Nonlinear Anal. RWA 93 (2027) 104688

Nonlinear Analysis: Real World Applications

journal homepage: www.elsevier.com/locate/nonrwa ke

Contents lists available at ScienceDirect 1]
Nonlinear
Analysis

Analysis of a family of Navier-Stokes-type
variational-hemivariational inequalities with applications

Weimin Han © %) Yi-Bin Xiao™?, Shengda Zeng“*

a Department of Mathematics, University of Iowa, Iowa City, IA, 52242-1410, USA
b School of Mathematical Sciences, University of Electronic Science and Technology of China, Chengdu, Sichuan, 611731, China
¢ National Center for Applied Mathematics in Chongqing, School of Mathematical Sciences, Chongging Normal University, Chongqing, 401331, China

ARTICLE INFO

ABSTRACT

AMS subject classifications:
35J50
49J40
76D05

Keywords:

Mixed variational-hemivariational inequality
Well-posedness

Navier-Stokes equations

The paper provides a well-posedness analysis for a family of stationary Navier-Stokes-type
variational-hemivariational inequalities, motivated by applications in fluid mechanics. The family
contains various mixed variational equations, mixed variational inequalities and mixed hemivari-
ational inequalities found in the literature as special cases. The main features of the paper are
that the existence and uniqueness of both the velocity field and pressure field are established,
and the results are proved in an accessible fashion without the need of knowledge of abstract
surjectivity results for pseudomonotone operators as required in many references on variational-
hemivariational inequalities. The results are applied to the study of a variational-hemivariational
inequality of the Navier-Stokes equations for incompressible fluid flows subject to slip conditions
of frictional type, both monotone and non-monotone.

1. Introduction

Hemivariational inequalities and more generally, variational-hemivariational inequalities, are useful for applications involving
non-smooth, non-monotone and set-valued relations among physical quantities. Since the pioneering work of Panagiotopoulos [1],
modeling, analysis, numerical solution and applications of variational-hemivariational inequalities have attracted more and more
attention. On the rapidly expanding list of references, a handful of books can be found for comprehensive coverage of the area, cf.
[2-8] in early years, and [9-12] in recent years. Note that in most references on mathematical theory of variational-hemivariational
inequalities, abstract surjectivity results on pseudomonotone operators are applied to show the existence of a solution. An alternative,
accessible approach for the study of variational-hemivariational inequalities, started in the references [13,14], is systematically
documented in the book [10] that does not require knowledge on abstract mathematical theory of pseudomonotone operators.

This paper is devoted to a well-posedness analysis of a family of mixed variational-hemivariational inequalities of Navier-Stokes-
type, motivated by applications in fluid mechanics modeled with the Navier-Stokes equations. The problems considered are station-
ary/time-independent. On an abstract level, the problem is of the following form.
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$(u,p)\in K_V \times Q$


\begin {align}&a(u,v-u)+d(u,u,v-u)+b(v-u,p)+\Phi (v)-\Phi (u)+\Psi ^0(u;v-u) \ge \langle f,v-u\rangle \quad \forall \,v\in K_V,\label {n1}\\ &b(u,q)=0\quad \forall \, q\in Q.\label {n2}\end {align}


$K_V$


$V$


$Q$


$a\colon V\times V\to \real $


$b\colon V\times Q\to \real $


$d\colon V\times V\times V\to \real $


$\Phi \colon V\to \real $


$\Psi \colon V\to \real $


$f$


$V$


$(\cdot ,\cdot )$


$V$


$\langle \cdot ,\cdot \rangle $


$V^*\times V$


$\Psi \colon V\to \real $


$\Psi ^0(u;v)$


$u$


$v$


\begin {align}\Psi ^0(u; v) := \limsup _{w\to u,\,\lambda \downarrow 0}\frac {\Psi (w+\lambda v) -\Psi (w)}{\lambda }. \label {def:gdd}\end {align}


$\Psi ^0(u;v-u)$


$\psi $


$I_\Delta (\psi ^0(\gamma u;\gamma v-\gamma u))$


$I_\Delta $


$\Delta $


$m$


$\psi \colon \mathbb {R}^m\to \mathbb {R}$


$V_\psi $


$\Delta $


$\gamma \colon V\to V_\psi $


$\psi ^0(\gamma u;\gamma v)\in L^1(\Delta )$


$u,v\in V$


$(u,p)\in K_V \times Q$


\begin {align}&a(u,v-u)+d(u,u,v-u) +b(v-u,p)+\Phi (v)-\Phi (u)+I_\Delta (\psi ^0(\gamma u;\gamma v-\gamma u))\ge \langle f,v-u\rangle \quad \forall \,v\in K_V,\label {n1v}\\ &b(u,q)=0\quad \forall \, q\in Q.\label {n2v}\end {align}


$u$


$p$


$(1,1)$


$\Phi $


$\Psi $


$\psi $


$\Phi $


$\Psi $


$\psi $


$\Phi $


$K_V=V$


$(u,p)\in V \times Q$


\begin {align}&a(u,v)+d(u,u,v)+b(v,p)+\Psi ^0(u;v)\ge \langle f,v\rangle \quad \forall \,v\in V,\label {n1e}\\ &b(u,q)=0\quad \forall \, q\in Q,\label {n2e}\end {align}


\begin {align}&a(u,v)+d(u,u,v) +b(v,p)+I_\Delta (\psi ^0(\gamma u;\gamma v))\ge \langle f,v\rangle \quad \forall \,v\in V,\label {n1ve}\\ &b(u,q)=0\quad \forall \, q\in Q.\label {n2ve}\end {align}


$\tilde {V}$


$V$


\begin {equation*}\tilde {V} = \left \{v\in V\mid b(v,q)=0\ \forall \, q\in Q\right \},\end {equation*}


$p$


$u\in \tilde {V}$


\begin {align}a(u,v)+d(u,u,v)+\Psi ^0(u;v)\ge \langle f,v\rangle \quad \forall \,v\in \tilde {V},\label {n1f}\end {align}


\begin {align}a(u,v)+d(u,u,v)+I_\Delta (\psi ^0(\gamma u;\gamma v)) \ge \langle f,v\rangle \quad \forall \,v\in \tilde {V}.\label {n1vf}\end {align}


$b(\cdot ,\cdot )$


$\Gamma _{S,1}$


$\Gamma _{S,2}$


$K_V=V$


$\Phi \equiv 0$


$\Psi \equiv 0$


$\psi \equiv 0$


\begin {equation*}a(u,v)+d(u,u,v)+b(v,p)=\langle f,v\rangle \quad \forall \,v\in V.\end {equation*}


$d(\cdot ,\cdot ,\cdot )$


$\Psi ^0(u; v)$


$\Psi $


$u\in V$


\begin {equation*}\partial \Psi (u) := \left \{\eta \in V^* \mid \Psi ^{0}(u;v)\ge \langle \eta ,v\rangle \ \forall \,v \in V\right \}.\end {equation*}


$H(K_V)$


$V$


$K_V\subset V$


$V_0\subset V$


$H(Q)$


$Q$


$H(a)$


$a\colon V\times V\to \real $


$V$


$M_a\ge m_a>0$


\begin {align}& \left | a(u,v)\right | \le M_a \|u\|_V \|v\|_V\quad \forall \,u,v\in V, \label {Lip:A} \\ & a(v,v) \ge m_a \|v\|_V^2\quad \forall \,v\in V. \label {Mon:A}\end {align}


$H(b)$


$b:V\times Q\to \mathbb R$


$M_b>0$


\begin {align}\left |b(v,q)\right | \le M_b \|v\|_V \|q\|_Q \quad \forall \,v\in V,\,q\in Q. \label {bd:b}\end {align}


\begin {align}\alpha _b \|q\|_Q\le \sup _{w\in V_0} \frac {b(w,q)}{\|w\|_V}\quad \forall \,q\in Q. \label {infsup}\end {align}


$H(d)$


$d\colon V\times V\times V\to \mathbb R$


$c_d>0$


\begin {align}|d(u,v,w)|\le c_d\|u\|_V \|v\|_V \|w\|_V\quad \forall \,u,v,w\in V. \label {cd}\end {align}


\begin {align}d(u,v,v)=0\quad \forall \,u\in \tilde {V},\,v\in V, \label {d=0}\end {align}


\begin {align}\tilde {V}=\left \{v\in V\mid b(v,q)=0\ \forall \,q\in Q\right \}. \label {tildeV}\end {align}


$H(\Phi )$


$\Phi \colon V\to \mathbb {R}$


\begin {align}\Phi (v+w)=\Phi (v)\quad \forall \,v\in K_V,\,w\in V_0 \label {Phi2}\end {align}


$H(\Psi )$


$\Psi \colon V\to \mathbb {R}$


$\alpha _\Psi \geq 0$


\begin {align}\Psi ^0(v_1;v_2-v_1)+\Psi ^0(v_2;v_1-v_2)\le \alpha _\Psi \|v_1-v_2\|_V^2\quad \forall \,v_1,v_2\in V.\label {eq4}\end {align}


\begin {align}\Psi ^0(v;w)=0\quad \forall \,v\in K_V,\,w\in V_0. \label {Psi}\end {align}


$H(s)$


\begin {align}m_a-\alpha _\Psi >0, \quad (m_a-\alpha _\Psi )^2>c_d c_\Psi , \label {small}\end {align}


$c_\Psi $


$\Psi $


$0$


$H(K_V)$


$v+w\in K_V$


$v\in K_V$


$w\in V_0$


$H(b)$


$B\in {\cal L}(V;Q)$


\begin {equation*}(Bv,q)_Q = b(v,q)\quad \forall \,v\in V,\,q\in Q.\end {equation*}


\begin {equation*}\|B\|\le M_b.\end {equation*}


$\Phi \colon V\to \mathbb {R}$


$\Phi $


$V$


$\Phi \colon V\to \mathbb {R}$


$\alpha _\Psi \ge 0$


$\Psi $


$\alpha _\Psi $


$\Psi $


$\Psi $


$\alpha _\Psi =0$


$\Psi (v)+(\alpha _\Psi /2)\,\|v\|_V^2$


$V_0$


$\Phi $


$\Psi $


$H(s)$


$\Psi $


$V$


$a(\cdot ,\cdot )$


$\alpha _\Psi <m_a$


$(m_a-\alpha _\Psi )^2>c_d c_\Psi $


$f$


$c_0$


\begin {align}0<c_0<\frac {(m_a-\alpha _\Psi )^2}{c_d}-c_\Psi , \label {c0}\end {align}


\begin {align}M_0:=\frac {c_\Psi +c_0}{m_a-\alpha _\Psi }. \label {M0}\end {align}


\begin {align}c_d M_0<m_a-\alpha _\Psi . \label {small1}\end {align}


$V^*$


\begin {align}V^*_{c_0}=\left \{ f\in V^* \mid \|f\|_{V^*}\le c_0\right \}. \label {Vc0}\end {align}


$H(K_V)$


$H(Q)$


$H(a)$


$H(b)$


$H(d)$


$H(\Phi )$


$H(\Psi )$


$H(s)$


$\Phi (v)$


$v=0$


$f\in V^*_{c_0}$


$(u,p)\in K_V\times Q$


$H(K_V)$


$H(Q)$


$H(a)$


$H(b)$


$H(\Phi )$


$H(\Psi )$


$\alpha _\Psi <m_a$


$f\in V^*$


\begin {align}&a(u,v-u)+b(v-u,p)+\Phi (v)-\Phi (u)+\Psi ^0(u;v-u)\ge \langle f,v-u\rangle \quad \forall \,v\in K_V,\label {St1}\\ &b(u,q)=0\quad \forall \, q\in Q\label {St2}\end {align}


$(u,p)\in K_V\times Q$


$\Psi \colon V\to \mathbb {R}$


$c_\Psi $


$0$


\begin {align}\left | \Psi ^0(0;w) \right | \le c_\Psi \|w\|_V\quad \forall \,w\in V. \label {Psi01}\end {align}


\begin {equation*}\Psi ^0(0;w)=\limsup _{v\to 0,\,\lambda \downarrow 0}\frac {\Psi (v+\lambda w) -\Psi (v)}{\lambda }.\end {equation*}


$\Psi ^0(0;w)\le c_\Psi \|w\|_V$


\begin {equation*}-\Psi ^0(0;w)=-\limsup _{v\to 0,\,\lambda \downarrow 0}\frac {\Psi (v+\lambda w) -\Psi (v)}{\lambda } =\liminf _{v\to 0,\,\lambda \downarrow 0}\frac {\Psi (v)-\Psi (v+\lambda w)}{\lambda }\end {equation*}


$-\Psi ^0(0;w)\le c_\Psi \|w\|_V$


$\Psi \colon V\to \mathbb {R}$


$c_\Psi $


$0$


\begin {align}\Psi ^0(w;-w)\le \alpha _\Psi \|w\|_V^2+ c_\Psi \|w\|_V\quad \forall \,w\in V. \label {Psi02}\end {align}


\begin {equation*}\Psi ^0(w;-w)\le \alpha _\Psi \|w\|_V^2 - \Psi ^0(0;w).\end {equation*}


$K_V$


\begin {align}K_{M_0}:=\left \{ v\in K_V\cap \tilde {V} \mid \|v\|_V\le M_0\right \}, \label {Kf}\end {align}


$\tilde {V}$


$M_0$


$K_{M_0}\not =\emptyset $


$0\in K_{M_0}$


$(u,p)\in K_V\times Q$


$f\in V^*_{c_0}$


$u\in K_{M_0}$


$u\in K_V\cap \tilde {V}$


\begin {align}\|u\|_V\le M_0. \label {uMf}\end {align}


$v=0$


\begin {equation*}a(u,u)\le -d(u,u,u)-b(u,p)+\Phi (0)-\Phi (u)+\Psi ^0(u;-u)+\langle f,u\rangle .\end {equation*}


$d(u,u,u)=0$


$b(u,p)=0$


$\Phi (0)-\Phi (u)\le 0$


\begin {equation*}a(u,u)\le \Psi ^0(u;-u)+\langle f,u\rangle .\end {equation*}


$V$


$a(\cdot ,\cdot )$


\begin {equation*}m_a \|u\|_V^2 \le \alpha _\Psi \|u\|_V^2+ \left (c_\Psi +\|f\|_{V^*}\right ) \|u\|_V,\end {equation*}


$\Phi $


$0$


$\Phi $


$L_\Phi $


$M_0$


\begin {equation*}M_0:=\frac {L_\Phi +c_\Psi +c_0}{m_a-\alpha _\Psi }.\end {equation*}


$K_V=V$


$\Phi $


$0$


$\Phi $


$V$


$\Phi (v)$


$\overline {\Phi }(v+v_0)$


$v_0$


$\Phi $


$\overline {\Phi }$


$H(\Phi )$


$K_V=V$


$0$


$f\in V^*$


$w_1\in \tilde {V}$


$w_2\in K_{M_0}$


$\theta >0$


$(u,p)\in K_V \times Q$


\begin {align}&(u,v-u)+\theta \,b(v-u,p)+\theta \left [\Phi (v)-\Phi (u)+\Psi ^0(u;v-u)\right ] \nonumber \\ &{}\qquad \ge (w_1,v-u)-\theta \left [a(w_1,v-u)+d(w_2,w_1,v-u)-\langle f,v-u\rangle \right ]\quad \forall \,v\in K_V, \label {p41}\\ &b(u,q)=0\quad \forall \, q\in Q.\label {p42}\end {align}


$\theta <\alpha _\Psi ^{-1}$


$(u,p)\in K_V \times Q$


$f\in V^*$


$\theta \alpha _\Psi <1$


$(u,p)$


$u\in \tilde {V}$


$w_2\in K_{M_0}$


$\theta \in (0,1/\alpha _\Psi )$


$P_1\colon \tilde {V}\to \tilde {V}$


\begin {equation*}P_1(w_1)=u,\end {equation*}


$(u,p)$


$p\in Q$


$f\in V^*$


$\theta >0$


$P_1\colon \tilde {V}\to \tilde {V}$


$u\in \tilde {V}$


$P_1$


$\tilde {V}$


$\overline {w}_1\in \tilde {V}$


$(\overline {u},\overline {p})\in K_V \times Q$


$w_1$


$\overline {w}_1$


\begin {align}&(\overline {u},v-\overline {u})+\theta \,b(v-\overline {u},\overline {p}) +\theta \left [\Phi (v)-\Phi (\overline {u})+\Psi ^0(\overline {u};v-\overline {u})\right ] \nonumber \\ &{}\qquad \ge (\overline {w}_1,v-\overline {u})-\theta \left [a(\overline {w}_1,v-\overline {u})+d(w_2,\overline {w}_1,v-\overline {u}) -\langle f,v-\overline {u}\rangle \right ]\quad \forall \,v\in K_V, \label {p43}\\ &b(\overline {u},q)=0\quad \forall \, q\in Q.\label {p44}\end {align}


$v=\overline {u}$


$v=u$


\begin {align}\|u-\overline {u}\|_V^2 \le I_1 + I_2 +I_3, \label {p45}\end {align}


\begin {align*}I_1 & = (w_1-\overline {w}_1,u-\overline {u})-\theta \,a(w_1-\overline {w}_1,u-\overline {u}),\\ I_2 & = \theta \left [\Psi ^0(u;\overline {u}-u)+\Psi ^0(\overline {u};u-\overline {u})\right ],\\ I_3 & = \theta \,d(w_2,w_1-\overline {w}_1,\overline {u}-u).\end {align*}


\begin {equation*}I_1\le \left (1-2\,m_a \theta + M_a^2 \theta ^2\right )^{1/2} \|w_1-\overline {w}_1\|_V \|u-\overline {u}\|_V.\end {equation*}


$H(\Psi )$


\begin {equation*}I_2 \le \theta \,\alpha _\Psi \|u-\overline {u}\|_V^2.\end {equation*}


$d(\cdot ,\cdot ,\cdot )$


$w_2\in K_{M_0}$


\begin {equation*}I_3\le \theta \,c_d\|w_2\|_V \|w_1-\overline {w}_1\|_V \|u-\overline {u}\|_V \le \theta \,c_d M_0 \|w_1-\overline {w}_1\|_V \|u-\overline {u}\|_V.\end {equation*}


\begin {equation*}\|u-\overline {u}\|_V\le \kappa _1 \|w_1-\overline {w}_1\|_V,\quad \kappa _1:=\frac {\left (1-2\,m_a \theta + M_a^2 \theta ^2\right )^{1/2}+c_d M_0\,\theta }{1-\alpha _\Psi \theta }.\end {equation*}


$\theta >0$


\begin {equation*}\kappa _1=\frac {1-\left (m_a-c_d M_0\right )\theta +O(\theta ^2)}{1-\alpha _\Psi \theta } =1-\left (m_a-c_d M_0-\alpha _\Psi \right )\theta +O(\theta ^2).\end {equation*}


\begin {equation*}m_a-c_d M_0 - \alpha _\Psi >0.\end {equation*}


$\theta >0$


$\kappa _1<1$


$P_1\colon \tilde {V}\to \tilde {V}$


$P_1$


$u\in \tilde {V}$


$P_1$


$u\in K_V\cap \tilde {V}$


$p\in Q$


$(u,p)$


$u$


$(u,p)\in K_V \times Q$


\begin {align}&a(u,v-u)+d(w_2,u,v-u)+b(v-u,p)+\Phi (v)-\Phi (u)+\Psi ^0(u;v-u)\ge \langle f,v-u\rangle \quad \forall \,v\in K_V,\label {p51}\\ &b(u,q)=0\quad \forall \, q\in Q.\label {p52}\end {align}


$\|u\|_V\le M_0$


$f\in V^*_{c_0}$


$f\in V^*_{c_0}$


$w_2\in K_{M_0}$


$(u,p)\in K_V \times Q$


$u$


$u\in K_{M_0}$


$p$


$p$


$P_2\colon K_{M_0}\to K_{M_0}$


\begin {equation*}P_2(w_2)=u\end {equation*}


$f\in V^*_{c_0}$


$P_2\colon K_{M_0}\to K_{M_0}$


$u\in K_{M_0}$


$P_2$


$\overline {w}_2\in K_{M_0}$


$(\overline {u},\overline {p})\in K_V \times Q$


$w_2$


$\overline {w}_2$


\begin {align}&a(\overline {u},v-\overline {u})+d(\overline {w}_2,\overline {u},v-\overline {u})+b(v-\overline {u},\overline {p}) +\Phi (v)-\Phi (\overline {u})+\Psi ^0(\overline {u};v-\overline {u})\ge \langle f,v-\overline {u}\rangle \quad \forall \,v\in K_V,\label {p53}\\ &b(\overline {u},q)=0\quad \forall \, q\in Q.\label {p54}\end {align}


$v=\overline {u}$


$v=u$


\begin {align}m_a \|u-\overline {u}\|_V^2 \le I_1 + I_2, \label {p55}\end {align}


\begin {align*}I_1 & = \Psi ^0(u;\overline {u}-u)+\Psi ^0(\overline {u};u-\overline {u}),\\ I_2 & = d(w_2,u,\overline {u}-u) + d(\overline {w}_2,\overline {u},u-\overline {u}).\end {align*}


$H(\Psi )$


\begin {equation*}I_1 \le \alpha _\Psi \|u-\overline {u}\|_V^2.\end {equation*}


$I_2$


\begin {equation*}I_2=d(w_2,u-\overline {u},\overline {u}-u) + d(w_2-\overline {w}_2,\overline {u},\overline {u}-u).\end {equation*}


$d(w_2,u-\overline {u},\overline {u}-u)=0$


$\|\overline {u}\|_V\le M_0$


\begin {equation*}I_2\le c_d M_0 \|w_2-\overline {w}_2\|_V \|u-\overline {u}\|_V.\end {equation*}


\begin {equation*}m_a \|u-\overline {u}\|_V^2 \le \alpha _\Psi \|u-\overline {u}\|_V^2+c_d M_0 \|w_2-\overline {w}_2\|_V \|u-\overline {u}\|_V,\end {equation*}


\begin {equation*}\|u-\overline {u}\|_V\le \kappa _2\|w_2-\overline {w}_2\|_V,\quad \kappa _2:=\frac {c_d M_0}{m_a-\alpha _\Psi }.\end {equation*}


$\kappa _2<1$


$P_2\colon K_{M_0}\to K_{M_0}$


$u\in K_{M_0}$


$P_2$


$u\in K_{M_0}$


$P_2$


$p\in Q$


$(u,p)$


$u$


$p$


$(u,p_1)\in K_V\times Q$


$(u,p_2)\in K_V\times Q$


$i=1,2$


\begin {align}& a(u,v-u)+b(v-u,p_i)+d(u,u,v-u)+\Phi (v)-\Phi (u) +\Psi ^0(u;v-u)\ge \langle f,v-u\rangle \quad \forall \,v\in K_V, \label {n61}\\ & b(u,q)=0\quad \forall \,q\in Q. \label {n62}\end {align}


$i=1,2$


\begin {align}a(u,v)+b(v,p_i)+d(u,u,v)=\langle f,v\rangle \quad \forall \,v\in V_0. \label {n64}\end {align}


$i=1$


$i=2$


\begin {equation*}b(v,p_1-p_2)=0\quad \forall \,v\in V_0.\end {equation*}


$p_1-p_2=0$


$p$


$\Box $


$c>0$


$f_1,f_2\in V^*_{c_0}$


$(u_1,p_1),(u_2,p_2)\in K_V\times Q$


$f=f_1,f_2$


\begin {align}\|u_1-u_2\|_V + \|p_1-p_2\|_Q \le c\,\|f_1-f_2\|_{V^*}. \label {n11}\end {align}


\begin {align}&a(u_1,v-u_1)+d(u_1,u_1,v-u_1)+b(v-u_1,p_1)+\Phi (v)-\Phi (u_1)+\Psi ^0(u_1;v-u_1)\ge \langle f_1,v-u_1\rangle \quad \forall \,v\in K_V,\label {n71}\\ &b(u_1,q)=0\quad \forall \, q\in Q,\label {n72}\end {align}


\begin {align}&a(u_2,v-u_2)+d(u_2,u_2,v-u_2)+b(v-u_2,p_2)+\Phi (v)-\Phi (u_2)+\Psi ^0(u_2;v-u_2)\ge \langle f_2,v-u_2\rangle \quad \forall \,v\in K_V,\label {n73}\\ &b(u_2,q)=0\quad \forall \, q\in Q.\label {n74}\end {align}


$v=u_2$


$v=u_1$


\begin {align}a(u_1-u_2,u_1-u_2) \le I_\Psi + I_d + I_f, \label {n75}\end {align}


\begin {align*}&I_\Psi =\Psi ^0(u_1;u_2-u_1)+\Psi ^0(u_2;u_1-u_2),\\ &I_d = d(u_1,u_1,u_2-u_1)+d(u_2,u_2,u_1-u_2),\\ &I_f = \langle f_1-f_2,u_1-u_2\rangle .\end {align*}


$H(\Psi )$


\begin {align}I_\Psi \le \alpha _\Psi \|u_1-u_2\|_V^2. \label {2.42a}\end {align}


\begin {equation*}I_d = d(u_1,u_1-u_2,u_2-u_1)+d(u_1,u_2,u_2-u_1)+d(u_2,u_2,u_1-u_2).\end {equation*}


$d(u_1,u_1-u_2,u_2-u_1)=0$


\begin {equation*}I_d= d(u_1-u_2,u_2,u_2-u_1).\end {equation*}


$d(\cdot ,\cdot ,\cdot )$


$\|u_2\|_V\le M_0$


\begin {align}\left |d(u_1,u_1,u_2-u_1)+d(u_2,u_2,u_1-u_2)\right |\le c_d\|u_2\|_V \|u_1-u_2\|_V^2\le c_d M_0\|u_1-u_2\|_V^2. \label {n76}\end {align}


\begin {equation*}I_f\le \|f_1-f_2\|_{V^*}\|u_1-u_2\|_V.\end {equation*}


\begin {equation*}m_a \|u_1-u_2\|_V^2 \le \left (\alpha _\Psi +c_d M_0\right ) \|u_1-u_2\|_V^2 + \|f_1-f_2\|_{V^*}\|u_1-u_2\|_V,\end {equation*}


\begin {align}\|u_1-u_2\|_V \le \frac {1}{m_a-\left (\alpha _\Psi +c_d M_0\right )}\, \|f_1-f_2\|_{V^*}. \label {n77}\end {align}


$i=1,2$


\begin {align}a(u_i,v)+b(v,p_i)+d(u_i,u_i,v)=\langle f_i,v\rangle \quad \forall \,v\in V_0. \label {n63}\end {align}


$i=1$


$i=2$


\begin {equation*}-b(v,p_1-p_2) =a(u_1-u_2,v)+d(u_1,u_1,v)-d(u_2,u_2,v)-\langle f_1-f_2,v\rangle \quad \forall \,v\in V_0.\end {equation*}


\begin {equation*}d(u_1,u_1,v)-d(u_2,u_2,v) = d(u_1,u_1-u_2,v)+d(u_1-u_2,u_2,v).\end {equation*}


\begin {align*}\left |d(u_1,u_1,v)-d(u_2,u_2,v)\right | & \le c_d\left (\|u_1\|_V+\|u_2\|_V\right ) \|u_1-u_2\|_V \|v\|_V\\ &\le 2\,c_d M_0 \|u_1-u_2\|_V \|v\|_V.\end {align*}


\begin {align*}\alpha _b\|p_1-p_2\|_Q & \le \sup _{v\in V_0} \frac {b(v,p_1-p_2)}{\|v\|_V}\\ & \le \left (M_a+2\,c_d M_0\right ) \|u_1-u_2\|_V + \|f_1-f_2\|_{V^*} .\end {align*}


$\Delta $


$\Omega $


$I_\Delta (g)$


$g$


$\Delta $


$m$


$\psi \colon \mathbb {R}^m\to \mathbb {R}$


$V_\psi $


$\Delta $


$\gamma \colon V\to V_\psi $


$\psi ^0(\gamma u;\gamma v)\in L^1(\Delta )$


$u,v\in V$


$V_\psi =L^2(\Delta )$


$c_\Delta >0$


\begin {align}I_\Delta (|\gamma v|_{\mathbb {R}^m}^2)\le c_\Delta ^2 \|v\|_V^2\quad \forall \,v\in V. \label {cD}\end {align}


$H(\Psi )$


$\psi $


$H(\psi )$


$m\ge 1$


$\psi \colon \mathbb {R}^m\to \mathbb {R}$


$\overline {c}\ge 0$


$\alpha _\psi \ge 0$


\begin {align}& |\xi |_{\mathbb {R}^m} \le \overline {c} \left (1+|z|_{\mathbb {R}^m}\right )\quad \forall \,z\in \mathbb {R}^m,\,\xi \in \partial \psi (z), \label {psi1} \\ & \psi ^0(z_1;z_2-z_1)+\psi ^0(z_2;z_1-z_2)\le \alpha _\psi |z_1-z_2|_{\mathbb {R}^m}^2\quad \forall \,z_1,z_2\in \mathbb {R}^m. \label {psi2}\end {align}


$\Psi \colon V\to \mathbb {R}$


\begin {align}\Psi (v)=I_\Delta (\psi (\gamma v)),\quad v\in V. \label {def:Psi}\end {align}


$\Psi $


$V$


\begin {align}\Psi ^0(u;v)\le I_\Delta (\psi ^0(\gamma u;\gamma v))\quad \forall \,u, v\in V, \label {Ppsi}\end {align}


\begin {equation*}\Psi ^0(v_1;v_2-v_1) + \Psi ^0(v_2;v_1-v_2) \le \alpha _\psi c_\Delta ^2 \|v_1-v_2\|_V^2\quad \forall \,v_1,v_2\in V.\end {equation*}


$H(\psi )$


$H(\Psi )$


$\alpha _\Psi =\alpha _\psi c_\Delta ^2$


$c_\psi $


$\psi $


$0\in \mathbb {R}^m$


\begin {equation*}c_\Psi = c_\psi |\Delta |^{1/2} c_\Delta \end {equation*}


$\Psi $


$0\in V$


$|\Delta |$


$\Delta $


$H(K_V)$


$H(Q)$


$H(a)$


$H(b)$


$H(d)$


$H(\Phi )$


$H(\psi )$


$\Phi $


$0$


\begin {align}m_a-\alpha _\psi c_\Delta ^2>0,\quad (m_a-\alpha _\psi c_\Delta ^2)^2>c_d c_\psi |\Delta |^{1/2} c_\Delta . \label {small3v}\end {align}


$c_0$


$(m_a-\alpha _\psi c_\Delta ^2)^2/c_d-c_\psi |\Delta |^{1/2} c_\Delta $


$\|f\|_{V^*}\le c_0$


$(u,p)\in K_V\times Q$


$c>0$


$(u_1,p_1),(u_2,p_2)\in K_V\times Q$


$f=f_1,f_2\in V^*$


$\max \{\|f_1\|_{V^*},\|f_2\|_{V^*}\} \le c_0$


\begin {align}\|u_1-u_2\|_V + \|p_1-p_2\|_Q \le c\,\|f_1-f_2\|_{V^*}. \label {eq:3.7}\end {align}


$\Psi $


$(u,p)\in K_V\times Q$


$f$


$(u,p)$


$(\overline {u},\overline {p})\in K_V\times Q$


\begin {align}&a(\overline {u},v-\overline {u})+d(\overline {u},\overline {u},v-\overline {u}) +b(v-\overline {u},\overline {p}) +\Phi (v)-\Phi (\overline {u})+I_\Delta (\psi ^0(\gamma \overline {u};\gamma v-\gamma \overline {u}))\ge \langle f,v-\overline {u}\rangle \quad \forall \,v\in K_V,\label {eq:3.11}\\ &b(\overline {u},q)=0\quad \forall \, q\in Q.\label {eq:3.12}\end {align}


$v=\overline {u}$


$v=u$


\begin {equation}a(u-\overline {u},u-\overline {u})\le d(u,u,\overline {u}-u) +d(\overline {u},\overline {u},u-\overline {u}) +I_\Delta (\psi ^0(\gamma u;\gamma \overline {u}-\gamma u)+\psi ^0(\gamma \overline {u};\gamma u-\gamma \overline {u})). \label {eq:3.13}\end {equation}


\begin {equation*}d(u,u,\overline {u}-u) +d(\overline {u},\overline {u},u-\overline {u})\le c_d M_1\|u-\overline {u}\|_V^2,\end {equation*}


\begin {equation*}M_1=\frac {c_\psi |\Delta |^{1/2} c_\Delta +c_0}{m_a-\alpha _\psi c_\Delta ^2},\end {equation*}


\begin {equation*}I_\Delta (\psi ^0(\gamma u;\gamma \overline {u}-\gamma u)+\psi ^0(\gamma \overline {u};\gamma u-\gamma \overline {u})) \le \alpha _\psi c_\Delta ^2 \|u-\overline {u}\|_V^2.\end {equation*}


\begin {align}m_a\|u-\overline {u}\|_V^2 \le \left ( c_d M_1+\alpha _\psi c_\Delta ^2\right ) \|u-\overline {u}\|_V^2. \label {eq:3.14}\end {align}


\begin {equation*}m_a > c_d M_1+\alpha _\psi c_\Delta ^2.\end {equation*}


$u$


$\overline {u}=u$


$\overline {p}=p$


$\overline {u}=u$


\begin {align*}& a(u,v) +d(u,u,v)+b(v,p)=\langle f,v\rangle \quad \forall \,v\in V_0,\\ & a(u,v) +d(u,u,v)+b(v,\overline {p})=\langle f,v\rangle \quad \forall \,v\in V_0.\end {align*}


\begin {equation*}b(v,p-\overline {p})=0\quad \forall \,v\in V_0.\end {equation*}


$\overline {p}=p$


$p$


$\Omega $


$\Omega \subset \mathbb {R}^d$


$d\le 3$


$\Gamma =\partial \Omega $


$\Gamma _D$


$\Gamma _{S,1}$


$\Gamma _{S,2}$


$\Gamma $


$\bnu =(\nu _1,\ldots ,\nu _d)^T$


$\bv $


$\Gamma $


$v_\nu =\bv \cdot \bnu $


$\bv _\tau =\bv -v_\nu \bnu $


$\mu >0$


$\bu $


$p$


\begin {equation*}\bvarepsilon (\bu )=(\nabla \bu +(\nabla \bu )^T)/2\end {equation*}


\begin {equation*}\bsigma =2\,\mu \,\bvarepsilon (\bu )-p\,\bI \end {equation*}


$\bI $


$\sigma _\nu =(\bsigma \bnu )\cdot \bnu $


$\bsigma _\tau =\bsigma \bnu -\sigma _\nu \bnu $


$\fb \colon \Omega \to \mathbb {R}^d$


$\phi \colon \Gamma _{S,1}\to \mathbb {R}$


$\psi \colon \Gamma _{S,2}\to \mathbb {R}$


$\bu \colon \Omega \to \mathbb {R}^d$


$p\colon \Omega \to \mathbb {R}$


\begin {align}{}-{\rm div}(2\,\mu \,\bvarepsilon (\bu ))+(\bu {\cdot }\nabla )\bu +\nabla p&=\fb \quad {\rm in}\ \Omega , \label {S1}\\ {\rm div}\bu &=0\quad {\rm in}\ \Omega , \label {S2}\\ \bu &=\bzero \quad {\rm on}\ \Gamma _D, \label {S3}\\ u_\nu &=0,\ -\bsigma _\tau \in \partial \phi (\bu _\tau )\quad {\rm on}\ \Gamma _{S,1}, \label {S4}\\ u_\nu &=0,\ -\bsigma _\tau \in \partial \psi (\bu _\tau )\quad {\rm on}\ \Gamma _{S,2}. \label {S5}\end {align}


\begin {align}& \bV =\left \{\bv \in H^1(\Omega )^d\mid \bv =\bzero \ {\rm on}\ \Gamma _D,\, v_\nu =0\ {\rm on}\ \Gamma _S\right \}, \label {Sp:V}\\ & \bV _0=H^1_0(\Omega )^d,\label {Sp:V0}\\ & Q=\left \{q\in L^2(\Omega )\mid (q,1)_{L^2(\Omega )}=0\right \}, \label {Sp:Q}\end {align}


$\Gamma _S=\Gamma _{S,1}\cup \Gamma _{S,2}$


$\bV $


$\|\bv \|_{\boldsymbol V}=\|\bvarepsilon (\bv )\|_{L^2(\Omega )^{d\times d}}$


$H^1(\Omega )^d$


$\bV $


$c>0$


$\Omega $


$\Gamma _S$


\begin {equation*}\|\bv \|_{H^1(\Omega )^d}\le c\,\|\bvarepsilon (\bv )\|_{L^2(\Omega )^{d\times d}}\quad \forall \,\bv \in \bV .\end {equation*}


\begin {align}\fb \in \bV ^* \label {assum:f}\end {align}


$\langle \cdot ,\cdot \rangle $


$\bV ^*$


$\bV $


$(\bu ,p)\in \bV \times Q$


\begin {align}&\int _\Omega 2\,\mu \,\bvarepsilon (\bu ):\bvarepsilon (\bv -\bu )\,dx + \int _\Omega (\bu {\cdot }\nabla )\bu \cdot (\bv -\bu )\,dx -\int _\Omega p\,{\rm div}(\bv -\bu )\,dx +\int _{\Gamma _{S,1}}\left [\phi (\bv _\tau )-\phi (\bu _\tau )\right ] ds \nonumber \\ &{}\qquad +\int _{\Gamma _{S,2}}\psi ^0(\bu _\tau ;\bv _\tau -\bu _\tau )\,ds\ge \langle \fb ,\bv -\bu \rangle \quad \forall \,\bv \in \bV , \label {S11}\\ & \int _\Omega q\,{\rm div}\bu \,dx=0\quad \forall \,q\in Q. \label {S12}\end {align}


$K_V=\bV $


$\bu ,\bv \in \bV $


$q\in Q$


\begin {align*}a(\bu ,\bv ) &= \int _\Omega 2\,\mu \,\bvarepsilon (\bu ):\bvarepsilon (\bv )\,dx,\\ d(\bu ,\bv ,\bw ) &= \int _\Omega (\bu {\cdot }\nabla )\bv \cdot \bw \,dx,\\ b(\bv ,q) &= -\int _\Omega q\,{\rm div}\bv \,dx,\\ \Phi (\bv ) &= \int _{\Gamma _{S,1}}\phi (\bv _\tau )\,ds.\end {align*}


$H(K_V)$


$H(Q)$


$H(a)$


$H(b)$


$H(d)$


$M_a=m_a=2\mu $


$\phi $


$\psi $


$H(\phi )$


$\phi \colon \mathbb {R}^d\to \mathbb {R}$


$0$


$H(\psi )$


$\psi \colon \mathbb {R}^d\to \mathbb {R}$


$\overline {c}\ge 0$


$\alpha _\psi \ge 0$


\begin {align}& |\partial \psi (\bz )|_{\mathbb {R}^d} \le \overline {c}\left (1+|\bz |_{\mathbb {R}^d} \right )\quad \forall \,\bz \in \mathbb {R}^d, \label {psi3}\\ & \psi ^0(\bz _1;\bz _2-\bz _1) + \psi ^0(\bz _2;\bz _1-\bz _2)\le \alpha _\psi |\bz _1-\bz _2|^2_{\mathbb {R}^d} \quad \forall \,\bz _1,\bz _2\in \mathbb {R}^d. \label {psi4}\end {align}


$\phi $


$H(\phi )$


\begin {equation*}\phi (\bz )=g\,|\bz |,\quad \bz \in \mathbb {R}^d\end {equation*}


$g$


$\psi $


$H(\psi )$


$c_\psi $


$\psi $


$\bzero $


$\lambda _0>0$


\begin {equation*}\bu \in \bV ,\quad \int _\Omega 2\,\mu \,\bvarepsilon (\bu ):\bvarepsilon (\bv )\,dx=\lambda \int _{\Gamma _{S,2}}\bu _\tau {\cdot }\bv _\tau \,ds \quad \forall \,\bv \in \bV .\end {equation*}


$c_\Delta ^2$


$c_\Delta ^2=\lambda _0^{-1}$


$H(\phi )$


$H(\psi )$


\begin {equation*}2\,\mu -\lambda _0^{-1}\alpha _\psi >0,\quad (2\mu -\lambda _0^{-1}\alpha _\psi )^2>\lambda _0^{-1/2}c_d c_\psi |\Delta |^{1/2}.\end {equation*}


$c_0>0$


$(2\mu -\lambda _0^{-1}\alpha _\psi )^2/c_d-\lambda _0^{-1/2}c_\psi |\Delta |^{1/2}$


$\fb \in \bV ^*$


$\|\fb \|_{{\boldsymbol V}^*}\le c_0$


$(\bu ,p)\in \bV \times Q$


$\fb $


$\fb \in \bV ^*$


$\|\fb \|_{{\boldsymbol V}^*}\le c_0$
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Problem 1.1. Find (u,p) € K}, X QO such that

a(u, v —u) + d(u,u, v — u) + b(v — u, p) + ) — Pw) + YO(u; v —u) > (f,v—u)y VYveKy, (1.1)
bu,q)=0 VqeO. (1.2)

In Problem 1.1, K, is a subset of a real Hilbert space V, Q is another real Hilbert space; a: V' XV — Randb: V x Q — R are two
bilinear forms; d: V XV xV — R is a trilinear form; ®: V' — R and ¥: V — R are two functionals; and f is a linear functional on
V. We use the standard notation (-, -) for the inner product in V and (-, -) for the duality pairing on V* x V. The functional ¥: ¥V — R
is assumed to be locally Lipschitz continuous, and W°(u; v) is the generalized (Clarke) directional derivative at u in the direction v:

Yo(u; v) 1= lim sup w

(1.3)
w—u, A0 A

For application problems, the term W°(u; v — u) in Problem 1.1 is usually replaced by an integral of the generalized derivative of a
locally Lipschitz continuous function y: I, (w’(yu; yv — yu)). Here, I, stands for an integration over a spatial set A; for a positive integer
m, y: R" — R is locally Lipschitz continuous and for a function space ¥,, on A, the operator y: V — V,, is such that vOyu;yv) €
L'(A) for all u,v € V. In other words, the following variant of Problem 1.1 is usually the form of mixed variational-hemivariational
inequalities directly modeling the application problem.

Problem 1.2. Find (u,p) € K}, X Q such that

a(u, v —u) + du,u,v —u) + b(v — u, p) + ®(v) — ®(u) + IA(wo(yu;yv —yw) >(f,v—u)y YveKy, (1.4
b(u,q) =0 VgeO. (1.5)

In the context of fluid mechanics, the unknowns u and p in these problems represent the velocity field and pressure field of the
fluid flow. Following the nomenclature used in [10], Problems 1.1 and 1.2 are mixed variational-hemivariational inequalities of rank
(1, 1) since the functional ® depends on one variable and the functional ¥ or the function y depends on one variable.

In their general forms, the variational-hemivariational inequality contains both a nonsmooth convex term ® and a nonsmooth
nonconvex term, ¥ for Problem 1.1 and y for Problem 1.2. When the nonsmooth convex term @ is absent and K;, = V, we have a
commonly seen “pure” Navier-Stokes hemivariational inequality: find (4, p) € V x Q such that

a(u,v) + d(u,u, U)+b(U,p)+\P0(u; v)>(f,v) YvevV, (1.6)

bu,q9)=0 Vgeo, 1.7)
or

a(u,v) + d(u,u,v) + b(v, p) + IA(wo(yu; yv) > (f,v) VYveV, (1.8)

bu,q9)=0 VqgeOQ. (1.9)

With the use of a constrained subspace V of V' defined by

V={veV|bvq=0VqeOQ}
a reduced form of the Navier-Stokes hemivariational inequality (1.6)-(1.7) or (1.8)-(1.9) can be introduced in which the pressure
unknown p is eliminated: find u € V such that

a(u, v) + d(u, u, v) + PO(u; v) > (f,v) YvevV, (1.10)
or
a(u,v) + d(u,u,v) + IA(wo(yu;yv)) >(f,v) YveV. (1.11)

An early reference [15] provides an existence and uniqueness result for a velocity field of the problem (1.10) by applying a surjectivity
result for pseudomonotone operators. In [16], well-posedness of the problem (1.11) is shown using the technique of a combination
of minimization principles and fixed-point argument developed in [13] and [14].

In [17], the complete form of the Navier-Stokes hemivariational inequality (1.6)—(1.7) or (1.8)-(1.9) is studied and the pressure
field is recovered starting with the reduced form of the problem by making use of the inf-sup property of the bilinear form b(., -).
Then, the finite element method is applied and analyzed for the numerical solution of the problem (1.8)-(1.9).

In this paper, we consider the well-posedness of the Navier-Stokes variational-hemivariational inequality in the form of Problem 1.1
and its variant in the form of Problem 1.2. The proofs are based on results presented in [18] for a family of mixed variational-
hemivariational inequalities of Stokes type (rephrased as Theorem 2.2 below), together with a repeated application of the Banach
fixed-point argument initially developed in [19] and further described in [10,20] (cf. Problems 2.7 and 2.10). In other words, for
both Problems 1.1 and 1.2, we provide existence and uniqueness results for both the velocity and pressure fields simultaneously, and
moreover, the argument does not rely on surjectivity results for pseudomonotone operators. In the context of the application problem
studied in Section 4, we study a mixed variational-hemivariational inequality for the Navier-Stokes equations subject to a non-leak
monotone slip boundary condition of friction type on a part of the boundary, I'y ;, and to a non-leak non-monotone slip boundary
condition of friction type on another part of the boundary, I'g ,.
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Classical boundary value problems of the Navier-Stokes equations correspond to the special case where K, =V, ®=0, ¥ =0 or
w =0, and (1.1) and (1.4) take the form of an equation:

a(u,v) + d(u,u,v) + b(v,p) = (f,v)y VYveV.

A large number of references is available for analysis and numerical solution of classical boundary value problems of the Navier-Stokes
equations, and some representative comprehensive references are [21-25]. When the trilinear form d(-, -, -) is dropped, Problems 1.1
and 1.2 are reduced to a Stokes variational-hemivariational inequality. Well-posedness and numerical analysis of a “pure” Stokes hemi-
variational inequality can be found in [26]. Well-posedness of mixed variational-hemivariational inequalities applicable to studies of
Stokes variational-hemivariational inequalities is developed in [27-30] by applying complicated fixed-point principles for set-valued
mappings, in [31,32] by applying the standard saddle-point theory combined with the Banach fixed-point argument, and in [33] by
applying a projection iteration technique for a mixed hemivariational inequality which is extended to a general mixed variational-
hemivariational inequality in [18]. We also notice that the framework of Stokes-type variational-hemivariational inequalities include
as a special case the Stokes-type variational inequalities found in the literature, e.g., [34-37].

Closely related to the notion of the generalized (Clarke) directional derivative ¥O(y; v) defined in (1.3), a companion concept is
the generalized subdifferential of the locally Lipschitz continuous functional ¥ at u € V:

0Pw) = {neV* | Puwv) > (noyvoeV}.

Detailed discussions of the generalized directional derivative and the generalized subdifferential for locally Lipschitz continuous
functionals, including their properties, can be found in several references, e.g. [11,38].

The rest of the paper is organized as follows. In Section 2, we address the well-posedness of Problem 1.1. In Section 3, we
address the well-posedness of Problem 1.2. In Section 4, we apply the results presented in previous sections in the study of a mixed
variational-hemivariational inequality for the Navier-Stokes equations subject to non-leak slip boundary conditions of friction type.

2. Well-posedness of Problem 1.1

In this section, we present a well-posedness result on Problem 1.1. First, we list conditions on the problem data.

e H(Ky) V is areal Hilbert space, K}, C V is non-empty, closed and convex, and it contains a subspace V, C V.
e H(Q) O is a real Hilbert space.
e H(a) a: V XV — R is bilinear, bounded and V -elliptic: for two constants M, > m, > 0,

la(, 0)| < M,|lully llvlly  Yu.veV, 2.1
a(v,v) > ma||U||%/ YveV. (2.2)

e H(b) b:V xQ — R is bilinear and bounded: for a constant M, > 0,

b, 9| < Myllvliyllgllp YveV,.qeQ. (2.3)
Moreover, the inf-sup condition holds:
b(w, q)
aligllg < sup —— €0. 2.9
oo = 75 Twll,

e H(d) d: VxV xV — Ris trilinear and bounded: for a constant c; > 0,

|[d(u,v,w)| < cyllullyllvllyllwlly Yu,v,weV. (2.5)
Moreover,

du,v,0)=0 YueV,veV, (2.6)
where

V={veV|buvq=0VqeQ)}. 2.7)

H(®) ®: V — R is convex and bounded above on a non-empty open set, and

P+w)=0W) YveKy,, weVl, (2.8)
e H(¥) ¥: V — Rislocally Lipschitz continuous, and there exists a constant ay > 0 such that
WO (150, — 1)) + P05 1) — 1) < @yl —vzll%, Vo,v, €V. (2.9)
Moreover,
W, w)=0 Voe Ky, wev,. (2.10)
o H(s)
m, —ay >0, (m,—ay) > cycy, (2.11)

where cy is a local Lipschitz constant of the functional ¥ at 0.
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Under the assumption H (K} ), it can be proved that v + w € K, for any v € K, and any w € ¥, ([37, Lemma 2.1]).
Assumption H(b) allows us to define an operator B € L(V; Q) by the relation

(Buv,q)g =b(v.q) YveEV,q€eEQ.
The inequality (2.3) is equivalent to
[IBIl < M,.

Note that the assumption ® : V' — R being convex and bounded above on a non-empty open set implies that ® is continuous on
V (cf. [39]). The convex function ®: V — R is assumed to be continuous, instead of Ls.c. As is explained in [13,14] or [10, Section
5.11], there is no loss of generality with the stronger assumption of continuity for a vast majority of applications. The constant ay > 0
in (2.9) measures the strength of non-convexity of ¥: the smaller the value of ay, the weaker the non-convexity of ¥. In particular,
in the degenerate case where ¥ is convex, (2.9) holds with ay = 0. It is known that (2.9) if and only if ¥(v) + (ay/2) ||v||f, is convex
(cf. [10, Theorem 2.43]). We also notice that (2.8) and (2.10) are valid for Problem 4.1 considered in Section 4 where functions in
V, vanish on the boundary of the spatial domain and both ® and V¥ solely depend on traces of their arguments on the boundary.

The assumption H (s) consists of two parts. The first part is a smallness condition on the strength of the non-convexity of P, relative
to the V-ellipticity of a(-,-): ay < m,. The second part (m, — ay)’ > c,cy will allow us to impose a boundedness condition on f. We
will fix a constant ¢ in the following range:

o2
0<cy< Maz0w) (2.12)
Cq
and denote
+
My =20 (2.13)
m,; — 0y

It is easy to verify that
cgMy < m, —ay. (2.14)
Define a subset of V*:
Veo=A{rev iifiy <co}- (2.15)
An existence and uniqueness result for Problem 1.1 is the following theorem.

Theorem 2.1. Assume H(K), ), H(Q), H(a), H(b), H(d), H(®), H(Y), and H(s). Further assume ®(v) achieves its minimum at v = 0. For
any f € VC’:), Problem 1.1 has a unique solution (u, p) € K, X O.

This result will be proved in several steps. We will apply a result that follows from [18, Theorem 2.3].
Theorem 2.2. Assume H(K), H(Q), H(a), H(b), H(®), H(¥), and ay < m,. Then, for any f € V*, the problem
a(u, v — u) + b(v — u, p) + P) — ) + YO, v —u) > (f,v—u) YoveKy, (2.16)
b(u,q)=0 VqeQ (2.17)
has a unique solution (u, p) € Ky, x Q.

In the rest of the section, we keep the assumptions stated in Theorem 2.1. Now we present several lemmas. The first result is
mentioned in some references. For completeness, we include a proof of the result here.

Lemma 2.3. If¥: V — R is locally Lipschitz continuous with a local Lipschitz constant cy at 0, then
|\y°(o; w)( <cyllwlly, YweV. (2.18)
Proof. By definition,

leO(O; w) = lim sup w
0v-0, 410 4
Evidently, ¥°(0; w) < cy||wlly -
Similarly,

—900; 1) = — lim sup LT AD ZHO) i PO Z W0+ Aw)

=0, 410 A 00, 10 A

and we obtain —P°(0; w) < cylwlly .
Therefore, (2.18) holds. O

The second result is also regularly used in references, and we list it here for convenience.
Lemma 2.4. If¥: V — R is locally Lipschitz continuous with a local Lipschitz constant cy at 0 and has the property (2.9), then

P (w; —w) < agllwl? +eyllwlly, YweVv. (2.19)
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Proof. It follows from (2.9) that

Y(w; —w) < agllwlly, —¥0(0; w).
Then, we apply (2.18) to get (2.19). O

Introduce a subset of Ky, :

Ky, i={veKynV ||oly < My}, (2.20)
where V is defined by (2.7), M, is defined in (2.13). Note that K My * ¢ since obviously, 0 € K My
Lemma 2.5. Under the assumptions stated in Theorem 2.1, for any solution (u, p) € K}, X Q of Problem 1.1 with f € VC’;, u€ Ky,
Proof. Note thatu € K, N V. So we only need to derive the bound

llully < Mq. (2.21)
Take v =0 in (1.1) to obtain

au,u) < —d(u, u, u) — b(u, p) + D) — O@) + YO (u; —u) + (f, u).
We have d(u,u,u) = 0 from (2.6), b(u, p) = 0 from (1.2), and ®(0) — ®(u) < 0 by assumption. Thus,

a(u, u) < WO(u; —u) + (f ,u).
By the V-ellipticity of a(-,-) and Lemma 2.4, we derive from the above inequality that

mallully, < apllully, + (cg + 1 £ lly)llully,
from which, the bound (2.21) follows. [

Remark 2.6. The assumption that ® achieves its minimum at 0 is used in proving the bound (2.21). If, instead of this assumption,
we assume @ is Lipschitz continuous with a Lipschitz constant Ly, then we still have the bound (2.21) and all other related results
in the rest of the section after redefining M, as

Lg + cy + ¢
M0:=—d) v,
mg, — Qy

In the special case where K}, = V, the assumption that ® achieves its minimum at 0 can be replaced by a more general assumption
that @ achieves its minimum in V. Since in this special case, we can formally write ®(v) as ®(v + vy) in Problems 1.1 and 1.2, v,
being a minimizer of ®. Then, ® satisfies the same conditions stated in H(®) for K, = V and it has its minimum at 0.

We will consider two auxiliary problems. Given f € V*, w, € V, w, € K M,»> and 0 > 0, the first auxiliary problem is the following.
Problem 2.7. Find (u, p) € Ky, X Q such that
(W, v —u) + 0 b(v —u, p) + 0| @) — ) + ¥(u; v — )]
> (wy,v—u) = Oa(w,,v—u) + d(w,, w,v—w) - (f,v—u)| VveKy, (2.22)
bu,q)=0 VgqeO. (2.23)
Lemma 2.8. Under the assumptions stated in Theorem 2.1, if 6 < al;', Problem 2.7 has a unique solution (u, p) € Ky, X Q forany f € V*.
Proof. Applying Theorem 2.2, we obtain the existence and uniqueness of a solution to Problem 2.7 for fay < 1. O

For the solution (u, p) of Problem 2.7, evidently, u € V. Thus, for a fixed element w, € K Mo and 0 € (0, 1/ay), Lemma 2.8 allows
us to define an operator P, : V — V by

P(wy) =u,
where (u, p) is the solution of Problem 2.7 for some element p € Q.

Lemma 2.9. Under the assumptions stated in Theorem 2.1, for any f € V*, if @ > 0 is sufficiently small, the operator P,: V — V has a
unique fixed-point u € V.

Proof. Let us show that the operator P, is a contraction over the space V. For this purpose, let w; € V and denote by (u,p) € K;, X Q
the corresponding solution of Problem 2.7 with w, replaced by w;:

@, v —)+0b(v—1,p) +0[OW) — ©@) + Y@ v — )]
> (wy,v—1) - 0fa,,v—u) +d(w,, w,v—w) - (f,v-w)| VveKy, (2.24)
b(u.q)=0 VgqeO. (2.25)
Take v = u in (2.22), v = u in (2.24), add the two inequalities and use (2.23) and (2.25) to obtain

lu—ull2, < I + I+ I, (2.26)
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where
I = (w; —w;,u—u)—0a(w, —w,u—u),
I, = 9[‘{’0(14;&— u) + PO u —ﬁ)],
I3 = 0d(w,, w; —w,,u—u).

By [10, Lemma 5.3],

I < (1-2m,0+ M20%)'?

llwy, = willy llu—ully.
Applying the assumption H (¥),
I < ayllu—1ll%.
By the continuity of the trilinear form d(-, -, -) and the condition w, € K My
I3 < Ocyllwslly llwy —wylly llu=2lly < 0cgMollw, —w;lly llu—ully.
Combining the above bounds with (2.26) to obtain
(1=2m,0 + M262)"* 4 c, My 0
1 — ayb '

llu—ully < xllwy —willy, & =

For 6 > 0 small,

1= (m, — cgMy)0 + 0(6%)

K = 1= (m, = cgMy — ay)0 + O(6?).

1 —agb
From (2.14),
m, —cy My — ay > 0.

Hence, if 6 > 0 is sufficiently small, x;, < 1 and the mapping P, : V — V is a contraction. By the Banach fixed-point theorem, P, has
a unique fixed-pointu € V. O

From the definition of the operator P;, associated with its unique fixed-point u € K, n V, we know that for some element p € Q,
the pair (u, p) is a solution of the following second auxiliary problem and u is unique.

Problem 2.10. Find (u, p) € Ky, X Q such that
a(u,v—u)+d(w2,u,v—u)+b(u—u,p)+fl>(u)—<1>(u)+‘I’0(u;u—u)2(f,u—u) Vv eKy, (2.27)
bu,q)=0 VgqeoO. (2.28)

With the same argument in the proof of Lemma 2.5, we can show that ||u|l,, < M, if f € Vc’(‘) We summarize the above results in
the form of a lemma.

Lemma 2.11. Under the assumptions stated in Theorem 2.1, for any f € VC*(‘) and any w, € Ky, Problem 2.10 has a solution (u, p) €
Ky X Q, uis unique and u € K, .

Actually, similar to the later proof of the uniqueness of p for Theorem 2.1, it can be shown that the solution component p of
Problem 2.10 is also unique; yet, such a uniqueness result is not needed at this stage. Lemma 2.11 allows us to define an operator
Py: Ky, — Ky, by

Py(wy) =u
in relation to Problem 2.10.
Lemma 2.12. Under the assumptions stated in Theorem 2.1, if f € Vc’g, the operator Py : Ky, — Ky, has a unique fixed-point u € Ky, .

Proof. We will prove the result through verifying the contractivity of the operator P,. Let w, € K, and denote by (i,p) € K;, X Q
a corresponding solution of Problem 2.10 with w, replaced by w,:

a@, v —u) + d(W,, 14, v — 1) + b(v — 1, p) + D) — P@) + Y@ v —u) > (f,v—u) YveKy, (2.29)

b(u,q)=0 VgqeO. (2.30)
Take v = u in (2.27), v = u in (2.29), add the two inequalities and use (2.28) and (2.30) to obtain

mgllu—all? < I) + 1, (2.31)
where

I =¥ u —u) + YO u — ),
I, = d(wy,u,u — u) + d(w,, u,u — u).
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Applying the assumption H (¥),
Iy < ayllu = dllj,.

To bound 7,, write
I, = d(wy,u —u,u —u) + d(wy — Wy, u,u — u).

Observe that d(w,,u —u,u —u) = 0 by (2.6). Apply the condition (2.5) and the bound ||u||,, < M, to get
I < cgMllw, = wylly llu —ully.

Use these relations in (2.31) to obtain

—2 —n — _
mallu = ully, < agllu —ully, +cgMollw, = wslly llu = ully,

cg My

u—1ully <llw, —w Ky 1= .
=l < salley ~ally. xy =

From (2.14), we know that «, < 1. Therefore, the operator P, : K, — Ky, is a contraction and has a unique fixed-point u € K, by
the Banach fixed-point theorem. [

Now we are in a position to complete a proof of Theorem 2.1.
Proof of Theorem 2.1. By the definition of P, associated with the unique fixed-point u € K, of P,, we have an element p € Q such
that (u, p) is a solution of Problem 1.1 and u is unique.

To prove the uniqueness of p, let (u, p;) € K}, X Q and (u, p,) € Ky, X Q be two solutions of Problem 1.1. Then, for i = 1,2,

a(u, v — u) + b(v — u, p;) + d(u, u, v — 1) + P) — Pw) + Yo, v—u) > (f,v—u) Vve Ky, (2.32)

bu,q) =0 VqgeQ. (2.33)
Using the assumptions (2.8) and (2.10), we derive from (2.32) that for i = 1,2,

a(u,v) + b(v,p) +dw,u,v)=(f,v)y YveV,. (2.34)
Subtract the two equalities for i = 1 and i = 2 to obtain

b(v,p; —p) =0 VveV,,.
An application of the inf-sup condition (2.4) leads to the conclusion p, — p, =0, i.e., p is also unique. O

We conclude the section with a Lipschitz continuous dependence property of the solution on the right side.

Theorem 2.13. Keep the assumptions stated in Theorem 2.1. Then, there exists a constant ¢ > 0 such that given any f,, f, € VC’(‘), for the
corresponding solutions (u, p,), (u,, p,) € Ky, X Q of Problem 1.1 with f = f|, f,, the following inequality holds:

lluy —uslly + llpy —P2||QSC||f1 = fallys. (2.35)

Proof. From the definition of Problem 1.1, we have

a(ul,v—u])+d(ul,ul,v—u|)+b(v—u1,p1)+(l>(v)—d)(u1)+‘1‘0(u1;v—u|)Z(fl,v—u]) YveKy, (2.36)

b(u,q)=0 VYqe0, (2.37)
and

a(tty, U — ) + d(uty, iy, U — ) + b(v — ty, py) + P) — B(uty) + POup; 0 — 1) > (fr, 0 — 1) YvE Ky, (2.38)

b(uy,q) =0 VYgqeQ. (2.39)

Take v = u, in (2.36), take v = u; in (2.38), add the two inequalities and use (2.37) and (2.39) to get

a(uy —up,uy —up) < Iy + Iy + I, (2.40)
where

Ty =¥y suy — u)) + POups 1y — uy),

Iy =dy,up,uy —uy) +d(uy, uy,up — uy),

I =(f1— fou —up).
By the assumption H(¥),

Iy < aylluy — I3 (2.41)
Write

I, =du,u; —uy,uy —uy) +duy,uy,uy —up) +d@uy, uy, uy —uy).

7
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Since d(u;,u; — uy,uy —u;) = 0 by (2.6), we have
1y =d(uy —up,up,uy —uy).
Then, use the continuity of d(-, -, -) and the bound ||u,||,, < M, to obtain
|dQuy,up,uy —up) + dug, uy,uy — up)| < cqlluplly lluy — uzll%, <cgMylluy — uzllf,. (2.42)
In addition,
I < |Ify = follyslluy = uslly
Hence, from (2.40), we have
malluy = wll}, < (ay +cgMo)lluy = wll}, + 1 f1 = Follyslluy =yl

and then
1

_— - o 2.43
iy — (g + g My) If1 = fally (2.43)

lluy —wally <

Similar to (2.34), we have, fori = 1,2,
a(u;, v) + b(v, p;) + d(u;,u;, v) = (fi,v) Yv eV, (2.44)
Subtract the two equations for i = 1 and i = 2 in (2.44) to get
—b(v, p; — py) = a(uy —uy, v) + duy,uy, 0) —duy,uy, v) = (f1 — fr,0) Yv eV,
Write
d(uy,uy,v) —d(uy,uy,v) = d(uy,uy —uy,v) +duy —uy,uy, v).
Then,
|d @y, uy,0) = d(uy,uy, v)| < cq(lluglly + luglly )y = wylly ol
< 2¢qMplluy = waly llvlly-

Thus, applying the inf-sup condition (2.4),

b(v, p; — py)
apllpy = pallp < US:II/) W
0

< (M, +2¢aMo)lluy = wylly + 11.f1 = Fallys-
This inequality and (2.43) together imply (2.35). O

3. Well-posedness of Problem 1.2

Now we turn to a study of Problem 1.2. Note that the weak formulation of the application problem in Section 4 is in the form of
Problem 1.2. Recall that for A a subset of Q or a subset of its boundary, I,(g) stands for the integral of an integrable function g on A,
and for a positive integer m, y : R" — R is locally Lipschitz continuous and for a function space ¥, on A, the operatory : V = V,,
is such that wO(yu;yv) € L'(A) for all u,v € V. For mixed variational-hemivariational inequalities in applications, associated with
second-order PDEs, we let v, = L*(A), and denote by ¢, > 0 the smallest constant in the inequality

In(lyvlgn) < G llolly, Voev. (3.1)
We replace H(¥) by the following assumptions on .
e H(y) For an integer m > 1, w : R™ — R is locally Lipschitz continuous, and there exist constants ¢ > 0 and a, 20 such that
[Elgm < (14 |2lgn) Yz €R™, &€ dy(2), (3.2)
v0(zp520 — 2) +w0(z5: 7 - 2) < aylz —zzlng Vz,2z, € R™ (3.3)

Define a functional ¥ : V' — R by the formula

YY) = I,(w(yv), veV. 3.9
It is shown in [11, Section 3.3] that ¥ is well-defined and is locally Lipschitz continuous on V. Moreover,
You;0) < I, (usyv) Yuvev, (3.5)

and
YO0, — 0) + P50, — 1)) < a2 llo] — sl Yo, 0, €V
102 = U 2;U01 = V) S oy, Cx [V = Uzl 1,02 .

Hence, H(y) implies H(¥) with ay = “wci' Moreover, denoting by ¢y @ local Lipschitz constant of y at 0 € R™, we can show via an
elementary calculation that

1/2
oy = ¢, |,

is a local Lipschitz constant of ¥ at 0 € V, where |A| is the measure of A.
We deduce from Theorems 2.1 and 2.13 the next result on Problem 1.2.

8
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Theorem 3.1. Assume H(Ky), H(Q), H(a), H(b), H(d), H(®), H(y), ® has its mininum at 0, and

m, — awci >0, (m,— ary,ci)2 > cdcv,lAll/ch. (3.6)
Let ¢, be a positive number smaller than (m, — a,,c2)*/cg — ¢, |A|"/?c5. Then, if || f|ly+ < co, Problem 1.2 has a unique solution (u,p) €
Ky x Q. Moreover, there exists a constant ¢ > 0 such that for solutions (u,, p,), (uy, p,) € Ky X Q of Problem 1.2 with f = f|, f, € V¥,
max{|| filly«, | f2lly+} < ¢, the following inequality holds:

[luy —wslly + llpy = Pallg < cllfi = Fally«- (3.7)

Proof. Consider the auxiliary problem, Problem 1.1, for ¥ defined by (3.4). From Theorems 2.1 and 2.13, we know that under the
stated assumptions, the auxiliary problem has a unique solution (u, p) € K}, X Q and the solution depends Lipschitz continuously on
f. Thanks to the property (3.5), (u, p) is also a solution of Problem 1.2.

Let us show the uniqueness of the solution of Problem 1.2. Suppose (u,p) € K, X Q is also a solution of Problem 1.2:

a(i, v — 1) + d(@, 4, v — ) + b(v — 4, p) + () — ®@) + I, (yuzyv — y) = (f,v—u) Vove Ky, (3.8)

bu,q) =0 VqeOQ. (3.9
We take v = u in (1.4), take v = u in (3.8), add the two resulting inequalities and use (1.5) and (3.9) to obtain

a(u—u,u—u) <du,u,u—u)+du,u,u—u)+ IA(WO(yu; yu —yu)+ y/o(yﬁ; yu —yu)). (3.10)
Similar to (2.42),

d(uu i — )+ d(@,,u—u) < cgMllu—1l%,
where

1/2
B cy A / cp + ¢
1= >

_ 2
m, — a, ¢y

and similar to (2.41),
Iaw (s v — yu) + w° (it yu — y) < a3 lu — )l
Hence, we derive from (3.9) that
mgllu—ull < (cgM; +a,c3)llu—ull%. (3.11)
It follows from the second condition in (3.6) that
my > cy M, +awci.
Therefore, we conclude from (3.11) the uniqueness of u: u = u.
To prove p = p, we note that from (1.4) and (3.8) (with u = u),
a(u,v) +du,u,v) + b(v,p) = (f,v) YveV,,
a(u,v) +du,u,v) + b(v,p) = (f,v) YveV,.
Then,
bv,p—p)=0 VveV,

Applying the inf-sup condition (2.4), we derive from the above equality that p = p, and the uniqueness of p follows.
Consequently, the statements of Theorem 3.1 hold regarding Problem 1.2. O

4. A Navier-Stokes Variational-hemivariational inequality

In this section, we consider a variational-hemivariational inequality of the Navier-Stokes equations for an incompressible fluid
flow occupying the domain Q subject to non-leaking slip boundary conditions of friction types on parts of the boundary. Let Q C R,
d < 3, be an open bounded Lipschitz domain. Its boundary I" = 0Q is split into three parts: I'p, I'g ; and 'y ;. The unit outward normal
vector exists a.e. on I' and is denoted by v = (v, ..., v,)T. For a vector v, its normal component and tangential component on T are
v,=v-vandv, =v-u,v.

Let u > 0 be the viscosity of the fluid, and denote by u and p for the unknown velocity and pressure fields of the fluid. Denote

ew) = (Vu+ (Vw2
for the strain rate tensor and
c=2uew)—pl

for the stress tensor, I being the identity tensor. The normal component and the tangential component of the stress on the boundary
are o, = (ov)-vand 6, =ov—o,v.

Given a source density function f: Q — R?, a convex function ¢: I'g; — R, and a non-convex locally Lipschitz continuous
function y : 'y, — R, the pointwise formulation of the problem is the following.

9
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Problem 4.1. Find a velocity field u : Q — R? and a pressure field p: Q — R such that

—divQuew) + @Vu+Vp=f inQ, (4.1)
divu=0 inQ, (4.2)

u=0 onlp, (4.3)

u,=0, —o, €0pu,) onTg,, (4.4)

u,=0, —6, € dy(u,) onlg,. (4.5)

Problem 4.1 is studied through its formulation. For this purpose, we introduce the following function spaces:

V={veH'@|v=00nTp v,=00nTg}, (4.6)
V, = HS(Q)d, “4.7)
0={qe L*Q) (g D2q =0}, (4.8)

where 'y =g Ul ,. Over the space V, we use the norm ||v|l,, = [le@)|| ;2(qxs, Which is equivalent to the standard H 1( Q)¢ norm
over V thanks to the Korn inequality (cf. e.g., [40, page 79]): there exists a constant ¢ > 0 depending only on Q and I'g such that

”v”H](Q)d <c ||£(U)||L2(Q)d><d VvevV.
Assume
fev: (4.9)

and denote by (., -) the duality pairing between V* and V.
Through a standard procedure, we can derive the following weak formulation of Problem 4.1.

Problem 4.2. Find (u,p) € V X Q such that

/2/4£(u) : e(v—u)dx+/(u~V)u~(v—u)dx—/pdiv(v—u)dx+/ [¢@,) — d(u,)|ds
Q Q Q Ts1
+/ wousv, —u)ds>(f,v-u) Yvev, (4.10)
Tsp

quivudx=0 Vqe€Q. 4.11)
We can apply Theorem 3.1 to study Problem 4.2. In this context, K}, = V. We define foru,v € V and q € O,
a(u,v) = /QZ;w(u) : e(v)dx,
du,v,w) = /Q(u~V)v~wdx,
b(v,q) = —/ gdivvdx,
Q

d(v) = ¢,)ds.
LS|

Then, the assumptions H(K} ), H(Q), H(a), H(b), H(d) in the statement of Theorem 3.1 are valid, M, = m, = 2u. In particular, it is
well known that the inf-sup condition (2.4) is satisfied (cf. [22,24]).
For the functions ¢ and y, we introduce the following assumptions.

e H(¢) ¢: RY = R is convex and Lipschitz continuous, and has its minimum at 0.
e H(y) w: RY = R is locally Lipschitz continuous and for some constants ¢ > 0 and a, 20,
[0w(2)lga < (1 +|2lga) VzeER, (4.12)
w2152y — 2)) + w2052, — 2,) < a,lzy - zzlnzy Yz,2, € R (4.13)
A popular example for a function ¢ satisfying H(¢) is
$p(2)=glzl. zeR’

for a positive constant or a positive bounded function g (cf. [41,42]). Some examples of a function y satisfying H(y) can be found
in [43, pp. 186-187].
Denote by c,, a local Lipschitz constant of y at 0, and denote by 4, > 0 the smallest eigenvalue of the eigenvalue problem

ueVv, /2ye(u):e(v)dx=/l/ u,v,ds Vvev.
Q Tso

Then, the constant ci in (3.1) is given by ci = /151.

10
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Theorem 4.3. Assume H(¢), H(y), and

1/2

2u—a5'a, >0, @u-Ag'a,)? > A5 ehe, |A]V2

Let ¢y > 0 be any number smaller than (2u — 43'a,)*/c; — A;l/zcwmﬂ/z. Then for any f € V* with || flly+ < ¢y, Problem 4.2 admits a
unique solution (u, p) € V X Q and the solution depends Lipschitz continuously on f for f € V* with || f|ly+ < ¢,.

The stated result in Theorem 4.3 follows from an application of Theorem 3.1.
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