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A second-order scheme for a
nonstationary Stokes hemivariational inequality

Weimin Han'!, Yuan Yao?

Abstract. This paper presents a temporal semi-discrete scheme for a nonstationary Stokes hemi-
variational inequality. To approximate the time derivative, a mid-point discretization is used in
the first time step, and the BDF2 for the other time steps. Under appropriate solution regularity
assumptions, the scheme is shown to be of second order with respect to the time step-size.
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1 Introduction

Through the formulation of hemivariational inequalities (HVIs), problems involving nonsmooth, nonmono-
tone, multivalued relations can be successfully treated, mathematically and numerically. One can consult
[3, 5, 13, 14, 15] for mathematical theories and applications of HVIs. In particular, the book [5] offers a more
accessible coverage of the mathematical theory without the need of the notion and results of pseudomonotone
operators, commonly adopted in the majority of the references in the area. The reader is referred to the survey
papers [3, (] and the references therein for recent advances on numerical methods for solving HVIs.

Existence of a solution to a dynamic HVI can be shown through a limiting process on a temporally semi-
discretization of the time derivative. For parabolic HVIs, several references can be consulted, cf. [11, 1, 2]. The
backward Euler scheme (called the Rothe method) is used in [11, 1] for this purpose, whereas the BDF2 scheme
is used in [2]. A nonstationary Stokes HVI is studied in [9, 10], including well-posedness and numerical analysis.
The numerical method in [9] is based on a backward Euler difference for approximation of the time derivative,
and a first-order error estimate with respect to the time-step is derived under appropriate solution regularity
assumptions. The goal of this paper is the development of a second-order temporal semi-discrete scheme for
the nonstationary Stokes HVI. In the existing publications on the numerical solution of nonstationary Stokes
HVlIs, only first-order schemes on temporal discretizations can be found.

We need notions of the generalized directional derivative and the generalized subdifferential in describing
HVIs. For a locally Lipschitz continuous function ¥: V' — R on a Banach space V, its generalized directional
derivative at w € V in the direction v € V is defined by

U0 (u;v) = limsup (w + ) = ¥(w)

9
w—u,A—0 A

and its generalized gradient or subdifferential at u is defined by
OW(u) ={¢ e V* | ¥0(u;v) > (¢, v)vexv Vv €V},

For properties and detailed discussions of the generalized directional derivative and the generalized subdiffer-
ential of a locally Lipschitz function, the reader is referred to [1] or [13, Section 3.2].

On several occasions, we will use the following elementary inequality, with a properly chosen € > 0,

ab<ea’+cb?, ¢c=1/(4¢) Va,beR. (1.1)
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The rest of this paper is organized as follows. In Section 2, we describe the Stokes HVI and recall a well-
posedness result. In Section 3, we present and analyze a semi-discrete scheme to solve the Stokes HVI. The time
derivative is discretized with the mid-point rule in the first time step and with the backward difference formula
of order two (BDF2) for other time steps. We derive an error bound for the semi-discrete solution under certain
solution regularity assumptions; the error estimate is of optimal second-order with respect to the time-step
for the semi-discrete scheme. Finally, we report simulation results on a numerical example, illustrating the
second-order convergence in time.

2 A nonstationary Stokes hemivariational inequality

The model problem is discussed in [9, 10]. For convenience, we describe the problem in this section. Let
Q C R? be a Lipschitz domain, the dimension d < 3 for applications. The boundary I' of the domain is split
into two non-trivial disjoint parts: I' =T'p UT'g, I'p being relatively closed and I'g being relatively open. The
unit outward normal vector on the boundary is denoted by v. We consider the motion of an incompressible
viscous fluid flow in 2. We use w and p for the velocity and pressure fields of the fluid. Denote by p > 0 the
viscosity of the fluid. We use the Stokes equations to model the flow. Let f be the density of the volume force
applied to the fluid and let ug: Q — R? be the initial velocity. Denote the stress tensor o = 2ue(u) — pI,
where e(u) = (Vu + (Vu)?)/2 and I is the identity tensor. The normal and tangential components of u on
the boundary are v, = u - v and u; = u — u,v, and those of the stress are 0, = (ov)-v and o, = ov — o V.
We impose the homogeneous Dirichlet boundary condition on I'p and a non-smooth, possibly non-monotone,
friction condition with a potential function ¢ on I'g. The classical pointwise formulation of the problem is

u' —2pdive(u) + Vp=f in (0,T) x £,
divu=0 in (0,7) x Q,
u=0 on(0,7)xIp,
u, =0, —o, € 0Y(u,) on (0,7) x .

uli—o = ug in Q,
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Here, (2.4) describes the non-leak slip boundary condition of the friction type where the potential function v is
assumed to be locally Lipschitz continuous. Such a boundary condition can be used to model stick-slip behavior
at fluid-solid interfaces where the transition between the stick status and the slip status may exhibit hysteresis
or abrupt jumps, leading to multivalued and nonmonotone friction laws. Some applications include lubricated
mechanical contacts, microfluidic channels with engineered surfaces, polymer melts flowing along walls.

For simplicity in writing, we use Ir(z) for the integral of a function z over I's. Introduce function spaces
V= {v e HY(Q)? |v=0onTp, v, =0 on rs}, Q={qe L) | (g,1) 12 =0},
H=[*Q)" v=L*0,T;V), W={veV|v eV}, 9=L*0,T;Q).

Thanks to Korn’s inequality, V' is a Hilbert space with the inner product
(u,v)y = / e(u) :e(v)dr Yu,veV,
Q

and the induced norm |jv|ly = (v, 'v)%,/Q is equivalent to the standard H'(£2)%norm over V. The spaces Q, H,
V, W and Q are all Hilbert spaces with their standard inner products. We have the trace inequality

ol 2gye < AP llvllv Yo eV, (2.6)
where A > 0 is the smallest eigenvalue of the eigenvalue problem

ueV, (u,v)y=A(Ur,v:)2pge YVEV.



Define bilinear forms
a(u,v) = 2,u/ e(u) : e(v)dzx, blv,q) = / gdivvder Yu,veV,qgeQ.
Q Q
Concerning the data, we assume

fev, weH, (2.7)

and
H(¢): 1: R* — R is locally Lipschitz continuous on R? and for two constants co, oy, > 0,

(i) [n] < co(1+ [€]) for all £ € R, n € du(€);
(ii) (1 —m2)(§1 — &2) > &) — &|? for all m; € 0Y(&;), & € R, i =1,2.

Similar to [5, Lemma 5.17], we have the following inequality needed in the next section:

Ir (V0 (ur; vy — ur) + 00 (vrur — vr)) < apAitlu—vl} Yu,ve V. (2.8)
The problem (2.1)—(2.5) is studied through its weak formulation.
Problem 2.1 Find uw € W and p € Q such that u(0) = ug and for a.e. t € (0,T),

(u'(t),v) + a(u(t), v) = b(v, p(t)) + Irs (V7 (ur (t); v7)) = (f(t),v) VoeV, (2.9)
(u(t),q) =0 VqgeQ. (2.10)

Theorem 2.2 ([1()]) Assume (2.7), H(3), and

S

mo = 2 — ayA;t > 0. (2.11)
Then, Problem 2.1 admits a unique solution.

An assumption of the form (2.11) is known as a smallness condition in the literature. The condition requires
the strength of the non-convexity of 1, reflected by the value o, to be relative small compared to the viscosity
of the fluid. This assumption is needed in proving the existence and uniqueness of Problem 2.1.

3 Analysis of a second-order semi-discretization scheme

In this section, we consider a temporal semi-discrete scheme to solve Problem 2.1. For a positive integer NV,
we split the time interval into N sub-intervals of equal length. The time step-size is k = T'/N, and the nodal
points are t, =nk, 0 <n < N. Denote ¢,/ = k/2. Assume

FeC(0.T:VY), wuyeV. (3.1)

For a continuous function g(t), we denote g, = g(tn), 0 <n < N, and g1/ = g(t1/2). We use the backward
difference formula (BDF2) to discretize the time derivative. The BDF2 scheme is strongly A-stable and is
popularly used. In [12], a semi-discrete BDF2 scheme for a dynamic hemivariational inequality containing a
history-dependent operator is discussed and an optimal second-order error bound in the time step-size is derived
under appropriate solution regularity assumptions. Since the BDF2 scheme involves the numerical solution at
three time-levels, in the first time step, we need a scheme involving two time-levels. In [12], the first time step
is done through solving two hemivariational inequalities. In our method, the first step is based on a mid-point
discretization, and consequently, only one hemivariational inequality needs to be solved. As we will show, the
overall method is of second-order in time.

Problem 3.1 Find u* := {uﬁ}ﬁf:l CV and p’f/Q €Q, {pF}N_, C Q such that with uf = o,

1
% (ulf - u07v>H + a(ulf/Q,v) - b(’v,plf/2) + IFs(wo(ulf/Qﬂ—; UT)) > <.f1/27 U> VveV, (32)
b(ulf/Q,q) =0 Vqgeq, (3.3)



where

u]f/Q = (u]f + u0> /2, (3.4)
and form=2,--- /N,
1
2]6' (3’11, 4“2—1 + ufz—Q?fv)H + CL(’U,,IICL, ’U) - b(’l) pn) + IFS(??Z}O( 'flT’ )) <fn7 > Vo e Vv (35)
b(us,q) =0 VqeQ. (3.6)

Proposition 3.2 Assume (3.1), H(v), and (2.11). Then, Problem 3.1 has a unique solution.

Proof. First, we show the existence and uniqueness of ulf/Q € V. From (3.4), uf = 2u’f/2 — ug. Thus, (3.2)

can be expressed in terms of the unknown u]f /2 € V as

2
% (u’f/Q — up,v)H + a(ulf/Q’U) - b(vaplf/Q) + Iy (wo(u’fﬁﬂ—; vr)) > <f1/2v v) VveV. (3.7)

ie.,

k k k k
(ulf/27v)H + 5 a(ulf/Q,v) - 5 b(’l},plf/2) + 5 IFS (wo(ulf/2773 v‘r)) > (u()a v)H + 5 <f1/27 ’U> VvoeV. (38)

By an analogue of [5, Theorem 8.22], we know that the problem (3.8) and (3.3) has a unique solution
(u’f/Z,p’fm) € V x Q. Then we obtain a unique element ulf = 2u’f/2 —ug V.

Consider the mixed HVI (3.5)—(3.6) for (uf,pk) € V- x Q, 2 < n < N. Rewrite the inequality (3.5) as

(b, )+ 2 alu, o) = 2 b, ) + 2 I (00l s 0,) >

2k
5 5 (g —un_g,0)H + 5 (F,0) VVEV.

co\»—‘

Again, by an analogue of [5, Theorem 8.22], we have the existence of a unique solution (uf,pk) € V x Q to the
mixed HVT (3.5)-(3.6). W

We turn to an error estimation for Problem 3.1. For this purpose, assume
u eV, ul®ev (3.9)
This implies u” € C([0,T]; H), and (2.9)—(2.10) hold for all ¢ € (0,7). We introduce some auxiliary bounds.

Lemma 3.3 Assume (3.9). Define

u1 — U u; + ug
El/ZZT_ull/Qa F1/2:U1/2— B )

1
E, = ﬁ(?)un—élun_l—i—un_g) —u),, n=2--- N.

Then, for some constant ¢ > 0,

1By 2l < Ck3Hu(3)H%2(t0,t1;V*)7 (3.10)
[Fy ol < k2|’ || Lo a)s (3.11)
1Fy 2l < ek 72 40v): (3.12)
1B 13- < CkgHU(S)\\%2(tn_2,tn;v*)v 2<n<N, (3.13)

N
EY B < C’f4HU(3)Hi2(V*)- (3.14)

n=2



Proof. By [7, Lemma 11.5], ||E}js|lv+ < ck ||u(3)HL1(to,t1;V*) which implies (3.10). From [7, Lemma 11.2], we
have the bound (3.11) and [|Fy jo|lv < ck[|u”||11(1y4,,v); (3.12) follows from the latter. A proof of bound (3.13)

can be found in [12]. The inequality (3.14) follows easily from (3.13). |
Denote the error
€1/ = ul/g—u]f/Q, e, = un—ufl, 0<n<N. (3.15)
First, we derive an error bound on e; = u; — u¥. Take v = u’f/Q —uy;p = —eypin (2.9) at t =ty

—<’U/1/2, e1/2) — a(uy)2, €1/2) +b(ey/2,p1/2) + IFS(¢O(U1/2,T§ —e127)) = —(f1/2, €1/2)-
Take v = uy/ — u’f/g = ey in (3.7):

2

z (u’f/g — uy, el/Q)H +a(ul jy, e170) = blerya, P jy) + Ios (W0 (Ul g 11 €1)2,7)) = (F1)2, €172)-

We add the two inequalities to obtain
2
- <U/1/27 61/2> + 7 (Ulf/g — Uo, e1/2)H - a(€1/2a e1/2) + 5(61/27191/2 —plf/g)
+ Irg (¢0(U1/2,r§ —e1/a.) + wo(ulf/z,ﬁ ei/27)) >0,
which is rewritten as, noting that b(e; 2, p1/2 — p’f/Q) =0 by (2.10) and (3.3),

2 2
Z le1ollzr + 2 llersally < (B eqpo) + 7 (Fijaerpo)m + Irg (V0 (w1 yars —€10r) + 00 (u) g 5 €1/2)-

Multiply both sides of the inequality by k& and use (2.8) to obtain
2 ||61/2”%1 +2uk H€1/2H%/ < k(E1)2,€12) +2(Fi/9,€1/0)H + ay Ak Hel/QH%/'
From this inequality, we derive that, recalling the definition (2.11) for my,
2lersallEr +mok lerjalliyy < ENEyjallvellerallv +2(1F jollmller e (3.16)
Applying the inequality (1.1) with € = min(1,mg/2),
klleipllvIErplve < ekllesly +ck Bl 2leiplallFiplla < €lleisli +cllFijali
we derive from (3.16) that
lewsalltr +kllewslly < ek Eyally- +cllFyl?
€1/21lH eip2llv =€ 1/2llv+ T Cllf'121|H-
Since e; := u; — uk =2 ei/s — 2 Fy /s, we find from the above inequality that
il + K llelly < e (kI Byl + 1 Fyjllfr +FI1F 2y -
Applying (3.10), (3.11) and (3.12), get the bound

leilZr + klledlly < ck? (Hu(g)H%Q(to,tl;V*) + oo gy + Hu””%Q(to,tuV)) ' (3.17)

For 2 <n < N, take v = uf —u, = —e,, in (2.9) at t = t,:
_<'u';z> en> - a(una en) + b(enapn) + Il"s (wo(un,‘r; _en,‘r)) > —<fn7 en>-

Take v = u, — uk = e, in (3.5):
1
5 (Bub —dub +ub s en)  +alulen) —blen k) + Iy (W0 (Ul i) = (£ en).

5



Add the above two inequalities, noting that b(e,, p,) = 0 by (2.10) and b(e,, p*) = 0 by (3.3),

1
ﬁ (3 €n — 46“*1 + €n—2, en)H + a(ena en) S <Ena en) + IFS (¢0(un,7; _en,r) + ¢0(u§z,7—3 en,T))-

Use the identity

(3u — 40+ w,u)m = 5 (lull3s — ol + 120 — vl — 120 — wilfy + u— 20+ wl}).

N | =

and (2.8) to obtain
lenllzr — len—1llzr + l12en — en-1llfr — 12€n—1 — en—2lFr +4mok el < 4k || Enllv-lenllv-
Apply the inequality (1.1) with a proper choice of e,
4k || Enllv-llenllv < 2moklenll3 + ck || Ball3-.
Then, for 2 <n < N,
lenllr — len—1llzr + [12en — en—1llr — 12€n—1 — en—2lF + 2mok enlly < ck || Eull3-. (3.18)

Replace n by j in (3.18) and add the inequalities from j = 2 to j = n:

n n
leallZr — llewlizr + 12en — en—1llFr — |12e1 — eollFr +2mok Y llejlly < ek D 1B

3=2 j=2
Then,
n n
leallFr +2mok Y llejly < c (llellFr + lleollzr) + 4k Y 1B+ (3.19)
j=2 j=2
We derive from (3.19) that
N N
max Jeally + D lleal < e (lerl + leoll3) + 4k D 1l (3.20)
- n=2 n=2

Note that eg = 0. We combine (3.17) and (3.20), and apply (3.14) to obtain the following result.

Theorem 3.4 Assume H(v), (2.11), (3.1) and (3.9). Then, for the semi-discrete solution defined by Problem
3.1, we have the optimal second-order error bound

N
k2 k2 4 3) (12 2 2
omax [l =yl + & Z; [wn — uli||3 < ck (llu( NEzevey + 16" 1 oo ey + ||u"||L2(V)) .
=

4 A numerical example

We take Q = (0,1) x (0,1), p =1, ¥(z) = O|z| w(t) dt with w(t) = 0.005e~* + 0.25, ug = 0, and the source
function

102%(1 — z)%y(1 — y)(1 — 2y) + 2t2 (=10(1 — 6z + 622)y(1 — y)(1 — 2y) + 302%(1 — z)2(1 — 2y) — (1 — 2x))
—10y2(1 — y)2z(1 — 2)(1 — 2z) + 2t? (10(1 — 6y + 6y*)=(1 — 2)(1 — 22) — 30y*(1 — y)*(1 — 2z) — (1 — 2y))> '

For spatial discretization, we use the stable MINI finite elements corresponding to a uniform triangulation of
Q) based on partitioning the four sides into 160 equal size subintervals. Then, we use the numerical solution for
the step-size k = 1/120 as the reference solution to compute the errors of the numerical solutions for larger time
steps. The L?(Q)-norm errors and numerical convergence orders at t = 1 are as given in the following table for
time-steps k = 1/5, 1/10, 1/20 and 1/40. We observe that the numerical convergence orders are around 2 with
respect to the time step k, matching the theoretical prediction in Theorem 3.4.



k 1/5 1/10 1/20 1/40

L3(Q)-error  4.226e-5 1.351e-5 2.067e-6  4.043e-7
Order - 1.65 2.71 2.35
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