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Abstract

A nonstationary mixed hemivariational inequality is studied for an incompressible fluid flow described by the Stokes equa-
tions subject to a nonsmooth boundary condition of friction type described by the Clarke subdifferential. The solution
existence is shown through a limiting procedure based on temporally semi-discrete approximations. Uniqueness of the
solution and its continuous dependence on data are also established. Fully discrete numerical methods are introduced to
solve the nonstationary mixed hemivariational inequality. The backward Euler scheme is applied to discretize the time
derivative, and mixed finite element methods are used for the spatial discretization. An error bound is derived for the
numerical solution of the unknown velocity. Numerical results are reported on computer simulations of some examples.
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I. Introduction

This paper is devoted to the study of a nonstationary Stokes hemivariational inequality, i.e., a hemi-
variational inequality of the time-dependent Stokes equations for an incompressible fluid flow subject
to a non-leak nonsmooth non-monotone slip condition of friction type. Research on hemivariational
inequalities, or more generally, variational-hemivariational inequalities, started in early 1980s with
the pioneering work of Panagiotopoulos [1]. Since then, there has been extensive research on mod-
eling, analysis, numerical solution, and applications of variational-hemivariational inequalities. The
reader is referred to several research monographs [2-5] on mathematical theories and applications of
variational-hemivariational inequalities where abstract surjectivity results on pseudomonotone opera-
tors are applied, and to the new book [6] for a more accessible coverage of the mathematical theory
without the need of the notion and results of pseudomonotone operators. Numerical methods are needed
to solve variational-hemivariational inequalities from applications. An early comprehensive reference on
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the subject is Haslinger et al. [7]. More recent advances on the subject are presented in the two survey
papers [8,9] and the references therein.

Variational inequalities for the time-dependent Stokes equations have been studied in several papers
[10-12]. When a relevant superpotential function in these papers is no longer assumed to be convex, a
hemivariational inequality arises. To show the solution existence of the nonstationary Stokes hemivari-
ational inequality, we use a sequence of temporally semi-discrete approximation problems, known as
the Rothe method in some references, and prove that as the time step-size approaches zero, the solution
of the semi-discrete problem converges to a limit which is the unique solution of the hemivariational
inequality. The Rothe method has been used in studying a variety of time-dependent problems [13-16].
Numerical methods have been studied in a number of papers for solving stationary mixed hemivaria-
tional inequalities in fluid mechanics, e.g., [17,18] for a stationary Stokes hemivariational inequality and
[19] for a stationary Navier—-Stokes hemivariational inequality. In this paper, we extend the numerical
analysis to the nonstationary Stokes hemivariational inequality.

The organization of this paper is as follows. In Section 2, we introduce some definitions and auxiliary
material. The problem setup and some assumptions on the data are presented in Section 3. In Section
4, we show the solution existence and uniqueness. In Section 5, we analyze a fully discrete method for
solving the nonstationary Stokes hemivariational inequality. The time derivative is discretized with the
backward Euler difference, and the spatial discretization is achieved by the mixed finite element method
with a pair of finite element spaces satisfying the discrete inf-sup condition. In particular, we derive an
error bound for the numerical solution of the velocity variable when the MINI (P1b/P1) element pair is
used, under certain solution regularity assumptions; the error estimate is of optimal order with respect to
the time step-size. In Section 6, we report numerical results on the performance of the numerical method.

2. Preliminaries

For a normed space V, we denote by || - ||/ its norm, by V* its topological dual, and by (-, -) y+ . y the duality
pairing between V* and V. Weak convergence will be indicated by the symbol —. We denote the Euclidean

norm in R? by | - |, d being a positive integer. In addition, we denote by S the space of symmetric tensors

on R?, or equivalently, the space of symmetric matrices of order d. The symbol 2V represents the set of
all subsets of V*. We will always assume V is a Banach space, unless stated otherwise.

Let U: V— R be alocally Lipschitz function. Then, the generalized directional derivative (in the sense
of Clarke) of ¥ at u € Vin the direction v € V is defined by

¥O(u;v) = limsup Yw+Av) = ¥(w)

w—u,A—0 A

and the generalized gradient or subdifferential (in the sense of Clarke) of W at u is defined by
O (u) ={¢C eV | U0 v) > (¢, V) iy Vv E V).

For properties and detailed discussions of the generalized directional derivative and the generalized
subdifferential of a locally Lipschitz function, the reader is referred to Clarke [20] and Clarke et al. [21]
or [3, Section 3.2]. We list some properties in the next result.

Proposition 2.1. Assume that V: V— R is a locally Lipschitz function. Then, the following statements are
valid.

(i) WOu; A\v) = A W0 ) YA >0, u,ve V.
WO (u; —v) = (—0)(u;v) Yu, ve V.
(ii) \I/O(u; vi+1p) < \Ifo(u; vi)+ \Ilo(u; Vo) Yu,vi,vy €V.
(iii) OO (u;v) =max {(u*,v) | u* € 00 (u)} Yu,ve V.
(v) If up —uand vy, —vinV, then

lim sup U (e vyy) < W0 (s v).
n—o0
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(v) For every u €V, 0¥ (u) is nonempty, convex, and weakly* compact in V*.
i) Ifup—uinV, uy, € 0V (uy), and uy, — u* weakly* in V*, then u* € 0V (u).
(vii) If ¥: V— R is convex, then for all u €V, the generalized subdifferential OV (u) coincides with the
convex subdifferential OV (u).

For a Banach space V and a finite time interval /= (0, T), we will use the spaces L(I; V), 1 <p < oc.
Denote by BV(I; V) the space of functions of bounded total variation on / defined as follows. Let 7 denote
a finite partition of /=[0, 7]: 0=ap <a; <--- <ay(,;) =T, where n(r) is a positive integer, and let P be
the collection of all such partitions. Then, we define the total variation of a function v: I—Vas

n(m)

IWlsviey = sup 3 [Iv(a;) = viai1)v-

TEF =1

In general, for 1 < g < oo, we define

n(m)
V|2 0 rin = SUP v(a;) —v(ai_)||?
Iy = 53 3 ) —fai-1)

and let BVY(I; V) be the space of functions v: I— V such that the norm IVl Bva(rv) < oo
For Banach spaces V| and V, such that V| C V,, we introduce a space

Mp’q(l; Vi, Vz) :Lp(I; Vl) ﬂBVq(I; V2)

which is a Banach space for 1 <p, g < oo with the norm given by || - [|o(r.v,) + I [ Bva(r v, )-
The following result is crucial in proving the convergence of the Rothe method.

Theorem 2.2. (Kalita [14]) Let 1 <p, g < oco. Let V| C V, C V3 be real Banach spaces such that V| is reflex-
ive, the embedding V| C V5 is compact and the embedding V, C V3 is continuous. Then, a bounded subset of
MP-A(I, Vy, Vi) is relatively compact in LP (I, V).

We will need the modified Cauchy—-Schwarz inequality, with a proper choice of ¢ > 0,

ab<b6a*+csb> Va,beR, §>0, cs=1/(46). (1)

3. Mathematical model

LetQCcR4(d=2o0r3)bea Lipschitz domain. Its boundary I is split into two non-trivial non-overlapping
parts: I' =T"p UT'g with I'p relatively closed and I'g relatively open. Let [0, 7] be the time interval for a
given 7> 0. Since the boundary is Lipschitz continuous, the unit outward normal vector v = (v1, . .., )T
exists a.e. onI'. For a vector v, we denote by v, = v - v its normal component and v, = v — v, v its tangential
component on I'.

We consider the motion of an incompressible fluid flow in 2. We use u and p for the velocity and
pressure fields of the fluid. Denote by p >0 the viscosity of the fluid. We use the Stokes equations to
model the flow. Let f be the density of the volume force applied to the fluid and let ugy: Q — R4 be the
initial velocity. Denote the stress tensor o =2 pe(u) — pI, where e(u) = (Vu+ (Vu)T)/2 and I is the
identity tensor. The normal and tangential components of the stress on the boundary are o, = (ov) - v
and o = ov — o,v. Weimpose the homogeneous Dirichlet boundary condition on I'jp and a non-smooth,
possibly non-monotone, friction condition with a potential function v on I'g. The potential function v is
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assumed to be locally Lipschitz continuous. The classical pointwise formulation of the problem is

u' —2udive(u) +Vp=f in(0,T) x Q, (2)
dive=0 1in (0,7) x Q, 3)

u=0 on(0,7)xIp, 4)

u,=0, —or€0yY(ur) on(0,7) %Iy, ®)
ulj—g=uy in€Q. (6)

In (5), 0y denotes the generalized subdifferential of 1 in the sense of Clarke, reviewed in Section 2.
We introduce weak formulations of the problem (2)—(6) in this section. For this purpose, define the
following function spaces:

V:{veHl(Q)d\v:()onrD, VZ/:OOI]FS}, )
0=13(@) = {a €12 | (4. 1) 20y =0} , ®)
H=1*(Q)?, )
and
V=L*0,T.V), (10)
Ww={vev|yev*}, (11)
Q=1°(0,T;0). (12)

Since |I'p| > 0, Korn’s inequality holds: for a constant ¢ > 0, depending on 2 and I'p,
[Vl (Q)d <clle(v) HLZ(Q)dxd VveV.

Its proof can be found in numerous publications, e.g., [22, p. 79]. Consequently, V is a Hilbert space with
the inner product

(u,v)V::/Qs(u):s(v)dx Yu,veV,
1/2

and the induced norm |[|v||y = (v,v)y;~ is equivalent to the standard H 1(©)4-norm over V. The spaces Q,
H,V, W, and Q are all Hilbert spaces with their standard inner products. We will also need the following

subspace of V:
VO::H(I)(Q)d. (13)
We have the trace inequality
Il 2gge <A bly wvev. (14)

where A > 0 is the smallest eigenvalue of the eigenvalue problem
ueV, (u,v)y=2XA(ur, VT)LZ(FS)d VveV.

Define the bilinear forms

a(u,v):2u/s(u):€(v)dx Vu,veV, (15)
Q

b(v,q):/ﬂqdivvdx VYveV, geQ. (16)
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Obviously, the bilinear form a(-,-): V x V— R is symmetric, continuous, and V-elliptic:
|a(u, )| <2 plullylvly Yu.veV,
av,v)=2p|v|} VveV.
The bilinear form b(-,-): Vx Q — R is continuous: for a constant ¢; >0,

b, @)l <cplvllvllgllo VveV.qeQ.

Moreover, we have the inf-sup property [23-25]: for a positive constant «y, > 0,

sup b(v,q)

> apllq VgeQ. (17)
ook oy = eliel

Define operators A: V— V* and B: V— Q* by

(Au,v)=a(u,v) Vu,veVv,
(Bv,q)=b(v,q) VveV, qeO.

Then, A € L(V; V*) is self-adjoint and
(Av, vy =2pulv|} VveV.
Concerning the data, we assume
fevV*, uyeV, (18)
and

H(y):9: Dg x (0, T) x R? = R is such that

(i) ¥(-,- &) is measurable on I'gx (0,7T) for all £ R? and there exists &y e L?(I's)? such that

V(- 1,&(-)) e LI(I'g) for a.e. 1€ (0, T);
(ii) 1(x, 7, ) is locally Lipschitz on R for a.e. (x,7) € T'g x (0, T);
(iii) |n| < co(1 +|¢]) for all ¢ e R, ;e p(x, 1, ), ace. (x,1) € Tg x (0, T) with ¢ > 0;

(iv) () —m2) (&1 — &2) > —ay|€) — & foralln; € 9y (x, 1. &), & R i=1,2,ae. (x,1) €T x (0, T)
with a constant Q> 0.

For simplicity in writing, we will use /¢ (z) to mean the integral of a function z over I'g.

Lemma 3.1. Assume H(1)). Then,
Ir(W0(vy 1ivp . — Opy vy, — <ap vy =3 Vv V.
Tg LrsVar = Vi) 0 (o vis —var) SagAs v —wally Vvom eV
Proof. The condition H(%)) (iv) is equivalent to
Wiz —21) + 90 (22:21 —22) Sagl — 2 Yz, R,
cf. [5, p. 124] or [6, Proposition 2.42]. Hence,
I (4,0 . _ 0 ) _ <ol _ 2
TV (Vs var — Vi) 0 (v rvis —var)) S aglng(vr s —va .9,

which is further bounded by ay A7 !|[vy — v, ||3, thanks to (14). O

Through a standard procedure, we get the following weak formulation of the problem (2)—(6).
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Problem 3.2. Findu €W and p € Q such that for a.e. t€ (0, T),

(W (1), v) +a(u(t),v) = b(v, p(1)) + Irs(V° (ur (1):v7)) > (1), ¥) VveV, (19)
b(u(t),q)=0 VqeQ, (20)

and
u(0) = uy. 2D

Note that in (19), (-, -) stands for the duality pairing between V* and V.
By allowing v and ¢ to depend on ¢ and integrating (19) and (20) with respect to ¢, we obtain another
weak formulation of the problem (2)—(6).

Problem 3.3. Findu €W and p € Q such that

T
/O [ (w0, v(0)) + alw(a), v(1)) = b((0), (1) + I (V0  ar (13w (1)) | e

T
> / SO () dt VeV, (22)
0
T
/ b(u(), (1)) di=0 Vg€ Q, (23)
0
and
u(0) = uy. (24)

Proposition 3.4. Problem 3.2 and Problem 3.3 are equivalent.
Proof. Let (u,p) be a solution of Problem 3.2. For arbitrarily fixed v €V and g € Q, we have, for a.e.
te(0,7),

(' (1), (1)) + a(u(®), v(1) = b(¥(1), p(1) + Ing (V0 (a7 (1) v+ (1)) = (f(0), ¥(0)),

b(u(1),q(1)) =0.

Integrating these two relations for ¢ from 0 to 7, we derive (22) and (23).

Conversely, for any solution (u, p) of Problem 3.3, let us prove that (u, p) is a solution of Problem
3.2. We argue by contradiction. Suppose there exist a subset A C [0, 7] with a positive measure and an
element w € V such that

(W' (1), w) + a(u(t), w) — b(w, p(1)) +IFS(¢0("7(I); wr)) <(ft),w) VieA. (25)
Define
if re A,
V(1) = { ;)v :)tktufrwise.

Then, v € V and we use this v in (22) to obtain
[0 000w) =+ atatt ) = bwp(0) 4 1y (2O 5w = [ (10 w) e
A A

This contradicts (25). Similarly, (23) leads to (20) for a.e. r€ (0, 7). O



468 Mathematics and Mechanics of Solids 31(3)

4. Existence and uniqueness

We show the existence of a solution to Problem 3.2. This is achieved through the consideration of a
temporally semi-discrete approximation of Problem 3.2 based on the backward Euler difference for the
time derivative; such an approximation is also known as the Rothe method. For a fixed positive integer
N €N, define the time step-size k= T/N. Denote the nodes #, =nk, 0 <n<N. Introduce the piecewise

constant interpolant of f by
1 [
ff;:% fldt, n=1,...,N.

In—1
The semi-discrete approximation of Problem 3.2 is the following.

Problem 4.1. Find {uﬁ}i)f:o CVand {pﬁ};\;l C Q such that forn=1, ..., N,

1
L =)+ alug.v) = b0 pr) + Ing (Vg 2 v0) 2 (fv) YveV, (26)
b(uk,q)=0 Vqeo, (27)
and
ulé =uy. (28)

From now on, we assume the smallness condition
m:=2p — oAy >0, (29)

Proposition 4.2. Assume H(v), (18) and (29). Then, Problem 4.1 admits a unique solution {”5}2’:0 CVand
{pﬁ 1,;/:1 -y

Proof. We prove the result by an induction. For n =0, the element u](g is defined by (28). For an n between

5‘171 € Vis known. We rewrite (26) as

1 and N, assume u
(up, V) + ka(uy, v) = kb(v, ph) + kIpg (00 (ufy 5 v7)) > (uf_y v)g+k(fh,v) VveV.  (30)

Applying [26, Theorem 4.9] or [6, Theorem 7.14], we know that under the smallness condition (29), the
problem (30) and (27) has a solution (uX, pX) € V x Q and u¥ is unique.
To show the uniqueness of pﬁ, we notice the following consequence of (30):

Wk v) g+ ka(uk,v) — kb(v, pk) = (ufl_l, Wa+k{fE ) Yvev,. (31)
Assume both (uX, pX), (uk, pX) € V x Q satisfy (30) and (27). Then, (31) is valid with pX by pk:

(uﬁ, Vg + ka(ul,‘l, V) — kb(v,ﬁﬁ) = ("5—1’ vig+ k(ff;, v) Vvev,. (32)

Subtract (32) from (31),
bv.pk—pky=0 vvev,.

By the inf-sup property (17),

~k k
ok b(v, pyy — Pi)
veVYy

Hence, ||pk — pﬁHQ =0, i.e., the solution component pX is unique. O



Han et al.

469

Next, we explore the uniform boundedness of the solution of Problem 4.1 with respect to k. Define
W L2(I'g)¢ — R by the formula ¥(z) = Irg(¥(z)) for z€ L*(I'g)?. Denote by v: V3 vis v, € L2(I'g)? the
tangential trace operator and denote its adjoint by v* € L(L?(T'g)4, V*). In the rest of the section, the

assumption (18) on the source function fand the initial value u is strengthened to the following.

(Hp) fe H(0, T V¥), ug € V, div ug = 0 in 2, and there exists 1 € 0¥ (ug ) such that

wp :=Aug -I-’}/*n() —f(0) e H.

Lemma 4.3. Assume H(v)), (Hy) and (29). Then, there exists a constant ¢ >0 such that for all k>0, the

solution of Problem 4.1 satisfies

k k
Uy —u, 4

k s¢

max
1<n<N

N k k

n=1
Proof. First, consider (26) withn=1,

1
%(ulf —u, v)H—l—a(ulf, V) — b(v,plf) +Ips(w0(ulf,7;v7)) >(f1.v) VveV.

Choose v=ugy — ull‘ to get
Lk 2 k k Kk k
% |y —uollgy + a(uy, ug — uy) — b(ug — uy, py)

0/, k k k
+IF5(¢ (u],T;uO,T_u],T))Z 1> o — uy).

(33)

(34)

(35

Since divug =0 in Q by (Hy), we have b(uy, p’l‘ )=0.By (27), b(u;, p’l‘ ) =0. We can rewrite the inequality

(35) as
| 2 k k
P |} —uol| gy + a(u] —ug, uy —up)

k
< —a(ug, uf —ug) + Irg (VO (uf 3o - —uf )+ (ff, uf —ug).

Write

0/, k . k 0/ .k . k 0 .k
IFs(w (ul,Ta”O,T*"LT)):II‘S(@Z) (ul,r’uO,Tiul,T)+w (uO,T’ul,Tin,T))

0 Lk
_IFS(w (u0,7'>u1,7— _uO,T))'

Apply Lemma 3.1,

00,k k 1k 2 0 k
Ing (V7 (uy w0 —uy ) SayAr [luy —uolly — Ing (V- (uo - uy - —up 7))

Write

Eub —ug) = (F — £0), uk —ug) + (0). u} —ug)
< A = FO) |y l|ak — wolly + (£(0), uk — ug).
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Apply the modified Cauchy-Schwarz inequality (1) with § =m/2,

A — £0) |y 1k — wolly < (m/2) [|uk — ug |3+ c|[F —£(0)][3.

Then, we have
k
Hu1 uo||H+*||u1—uoHV<c|v" (0)]3~ — a(ug, u} —up)

—Ing (W0 (ug 10k —ug )+ (0), uf —ug). (36)
Under the assumption (H)), we have
— a(ug, uf —ug) — I (V0 (ug -1 ul . —ug ;) + (F0). uf — )
< —a(ug, uf —ug) — ¥0(ug s uf  —ug )+ (f0), uf — ug)
< (e, k)1 < wollala — ol < o Ik — ol + 5 ol
Thus, from (36),
e — wo| g+ mk [} — ugll5, < ||wo||H+Ck|Uk (0)[13+- (37)
Next, for2<n<N, we take v = uﬁil — uﬁ in (26),

Lok k2 Kk k k k Kk k
- % Hun _un—lHH'f'a(un’un—l - un) _b(un—l - un’pn)

0.k . k k k k
+IF5(w (un,r’un—l,r_unn'))Z nvun—l_un>' (38)

In (26), replace n by (n— 1) and take v = uk — u’r‘l_l,

Lk k Kk k k ko k ko k k
%(unfl_uan’un_unfl)H—i_a(unfl’ul’l_unfl)_b(un_unfl’pnfl)

k
+IFS(¢O("ﬁ_1,T§ Uy — ”f,_l,f)) > (fe_juh ). (39)

Note that b(uX | —uk, pk) =b(uk —uk |, p* |)=0 from (27) for any n between 1 and N. Add (38) and
(39),

Lok k2 ko k ko k
%||un_un—1HH+a(un_un—1’un_un—l)

[ k k
< (w1 —u,_ 2vun 1H+<)J< j"l,un—u —1)

~k
0,k . k k 0,k .k k
I (7 (s = ) 0 (g sy — ).
Then,

| kooko o2 Lk k ko k
- oy — vy g+ 20 |y — w4 |1y < Nlwg_y —wy sl Hllun — w0
k k

k k
U =y ek — b1y
—1y..k k 2
+ayA; |y —us ||y (40)
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By the Cauchy—Schwarz inequality,

1 1
k k k k k k 2 k k 2
”"nq - "n72||HH"n - "n71||H§ ) Hunq - ”n—2||H+ ) |uy, — ”n—l”H'

Applying the modified Cauchy—-Schwarz inequality (1) with 6 =m/2, we have

k_ k k_ ko2 2
W = v oy = wy v < (m/2) gy =ty |3+ [ =S [

Hence, we derive from equation (40) that

k 2

Now change n toj in (41) and add the inequality for j=2, ..., n with (37) to obtain

n k2 n
k k 2 k k12 2 2
ot — w3 +mk Y oef =y 1< 5 ol + ek DI = 13-
j=1

J=1

By Bartosz et al. [15],

n

N
Y A=Al <D =S5 <K e
j=1 J=1

Hence, from equation (42),

2

1 2 2
< 3 lwollg + ¢ I 15+
v

k
u,—u

k

k_ k
n—1 uj uj—l
k

2 n
—i—me
H j=1

which implies (33) and (34).

Corollary 4.4. Assume H(v), (Hy) and equation (29). There exists a constant ¢ > 0 such that

k
max u <C,
l<n<N|| nHH_

N
>l —ub_ g <e.
n=1

k
max |(|u <c,
1gngN” nllv <

k
max <ec.
lgngN”anQ >

ko2 kK ok 12—k ko2
e — v [+ m ke gy — w115 < [l — w5 |7+ K lUfs — iy I3

(41)

(42)

(43)

(44)

(45)

(46)

Proof. The bound (44) follows straightforward from (33). The bound (43) follows from the bound (45).

To prove (45), we start with

n uk—u].C
Z -1
j=1

n u].{—u].cl
k J—
gy < lluglly + &> kj

J=1

| 4
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By the Cauchy—Schwarz inequality,

u —u " 1/2 " ulf—ulfl 2 1/2
J J
D e IO Do E
14 j=1 j=1 1%
1/2
u —u 2
<7 kz ,
14

which is bounded by a constant, cf. (34). Hence, (45) holds.
From (26), we have

1
b(v,p,li) = ;(“ﬁ - uﬁ_l,V)HJra(uﬁ, v) — % vy Vvey,.

Applying the inf-sup condition (17),

bv,pk
Ik lo<c sup 2 ")gc<

k k
Up — Uy,

k

vevy lvllv

k
+ [|ak| |y + Mzrm) :

H

We derive (46) from the above inequality and (33), (45). O

We turn to a convergence analysis of the Rothe method. Define a continuous piecewise linear function
uy: [0, 7] — Vand three piecewise constant functions uy: [0, 7] — V, px: [0, T] — Q, and f;.: [0, T] — V* by

t o o —
w(t)=ul+ (2 —n) @Wh—uf_)). @O =uf, BO)=ph Fil)=1;
forte (t,_1,t), 1 <n<N, and

up(0)=ug, w@(0)=ug, fi(0)=r0).
Rewrite (26) and (27) as, a.e. t€ (0, T),

(W (1), ) + a@r(1), v) = b(v, py(1)) + Irg (W0 @r(D)3v7)) = (D), v) VeV, 47)
b(ur(t),q)=0 VYgeO. (48)

Define Nemytskii operators A: ¥V — V* and B: V — Q* by
T
(Au, v>y*xv:/ a(u(t), () di Vu,veV,
0

T
<Bv, CI>Q*><Q = /0 b(V(l), q(l)) dt Vve), qc 0.
Then, A€ L(V;V*), Be L(V; QF). We derive from equations (47)—(48) that

(ups v) 3y + (Altg, V) sy — (BY, D) 0 x 0
+ 10,7 x1s (0 (W 3 v0) > (Fio V)vey YYE, (49)
(Buy, q)g+x0=0 VgeQ. (50)
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Let us establish some bounds on {u;}, {u;}, and {p;} next.
Lemma 4.5. Assume H(v)), (Hy) and (29). There exists a constant ¢ > 0 such that

@kl oo (0, 7:m) < € (51)
[ally <c, (52)
[kl pvio, 1.y < € (53)
gl e (o, 1;0) < € (54)
[uglly < e, (55)
il <c. (56)
1Pkl o0 (0,7:0) < € (57)

Proof. The bound (51) is a direct consequence of (43). The bound (52) follows from equation (45):

N
gl => llwgllk<e.

n=1

The bound (53) is derived from (44) as follows. By definition,

io
@l Bvio, .1) = sup > lletg(si) — wlsi—1)ll o
0=s9<sq <~-~<Si0:T i=1

where the supremum is taken with respect to all partitions of [0, 7]. For a particular partition 0 =g < 51 <
-+ <sj, =T, we have positive integers my <mp <--- <m;, =N such that s; € ((m; — 1) k, mk], 1 <i<ip.
Then,

_ _ ko ok
wi(si) — Ug(si—1) = Wy, — Uy,
and
i io ) m; N
_ _ ko ok kK k ko k
> s = alsimDlla=Y_ g, — iy, 1ag<> > [uj — uj—l”H:Z up —uy, 1|l
i—1 i—1 i=1 j=m;_+1 n—1

which is uniformly bounded with respect to k by (44). Thus, (53) holds.
For any 7€ (t,_1, 1], 1 <n <N, by (43),

a1 < moax { i, 1} < c

Notice that u(7) is continuous in 7. So (54) holds. Next,

2 4 2 X[
= [ nolzar=>" [ |
0 n=1"—1

which is uniformly bounded with respect to k by (45). So (55) holds. From the formula

5 N
i+ (p—n) (wh—ub )| dr<ed klufly
n=0
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we find

k 2

k k k
Uy —u, | Uy —uy,_|
k k

T N th 2 N
2 2
Huﬁch:/ [EAGIZED / dr=k
0 n=1"-1 %4 n=1

which is uniformly bounded with respect to k by (34). So (56) holds.
Finally, (57) follows from (46). ]

Lemma 4.6. Assume H(v)), (Hy) and (29). For a subsequence {k}, we have, as k— 0,

|4

u—u inV, (58)
u—u inH, (39)
i —u- inL2(0,T;L%(Dg)%), (60)
u,—u inV, (61)
w,—u inVandin?H, (62)
Pr—p inQ, (63)

and (u, p) solves Problem 3.3.

Proof. Since {||@ ||y} is bounded by (52) and V is reflexive, we have the existence of a subsequence, still
denoted as {u;}, and an element u € V such that (58) holds.
By (52) and (53), {||#x|,p.1 (O.T:V. H)} is bounded. Recall Theorem 2.2 and apply it with the compact

embedding

M*1(0, TV, H) =< L*(0, T: (/3 (Q))) C AL
Hence, we have a further subsequence, still denoted as {u; }, such that (59) and (60) are valid. Note that the
tangential component trace operator v — v, is continuous from (H3/5(€))4 to L2(I's)9 as a consequence

of the continuity of the trace operator from H>/3(Q) to L2(9%2) (cf. [27, Theorem 3.37]).
Similarly, by the boundedness of {||u/|yy} and {||u}|,}, we have a yet further subsequence {u;} and

an element w € V with w' € V such that
up,—w in), u;CAw/ inV.
Now that

k. k 2
Uy —u, |

k

k
n—1

K2

it 1 (WA
3 /410%

k

2
k3 N
dt:?Z

\ %

2 X, o 2
-l =" [ )
n=1"1—1 n=1
tending to 0 as k— 0, w =u and we conclude (61) and (62).
From (57), {||pxllo} is bounded. Due to the reflexivity of the space Q, we have a still further
subsequence {p;} and an element p € Q such that (63) holds.
Now we consider the limits of each term in (49) and (50) as £ — 0 along the still further subsequence.
Fix an arbitrary element v € V. By (62),

(u;c, V) — (u/, V)X
From the continuity of A: V — V* and (58),
(Aug, v)ys oy — (Au, v)pecp.

By (63),
(Bv,pr)o*x o — (Bv,p) 0¥ x 0-
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From (60), resorting to a further subsequence if necessary, we have
Uy, —ur ae.in(0,7) x .
Then, by Proposition 2.1 (iv),
0 (ur; vy) > lim sup wo(ﬁkﬁ; v;) a.e.in (0,7) x I'g.
Hence, by applying Fatou’s lemma,
Lo, 1yxrg (0t v)) > I 1y g (lim sup 40 (@ 75 v7)) > lim sup g 7y5ep s (V0 @y 73 vr)).

By [28, Lemma 3.3],
Fosf inV*
Hence, ~
S V)vesy = (v pexp-
By (58),
(Bity, g) g+ x 0 = (B¢, i)y p — (B g, w)y iy = (Bu, q) g+ x -

In conclusion, by taking the upper limit of both sides of (49), we obtain (22), and by taking the limit of

both sides of (50), we obtain (23). From (61) and (62), we have u; — u in H! (0, T, V). Then, uy (1) —

u(1)

in Vfor all 7€ [0, 7] (cf. [29, Lemma 4 (a)]). In particular, since u;(0) = u for all k, we have u(0) = uy.
]

Therefore, (u, p) is a solution of Problem 3.3.
Theorem 4.7. Assume H(v)), (Hy) and (29). Then, Problem 3.2 has a unique solution.

Proof. Since Problem 3.2 and Problem 3.3 are equivalent by Proposition 3.4, existence of a solution
to Problem 3.2 follows from Lemma 4.6. Let us show the uniqueness of the solution. Suppose both

(uy,p1), (U2, p2) €W x Q are solutions of Problem 3.2. Then for a.e. t € (0, 7),

(u) (1), v) + a(uy (1), v) = b(v, p1 (1)) + Ipg (W0 (uy (1) v7)) > (A1), ¥) VeV,
b(uy(1),q)=0 Vg€,
(uh (1), v) + a(ua (1), v) = b(v, po (1)) + Ing (V0 (up 1 (1):v7)) = (f(1),¥) VweV,
b(uy(t),q)=0 VqeQ,

and
u1(0) = ur(0) = uy.
Take v=uy (1) — u;(t) in (64), v=wu,(f) — uy (1) in (66), and add the two inequalities to obtain

1 d

=5 gl () = (1) ||y — (g (1) = wp (), wy (8) = wa (1)) + blay (1) — wa (1), pr (1) = pa (1))

+ I (0 (g (1) (1) — w1y (8) + 00 (1 (1) 1y (1) — w1 (1)) > 0.
By (65) and (67),
b(uy (1) —ua(1), p1 (1) — p2(1)) =0.
By Lemma 3.1,
Ipg (V0 (wy - (02,2 (1) — 1 2 (1) + 00 (- (1) 1 - (1) — (1)) < A |y (1) — wp (8)] 3
Hence,

5 ey (6) = wa (D)3 + m |y (1) = wa (1) [}, < 0.

(64)
(65)
(66)
(67)

(68)
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We integrate the inequality from O to 7€ (0, T) and note that u; (0) — u,(0) = 0 from equation (68),

t
3 1) =l +m [ () = () s <.

Therefore, ||ui(f) —uy(t)||g =0 for a.e. t€ (0, 7). Thanks to the embedding W C C([0, 7]; H), we know
that uy, u, € C([0, T]; H). Therefore, u; (1) = u,(t) for all r € [0, T].
Regarding the uniqueness of p, we derive from (64) and (66) that

(u'(1),v) +a(u(t).v) = b(v.p1 (1)) = (f1).v) VveW,
(W' (1), v) +a(u(t),v) = b(v, p2(0) = {f(1).¥) Vve V.

Subtract the two equalities to obtain

b(v,p1(t) —p2(1)) =0 VveV,.

Apply the inf-sup condition (17),

c|lp1(2) = p2(1)|lg < sup b(v.p1(1) —pa (1)) —0.
veVy vllv

Therefore, p;(t) =p,(¢t) a.e. 1€ (0, T). O

5. Analysis of a fully discrete method

In this section, we analyze a fully discrete method for solving Problem 3.2. Throughout the section, we
assume H(1), (Hy) and (29) so that Problem 3.2 is guaranteed to have a unique solution. We use backward
Euler scheme to approximate the time derivative and use a mixed finite element method for the spatial
discretization. As in Section 4, we use a uniform partition of the time interval [0, 7] with the time step-size

k= T/N for a positive integer N. A consequence of (Hy) and the Sobolev embedding H' (0, T) — C([0, T]) is
the continuity of f: f€ C([0, T]; V*). We write f,, = f(#,), 0 < n < N. For the spatial discretization, we assume

2 is a polygonal/polyhedral domain and introduce a regular family of finite element partitions {Th} Lof Q
into triangular/tetrahedral elements. The partitions are compatible with the boundary splitting 92 =1"p U
I'g in the sense that each face of any element on the boundary lies entirely in I'p or I'g. Corresponding

to a finite element partition Th, we use a stable pair of finite element spaces Vi cVand Q" c Q: for a
constant 35 > 0 independent of 4, the discrete inf-sup condition holds,

bhh
sup v, q")

> Blld" o Ve, (69)
smicvi 1771V

where Vg =VyN V" Let ug € V" be an approximation of ug. Then, the numerical method is stated as
follows.

Problem 5.1. Find {uzk}yzo c V" and {pﬁk}gzl C Q" such that for 1 <n <N,

hk hk

ulc — u

(n k n—l ,vh> + a(uﬁk, vh) - b(vh,pf’,k) —i—IpS(v,/JO(uZ{‘T; vﬁ)) > (fs vh> vl e Vi, (70)
H

bulk, gy =0 vq'eoh, (71)
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and
ultk = ult. (72)

Similar to Proposition 4.2, we can show that under the assumptions H(v), (Hy) and (29), Problem

5.1 admits a unique solution {uhk} —0C Vi and {pzk}yzl c " we provide a bound on the numerical
solution in the next result.

Lemma 5.2. There exists a constant ¢ > 0 such that

N
hk )2 hk )2 hy2 2
i o+ 3 1 < e (1+ W20 v - 73)

Proof. We take v = —qu in (70) and make use of (71) to obtain

Lk hk S Ik hk 0 hk hk
2 (W =k ) atulf ) < ap (0Ol =) + (e .
As

Ir g (VO s —uf® )y = Ip (WO (R s~ ) + 005 X)) — Ip (00 (0; ulk% )

hk hk
< ag A |15+ el v,

we have

hk hk 1y,,hk hk
o (13— e 1) + 20013 < oA 1 (1 W)

Apply the modified Cauchy—Schwarz inequality (1) with § = m/2 on the last term of the above inequality,

¢ (U IWllye) Ny < Om/2) N1+ e (1+ 103 ) -

Thus, for a constant c,

L nky 2 hk 2 hk 2
o (I = 1) + 5 1€ < e (1+ 13 )

We then derive from the above inequality that

hk 2 hk |2 hk 2 2
o1 — e gk el < e (14 £l )

We replace n by j in the above inequality and add the inequalities from j=1to j=n,

n n
hk)|2 hk) 2 hp2 2
e (17 +mk o U1 < a7+ | 1+ Il | -

from which, we conclude (73). L]

In the rest of the section, we focus on an error analysis. For this purpose, we will make regularity
assumptions:

feC((0. 7 H), we ([0, T H(Q)Y) n €' ([0, 7} H), pe C((0, T); H' (). (74)
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Write u, = u(ty,) etc., and denote the errors
- hk
en:=up—u,, 0<nN. (75)
Note that the regularity assumptions (74) imply that for allve V,

(o) = V)m. (un,v) = (. V).

Also, we can show that the solution of Problem 3.2 satisfies the differential equation (2) pointwise almost
everywhere.

Lemma 5.3. Assume (74). Then the solution (u, p) of Problem 3.2 satisfies, for a.e. t € (0, T) and a.e. x € (),
u'(x, 1) —2udive(u(x, 1)) + Vp(x, £) =flx, 1).
Proof. We derive from (19) that for a.e. 1€ (0, 7),

(' (1), v) + a(u(t),v) = b(v, p(1) = (f(1),¥) Ve CF Q).

Perform an integration by parts to obtain

/Q [ (1) — 2 pudive(u(t) + Vp(t) —f)] wdx=0 Vve CP(QY,

where for simplicity, we suppress the x-dependence in expressions of various functions. By the density
of CSO(Q)d in L2(Q)4, we obtain

/ [/ (1) — 2 pdive(u(t) + Vp(r) — ()] vdx=0 VveL*(Q)4.

Q

Taking v=u'(f) — 2 pdive(u(r)) + Vp(t) — f(1) in the above equality, we obtain the required pointwise
equation. O

For (w,r) € Vx Q, define its Stokes projection (ITw,II"r) € V x Q" as the unique solution of the
problem

a(Mw, v — b, 1) = a(w, ") — bV, r) VeV, (76)
b(I'w,q") =0 vq"eo (77)
Then, we have the following Céa’s inequality ([24, Lemma 4.43]):

lw—T"w[y+ [[r="rg <c inf |lw—v"|y+c inf [r—¢"[lo. (78)
€= e gheQh ¢

Note that in John [24, Lemma 4.43], this inequality is proved for the case where the spaces V and Vi are Vo
and Vg, respectively. Thanks to the inf-sup condition (69), the same proof also applies to the case where
Vis defined in (7) and V" C V. Moreover, for time-dependent problems, (Hh&w, Hhatr) = (@th, atnhr)
([24, Remark 4.44]).
Denote
e():=u(t) —u(r), t€[0,7), and e,: =€), 1<n<N. (79)

From equation (20) at =1, and (71),

b(un, q") =b(u),q") =0 V4" e Q. (80)
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We replace yh by ', — uﬁk in (70) and note that b(H qu, p,};k) 0 by (77) and (71),
uhk _ ik

(nknl Hh u2k> + a(un ) Hhun hk) + IFs(wO(un ) Hhu" T usz)) > s Hhu” o uillk)
H

Take v =u® — u,, in (19) at =1,

hk

(uhy, ul™® — wy) + a(uy, u™ — uy) — b —uy, py) + Irs(w (73 . —wp 7)) > (fr, ul® — ).

Add the two inequalities and make use of (80), after a rearrangement of the terms,

ey —€,__ en —€,_ Uy —Uu,__
a(ene en) <En, en> (nknl’ en) + (nknl’ €n> - (flknl’ €n>
H H H

+ a(en, €) — altn, €,) + blen, pn— gl
+Ip (VO T w e — ufR ) + 40 (un s S, — wnr)) + (f €n),

where
Uy — U, _
E,,::"T"l—u;, 1<n<N. (81)

By the sub-additivity property, cf. Proposition 2.1 (ii),

%Z)O( ZkT’Hh"n,T hk ) <1Z)0( ZkT’Hh”n,T —Un,r )‘H/JO( Uy > UnT _“Z{cr)-

Then, applying Lemma 3.1,

IFSWO( kanhun,f )+¢°(unr,u3’2—um))<aw lHenHvHrS(wO( Up,rs —€n,r))-
Hence,
e, —e. en—e,_
(nk"l,en> +alen, en) < (En, en) + <nknl€n> —(Ey, €)
H H
+alen, €n) +b(en, pn — ‘IZ) —b(€en, pn — QZ)
_Rn(en)+a’(/))‘;lHen“%/—i_lrs(wo(uZ{(T;_E”l,”'))’
where
R(v) := (. v) + aun, v) = b(v, pn) = (fy, ¥). (82)
By H(y) (i),
I (00l —en)) < e (14 [y llensll 2 g
and then
(en—eq_1,en) g +mk|len||y < k(Ep, en) +ka(en, €2) + (en—e€,_1, €n) g
— K(Ep, €n) + kb(en, pp — in) —kb(€en, pn — qﬁ)
— kRalen) +ck (1 b1y ) Nlenrll 2 gye (83)
Note that {

2 2
(en—entoen)p> 5 (llenlly = llen11r) -
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Then, we rewrite (83) as

HenH%I— Hen_1|]%,+2mk|]en\|%,§ 2k(Ey, en) +4pk|eqlvlenllv+2(en—en_1.€n)g
— 2 k{En, €n) + ck|len]|vlipn — a0 + ckllenllvilpn — a0

— 2kRu(en) +ck (14 v ) lenrl 2 g
Apply the Cauchy-Schwarz inequality or its modified version (1),

2 2
(En, en) <||En|y+|lenllv < (m/6) [lea|[yy + ¢ | Enlly~.
2 2
2plenllvllenlly < (m/6) [lenlly + clenlly,
2
— (En, €n) <|[|Enlly=llenllv < (1/2) | Enlly + (1/2) || €]

h 2 h2
¢ llenllvllpn = dnllg < (m/6) llenlly + ¢ llpn — gully

2
Ve

h 2 h 2
ckllenllviipn—allo < (llenl}+llpn — ahlB) -
Hence,

2 2 2
||en||H_ llen—1 |\H+mk||en\|V§ 2 (en— en—l’ﬁn)H_ 2kRn(€n)
2 2 h 2
ek (1Bl + lenly+ o — a2

ek (1 [a1v) enrll 2 g o (84)

Change the index n to j, and add the modified (84) for j=1, ..., n to obtain

n n n

2 p 2

leallfr+mk > llelly <lleolfr+2>  (ej—e€j—1.€) g —2k > Ri(e))
J=1 J=1 J=1

n
2 2 h2
k> (IEj R+ el + Ip — a1

j=1
n
kD (14 1wy ) llejr 20 e (85)
j=1
Now,
n n n—1
Y- re)p=> (¢€)y—D (¢€i1)y
j=1 j=1 j=0
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Apply the modified Cauchy—Schwarz inequality (1) to obtain

n—1

22 —¢_1.€) g < 2\len\\H+C\\€n\\H+HeoHH+H€1HH+2ZHe,HHHe, €ir1llm
j=1

1 2 2 2 2
<z HenHH+ cllenlly + lleolly + llerlly

— €
’“ (86)

H

The regularity assumptions (74) imply o € C([0, T]; H'(Q)¢) and o, € C([0, T]; L*(T's)¢). We apply
Lemma 5.3 to derive

R,(v) = /Q (), - v+ 2pe(up) :e(v) — ppdive — f, - v] dx
= /F 2ue(un)v — puv] - vds + /Q (u), — dive, — f;,) - vdx
= / OnrVrds.
I'g
Then, for some constant ¢ > 0 depending only on HUTHC([O’]]; L2(Tg)4)°
]Rn(v)\chvTHLz(rs)d VveV, 1<n<N. (87)

The last term in (85) is bounded as follows:

1/2 1/2
n n n
hk hk 2
kY (1+ 18 1v) legrllpgase | €30 (1 1a513) | (6 lerlapga |
j=1 j=1 j=1
which is further bounded by
. 1/2
2
c kZHGj,T”LZ(FS)d >
j=1
thanks to Lemma 5.2. Thus, from (85),
n—1 €t 2
HenHH+meHe,uv<c(HeoHH+HenHH+\|e1uH)+k2|rejuH+kZ S
J=1 J=1 J=1 H
1/2

n n
k> (IR + i+ Ip = /1) +¢ | €3 llejrlageya | - (89)
. 2
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Applying Gronwall’s inequality (cf. [30, Lemma 7.25]) for ||en\|%1, and then bounding kzj’-lzl HejH%,, we
derive from (88) that

N

N-1
2 2 5 5
max |le k en|ly <clle max k
gngN” nllg + ’;H nlly <clleollgr+c 1§n§NH6n||H+C r;

2
€y — En+1
k H

1

N
2 2 h 2
kY (IEall} + lenly+ lon — a1
n=1
1/2

N
+c (kz len.rlI5 (rs)d> : (89)
n=1

In summary, under the solution regularity assumptions (74), we have derived a Céa-type inequality
(89) which is a basis for error estimation.

Next, we state a sample error estimate with the use of the P1b/P1 element pair ([31]). It is known that
the inf-sup condition is satisfied.

Theorem 5.4. Let Q C R? be > a polygonal domain and let us use the P1b/P1 element pair over a regular family
of finite element partitions of S} that are compatible to the splitting of the boundary 02 into I'p and I'g. Assume

H(vY), (Hy), (29), and (74). Also, assume the discrete initial value ugk € V! is chosen such that

lug — uf |y < ch. (90)
Then, for the fully discrete numerical solution defined by Problem 5.1, we have the error estimate
N
max un — g +k D Jn —wf[f < (n 4 #2). 1)

1<
n=1

Proof. By Céa’s inequality (78) and the theory of standard finite element interpolation error estimates
(cf. [32,33]), under the stated assumptions, for a constant ¢ > 0 independent of % and k, we have

max <ch
maxlenfly <

and we can choose qg € Q" such that

lpn —gllg < ch.
Moreover,
N—1 2 N—1, . 2 N-1 .
€n—€ppr||” 1 n+1 ' ntl 12 20150112
kzl ok H_kz1 /r et dtHSZ:l o O = eI g g oy
n= n= n=

In addition, since

1 n ! //
E,=- u'(s)dsdt,
k In—1Y1n

N
KD Bl < R 7o gyey:

n=1

we have
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Summarizing, we have the error bound (91) from (89). ]

Remark 5.5. Since ug € H? (Q)2 as a consequence of (74), we can choose ulk e V" 10 be the continuous
piecewise interpolant of ugy and the error bound (90) holds by the standard finite element interpolation theory
(cf. [32,33]). The error bound (91) is of optimal order with respect to the time-step k. For the error bound to
be of optimal order with respect to the mesh-size h, the term h in the estimate (91) needs to be improved to h2.
The numerical results reported in Section 6 support this. The topic is worth further investigation. Also, it will
be interesting to derive an error bound, especially one of optimal order, for the pressure approximation.

6. Numerical examples

In the numerical examples, we choose the potential function

4
w(z):/z w(n)dt, zeRY,  w(t)=(a—b)e P +b, (92)
0

where a, b, (3 are all positive constants, and a > b. Since w is decreasing on [0, +00), 7 is not convex. Note
that the function ¢ (z) is Lipschitz continuous but is not differentiable in the classical sense. The function
(92) satisfies the hypothesis H(1)) stated in Section 3, cf. [34, Lemma 3.2]. Moreover, it is easy to find that
a,, = B (a— b). The slip boundary condition in (5) is equivalent to

07| <w(0) ifur =0, —or :w(]u7|)|Z—T’ if uy 0.
T

This is verified as follows. When z # 0, the function v (z) is differentiable in the classical sense, leading
to the second part of the above formula for o-. When u; =0, the result |o,| <w(0) follows from an
application of a formula for the Clarke subdifferential of locally Lipschitz continuous functions of one or
several real variables, cf. [20, Theorem 2.5.1].
Define a Lagrangian multiplier A= —o;/w(|u;

), an element of the set
A={xel*(Tg;RY)||A|<1ae. onlg}.

and introduce the following form of the weak formulation of the problem.

Problem 6.1. Find (u,p,\) € W x Q x L*(0, T; A) such that u(0) = ug and for a.e. t € (0, T),

(W (£),v) + a(u(t),v) — b(v, p(t)) +/ W(|lur(ODA() -vrds={f,v) YveYV,

Ls
b(u(1),q)=0 VgeQ.
A1) -ur(t)=|ur(t)] ae.only.

For a full discretization, we use the backward Euler divided difference for the time derivative and a
stable mixed finite element method (the P1b/P1 pair) for the spatial discretization. For a fixed positive
integer N, define the time step-size k=T/N. Let P: R? — B(0; 1) be the orthogonal projection operator,
B(0; 1) being the closed unit ball in R4 centered at the origin. We implement the following Uzawa algorithm
for the numerical solution of Problem 6.1.

Initialization. Choose a parameter p >0, a maximal iteration number /y and an error tolerance € > 0,
determine the approximate initial velocity ugk from ug, and set )\gk =0.
nk  zhk _ y\hk .

0,n

. _ hk _
Iteration. Forn=1,...,N, let Uy, =, 1 S
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for 1> 1, find (uf!k, pik) € V! x Q" such that
1
g (o) - ata o) =0, 1)
1 h h
:(fn,vh>—/F (|”l ln7'|))‘l 1Y ds+k( ﬁkl,v) vtevh,
N
b(u?lquh) 0 thGQh

and update
)‘hlfi ()‘l ln+puln7‘) on I'g

ul’lti]l:l() or Hu ul 1n”L2 d/Hu;ZnHL2(Q)d<8;
set ulk _”zn’pn pln,and )\hk )\

The algorithm is implemented in Python with the FEniCS package. We let ;=1 for the viscosity coef-
ficient, d = 2 for the spatial dimension, T= 1, p = 10. For the function w(¢), use 5 =2, a=0.255, b=0.25.
The source function is defined by

—10(1 — 6x+ 6x2)y(1 — y) (1 — 2y) 4+ 30x>(1 — x)%(1 — 2y) — (1 — 2y)>

S,y 1) =2t
10(1 — 6y + 6y?)x(1 —x) (1 — 2x) — 30y% (1 — y)?(1 — 2x) — (1 — 2x)

Let the initial velocity uy =0, and let ugk = 0. For the stopping criteria, let [y =100 and € = 10~°. In both

examples below, the Uzawa iterates meet the error tolerance condition before the maximum number of

lp =100 iterations is reached in any single time loop.

6.1. Example 6.1

In the first example, the domain is the unit square 2= (0, 1) x (0, 1). Its boundary is split into two parts
I'p and I'g; I'p is the union of the left, top, and right sides, and I'g is the bottom side.

We use uniform triangulations of the domain Q= (0, 1) x (0, 1). The unit interval [0, 1] is split into
1/h (h=1/8, 1/16, ...) equal length sub-intervals. The triangulation of the unit square with 2=1/16 is
shown in Figure 1.

We solve the problems over the time interval [0, 1] and report numerical results at the final time 7= 1.
To calculate numerical errors, we use the numerical solution with 2=1/256 and k= 1/250, denoted
by (u*,p*, A¥), as the reference solution. We report numerical convergence orders of u"™ — y* in the
(L2(Q))?-norm and the (H'(2))2-norm, that of p"* — p* in the L?(Q)-norm, and that of A™ — X\* in the
(L?(I'g))?-norm. For the numerical convergence orders with respect to &, we fix the time step-size at
k=1/250. For the numerical convergence orders with respect to k, we fix the mesh-size at 1 =1/256. We
also provide the total number of Uzawa iterations required to get the numerical solution at T=1.

Tables 1 and 2 show the numerical convergence orders with respect to 4 and k, respectively. Values

of the L%(2)2-norm and H! (€2)2-norm of u*, the L*(2)-norm of p*, and the L2(I'g)2-norm of A* for the
reference solution at 7= 1 are

o 2y = 4138 x 1072, 7| g1 (2 = 2885 x 107,

1p*ll 2y =2.892x 1071, IN*ll 2 ()2 = 8954 x 107",

The numerical results at T=1 for A= 1/16, k= 1/250 are shown in Figures 2—4. To illustrate the friction
effect, in Figures 5 and 6, we show u; and o along the slip boundary at 7= 1 for the reference solution.
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Figure 1. Triangulation for Example 6.1.

Table 1. Numerical convergence orders w.r.t. h at t = | for Example 6.1, k=1 /250.

h |u" —u*|| 2 Order  |u"—u*|,  Order [Ip"—p*2  Order [A"—X*|2  Order Iter. No.
118  536le-03 - 9.380e-02 - 7.281e-02 - 3.469e-01 - 11207
1/16  1.524e-03 1.8l 4.647¢-02 1.0l 2.336e-02 .64 1.388e-01 132 10680
1132 3.928e-04 1.96 228le-02 1.03 7.230e-03 .69 5.297e-02 139 10373
1/64  9.481e-05 2.05 1.117e-02 1.03 2.076e-03 1.80 1.937e-02 .45 10273

Table 2. Numerical convergence orders w.r.t. k at t= | for Example 6.1, h=1/256.

k |k — u* ll2 Order |k — u* I Order ||pk — p* Il;2 Order Ak — A% Il;2 Order Iter. No.
1/5 9.220e-03 - 6.237e-02 - 5.103e-02 - 1.296e-01 - 292

/10 4.533e-03 1.02 3.065e-02 1.03 2.487e-02 1.04 6.581e-02 0.98 630

1/20 2.175e-03 1.06 1.470e-02 1.06 1.189e-02 1.06 3.302e-02 1.00 1269
1/40 9.935e-04 .13 6.714e-03 1.13 5.420e-03 1.13 1.621e-02 1.03 2286

The bottom side of the domain is straight and is parallel to the x-axis. Therefore, the tangential velocity
u- on the side can be equated with its first component, and so can the friction force o on the side be.
We observe that the total number of Uzawa iterations required to reach the numerical solution at the
final time T= 1 is pretty stable with respect to the mesh-size 4 of the spatial discretization, for a fixed time-
step k. As h gets smaller, there is a slight decrease for the total number of Uzawa iterations; this is likely

because the initial guess )\gkn = AZ’i | at n-th iteration provides a somewhat more accurate approximation
to A for a smaller 4.
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Figure 2. Velocity field for Example 6.1.
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Figure 3. Pressure isobars for Example 6.1.

6.2. Example 6.2

In the second example, the domain is a curved variant of the unit square, with the bottom side replaced
by a curve defined by

1
y—msm(wa), xe|0,1].

We start with the uniform triangulations of the unit square as in Example 6.1. Then, to account for the
curved shape, we deform the mesh by adjusting the coordinates of the nodes along the bottom edge. The
FEniCS package automatically incorporates the resulting curved geometry into the later finite element
computations. Figure 7 shows such a triangulation with A= 1/16.
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Figure 4. Magnitude of the velocity |u"¥| for Example 6.1.
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Figure 5. ur along the slip boundary for Example 6.1.
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Figure 6. o along the slip boundary for Example 6.1.
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Figure 7. Triangulation for Example 6.2.
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Figure 8. Velocity field for Example 6.2.

As in Example 6.1, we use the numerical solution with 2=1/256 and k=1/250, denoted by
(u*,p*, A\"), as the reference solution in computing errors of the numerical solutions on coarse meshes
and/or with bigger time step-sizes. Tables 3 and 4 show the numerical convergence orders as h decreases
for a fixed time step k= 1/250, and the numerical convergence orders as k decreases for a fixed mesh

size h=1/256, respectively. Values of the L?(€2)2-norm and H' (2)2-norm of u*, the L2(2)-norm of p*,
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Figure 9. Pressure isobars for Example 6.2.
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Figure 10. Magnitude of the velocity |uhk| for Example 6.2.
Table 3. Numerical convergence orders w.r.t. h for Example 6.2, k= 1/250.
h | — w2 Order | — e[ Order Iph — p*l,2 Order A" — A% ll2 Order Iter. No.
1/8 6.029¢-03 - 9.243e-02 - 1.008e-01 - 5.375e-01 - 12810
1/16 2.060e-03 1.55 4.644e-02 0.99 4.542e-02 1.15 3.669e-01 0.55 12142
1/32 7.202e-04 1.52 2.306e-02 1.01 2.243e-02 1.02 2.096e-01 0.8l 11730
1/64 2.599e-04 1.47 1.178e-02 0.97 1.086e-02 1.05 1.064e-01 0.98 11776




490 Mathematics and Mechanics of Solids 31(3)

0.04 1

0.03

0.02

0.01 1

0.00

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Figure I 1. |ur| along the slip boundary for Example 6.2.
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Figure 12. |o 7| along the slip boundary for Example 6.2.

Table 4. Numerical convergence orders w.r.t. k for Example 6.2, h=1/256.

k |k — u* 2 Order |k — u* lly Order  ||pX—p* |2 Order Ak — x* |2  Order Iter. No.
1/5 8.556e-03 - 5.979e-02 - 5.772e-02 - 1.461e-01 - 387
1710 4.203e-03 1.02 2.935e-02 1.02 2.825e-02 1.03 7.527e-02 0.96 832
1720 2.016e-03 1.06 1.407e-02 1.06 1.353e-02 1.06 3.784e-02 0.99 1645
1/40 9.208e-04 1.13 6.426e-03 1.13 6.176e-03 1.13 1.907e-02 0.99 3000

and the L2(I'g)2-norm of A* for the reference solution at the final time 7= 1:

¥ 2y = 3.947 > 1072, o | 71 (y2 = 2807 > 107,

1P™ 1l 2y =3-162 % 107!, 1Nl 2 )2 = 8:523 x 10-L
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The numerical results at the final time when 2=1/16, k=1/250 are shown in Figures 8-10. The
magnitudes of the tangential velocity and the friction force on the slip boundary for the reference solution
are shown in Figures 11 and 12.
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