We present a convergence result for the numerical solutions
and a Céa-type inequality for error estimation of the numerical solutions. For Problem 4.1, we make
the assumptions stated in Theorem 4.3, so as to guarantee that the problem has a unique solution.
Let V h be a finite dimensional subspace of V , h > 0 being a spatial discretization parameter. Let Kh

be a non-empty, closed and convex subset of V h. Then, a Galerkin approximation of Problem 4.1 is
the following.

Problem 4.4. Find an element uh ∈ Kh such that

⟨Auh, vh − uh⟩+Φ(vh)− Φ(uh) + I∆(ψ
0(γψu

h; γψv
h − γψu

h))

≥ ⟨f, vh − uh⟩ ∀ vh ∈ Kh. (4.15)

For the well-posedness of Problem 4.4, we can apply Theorem 4.3 which is valid in the setting of
finite-dimensional spaces as well. For completeness, we state the result formally as a theorem.

Theorem 4.4. Keep the assumptions stated in Theorem 4.3. Let V h be a finite-dimensional subspace
of V and let Kh be a non-empty, closed and convex subset of V h. Then Problem 4.4 has a unique
solution.
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The approximation is called external if Kh ̸⊂ K, and is internal if Kh ⊂ K. In [64], the internal
approximation with the choice Kh = V h ∩K is considered for Problem 4.1.

The following convergence result is proved in [52, Section 4.3] and it follows [65]. An important
point about this convergence result is that we do not assume any solution regularity other than the
basic regularity u ∈ V guaranteed in the well-posedness result, namely, Theorem 4.3.

Theorem 4.5. Keep the assumptions stated in Theorem 4.3. Moreover, assume V h is a finite-
dimensional subspace of V , Kh is a non-empty, closed and convex subset of V h, and

vh ∈ Kh and vh ⇀ v in V imply v ∈ K; (4.16)

∀ v ∈ K, ∃ vh ∈ Kh such that vh → v in V as h→ 0. (4.17)

Let u and uh be the solutions of Problem 4.1 and Problem 4.4, respectively. Then,

uh → u in V as h→ 0. (4.18)

Theorem 4.3 and Theorem 4.5 are rather general, and here we consider two special cases.
First, we consider the case of a HVI with the choice Φ ≡ 0 in Problem 4.1.

Problem 4.5. Find an element u ∈ K such that

⟨Au, v − u⟩+ I∆(ψ
0(γψu; γψv − γψu)) ≥ ⟨f, v − u⟩ ∀ v ∈ K. (4.19)

The corresponding numerical method Problem 4.4 takes the following form.

Problem 4.6. Find an element uh ∈ Kh such that

⟨Auh, vh − uh⟩+ I∆(ψ
0(γψu

h; γψv
h − γψu

h)) ≥ ⟨f, vh − uh⟩ ∀ vh ∈ Kh. (4.20)

Theorem 4.6. Assume H(V ), H(K), H(A), H(ψ), H(f), and αψc
2
∆ < mA. Moreover, assume

V h is a finite-dimensional subspace of V , Kh is a non-empty, closed and convex subset of V h, and
(4.16)–(4.17) hold. Then, Problem 4.5 admits a unique solution u ∈ K, Problem 4.6 admits a unique
solution uh ∈ Kh, and we have the convergence:

uh → u in V as h→ 0.

As another particular case, we consider a VI, obtained from Problem 4.1 by setting ψ ≡ 0.

Problem 4.7. Find an element u ∈ K such that

⟨Au, v − u⟩+Φ(v)− Φ(u) ≥ ⟨f, v − u⟩ ∀ v ∈ K. (4.21)

The numerical method is the following.

Problem 4.8. Find an element uh ∈ Kh such that

⟨Auh, vh − uh⟩+Φ(vh)− Φ(uh) ≥ ⟨f, vh − uh⟩ ∀ vh ∈ Kh. (4.22)

Theorem 4.7. Assume H(V ), H(K), H(A), H(Φ), and H(f). Moreover, assume V h is a finite-
dimensional subspace of V , Kh is a non-empty, closed and convex subset of V h, and (4.16)–(4.17)
hold. Then, Problem 4.7 admits a unique solution u ∈ K, Problem 4.8 admits a unique solution
uh ∈ Kh, and we have the convergence:

uh → u in V as h→ 0.
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For error estimates of the numerical solution defined by Problem 4.4 for the approximation of the
solution of Problem 4.1, let v ∈ K and vh ∈ Kh be arbitrary and define

Ru(v, w) := ⟨Au, v − w⟩+Φ(v)− Φ(w) + I∆(ψ
0(γψu; γψv − γψw))− ⟨f, v − w⟩, (4.23)

The following result is proved as Theorem 7 in [52].

Theorem 4.8. Assume H(K), H(A), H(Φ), H(ψ), H(f), and αψc
2
∆ < mA. Then for the solution u

of Problem 4.1 and the solution uh of Problem 4.4, we have the Céa-type inequality

∥u− uh∥2V ≤ c inf
vh∈Kh

[
∥u− vh∥2V + ∥γψ(u− vh)∥Vψ +Ru(v

h, u)
]
+ c inf

v∈K
Ru(v, u

h). (4.24)

In the case of an internal approximation, Kh ⊂ K, and

inf
v∈K

Ru(v, u
h) = 0.

Then, the Céa-type inequality (4.24) simplifies to

∥u− uh∥2V ≤ c inf
vh∈Kh

[
∥u− vh∥2V + ∥γψ(u− vh)∥Vψ +Ru(v

h, u)
]
. (4.25)

We note that (4.24) and (4.25) are generalizations of the Céa-type inequality from the numerical
solution of VIs (cf. [32, 61, 74]) to that of VHIs. To proceed further, we need to bound the residual
term (4.23) and this depends on the problem to be solved.

5 Studies of the Sample Variational-Hemivariational Inequality

In this section, we return to Problem 3.3 by applying the theoretical results reviewed in Section 4.
We first explore the solution existence and uniqueness, then introduce a linear finite element method
to solve the problem and present an optimal order error estimate under certain solution regularity
assumptions. Details can be found in [52].

Let λν > 0 be the smallest eigenvalue of the eigenvalue problem

u ∈ V ,

∫
Ω
ε(u) : ε(v) dx = λ

∫
ΓC

uνvν ds ∀v ∈ V .

Then, we have the trace inequality

∥vν∥L2(ΓC) ≤ λ−1/2
ν ∥v∥V ∀v ∈ V .

By applying Theorem 4.3, an existence and uniqueness result can be established for Problem 3.3.

Theorem 5.1. Assume (3.11), (3.12), (3.19), fb ≥ 0, and αψνλ
−1
ν < mE . Then Problem 3.3 has a

unique solution u ∈ V .

Theorem 5.1 provides the existence of a unique displacement field u ∈ V of the contact problem.
The stress field σ ∈ Q is uniquely determined by using the constitutive law (3.7).

Then, we turn to the discretization of Problem 3.3 using the finite element method. For simplicity,
assume Ω is a polygonal domain (d = 2) or a polyhedral domain (d = 3) . We express the three parts
ΓD, ΓN , ΓC of the boundary as unions of closed flat components with disjoint interiors:

ΓZ = ∪iZi=1ΓZ,i, Z = D,N,C.
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Let {T h} be a regular family of partitions of Ω into triangles (d = 2) or tetrahedrons (d = 3) that are
compatible with the partition of the boundary ∂Ω into ΓZ,i, 1 ≤ i ≤ iZ , Z = D,N,C, in the sense
that if the intersection of one side/face of an element with one set ΓZ,i has a positive measure with
respect to ΓZ,i, then the side (d = 2) or the face (d = 3) lies entirely in ΓZ,i. The corresponding linear
finite element space is

V h =
{
vh ∈ C(Ω)d | vh|T ∈ P1(T )

d for T ∈ T h, vh = 0 on ΓD

}
. (5.1)

The finite element approximation of Problem 3.3 is the following.

Problem 5.1. Find a displacement field uh ∈ V h such that(
E(ε(uh)), ε(vh)− ε(uh)

)
Q
+ IΓC (fb |v

h
τ |)− IΓC (fb |u

h
τ |)

+ IΓC (ψ
0
ν(u

h
ν ; v

h
ν − uhν)) ≥ ⟨f ,vh − uh⟩ ∀vh ∈ V h. (5.2)

Similar to Theorem 5.1, we know that Problem 5.1 admits a unique solution uh ∈ V h. Convergence
of the finite element solution follows from Theorem 4.5:

∥uh − u∥V → 0 as h→ 0.

We comment that the two conditions (4.16)–(4.17) are valid with K = V , Kh = V h for the finite
element space (5.1).

For an error analysis, we start with

∥u− uh∥2V ≤ c inf
vh∈V h

[
∥u− vh∥2V + ∥uν − vhν∥L2(ΓC) +Ru(v

h,u)
]
, (5.3)

where the residual-type term as defined in (4.23) is

Ru(v
h,u) = (E(ε(u)), ε(vh − u))Q + IΓC

(
fb(|vhτ | − |uτ |)

)
+ IΓC (ψ

0
ν(uν ; v

h
ν − uν))− ⟨f ,vh − u⟩. (5.4)

To derive an error bound, we need to make solution regularity assumptions:

u ∈ H2(Ω;Rd), σ = E(ε(u)) ∈ H1(Ω; Sd), u|ΓC,i ∈ H2(ΓC,i;Rd), 1 ≤ i ≤ iC . (5.5)

For homogeneous materials, E does not depend on the spatial variable x and the second regularity is
a consequence of the first one in (5.5). Under the first two regularity assumptions in (5.5), it can be
shown that the pointwise relations hold:

div E(ε(u)) + f0 = 0 a.e. in Ω, (5.6)

σν = f2 a.e. on ΓN . (5.7)

Then,

Ru(v
h,u) =

∫
ΓC

[
σν·(vh − u) + fb

(
|vhτ | − |uτ |

)
+ ψ0

ν(uν ; v
h
ν − uν)

]
ds,

and we can bound ∣∣∣Ru(v
h,u)

∣∣∣ ≤ c ∥u− vh∥L2(ΓC ;Rd). (5.8)
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So, from (5.3), we can derive the Céa-type inequality

∥u− uh∥V ≤ c inf
vh∈V h

[
∥u− vh∥V + ∥u− vh∥1/2

L2(ΓC ;Rd)

]
. (5.9)

Due to the first regularity condition in (5.5), by the Sobolev embedding H2(Ω) ⊂ C(Ω) valid for
d ≤ 3, we know that u ∈ C(Ω;Rd) and so its finite element interpolant Πhu ∈ V h is well defined.
Moreover, the following error estimate holds (cf. [5, 12, 21]): for some constant c > 0 independent of
h,

∥u−Πhu∥L2(Ω;Rd) + h ∥u−Πhu∥H1(Ω;Rd) ≤ c |u|H2(Ω;Rd), (5.10)

and

∥u−Πhu∥L2(ΓC ;Rd) ≤ c h2. (5.11)

Then we derive from (5.9) the following optimal order error bound

∥u− uh∥V ≤ c
[
∥u−Πhu∥V + ∥u−Πhu∥1/2

L2(ΓC ;Rd)

]
≤ c h, (5.12)

where the constant c depends on the quantities ∥u∥H2(Ω;Rd), ∥σν∥L2(ΓC ;Rd) and ∥u∥H2(ΓC,i;Rd) for
1 ≤ i ≤ iC .

The reader is referred to [52] for numerical examples providing numerical convergence orders that
match the error estimate (5.12).

We comment that similar results hold for Problem 3.2 and Problem 3.1 by applying Theorem 4.3
and Theorem 4.8 for the special cases of a VI and a VE.

6 Mixed Variational-Hemivariational Inequalities
in Fluid Mechanics

In the previous sections, we considered VHIs from contact mechanics. In this section, we consider
sample VHIs in fluid mechanics. Since Fujita’s pioneering work [39, 40], there has been steady progress
on the modeling, mathematical analysis and numerical approximation of boundary or initial-boundary
value problems for flows of viscous incompressible fluid involving nonsmooth slip or leak boundary
conditions. When the nonsmooth boundary condition is of monotone type, the mathematical formula-
tion of the problem is a mixed variational inequality. A large number of papers have been published on
well-posedness analysis and the numerical solution of Stokes and Navier-Stokes variational inequalities.
The reader may consult [50, Chapter 8] for some sample references on this topic. When the nonsmooth
boundary condition is allowed to be of nonmonotone type, the weak formulation of the problem is a
mixed hemivariational inequality. Various VHIs arising in fluid mechanics have been studied in the
literature, e.g., [18, 58, 79, 80, 99]. In this section, we present two mathematical models: a Stokes
HVI and a Navier-Stokes HVI.

Let Ω ⊂ Rd (d ≤ 3 in applications) be a Lipschitz domain. Its boundary Γ = ∂Ω is decomposed
into two parts: Γ = ΓD ∪ ΓS such that |ΓD| > 0, |ΓS | > 0, and ΓD ∩ ΓS = ∅. We will impose a
Dirichlet boundary condition on ΓD and a slip boundary condition of friction type on ΓS . Denote by
ν the unit outward normal to Γ. For a vector-valued function u on the boundary, let uν = u · ν and
uτ = u − uνν be the normal component and the tangential component, respectively. Let µ > 0 be
the viscosity coefficient, and let f be the source function.
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The pointwise relations of a sample Stokes HVI are

− div(2µ ε(u)) +∇p = f in Ω, (6.1)

divu = 0 in Ω, (6.2)

u = 0 on ΓD, (6.3)

uν = 0, −στ ∈ ∂ψτ (uτ ) on ΓS . (6.4)

The condition uν = 0 in (6.4) means that the fluid can not pass through ΓS outside the domain, and
this condition is usually called the no-leak condition. The second part in (6.4) represents a friction
condition, relating the frictional force στ with the tangential velocity uτ . In (6.4), the function
ψτ : Rd → R is locally Lipschitz continuous. We assume the following properties on the function ψτ :

(a) ψτ (·) is locally Lipschitz on Rd;
(b) there exist constants c̄0, c̄1 ≥ 0 such that

|∂ψτ (z)| ≤ c̄0 + c̄1 |z| ∀ z ∈ Rd;
(c) there exists a constant αψτ ≥ 0 such that

ψ0
τ (z1; z2 − z1) + ψ0

τ (z2; z1 − z2) ≤ αψτ |z1 − z2|2 ∀ z1, z2 ∈ Rd.

(6.5)

We comment that it is possible to consider the more general case ψτ : ΓS × Rd → R where ψτ
depends on the spatial variable x.

In this section, we define the function space

V =
{
v ∈ H1(Ω) | v = 0 on ΓD, vν = 0 on ΓS

}
, (6.6)

for the velocity field, where H1(Ω) = H1(Ω;Rd). As a consequence of Korn’s inequality, the quantity

∥ε(v)∥L2(Ω;Sd) :=

(∫
Ω
|ε(v)|2 dx

) 1
2

defines a norm for v ∈ V and it is equivalent to the standard H1(Ω)-norm on V . We use

∥ · ∥V = ∥ε(·)∥L2(Ω;Sd) (6.7)

for the norm on V . For the pressure variable, we use the space

Q = L2
0(Ω) =

{
q ∈ L2(Ω) | IΩ(q) = 0

}
. (6.8)

This is a Hilbert space with the standard inner product

(p, q)0,Ω :=

∫
Ω
p q dx

and the corresponding ∥ · ∥0,Ω-norm.
Define the following forms:

a(u,v) = 2µ

∫
Ω
ε(u) : ε(v) dx ∀u,v ∈ V , (6.9)

b(v, q) =

∫
Ω
q divv dx ∀v ∈ V , q ∈ Q. (6.10)

The weak formulation of the problem (6.1)–(6.4) is derived with the standard approach.
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Problem 6.1. Find (u, p) ∈ V ×Q such that

a(u,v)− b(v, p) + IΓS (ψ
0
τ (uτ ;vτ )) ≥ ⟨f ,v⟩ ∀v ∈ V , (6.11)

b(u, q) = 0 ∀ q ∈ Q. (6.12)

Let λτ > 0 be the smallest eigenvalue of the eigenvalue problem

u ∈ V ,

∫
Ω
ε(u) : ε(v) dx = λ

∫
ΓS

uτ · vτ ds ∀v ∈ V . (6.13)

Then, we have the trace inequality

∥vτ∥L2(ΓS ;Rd) ≤ λ−1/2
τ ∥v∥V ∀v ∈ V .

The following well-posedness result is labelled as Theorem 8.22 in [50].

Theorem 6.1. Assume (6.5) and αψτ < 2µλτ . Then, for any f ∈ V ∗, Problem 6.1 has a unique
solution (u, p) ∈ V ×Q which depends Lipschitz continuously on f ∈ V ∗.

We skip details of discussions of the numerical solution of Problem 6.1 in this paper, and refer the
reader to [33] on a mixed finite element method and to [75] on stabilized mixed finite element methods
to solve Problem 6.1.

We now turn to a sample Navier-Stokes HVI. The pointwise formulation of the problem is

− div(2µ ε(u)) + (u·∇)u+∇p = f in Ω, (6.14)

divu = 0 in Ω, (6.15)

u = 000 on ΓD, (6.16)

uν = 0, −στ ∈ ∂ψτ (uτ ) on ΓS . (6.17)

Use the function space V defined in (6.6) for the velocity, and the function space Q defined in (6.8)
for the pressure. Use the forms a(u,v) defined in (6.9), b(v, q) defined in (6.10). Furthermore, define

d(u,v,w) =

∫
Ω
(u·∇)v·w dx ∀u,v,w ∈ V . (6.18)

We continue to assume f ∈ V ∗ and (6.5). Then, the weak formulation of the problem is

Problem 6.2. Find u ∈ V and p ∈ Q such that

a(u,v) + d(u,u,v)− b(v, p) + IΓS (ψ
0
τ (uτ ;vτ )) ≥ ⟨f ,v⟩ ∀v ∈ V , (6.19)

b(u, q) = 0 ∀ q ∈ Q. (6.20)

The following well-posedness result on Problem 6.2 is shown in [50, Section 8.5].

Theorem 6.2. Assume (6.5) and

αψτλ
−1
τ < 2µ, αψτλ

−1
τ + cdMf < 2µ,

where cd > 0 is a constant in the boundedness inequality

|d(u,v,w)| ≤ cd∥u∥V ∥v∥V ∥w∥V ∀u,v,w ∈ V ,

the constant Mf is defined by

Mf =
c0λ

−1/2
τ |ΓS |1/2 + ∥f∥V ∗

2µ− αψτλ
−1
τ

and λτ > 0 is the smallest eigenvalue of the eigenvalue problem (6.13). Then, Problem 6.2 admits a
unique solution (u, p) ∈ V ×Q, ∥u∥V ≤ Mf , and (u, p) ∈ V ×Q depends Lipschitz continuously on
f ∈ V ∗.
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Once again, we skip a detailed discussion of the numerical solution of Problem 6.2 in this paper,
and refer the reader to [51] on a mixed finite element method and to [53] on stabilized mixed finite
element methods to solve Problem 6.2.

Finally, we mention that research on VHIs for problems in fluid mechanics is not limited to the
standard Stokes and Navier-Stokes equations. E.g., HVIs are analyzed together with their finite
element solutions for incompressible fluid flows with damping in [59] for the Stokes equations, and
in [108] for the Navier–Stokes equations. In [3], a HVI is studied for incompressible fluid flows with
damping and pumping effects.

7 Miscellaneous Remarks

In the previous sections, we discussed the finite element method to solve stationary and mixed VHIs.
Other numerical methods have been applied to solve VHIs as well. E.g., the discontinuous Galerkin
method is applied to solve a HVI for semipermeable media in [103] and to solve a contact problem in
[104]. Take the virtual element method (VEM) as another example. The VEM was first proposed and
analyzed in [10, 11]. The method has since been applied to a wide variety of mathematical models from
applications in science and engineering thanks to its strengths in handling complex geometries and
problems requiring high-regularity solutions. The VEM was first applied to solve contact problems
in [110]. Further applications of the VEM to solve contact problems can be found in a number of
publications, e.g., [2, 22, 106, 112]. The VEM was first applied to solve a HVI in [34]. Further
references on application of the VEM to solve VHIs are [35–37, 76, 105, 111, 113, 114].

In [8], a numerical method is applied to solve a VHI modeling contact problems for locking mate-
rials. An error estimate is derived in the paper; however, derivation of an optimal order error bound
remains open.

To solve discretized VHIs, optimization based numerical algorithms are developed in [72] and [85]
for stationary VHIs, and in [73] for time-dependent VHIs, all with applications to contact mechanics.
A theoretical foundation for the optimization approach is explored in [48], where it is shown that
certain special VHIs are equivalent to optimization problems. The possibility of reformulating some
VHIs as optimization problems is a starting point to develop deep neural networks to solve those VHIs
([70]). Deep neural network techniques have also been explored to solve an obstacle problem in [19].
For another kind of neural network methods to solve obstacle problems, see [102]. More research is
expected on neural network methods to solve VHIs.

Most of the papers on VHIs deal with PDEs of second-order. In [37], a nonconforming virtual
element method is studied for a fourth-order HVI in the Kirchhoff plate problem. In [89], an interior
penalty virtual element method is developed to solve a fourth-order HVI. In [88], a nonconforming
finite element method is developed to solve a fourth-order history-dependent HVI.

Although most of the papers on the numerical solution of VHIs deal with the stationary (i.e.,
time-independent) case, various papers are available on numerical methods for solving time-dependent
VHIs. Some representative publications are as follows. In [7], a hyperbolic HVI arising in a dynamic
contact problem is considered. Both spatially semi-discrete schemes and fully discrete schemes are
introduced and analyzed. Optimal order error estimates are derived with the use of linear finite
elements. In [6], numerical analysis is provided on a parabolic VHI with an application to a contact
problem for viscoelastic bodies. In [46], numerical analysis is provided on another parabolic VHI
with an application to a dynamic contact problem for viscoelastic bodies. In [9], a fully discrete
scheme is applied to solve a coupled system of HVIs for a nonmonotone dynamic contact problem of
a non-clamped piezoelectric viscoelastic body.

The term history-dependent (quasi-)variational inequalities first appears in the paper [93]. History-
dependent VHIs are first analyzed in [95]. The numerical solution of history-dependent VHIs by the
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finite element method for spatial discretizations is studied in [107, 116, 117]. The virtual element
method is applied to solve a history-dependent VHI in [115], and is applied to solve a history-dependent
mixed VHI in [77], both concerning applications in contact problems.

In [118], numerical analysis for a system of fractional differential hemivariational inequalities in
the consideration of a thermoviscoelastic frictional contact problem involving time-fractional order
operators and long memory effects. In [98], numerical analysis for a coupled system of a dynamic
HVI, a parabolic VI and a parabolic PDE that describes a thermoviscoelastic contact problem with
damage and long memory.

Besides contact mechanics and fluid mechanics, HVIs appear also in other fields of applications.
As an example, a HVI from Bean’s model for an irreversible and hysteretic magnetization process of
high-temperature superconductors in a magnetic field is studied in [54].

This paper provides an introduction of basic mathematical theory and numerical analysis of VHIs,
focusing on the stationary ones. Well-posedness analysis of VHIs is conducted with an approach that
does not require knowledge of abstract theory of pseudomonotone operators. The main idea of this
accessible approach for the study of stationary VHIs is explained in the paper. We hope this helps to
attract more researchers in applied and computational mathematics, engineering to the exciting and
challenging area of VHIs.

A basic theory is sketched for the numerical solution of stationary VHIs. The numerical scheme
is constructed within the framework of Galerkin methods, and in particular, by the finite element
method. Convergence of the numerical solutions is explored, and derivation of error estimates for
the numerical solutions is demonstrated through the approximation of a stationary VHI in contact
mechanics. Besides the finite element method, references are also provided for the use of the virtual
element method and the discontinuous Galerkin method. Further efforts are needed for the develop-
ment of efficient and effective solution algorithms to solve the discretized VHIs and for the analysis of
such algorithms. It is even possible to develop machine learning methods to solve VHIs.
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Elasticity. Birkhäuser/Springer, Cham, 2023.

[21] P. G. Ciarlet, The Finite Element Method for Elliptic Problems. North Holland, Amsterdam,
1978.

[22] M. Cihan, B. Hudobivnik, J. Korelc and P. Wriggers, A virtual element method for 3D contact
problems with non-conforming meshes. Comput. Methods Appl. Mech. Engrg. 402 (2022), paper
no. 115385. DOI: 10.1016/j.cma.2022.115385

[23] F. H. Clarke, Generalized gradients and applications. Trans. Am. Math. Soc. 205 (1975), 247–
262.

[24] F. H. Clarke, Optimization and Nonsmooth Analysis. Wiley, New York, 1983.
[25] F. H. Clarke, Functional Analysis, Calculus of Variations and Optimal Control. Springer, Lon-

don, 2013.
[26] F. H. Clarke, Y. S. Ledyaev, R. J. Stern and P. R. Wolenski, Nonsmooth Analysis and Control

Theory. Springer, New York, 1998.
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