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ARTICLE INFO ABSTRACT
Keywords: In this paper, we develop a Discontinuous Galerkin (DG) method for solving H(curl)-elliptic
Discontinuous Galerkin method hemivariational inequalities. By selecting an appropriate numerical flux, we construct an Inte-

H(curl)-elliptic hemivariational inequality
Non-monotonicity

High-temperature superconductors

Error estimates

rior Penalty Discontinuous Galerkin (IPDG) scheme. A comprehensive numerical analysis of the
IPDG method is conducted, addressing key aspects such as consistency, boundedness, and stabil-
ity of the discrete formulation, as well as the existence, uniqueness, and uniform boundedness
of the numerical solutions. Building on these properties, we establish a priori error estimates,
demonstrating the optimal convergence order of the numerical solutions under suitable solution
regularity assumptions. Finally, a numerical example is presented to illustrate the theoretically
predicted convergence order and to show the effectiveness of the proposed method.

1. Introduction

To describe the mixed state of type-II superconductors, in particular high-temperature superconductors, Bean proposed the critical-
state theory [1,2]. The basic principle of this model can be stated as follows. When a superconductor is in the mixed state, the
magnitude of the current density |J| cannot exceed a critical value g. In the regions penetrated by the magnetic field, the current
density is |J| = g, and the electric field E is parallel to the current. When the magnitude of the current density J is strictly less than
the critical value g, the electric field E = 0. Mathematically, this can be expressed as

|J<g |J|<g=>E=0, |J|=g=J=c«E forsome x >0,
One can eliminate the unknown parameter « and derive the following equivalent expression:

[JI<g J-E=gl|E| 1.1
With the use of the notion of convex subdifferential d,, the relation can be compactly written as

T €0, ED. (1.2)
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\begin {equation*}\psi ^0(u;v)=\limsup _{w\rightarrow u,\lambda \downarrow 0}\frac {\psi (w+\lambda v)-\psi (w)}{\lambda },\end {equation*}
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\begin {equation*}\partial \psi (u)=\{\xi \in V^*: \psi ^0(u;v)\geq \langle \xi ,v\rangle \text { } \forall v\in V \}.\end {equation*}


\begin {equation}\label {eqnclarke1} \psi ^0(u;v)=\max \{\langle \xi ,v\rangle :\xi \in \partial \psi (u) \} \quad \forall u,v\in V.\end {equation}


\begin {align}&\psi ^0(u;\lambda v) = \lambda \psi ^0(u;v) \quad \forall \lambda \geq 0,\; u,v\in V, \label {Xeqn5-2.2} \\ &\psi ^0(u;v_1+v_2) \leq \psi ^0(u;v_1)+\psi ^0(u;v_2) \quad \forall u,v_1,v_2\in V. \label {eq: subadditive}\end {align}
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$k\ge 0$


$1\le p\le \infty $


$\Omega \subset \mathbb {R}^d$


$d\in \mathbb {N}$


$W^{k,p}(\Omega )$


$L^p(\Omega )$


$k$


$L^p(\Omega )$


$\|\cdot \|_{W^{k,p}(\Omega )}$


$p=2$


$H^k(\Omega ) = W^{k,2}(\Omega )$


$\|\cdot \|_{k,\Omega }$


$k=0$


$H^0(\Omega ) = L^2(\Omega )$


$\|\cdot \|_{0,\Omega }$


$\Lb ^p(\Omega )$


$\Hb ^k(\Omega )$


$L^p(\Omega )$


$H^k(\Omega )$


$\Omega $


\begin {align*}\Lb ^p(\Omega ) &= \{\ub =(u_1, u_2, u_3)^{\top }: u_i\in L^p(\Omega ), i=1,2,3\},\\ \Hb ^k(\Omega ) &= \{\ub =(u_1, u_2, u_3)^{\top }: u_i\in H^k(\Omega ), i=1,2,3\}.\end {align*}
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\begin {equation*}\nabla \times \vb =\left (\frac {\partial v_3}{\partial x_2}-\frac {\partial v_2}{\partial x_3},\frac {\partial v_1}{\partial x_3}-\frac {\partial v_3}{\partial x_1},\frac {\partial v_2}{\partial x_1}-\frac {\partial v_1}{\partial x_2}\right )^\top .\end {equation*}


\begin {equation*}\|\vb \|_{\curlb , \Omega } = \left (\|\vb \|_{0,\Omega }^2 + \|\nabla \times \vb \|_{0,\Omega }^2\right )^{1/2}.\end {equation*}
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\begin {equation}\label {eqnClarkecurrent} \Jb \in \partial \psi (\Eb ).\end {equation}
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\begin {equation}\label {eqn1.other} \begin {cases} \text {(a) }\psi (\cdot ,\boldsymbol {\xi })\ \text {is measurable in $\Omega $ for any $\boldsymbol {\xi }\in \mathbb {R}^3$, and $\psi (\cdot ,\boldsymbol {0})\in L^1(\Omega )$.}\\ \text {(b) For a.e.\ $\boldsymbol {x}\in \Omega $, the function $\psi (\boldsymbol {x},\cdot )$ is locally Lipschitz continuous in $\mathbb {R}^3$.}\\ \text {(c) There exist constants $c_0,c_1\geq 0$ such that for a.e.\ $\xb \in \Omega $ and any $\xib \in \mathbb {R}^3$,} \\ \quad \text { }\text { }\text {$|\etab |\leq c_0+c_1|\boldsymbol {\xi }| \quad \forall \etab \in \partial \psi (\boldsymbol {x},\boldsymbol {\xi })$.}\\ \text {(d) There exists a constant $m\geq 0$ such that for a.e.\ $\boldsymbol {x} \in \Omega $,} \\ \quad \text { }\text { } \psi ^0(\xb ,\xib _1;\xib _2-\xib _1)+\psi ^0(\xb ,\xib _2;\xib _1-\xib _2) \leq m|\xib _1-\xib _2|^2 \quad \forall \xib _1,\xib _2 \in \mathbb {R}^3. \end {cases}\end {equation}
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$\xib \in \mathbb {R}^3$


\begin {equation}\label {eq: z1 z2 estimate3} \psi ^0(\xb ,\Eb (\xb );\xib ) = \max _{\etab \in \partial \psi (\xb ,\Eb (\xb ))} \etab \cdot \xib \leq \max _{\etab \in \partial \psi (\xb ,\Eb (\xb ))} |\etab |\,|\xib | \leq \left (c_0+c_1\left |\Eb (\xb )\right |\right )|\xib |.\end {equation}


\begin {equation*}J_{\Eb }(\wb ):=\int _\Omega \psi ^0(\Eb ;\wb )\,\mathrm d\xb \qquad \wb \in \Lb ^2(\Omega ).\end {equation*}


$\Eb \in \Vb $


$\Omega $


$c_0+c_1|\Eb |\in L^2(\Omega )$


$\xb \in \Omega $


$\wb \in \Lb ^2(\Omega )$


$\zb _1=\wb (\xb )$


$\zb _2=\zerob $


\begin {equation*}\bigl |\psi ^0(\xb ,\Eb (\xb );\wb (\xb ))-\psi ^0(\xb ,\Eb (\xb );\zerob )\bigr | \le (c_0+c_1|\Eb (\xb )|)\,|\wb (\xb )|.\end {equation*}


$\psi ^0(\xb ,\Eb (\xb );\zerob )=0$


\begin {equation*}\bigl |\psi ^0(\xb ,\Eb (\xb );\wb (\xb ))\bigr | \le (c_0+c_1|\Eb (\xb )|)\,|\wb (\xb )|.\end {equation*}


$L^1(\Omega )$


\begin {equation*}\bigl |J_{\Eb }(\wb )\bigr | \leq \int _\Omega (c_0+c_1|\Eb (\xb )|)\,|\wb (\xb )| \,\mathrm {d}\xb \leq \left \|c_0+c_1\left |\Eb \right |\right \|_{0,\Omega }\left \|\wb \right \|_{0,\Omega } <\infty .\end {equation*}


$J_{\Eb }(\wb )$


$J_{\Eb }$


$\Lb ^2(\Omega )$


$\wb _1,\wb _2\in \Lb ^2(\Omega )$


\begin {equation*}\begin {aligned} \left |J_{\Eb }(\wb _1)-J_{\Eb }(\wb _2)\right | &\leq \int _\Omega \left |\psi ^0(\Eb ;\wb _1)-\psi ^0(\Eb ;\wb _2)\right |\,\mathrm {d}\xb \\ &\leq \int _\Omega (c_0+c_1|\Eb |)\,|\wb _1-\wb _2| \,\mathrm {d}\xb \\ &\leq \left \|c_0+c_1\left |\Eb \right |\right \|_{0,\Omega } \left \|\wb _1-\wb _2\right \|_{0,\Omega }. \end {aligned}\end {equation*}


$J_{\Eb }$


$\Lb ^2(\Omega )$


\begin {equation*}\left \|c_0+c_1\left |\Eb \right |\right \|_{0,\Omega }.\end {equation*}


$\boldsymbol {C}_0^\infty (\Omega )$


$\Lb ^2(\Omega )$


$\{\phib _n\}\subset \boldsymbol {C}_0^\infty (\Omega )$


\begin {equation*}\phib _n\to \wb \qquad \text {in } \Lb ^2(\Omega ).\end {equation*}


$\gb ,\tilde {\lb }\in \Lb ^2(\Omega )$


$J_{\Eb }$


$\Lb ^2(\Omega )$


\begin {equation*}\int _\Omega \gb \cdot \wb \,\mathrm d\xb +\int _\Omega \psi ^0(\Eb ;\wb )\,\mathrm d\xb \ge \int _\Omega \tilde {\lb }\cdot \wb \,\mathrm d\xb \qquad \forall \,\wb \in \Lb ^2(\Omega ).\end {equation*}


$\wb =\vb _h\in \Vb _h\subset \Lb ^2(\Omega )$


\begin {equation*}a_h(\Eb ,\vb _h)+\int _\Omega \psi ^0(\Eb ;\vb _h)\,\mathrm d\xb \ge \int _\Omega \tilde {\lb }\cdot \vb _h\,\mathrm d\xb = \langle \fb ,\vb _h\rangle \qquad \forall \,\vb _h\in \Vb _h,\end {equation*}


\begin {equation*}\Vb (h) = \Hb _0(\curlb ; \Omega ) + \Vb _h\end {equation*}


\begin {equation*}{|\vb |_h^2=\sum _{K\in \mathcal {T}_h}\| \nabla _h\times \vb \|_{0,K}^2+\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \vb \rrbracket \|_{0,f}^2,\quad \|\vb \|_h^2=\|\vb \|_{0,\Omega }^2+|\vb |_h^2.}\end {equation*}


$a_h(\cdot ,\cdot )$


$\Vb _h\times \Vb _h$


$\Vb (h)\times \Vb (h)$


\begin {align}\label {eqn2.2} \widetilde {a}_h(\Eb ,\vb )&=\int _\Omega \epsilon \Eb \cdot \vb \mathrm {d}\xb +\widetilde {b}_h(\Eb ,\vb ),\end {align}


\begin {align*}\widetilde {b}_h(\Eb ,\vb )=&\sum _{K\in \mathcal {T}_h}\int _K\mu ^{-1}(\nabla _h\times \Eb )\cdot (\nabla _h\times \vb )\mathrm {d}\xb -\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \vb )\}\mathrm {d}S \\ &-\sum _{f\in \mathcal {F}_h}\int _f\llbracket \vb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \Eb )\}\mathrm {d}S+\sum _{f\in \mathcal {F}_h}\int _f\alpha \llbracket \Eb \rrbracket \cdot \llbracket \vb \rrbracket \mathrm {d}S.\end {align*}


$\Pib _h$


$L^2$


$\Lb ^2(\Omega )$


$\Vb _h$


$\widetilde {a}_h(\cdot ,\cdot )$


$a_h(\cdot ,\cdot )$


$\Vb _h\times \Vb _h$


$C_b>0$


\begin {equation}|\widetilde {a}_h(\Eb ,\vb )|\leq C_b\|\Eb \|_h \|\vb \|_h\quad \forall \,\Eb ,\vb \in \Vb (h). \label {ah:bd}\end {equation}


\begin {equation*}\begin {aligned} \int _K\mu ^{-1}(\nabla _h\times \Eb )\cdot (\nabla _h\times \vb )\mathrm {d}\xb &\leq \mu _0^{-1}\int _K|\nabla _h\times \Eb |\cdot |\nabla _h\times \vb |\mathrm {d}\xb \\ &\leq \mu _0^{-1}\|\nabla _h\times \Eb \|_{0,K}\|\nabla _h\times \vb \|_{0,K}. \end {aligned}\end {equation*}


\begin {align*}\int _f \alpha \llbracket \Eb \rrbracket \cdot \llbracket \vb \rrbracket \mathrm {d}S &\leq \| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}\| \alpha ^{1/2}\llbracket \vb \rrbracket \|_{0,f},\\ \int _\Omega \epsilon \Eb \cdot \vb \mathrm {d}\xb & \leq \epsilon _1\|\Eb \|_{0,\Omega }\|\vb \|_{0,\Omega }.\end {align*}


$\widetilde {a}_h(\cdot ,\cdot )$


\begin {equation*}\begin {aligned} &\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \vb )\}\mathrm {d}S \\ \leq &\mu _0^{-1}\sum _{f\in \mathcal {F}_h}\int _f\left |\alpha ^{1/2}\llbracket \Eb \rrbracket \right |\cdot \left |\alpha ^{-1/2}\{\Pib _h(\nabla _h\times \vb )\}\right |\mathrm {d}S \\ \leq &\mu _0^{-1}\sum _{f\in \mathcal {F}_h} \|\alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f} \cdot \|\alpha ^{-1/2}\{\Pib _h(\nabla _h\times \vb )\}\|_{0,f} \\ \leq &\mu _0^{-1}\left (\sum _{f\in \mathcal {F}_h} \int _f\alpha \left |\llbracket \Eb \rrbracket \right |^2 \mathrm {d}S\right )^{1/2} \cdot \left (\sum _{f\in \mathcal {F}_h} \int _f\alpha ^{-1} \left | \{\Pib _h(\nabla _h\times \vb )\} \right |^2 \mathrm {d}S\right )^{1/2} \\ = & \mu _0^{-1}\eta ^{-1/2}\left (\sum _{f\in \mathcal {F}_h} \|\alpha ^{1/2}\llbracket \Eb \rrbracket \|^2_{0,f}\right )^{1/2} \cdot \left (\sum _{f\in \mathcal {F}_h} \int _f h_f\left | \{\Pib _h(\nabla _h\times \vb )\} \right |^2 \mathrm {d}S\right )^{1/2}. \end {aligned}\end {equation*}


$h_f$


\begin {equation*}\begin {aligned} \sum _{f\in \mathcal {F}_h} \int _f h_f \left | \{\Pib _h(\nabla _h\times \vb )\} \right |^2 \mathrm {d}S&\leq \frac {1}{2}\sum _{K\in \mathcal {T}_h}\int _{\partial K}h_K |\Pib _h(\nabla _h\times \vb )|^2 \mathrm {d}S \\ & \leq \frac {1}{2}\sum _{K\in \mathcal {T}_h}h_K\| \Pib _h(\nabla _h\times \vb )\|^2_{0,\partial K}. \end {aligned}\end {equation*}


\begin {equation*}\| \wb \|^2_{0,\partial K} \leq \tilde {C}^2\thinspace h^{-1}_K \| \wb \|_{0,K}^2 \quad \forall \, \wb \in \boldsymbol {P}^l(K),\ \forall \, K\in \mathcal {T}_h,\end {equation*}


$\tilde {C}$


$l$


$L^2$


\begin {equation*}\| \Pib _h \wb \|_{0,K} \leq \|\wb \|_{0,K} \quad \forall \, \wb \in \Lb ^2(K).\end {equation*}


\begin {equation*}\frac {1}{2}\sum _{K\in \mathcal {T}_h}h_K\| \Pib _h(\nabla _h\times \vb )\|^2_{0,\partial K}\leq \frac {1}{2}\tilde {C}^2\sum _{K\in \mathcal {T}_h} \|\nabla _h\times \vb \|^2_{0,K}.\end {equation*}


\begin {equation}\begin {aligned} \sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \vb )\}\mathrm {d}S \leq & \mu _0^{-1}(2\eta )^{-1/2}\tilde {C} \left (\sum _{f\in \mathcal {F}_h} \|\alpha ^{1/2}\llbracket \Eb \rrbracket \|^2_{0,f}\right )^{1/2} \\ & \cdot \left (\sum _{K\in \mathcal {T}_h} \|\nabla _h\times \vb \|^2_{0,K} \right )^{1/2}. \end {aligned} \label {Xeqn29-4.13}\end {equation}


\begin {equation}\begin {aligned} \sum _{f\in \mathcal {F}_h}\int _f\llbracket \vb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \Eb )\}\mathrm {d}S \leq & \mu _0^{-1}(2\eta )^{-1/2}\tilde {C} \left (\sum _{f\in \mathcal {F}_h} \|\alpha ^{1/2}\llbracket \vb \rrbracket \|^2_{0,f}\right )^{1/2} \\ & \cdot \left (\sum _{K\in \mathcal {T}_h} \| \nabla _h\times \Eb \|^2_{0,K} \right )^{1/2}. \end {aligned} \label {Xeqn30-4.14}\end {equation}


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$C_s>0$


\begin {equation}\widetilde {a}_h(\Eb ,\Eb )\geq C_s \|\Eb \|_h^2 \quad \forall \Eb \in \Vb (h). \label {eqn2.5}\end {equation}


\begin {equation*}\int _\Omega \epsilon \Eb \cdot \Eb \mathrm {d}\xb \geq \epsilon _0\| \Eb \|_{0,\Omega }^2 ,\end {equation*}


\begin {equation*}\sum _{K\in \mathcal {T}_h}\int _K\mu ^{-1}(\nabla _h\times \Eb )\cdot (\nabla _h\times \Eb )\mathrm {d}\xb \geq \mu _1^{-1}\sum _{K\in \mathcal {T}_h} \|\nabla _h\times \Eb \|_{0,K}^2,\end {equation*}


\begin {equation*}\sum _{f\in \mathcal {F}_h}\int _f \alpha \llbracket \Eb \rrbracket \cdot \llbracket \Eb \rrbracket \mathrm {d}S=\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}^2.\end {equation*}


\begin {align*}&-2\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb \rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla _h\times \Eb )\}\mathrm {d}S \\ \geq &-2\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}\left (\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}^2\right )^{1/2} \cdot \left ( \sum _{K\in \mathcal {T}_h}\|\nabla _h\times \Eb \|_{0,K}^2 \right )^{1/2} \\ \geq &-\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}\left (\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}^2+\sum _{K\in \mathcal {T}_h}\|\nabla _h\times \Eb \|_{0,K}^2 \right ).\end {align*}


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$\widetilde {a}_h(\Eb ,\Eb )$


\begin {equation}\label {lower bound of tileda} \begin {aligned} \epsilon _0\| \Eb \|_{0,\Omega }^2 + \left (1-\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}\right )\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}^2 \\ +\left (\mu _1^{-1}-\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}\right )\sum _{K\in \mathcal {T}_h}\|\nabla _h\times \Eb \|_{0,K}^2. \end {aligned}\end {equation}


$C_0 = 1-\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}$


$C_1 = \mu _1^{-1}-\mu _0^{-1}(2\eta )^{-1/2}\tilde {C}$


\begin {equation*}\widetilde {a}_h(\Eb ,\Eb ) \geq C_s\left (\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb \rrbracket \|_{0,f}^2+\sum _{K\in \mathcal {T}_h}\|\nabla _h\times \Eb \|_{0,K}^2+\| \Eb \|_{0,\Omega }^2 \right )\end {equation*}


$C_s = \min \{\epsilon _0, C_0, C_1\}$


$\Hcurlb $


$\psi $


\begin {equation}\label {eqn1.other2} \left |\psi ^0(\xib _1;\xib _2)\right | \leq \left (c_0+c_1|\xib _1|\right )|\xib _2| \quad \forall \xib _1,\xib _2 \in \mathbb {R}^3.\end {equation}


\begin {equation}(\etab _1-\etab _2)\cdot (\xib _1-\xib _2) \geq -m|\xib _1-\xib _2|^2 \quad \text {a.e. } \xb \in \Omega ,\ \forall \,\xib _i \in \mathbb {R}^3,\ \etab _i \in \partial \psi (\xb ,\xib _i),\ i=1,2. \label {property of psi 5}\end {equation}


$m<\epsilon _0$


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$\Eb _h\in \Vb _h$


$\|\Eb _h\|_h$


$h$


$\vb _h=-\Eb _h$


\begin {equation}\label {eqn2.6} a_h(\Eb _h,\Eb _h) \leq \int _\Omega \psi ^0(\Eb _h;-\Eb _h) \mathrm {d}\xb +\langle \fb ,\Eb _h \rangle .\end {equation}


\begin {equation*}\psi ^0(\Eb _h;\zerob -\Eb _h) + \psi ^0(\zerob ;\Eb _h-\zerob ) \leq m|\Eb _h|^2,\end {equation*}


\begin {equation*}-\psi ^0(\zerob ;\Eb _h)\leq c_0|\Eb _h|;\end {equation*}


\begin {equation*}\int _\Omega \psi ^0(\Eb _h;-\Eb _h) \mathrm {d}\xb \leq m\|\Eb _h\|_{0,\Omega }^2 + \int _\Omega c_0|\Eb _h| \mathrm {d}\xb .\end {equation*}


\begin {equation*}\langle \fb ,\Eb _h\rangle \leq \| \fb \|_{\Vb ^*}\| \Eb _h\|_{\curlb ,\Omega }\leq \| \fb \|_{\Vb ^*} \|\Eb _h\|_h.\end {equation*}


\begin {equation*}\int _\Omega c_0 |\Eb _h|\mathrm {d}\xb \leq c_0 |\Omega |^{1/2}\| \Eb _h \|_{0,\Omega },\end {equation*}


$|\Omega |$


$\Omega $


$\widetilde {a}_h(\Eb _h, \Eb _h)$


\begin {align*}&(\epsilon _0-m)\| \Eb _{h}\|_{0,\Omega }^2 + C_0\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb _{h}\rrbracket \|_{0,f}^2 + C_1 \sum _{K\in \mathcal {T}_h}\|\nabla _h\times \Eb _{h}\|_{0,K}^2 \\ &\leq \left (c_0|\Omega |^{1/2}+\|\fb \|_{\Vb ^*} \right )\|\Eb _h\|_h .\end {align*}


$\epsilon _0-m>0$


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


\begin {equation}\|\Eb _h\|_h \leq \frac {c_0|\Omega |^{1/2}+\|\fb \|_{\Vb ^*}}{\min \{\epsilon _0-m, C_0, C_1\}}. \label {Xeqn36-4.20}\end {equation}


$\|\Eb _h\|_h$


$h$


$\epsilon _0 = k^{-1} \tilde {\epsilon }_0$


$m<\epsilon _0$


$k$


$V$


$g\colon V \to \mathbb {R}$


$g$


$V$


$\alpha >0$


$\partial g$


$V$


$2\alpha $


\begin {equation*}\langle \xi - \eta ,\, u - v\rangle \;\ge \; 2\,\alpha \,\|u - v\|_{V}^2 \quad \forall \,u,v\in V,\;\xi \in \partial g(u),\;\eta \in \partial g(v).\end {equation*}


$V$


$g\colon V \to \mathbb {R}$


$V$


$\alpha >0$


$\overline {c}_0$


$\overline {c}_1$


\begin {equation}\label {eq:2.11} g(v) \;\ge \; \alpha \,\|v\|_{V}^2 \;+\; \overline {c}_0 \;+\; \overline {c}_1\,\|v\|_{V} \quad \forall \,v\in V.\end {equation}


$g(\cdot )$


$V$


\begin {equation}\mathcal {E}(\vb _h) = \frac {1}{2}a_h(\vb _h, \vb _h)+\int _\Omega \psi (\xb ,\vb _h(\xb )) \mathrm {d}\xb - \langle \fb , \vb _h \rangle , \quad \vb _h \in \Vb _h. \label {Xeqn38-4.22}\end {equation}


\begin {equation}\label {minimization problem} \Eb _h \in \Vb _h, \quad \mathcal {E}(\Eb _h) = \inf \{\mathcal {E}(\vb _h) \mid \vb _h\in \Vb _h\}.\end {equation}


$m<\epsilon _0$


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$\mathcal {E}(\cdot )$


$\Vb _h$


$\mathcal {E}(\cdot )$


$\psi $


$A_h \colon \Vb _h \to \Vb _h^*$


\begin {equation}\label {eq:4.3} \langle A_h \ub _h, \vb _h\rangle \;=\; a_h(\ub _h,\vb _h) \quad \forall \,\ub _h,\vb _h \in \Vb _h.\end {equation}


\begin {equation*}\|A_h\ub _h\|_{\Vb _h^*} = \sup _{\|\vb _h\|_h \ne 0} \frac {|\langle A_h\ub _h, \vb _h\rangle |}{\|\vb _h\|_h} = \sup _{\|\vb _h\|_h \ne 0} \frac {|a_h(\ub _h, \vb _h)|}{\|\vb _h\|_h} \leq C_b \|\ub _h\|_h \quad \forall \ub _h \in \Vb _h.\end {equation*}


\begin {equation*}\begin {aligned} \langle A_h\ub _h - A_h\vb _h, \ub _h - \vb _h \rangle = a_h(\ub _h - \vb _h, \ub _h - \vb _h) \geq C_s \|\ub _h-\vb _h\|_h^2 \quad \forall \ub _h, \vb _h \in \Vb _h. \end {aligned}\end {equation*}


$A_h \in \mathcal {L}(\Vb _h, \Vb _h^*)$


$\Psi : \Lb ^2(\Omega ) \to \mathbb {R}$


\begin {equation*}\Psi (\vb ) \;=\; \int _\Omega \psi (\xb ,\vb (\xb ))\,\mathrm {d}\xb \quad \forall \,\vb \in \Lb ^2(\Omega ).\end {equation*}


$\Psi $


$\Lb ^2(\Omega )$


\begin {equation}\label {eq:4.4} \partial \Psi (\vb ) \;\subset \; \int _\Omega \partial \psi \bigl (\vb )\,\mathrm {d}\xb \end {equation}


$\xib \in \partial \Psi (\vb )$


$\zetab \in \Lb ^2(\Omega )$


$\zetab (\xb ) \in \partial \psi \bigl (\xb ,\vb (\xb )\bigr )$


$\xb \in \Omega $


\begin {equation*}\langle \xib ,\,\wb \rangle _{\Lb ^2(\Omega )\times \Lb ^2(\Omega )} \;=\; \int _\Omega \zetab (\xb ) \cdot \wb (\xb )\,\mathrm {d}\xb \quad \forall \,\wb \in \Lb ^2(\Omega ).\end {equation*}


$\vb _h \in \Vb _h$


$\etab \in \partial \mathcal {E}(\vb _h)$


\begin {equation}\label {eqn eta} \etab = A_h \vb _h + \xib - \fb , \quad \xib \in \partial \Psi (\vb _h).\end {equation}


$i=1,2$


$\vb _{h,i} \in \Vb _h$


$\etab _i \in \partial \mathcal {E}(\vb _{h,i})$


$\zetab _i \in \Lb ^2(\Omega )$


$\zetab _i(\xb ) \in \partial \psi \bigl (\xb ,\vb _{h,i}(\xb )\bigr )$


$\xb \in \Omega $


\begin {equation*}\langle \etab _i, \wb \rangle \;=\; \langle A_h \vb _{h,i}, \wb \rangle \;+\; \int _\Omega \zetab _i(\xb )\cdot \wb (\xb )\,\mathrm {d}\xb \;-\; \langle \fb , \wb \rangle \quad \forall \,\wb \in \Lb ^2(\Omega ).\end {equation*}


\begin {equation*}\begin {aligned} \langle \etab _1 - \etab _2,\; \vb _{h,1} - \vb _{h,2}\rangle = &\langle A_h \vb _{h,1} - A_h\vb _{h,2}, \vb _{h,1} - \vb _{h,2}\rangle +\int _\Omega \bigl (\zetab _1 - \zetab _2\bigr )\cdot (\vb _{h,1} - \vb _{h,2})\,\mathrm {d}\xb \\ \geq &(\epsilon _0-m)\| \vb _{h,1} - \vb _{h,2}\|_{0,\Omega }^2 + C_0\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \vb _{h,1} - \vb _{h,2}\rrbracket \|_{0,f}^2 \\ &+C_1\sum _{K\in \mathcal {T}_h}\|\nabla _h\times (\vb _{h,1} - \vb _{h,2})\|_{0,K}^2 \\ \geq & \min \{\epsilon _0-m, C_0, C_1\} \| \vb _{h,1} - \vb _{h,2}\|^{2}_h. \end {aligned}\end {equation*}


$\mathcal {E}(\cdot )$


$\mathcal {E}(\cdot )$


$\Vb _h$


$m<\epsilon _0$


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$\Eb _h \in \Vb _h$


$\mathcal {E}(\cdot )$


$\Vb _h$


$m<\epsilon _0$


$\eta > \max \{1,\mu _1^2\}\,\tilde {C}^2/(2\,\mu _0^2)$


$\fb \in \Vb ^*$


$\Eb _h\in \Vb _h$


$\Eb _h\in \Vb _h$


\begin {equation*}\langle A_h\Eb _h, \vb _h \rangle + \int _\Omega \zetab (\xb )\cdot \vb _h(\xb ) \mathrm {d}\xb - \langle \fb , \vb _h \rangle \geq 0,\end {equation*}


$\zetab \in \Lb ^2(\Omega )$


$\zetab (\xb ) \in \partial \psi \bigl (\xb ,\Eb _h(\xb )\bigr )$


$\xb \in \Omega $


\begin {equation*}\psi ^0(\Eb _h(\xb ); \vb _h(\xb )) \geq \zetab (\xb )\cdot \vb _h(\xb ) \quad \text {a.e. } \xb \in \Omega .\end {equation*}


$\Eb _h$


$\Eb _h, \tilde {\Eb }_h\in \Vb _h$


\begin {equation}\label {finite element problem 2} a_h(\tilde {\Eb }_h,\vb _h)+\int _\Omega \psi ^0(\tilde {\Eb }_h;\vb _h)\mathrm {d}\xb \geq \langle \fb ,\vb _h\rangle \quad \forall \vb _h\in \Vb _h.\end {equation}


$\vb _h=\tilde {\Eb }_h-\Eb _h$


$\vb _h=\Eb _h-\tilde {\Eb }_h$


\begin {equation*}\begin {aligned} &\epsilon _0\| \tilde {\Eb }_h - \Eb _h\|_{0,\Omega }^2 + C_0\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \tilde {\Eb }_h - \Eb _h\rrbracket \|_{0,f}^2 +C_1\sum _{K\in \mathcal {T}_h}\|\nabla _h\times (\tilde {\Eb }_h - \Eb _h)\|_{0,K}^2 \\ & \leq a_h(\tilde {\Eb }_h-\Eb _h,\tilde {\Eb }_h-\Eb _h) \leq \int _{\Omega } \left (\psi ^0(\Eb _h;\tilde {\Eb }_h - \Eb _h) + \psi ^0(\tilde {\Eb }_h; \Eb _h-\tilde {\Eb }_h) \right ) \mathrm {d}\xb \\ & \leq m \| \tilde {\Eb }_h - \Eb _h \|_{0,\Omega }^2. \end {aligned}\end {equation*}


$m<\epsilon _0$


$\tilde {\Eb }_h = \Eb _h$


$\Pib _N$


$\{\mathcal {T}_h\}$


$\overline {\Omega }$


$\Eb \in \Hb _0(\curlb ; \Omega ) \cap \Hb ^s(\Omega )$


$\nabla \times \Eb \in \Hb ^s(\Omega )$


$s > 1/2$


\begin {align}\|\Eb - \Pib _N \Eb \|_{\curlb ,\Omega } & \leq C_N h^{\min \{s, l\}} (\|\Eb \|_{s, \Omega } + \|\nabla \times \Eb \|_{s, \Omega }), \label {eqn:lemma4-1} \\ \|\Eb - \Pib _N \Eb \|_{h} & \leq C_N h^{\min \{s, l\}} (\|\Eb \|_{s, \Omega } + \|\nabla \times \Eb \|_{s, \Omega }), \label {energy norm estimate}\end {align}


$C_N > 0$


$l$


$h$


$C_N$


$\mu $


$\epsilon $


$\Eb \in \Hb _0(\curlb ; \Omega ) \cap \Hb ^{s+1}(\Omega )$


$s > 0$


\begin {equation}\|\Eb - \Pib _N \Eb \|_{0, \Omega } \leq C_N h^{\min \{s, l\}+1} \|\Eb \|_{s+1, \Omega }. \label {eqn:lemma4-3}\end {equation}


$\epsilon $


$\mu $


$\Eb \in \Hb _0(\curlb ;\Omega )$


$\llbracket \Eb - \Pib _N \Eb \rrbracket $


$\vb \in \Vb (h)$


\begin {equation}\label {eqn2.9} r_h(\Eb ;\vb )=\sum _{f\in \mathcal {F}_h}\int _f\llbracket \vb \rrbracket \cdot \left \{\mu ^{-1}\nabla \times \Eb -\mu ^{-1}\Pib _h(\nabla \times \Eb )\right \}\mathrm {d}S.\end {equation}


$r_h(\Eb ; \vb )$


$\nabla \times \Eb \in \Hb ^s(\Omega )$


$s > 1/2$


$\nabla \times \Eb \in \Hb ^s(\Omega )$


$s > 1/2$


\begin {equation*}|r_h(\Eb ;\vb )|\leq C_R h^{\min \{s,l+1\}}|\vb |_h\|\nabla \times \Eb \|_{s,\Omega }\quad \forall \,\vb \in \Vb (h),\end {equation*}


$C_R$


$\eta $


$\mu $


$l$


$\mathcal {T}_h$


$\overline {\Omega }$


$\Eb $


$\Eb _h$


\begin {equation*}\mu ^{-1}\nabla \times \Eb \in \Hb (\curlb ,\Omega ), \qquad \left .\left (\mu ^{-1}\nabla \times \Eb \right )\right |_K \in \Hb ^1(K) \quad \text {for all } K\in \mathcal {T}_h.\end {equation*}


$\eta $


\begin {equation*}\eta > \frac {\max \{1,\mu _1^2\}\,\tilde {C}^2}{2\,\mu _0^2},\end {equation*}


$m<\epsilon _0$


$\Eb \in \Hb ^{s}(\Omega )$


$\nabla \times \Eb \in \Hb ^{s}(\Omega )$


$s>1/2$


$C$


$h$


\begin {equation}\label {error_bd2} \| \Eb -\Eb _h\|_h \le Ch^{\min \{s,l\}/2}.\end {equation}


$\Eb \in \Hb ^{s+1}(\Omega )$


$s>1/2$


\begin {equation}\| \Eb -\Eb _h\|_h \le Ch^{\left (\min \{s,l\}+1\right )/2}. \label {error_bd}\end {equation}


$\Eb _I=\Pib _N\Eb $


\begin {equation}\label {eqn2.10} \widetilde {a}_h(\Eb _I-\Eb _h,\Eb _I-\Eb _h)=T_1+T_2,\end {equation}


$T_1=\widetilde {a}_h(\Eb _I-\Eb ,\Eb _I-\Eb _h)$


$T_2=\widetilde {a}_h(\Eb -\Eb _h,\Eb _I-\Eb _h)$


$\widetilde {a}_h$


$\varepsilon >0$


\begin {equation}\label {eqn2.11} T_1\leq C_b\|\Eb _I-\Eb \|_h \|\Eb _I-\Eb _h\|_h \leq \frac {\varepsilon }{4}\|\Eb _I-\Eb _h\|_h^2+\frac {C_b^2}{\varepsilon }\|\Eb _I-\Eb \|_h^2.\end {equation}


$\mathcal {F}_h$


$\llbracket \Eb \rrbracket =\zerob $


$\{\Eb \}=\Eb $


$\llbracket \nabla \times \Eb \rrbracket =\zerob $


\begin {equation}\label {eq: tilde a_h(E,EI, Eh)} \begin {aligned} \widetilde {a}_h(\Eb ,\Eb _I-\Eb _h)=&\int _\Omega \epsilon \Eb \cdot (\Eb _I-\Eb _h) \,\mathrm {d}\xb +\sum _{K\in \mathcal {T}_h}\int _K\mu ^{-1} (\nabla \times \Eb ) \cdot (\nabla _h\times (\Eb _I-\Eb _h))\,\mathrm {d}\xb \\ &-\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb _I-\Eb _h\rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla \times \Eb )\}\,\mathrm {d}S \\ = &a_h\left (\Eb , \Eb _I-\Eb _h\right )+\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb _I-\Eb _h\rrbracket \cdot \{\mu ^{-1}\nabla \times \Eb \}\,\mathrm {d}S \\ &-\sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb _I-\Eb _h\rrbracket \cdot \{\mu ^{-1}\Pib _h(\nabla \times \Eb )\}\,\mathrm {d}S. \end {aligned}\end {equation}


$\Eb _h-\Eb _I \in \Vb _h$


\begin {equation*}a_h(\Eb ,\Eb _h-\Eb _I)+\int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb _I)\,\mathrm {d}\xb \ge \langle \fb ,\Eb _h-\Eb _I\rangle ,\end {equation*}


\begin {equation}\label {eq: consistency2} \langle \fb ,\Eb _I-\Eb _h\rangle +\int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb _I)\,\mathrm {d}\xb \geq a_h(\Eb ,\Eb _I-\Eb _h).\end {equation}


\begin {equation}\label {eqn2.12} \begin {aligned} \widetilde {a}_h(\Eb ,\Eb _I-\Eb _h)\leq & \langle \fb ,\Eb _I-\Eb _h\rangle +\int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb _I)\,\mathrm {d}\xb \\ & + \sum _{f\in \mathcal {F}_h}\int _f\llbracket \Eb _I-\Eb _h\rrbracket \cdot \left \{\mu ^{-1}\nabla \times \Eb -\mu ^{-1}\Pib _h(\nabla \times \Eb )\right \}\,\mathrm {d}S \\ = & \langle \fb ,\Eb _I-\Eb _h\rangle + \int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb _I)\,\mathrm {d}\xb +r_h(\Eb ;\Eb _I-\Eb _h). \end {aligned}\end {equation}


$\vb _h=\Eb _I-\Eb _h$


\begin {equation}\label {eqn2.13} -\widetilde {a}_h(\Eb _h,\Eb _I-\Eb _h)=-a_h(\Eb _h,\Eb _I-\Eb _h)\leq \int _\Omega \psi ^0(\Eb _h;\Eb _I-\Eb _h)\mathrm {d}\xb -\langle \fb ,\Eb _I-\Eb _h\rangle .\end {equation}


\begin {equation}\begin {aligned} T_2 \leq & \int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb _I)\mathrm {d}\xb +\int _\Omega \psi ^0(\Eb _h;\Eb _I-\Eb _h)\mathrm {d}\xb + r_h(\Eb ;\Eb _I-\Eb _h) \\ \leq &\int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb )\mathrm {d}\xb +\int _\Omega \psi ^0(\Eb ;\Eb -\Eb _I)\mathrm {d}\xb \\ &+\int _\Omega \psi ^0(\Eb _h;\Eb _I-\Eb )\mathrm {d}\xb +\int _\Omega \psi ^0(\Eb _h;\Eb -\Eb _h)\mathrm {d}\xb +r_h(\Eb ;\Eb _I-\Eb _h). \end {aligned} \label {Xeqn54-4.40}\end {equation}


\begin {align}\notag \int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb )\mathrm {d}\xb +\int _\Omega \psi ^0(\Eb _h;\Eb -\Eb _h)\mathrm {d}\xb \leq m\|\Eb -\Eb _h\|^2_{0,\Omega }.\end {align}


$\|\Eb -\Eb _h\|_{0,\Omega }\le \|\Eb -\Eb _I\|_{0,\Omega }+\|\Eb _I-\Eb _h\|_{0,\Omega }$


\begin {equation*}\|\Eb -\Eb _h\|^2_{0,\Omega }\le (1+\varepsilon )\|\Eb _I-\Eb _h\|_{0,\Omega }^2+(1+1/\varepsilon )\|\Eb -\Eb _I\|_{0,\Omega }^2.\end {equation*}


\begin {equation*}\begin {aligned} &\int _\Omega \psi ^0(\Eb ;\Eb _h-\Eb )\mathrm {d}\xb +\int _\Omega \psi ^0(\Eb _h;\Eb -\Eb _h)\mathrm {d}\xb \\ \leq &(1+\varepsilon ) m\|\Eb _I-\Eb _h\|_{0,\Omega }^2+(1+1/\varepsilon )m\|\Eb -\Eb _I\|_{0,\Omega }^2. \end {aligned}\end {equation*}


\begin {align}\int _\Omega \psi ^0(\Eb ;\Eb -\Eb _I)\mathrm {d}\xb \leq \int _\Omega (c_0+c_1|\Eb |)|\Eb -\Eb _I|\mathrm {d}\xb , \\ \int _\Omega \psi ^0(\Eb _h;\Eb _I-\Eb )\mathrm {d}\xb \leq \int _\Omega (c_0+c_1|\Eb _h|)|\Eb -\Eb _I|\mathrm {d}\xb .\end {align}


$\Omega $


$\Eb _h$


$C_{Eb},C_{Ehb}>0$


\begin {equation*}\int _\Omega (c_0+c_1|\Eb |)|\Eb -\Eb _I|\mathrm {d}\xb \leq \left (\int _\Omega (c_0+c_1|\Eb |)^2\mathrm {d}\xb \right )^{1/2} \| \Eb -\Eb _I\|_{0,\Omega }= C_{Eb} \| \Eb -\Eb _I\|_{0,\Omega },\end {equation*}


\begin {equation*}\int _\Omega (c_0+c_1|\Eb _h|)|\Eb -\Eb _I|\mathrm {d}\xb \leq \left (\int _\Omega (c_0+c_1|\Eb _h|)^2\mathrm {d}\xb \right )^{1/2} \| \Eb -\Eb _I\|_{0,\Omega }\le C_{Ehb} \| \Eb -\Eb _I\|_{0,\Omega }.\end {equation*}


\begin {align}T_2&\leq (C_{Eb}+C_{Ehb})\|\Eb -\Eb _I\|_{0,\Omega }+(1+\varepsilon )m\|\Eb _I-\Eb _h\|_{0,\Omega }^2+(1+1/\varepsilon )m\|\Eb -\Eb _I\|_{0,\Omega }^2 \nonumber \\ &\quad {} +r_h(\Eb ;\Eb _I-\Eb _h).\label {eqn2.20}\end {align}


$\Eb \in \Hb ^{s+1}(\Omega )$


$\nabla \times \Eb \in \Hb ^{s}(\Omega )$


$\Eb $


$\nabla \times \Eb \in \Hb ^{s}(\Omega )$


$s>1/2$


\begin {equation}\label {eqn:error bound} \begin {aligned} &\epsilon _0\| \Eb _I-\Eb _h\|_{0,\Omega }^2 + C_0\sum _{f\in \mathcal {F}_h}\| \alpha ^{1/2}\llbracket \Eb _I-\Eb _h\rrbracket \|_{0,f}^2 + C_1 \sum _{K\in \mathcal {T}_h}\|\nabla _h\times (\Eb _I-\Eb _h)\|_{0,K}^2 \\ & \leq (C_{Eb}+C_{Ehb})\|\Eb -\Eb _I\|_{0,\Omega }+(1+\varepsilon )m \|\Eb _I-\Eb _h\|_{0,\Omega }^2+(1+1/\varepsilon )m\|\Eb -\Eb _I\|_{0,\Omega }^2 \\ & \quad +\frac {\varepsilon }{4}\|\Eb _I-\Eb _h\|_h^2+\frac {C_b^2}{\varepsilon }\|\Eb _I-\Eb \|_h^2+C_R h^{\min \{s,l+1\}}|\Eb _I-\Eb _h|_h\|\nabla \times \Eb \|_{s,\Omega }. \end {aligned}\end {equation}


$\varepsilon >0$


\begin {equation}C_R h^{\min \{s,l+1\}}|\Eb _I-\Eb _h|_h \|\nabla \times \Eb \|_{s,\Omega } \leq \frac {\varepsilon }{4} |\Eb _I-\Eb _h|_h^2+\frac {C_R^2 h^{2\min \{s,l+1\}}}{\varepsilon }\|\nabla \times \Eb \|_{s,\Omega }^2. \label {Xeqn56-4.45}\end {equation}


$m<\epsilon _0$


$\varepsilon >0$


$\epsilon _0 - m - (m+1/4)\varepsilon >0$


$\min \{C_0, C_1\} > \varepsilon /4$


$\Eb \in \Hb ^{s}(\Omega )$


$\nabla \times \Eb \in \Hb ^{s}(\Omega )$


$s>1/2$


$\|\Eb -\Eb _I\|_{0,\Omega }$


\begin {equation*}\|\Eb _I-\Eb _h\|_h\leq C\,h^{\min \{s,l\}/2}.\end {equation*}


$\Eb \in \Hb ^{s+1}(\Omega )$


$\|\Eb -\Eb _I\|_{0,\Omega }$


\begin {equation*}\|\Eb _I-\Eb _h\|_h\leq C\,h^{\left (\min \{s,l\}+1\right )/2}.\end {equation*}


$\|\Eb -\Eb _h\|_h\le \|\Eb -\Eb _I\|_h +\|\Eb _I-\Eb _h\|_h$


$\Eb $


\begin {equation*}\Eb \in \Hb ^2(\Omega ),\end {equation*}


\begin {equation*}\| \Eb -\Eb _h\|_h \leq C\,h.\end {equation*}


$\Eb (x, y) = (E_1(x, y), E_2(x, y))$


\begin {equation*}\Eb (x, y, z) = (E_1(x, y), E_2(x, y), 0).\end {equation*}


$\nb = (n_1, n_2)$


$\nb = (n_1, n_2, 0)$


$\mathbb {R}^3$


\begin {equation*}\nabla \times \Eb = \left (0, 0, \frac {\partial E_2}{\partial x} - \frac {\partial E_1}{\partial y}\right ), \quad \nb \times \Eb = \left (0, 0, n_1 E_2 - n_2 E_1\right ).\end {equation*}


$\Omega =(0,1)^2$


$\epsilon =1$


$\mu =1$


\begin {equation*}\fb =\left ( \begin {array}{c} (1+2\pi ^2)\cos (\pi x)\sin (\pi y)\\ -(1+2\pi ^2)\sin (\pi x)\cos (\pi y)\\ \end {array} \right ).\end {equation*}


$\psi $


\begin {equation*}\omega (t)=(a-b)e^{-\beta t}+b, \quad \psi (\Eb )=\int _0^{|\Eb |} \omega (t) \mathrm {d}t,\end {equation*}


$a > b > 0$


$\beta > 0$


$\psi $


$m$


$m = \beta (a - b)$


$a=0.004$


$b=0.002$


$\beta =100$


$\omega (t)$


$\eta =10^3$


$h=2^{-6}$


$L^2$


$\|\cdot \|_h$


$h$


$\|\cdot \|_h$


$h = 2^{-4}$


$h = 2^{-5}$
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This is a nonsmooth monotone constitutive law, and the corresponding Maxwell models naturally lead to variational inequalities.

Modeling and analysis of variational inequalities of the Maxwell equations date back to Duvaut and Lions [3] in the 1970s. In
the context of superconductivity, mathematical models in the form of variational inequalities as extensions of Bean-type critical-state
models were developed and studied in the early references [4,5] and [6], and more recently in [7-11]. Other references on Maxwell-
type variational inequalities include [12] on a well-posedness theory for electromagnetic obstacle problems, [13] on Maxwell quasi-
variational inequalities with temperature and magnetic-field-dependent critical current, [14,15] on numerical analysis of Maxwell
obstacle problems in electric shielding and their eddy-current approximation, and [16] on quasilinear variational inequalities in
ferromagnetic shielding.

More generally, the critical current density g may depend on temperature and magnetic field strength. It has been shown in [17,18]
that its dependence on the magnetic field strength is often non-monotonic. In such cases, the resulting model leads to Maxwell quasi-
variational inequalities rather than standard variational inequalities; see, for example, [13]. Another extension, motivated by non-
monotonic constitutive behavior, was proposed in [19], where the convex constitutive law (1.2) is replaced by a Clarke-subdifferential
relation

J € oy (E). 1.3)

Let Q c R3 be a bounded Lipschitz domain. Assume the function y(x, E) : Q X R? - R is locally Lipschitz continuous with respect
to the variable E and this dependence is allowed to be non-convex. To simplify the notation, we write y(E) for y(x, E). The symbol
oy (E) denotes the Clarke subdifferential of y with respect to the variable E. Following the implicit Euler time discretization described
in [19], we consider an H(curl)-elliptic hemivariational inequality: find E € V such that

a(E,v)+/u/0(E;v)dx2(f,v) Yvev,
Q

where

V := H(curl, Q),
a(E,v):=/eE-vdx+/y‘l(VxE)~(V><v)dx.
Q Q

Here f € V*, ¢ and u denote the scaled permittivity and permeability, respectively, and y? is the generalized directional derivative
in the sense of Clarke. This semidiscrete stationary problem is the object of the present paper.

Since analytical solutions of hemivariational inequalities are rarely available, their numerical approximations have attracted sus-
tained attention, cf. [20] for a summary account of the early work on the finite element solution of hemivariational inequalities. In
this paper, the term “hemivariational inequalities” is used to also mean the more general variational-hemivariational inequalities. In
the literature, the reference [21] is the first paper that provides an optimal first-order error estimate for linear finite element approx-
imations of a hemivariational inequality (HVI). Representative contributions include [22-24] on finite element analyses for elliptic,
parabolic, and hyperbolic HVIs, [25,26] for numerical treatments of history-dependent problems, and [27,28] for related problems
in fluid models. Recent overviews of the area may be found in [29,30]. Beyond standard finite elements, virtual element methods
have been developed in both conforming and nonconforming settings [31,32]. More recently, discontinuous Galerkin methods were
proposed for elliptic HVIs in semi-permeable media in [33] and further extended to contact-mechanics HVIs in [34].

For the specific H(curl)-elliptic hemivariational inequality with constitutive law J € dy(E), a conforming edge finite element
method is analyzed in [19] where an optimal-order error estimate is proved. On the other hand, discontinuous Galerkin (DG) dis-
cretizations for Maxwell equations are by now well established; see, e.g., [35-37]. This makes it natural to ask whether interior
penalty DG techniques can be adapted to the present nonconvex H(curl) setting. To the best of our knowledge, a DG discretization
together with a priori error analysis for the H(curl)-elliptic hemivariational inequality governed by J € dy (E) has not been reported.

In this paper, we develop an interior penalty discontinuous Galerkin (IPDG) method for the H(curl)-elliptic hemivariational
inequality. The DG framework is attractive because of its flexibility in handling locally varying approximation spaces, interfaces,
and boundary conditions. We prove the consistency, boundedness, and stability of the discrete formulation, establish existence and
uniqueness of the discrete solution, derive a priori error estimates under suitable regularity assumptions, and present numerical
experiments that confirm the predicted convergence order.

The rest of the paper is organized as follows. In Section 2, we review some definitions to be used later and recall the mathematical
formulation of the H(curl)-elliptic hemivariational inequality. In Section 3, we present the DG discretization. In Section 4, we carry
out an error analysis and derive a priori error estimates for the IPDG method applied to the H(curl)-elliptic hemivariational inequality.
Finally, the last section reports numerical experiments that illustrate the theoretical convergence order established in this paper.

2. Preliminaries

We first recall the notions of the convex subdifferential and the Clarke (generalized) subdifferential. Let V' be a Banach space and
denote by V* its dual space.
Definition 1. Assume ¢ : V — R U {+0} is a proper, convex, and lower semicontinuous function on V. The set
0.0 ={EEV” : o) —pu) 2 (& v—uyYve V)

is called the convex subdifferential of the function ¢ atu € V. If 0.¢(u) # @, any element ¢ € d.¢(u) is called a subgradient of ¢ at u.
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Definition 2. Assume y : V — R is a locally Lipschitz continuous function. The generalized directional derivative of y at u € V in
the direction v € V is defined as

wOu; v) = lim sup w’

w—u,Al0 A

and the Clarke subdifferential of y at u € V is defined as
op)={EeV* ') = (& vy Ve V)

For Clarke (or generalized) subdifferentials, the following properties hold [38,39]:
(1) The generalized directional derivative can be obtained using the Clarke subdifferential:

wOu; v) = max{(&,0) : E€ op(u)} YuveV. 2.1
(2) The generalized directional derivative is positively homogeneous and subadditive with respect to the direction variable:

wOou; av) = wlu;v) VA2 0, uveV, (2.2)

vou; v+ 0, < wou; v+ wou; vy) Vu,v,v,€V. (2.3)

(3) Suppose y,y, : V — R are both locally Lipschitz continuous. Then,

oy +yy)(w) C oy (u) +dyr(u) Yuev, 2.4)
equivalently,
w1 +v) i 0) <yl v) +ylwv) VYuveV. (2.5)

We will use Sobolev spaces for the formulation and analysis of the problem. We refer the reader to any standard reference on
Sobolev spaces for further details; see, e.g., [40-42]. Let k > 0 be an integer and 1 < p < co. Given a domain Q c R, d € N being the
spatial dimension, let W*?(Q) denote the Sobolev space of L?(Q)-functions whose weak derivatives of orders less than or equal to k are
in LP(Q), equipped with the standard norm || - || Wkp(Q)- When p = 2, we write H*(Q) = W*2(Q), with the corresponding norm denoted
as || - ||y q- In particular, for k =0, H 0(Q) = L2(Q), and its norm is written as || - [lo.o- Sobolev spaces with vector-valued functions are
denoted by boldface symbols, e.g., L?(Q) and H*(Q) are spaces of vector-valued functions with each component belonging to LP(Q)
and H*(Q), respectively. In a three-dimensional domain Q,

LP(Q) = {u = (up,up,u3)" : u; € LP(Q),i = 1,2,3),
HYQ) = {u= (uy,up,u3)" 1 u; € HY(Q),i = 1,2,3).

The following integration by parts formula holds for any bounded Lipschitz domain D c R3:
/(va)-qu = / v-(V xq)dx+/ (vxq)-ndS Vv,q€ HY (D). (2.6)
D D oD

Here, v x q in the boundary integral term denotes the pointwise cross product of the traces of v and q on 0D. By the identity
V-(vxq)=(Vxv)-q-v-(VXxq),
the formula (2.6) follows for smooth vector fields from the classical Gauss theorem. The extension to v,q € H'(D) is obtained by
density of C*(D) in H'(D), continuity of the trace operator = : H'(D) —» H'/?(dD), and the continuous embedding H'/>(0D) -
L*D).
For Q c R3, we define the following function spaces related to the curl operator:
H(eurl, Q) = {v € L*(Q) : Vxve LAQ)},
H(curl,Q) = {v € H(curl,Q) : nXv =0 o0n0dQ},
where n denotes the unit outward normal vector on dQ and the curl operator Vx is defined by
v x dvy 0dv, Ovy dvy duv, Ju; T
v=——— —-—,——-— .
Oxy, 0x3 O0x3 O0x; 0x; 0x;

The norm associated with these spaces is given by

5 2 1/2
Il = (1213 + 1V x 213 5 )

The hemivariational inequality problem considered in this paper arises from the backward Euler semidiscretization in time of the
hyperbolic Maxwell problem ([19]). Here we recall the assumptions and weak formulation of this problem; for more details we refer
to [19]. Let Q c R? be a bounded domain with a Lipschitz continuous boundary T, and let n denote the unit outward normal vector
on I', which exists a.e. Set

V = H(curl, Q).
In a superconductor, the current density J and the electric field E are assumed to satisfy the relation

J € oy (E). (2.7)
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Here y : Q x R3 — R is locally Lipschitz in its second argument, and y(E) stands for y(x, E). The notation dy(E) denotes the Clarke
subdifferential of y with respect to the second variable, and w° denotes the corresponding generalized directional derivative. We
assume that y satisfies the following conditions:

(@) w(-, &) is measurable in Q for any £ € R?, and w(-,0) € L'(Q).
(b) For a.e. x € Q, the function y(x, -) is locally Lipschitz continuous in R3.
(c) There exist constants ¢, ¢; > 0 such that for a.e. x € Q and any ¢ € R3,
[l <cy+cilél Vi€ dy(x,&).
(d) There exists a constant m > 0 such that for a.e. x € Q,
WO, €38 — &) +w0(x, £2: 8| — &) <m|E| — &|* VE|.& € RS

(2.8)

Let € and /i denote the permittivity and permeability in the time-dependent problem, and let k > 0 be the time step. As in [19], we
define

e=k7'e, u=klg e=k'é, w=klg, i=0,1 (2.9)
Following [19], we assume that e, u € L*(Q) and that
0<e<elx)<e <o, 0<pg<pu(x)<pu <o forae xeQ.

For E,v € V, define the bilinear form

a(E,v):/QeE-vdx+/g,u"](V><E)-(V><v)dx. (2.10)
The hemivariational inequality under consideration is to find E € V such that

E€V, a(E,v) +/Qu/0(E;v)dx >(f,v) YvevV. (2.11)
where the load functional f € V* is induced by a vector field I € L*(Q), that is,

(f,v)=/7-vdx Vvev.
Q

The existence and uniqueness of a solution to (2.11) were proved in [19, Theorem 4.3].

3. Discontinuous Galerkin discretization

In this section, we introduce an IPDG approximation of the hemivariational inequality (2.11). The construction follows the standard
interior penalty DG discretization of the curl-cuﬂ Maxwell operator; see, e.g., [35-37].

Let 7, = {K} be a shape-regular partition of Q into tetrahedral or hexahedral elements. Denote by Ay the diameter of an element
K, and let

h = max hg.
KeT,

We use F/ to denote the set of all interior faces, F;* the set of all boundary faces, and let 7, = F} UF?.
Let f € P: be the common face of two tetrahedral or hexahedral elements K, and K,, and let n; and n, be the outward unit
normal vectors on f for K, and K,, respectively, cf. Fig. 1. For a piecewise H' vector-valued function v, namely,

vlx e H(K) VYKEeT,

we denote by v, and v, the traces of v on f taken from K, and K,, respectively. The tangential jump and the average of v on f are
defined as
v+,
[vl =ny Xv; +n, Xv,, {v}= —
If fe T’f, we define
[vl=nxv, {v}=v.
For later use, we note that for piecewise H' vector fields v and q satisfying
vig.qlx € H'(K) VK ET,

where ng denotes the outward unit normal vector on dK, the following formula

Z/(vxq)-anS= > /[[v]]-{q}dS— Z/[{q]}-{v}ds
oK f fEF, f

KeT, feF,f J
3.1
- ¥ [wriaes- 3 [1a-wies
fer, S rerl f
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Fig. 1. Two adjacent tetrahedral elements and a common face.

holds.
Given a positive integer /, we introduce the following DG space

V,={ve Q) :v|lx e P(K)VK €T}

where P/(K) = [P’(K)]3 and P/(K) is the space of polynomials of degree at most / on K. For v, € V, the piecewise curl operator
VX is defined elementwise by

Vi X Wylg) =V x(,lx) VK eT,

Numerical fluxes E\h and p;, are used to approximate the traces of E and 4~'V x E on dK, respectively, while E,, is used to
approximate E on K. We consider the DG method: find E;, € V, such that

ap(Ey,vp) + / wOEv)dx > (f.v,) Vv, €V, (3.2)
Q

where the bilinear form a,(E,,v,) is defined as
a,(Ep,vp) =/ eE, - vpdx + / u (VX Ep) - (V) X v)dx
Q Q

+ ) /III/Z\,I—E,[]L{M"V;,XU,,}dS
fer,Jf

_1 =~ 3.3)
= Y [ 'V x vyl (E, - E;}dS
fer} !
+ 3 [1mnwies- Y [ @,
serl s fer, S
Define 4, on each f € F, by
P min{hyg,hg}, fE€FE f=0KnodK',
T ks fEFE,  f=0KnoQ.
Let # > 0 be a constant and define a on each f € 7, by
al, = r]h;l.
Choose the numerical fluxes as follows:
E,=1{E,} on Ff,
nxE,=0 on 7P,
ppr={u'V,xE,} —alE,] onF,.
Using these choices in (3.3), we obtain the following bilinear form for the IPDG scheme:
ap(Ep,vp) = / €Ep - vpdx + / 1 (Vi X Ep) - (V) X ;)dx
Q Q
- Z /l[Eh]]~{;fth><vh}dS— Z /IIvh]]~{;f1Vh><Eh}dS
Jer, St fer, s
+ ) / al[E,T - [v,]dsS. (3.4)
rer, 1
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With the discrete bilinear form a,(-, -) defined by (3.4), the IPDG scheme to solve the H(curl)-elliptic hemivariational inequality (2.11)
is to find E;, € V, such that

ah(Eh,vh)+/1//0(Eh;vh)dx >(f.v,) Vv,eV,. (3.5)
Q
4. Error analysis

In this section, we present some properties of the IPDG scheme and provide a priori error estimates. On several occasions, we will
apply Young’s inequality with an arbitrarily small parameter & > 0:

absed+ I VabeR 4.1)
€
4.1. Properties of the IPDG scheme

This subsection is devoted to the consistency, stability, and boundedness of the IPDG scheme, as well as the uniform boundedness
of its numerical solution.

Theorem 1 (Consistency). Let E € V be a solution to the hemivariational inequality (2.11). Assume further that

u 'V x E € H(curl, Q) (4.2
and

(\'VXE)| eH'(®K) VKeT, (4.3)

Then the following consistency relation holds:
an(E.vy) + / YOUEv)dx 2 (f.v,) Yo, €V, (4.4)
Q

Proof. The bilinear form a,(E, v,) is obtained from (3.4) by replacing E, with E. Applying (3.1), we notice that the fourth term of
ay(E,vp) is

/[[v,,]] IV x E}dS = - 2/ w0, X VX E) - ngdS
fEF, oK

KeT,
(4.5)

/[[,4 'V x E] - {v,,}dS.
rerl

Since E € V, the jump of E across F), vanishes, namely,
[ET=0 on Fy.

Furthermore, in view of the regularity assumption (4.2), we also have
[u'VxEl=0 onF/l.

Therefore,

ah(E,vh):/eE~vhdx+/;fl(VxE)~(Vh><vh)dx
Q Q
/ N, x VX E) - ngds.
KeT,

Since
(u™'v xE)‘K e H(K) VKeT,

we may apply the integration by parts formula (2.6) on each element K € 7:

/ u (VX E)- (Vxv,)dx = / Vx(u~'VxE)-v,dx

K K
- / u N (VX E)xuvy) - ngdsS.
oK

Thus,

a,(E,vy) = / eE~vhdx+/ VX (u'Vx E) - vydx.

Q Q

Since E € V and y~'V x E € H(curl, Q), we may define
g:=eE+Vx(u'VxE)e L*Q).
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From the previous calculations, we already know that
a(E,v,) = / g-v,dx Vv, eV, (4.6)
Q
Now let ¢ € Cy(Q) c V. Since u~'V x E € H(curl, Q), the integration-by-parts formula

/(/flVXE)~(V><¢)dx:/Vx(;flVXE)~¢dx
Q Q

holds. Therefore, by the definition of the bilinear form a(, -) in (2.10), we have

a(E, ) = / eEv¢dx+/ Vxu'VxE)-¢dx :/g-¢dx.
Q Q Q
Hence, by the hemivariational inequality (2.11),
[e-das [WEdaz 0= [Toix voecio.
Q Q Q
Next, we show that for a.e. x € Q and all z,, z, € R?, it holds that
|0 e, By 20) = (e B 20)| < (e + e ED |21 = 2. (4.7)
Indeed, by the subadditivity of the Clarke generalized directional derivative with respect to the direction variable, taking
u= E(x), V) =2 — 2y, vy =2,
in (2.3), we obtain
w00, E(x):z)) S yCx, E(x): 2y = 29) + 9 (x, E(); 2,),
which is equivalent to
w00, E(x);z)) = y(x, E(x): 29) < y(x, E(x); 2y — 2)). (4.8)
Similarly, we have
wO(x, E(x); 20) = y°(x, E(x); 2)) < y(x, E(x); 25 — 2. (4.9)
Moreover, by the characterization of the generalized directional derivative in (2.1) and assumption (2.8) (c), for any & € R3,

wO(x, E(x); &) = n-&< [l €] < (co + ¢/ |E()])€]. (4.10)

max max
neoy (x,E(x)) nedy (x,E(x))

Combining (4.8) — (4.10), we immediately deduce (4.7).
Define the mapping

Jg(w) :=/QI,/O(E;w)dx w e LX(Q).

Since E € V and Q is bounded, it follows that ¢, + ¢,|E| € L*(Q). For a.e. x € Q and any w € L*(Q), taking z, =w(x)and z, =0
in (4.7), we obtain

| e, EGo; wi) - yax, B 0)] < (e + e [EGOD [w()l.
Since yO(x, E(x); 0) = 0, this reduces to
|w°x. EG): ()| < (o + e [E)D) lw(0).
The right-hand side belongs to L!(Q). Hence, by Hélder’s inequality,
)] < [ @+ alEGoD lweol dx < oo+ el alwlog <
Therefore, J(w) is well defined. We next show that J is Lipschitz continuous on L*(Q). For any w,, w, € L*(Q), we have

|JE(w1)—JE(w2)|s/\w"(E;wl)—w"(E;wz)(dx
Q

< /(Co +¢|E]) lw) —w,|dx
Q
< leo + il Elflp ollwr — w2 lpq-
This shows that J is Lipschitz continuous on L?(Q), with Lipschitz constant
llco + 11 El]lo.q-
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Since C’(Q) is dense in L*(Q), let {¢,) C C{(Q) be such that
¢, - w in L}Q).
Since g,1 € L*(Q) and J, is Lipschitz continuous on L?(Q), passing to the limit yields
/ g wdx + / wO(E;w)dx > / T-wdx Vwe L*Q).
Q Q Q
Takingw =v, €V, C L*(Q) and using (4.6), we obtain
ah(E,vh)+/u/0(E;vh)dx z/i-uh dx={f,v,) Vv,V
Q Q

This completes the proof. O
Let
V(h) = Hy(curl; Q) + V,
with the seminorm and norm defined by

1/2 2
ol = X Ve xelg+ X e 20l . vl = lelig g + vl
KeT), fEF,

The bilinear form ay(-, -) is initially defined on ¥, X V.. To extend it to V'(h) X V (h), we introduce an auxiliary bilinear form as follows
[37,43]

Gy(E,v) = / ¢E - vdx + b, (E, v), (4.11)
Q
where

by(E.v) = / “N(Vy X E)- (V) xv)dx — / LET- {4~ I, (V, X 0)}dS
KeTy,

fEF,

SEFy

/IIv]] {u~ 1I'Ih(Vh)(E)}dS+ Z /a[[E]]-[[v]]dS.
fEF

Here, II,, is the L2-projection from L*(Q) onto V. Note that @, (-, -) coincides with a(-,-) on ¥V, x V.
Lemma 1 (Boundedness). There is a constant C,, > 0 such that
lap(E,v)] < CollEll,llvll, VE,veVh. (4.12)
Proof. Using Holder’s inequality, we obtain
/K WV X E) - (V) x v)dx < pg! /K |V, X E| - |V, x v|dx
<y IV, X Ellg g 1V X vl k-

Similarly,

/ ol E] - [914S < lla 2L, lla 2wl -
f

/ ¢E -vdx < e, | Ellgollvllyg.
Q

Now let us bound the third term of the bilinear form a,(:, -), which is a modification of the proof in [37, Lemma 4].

/ [ET- {# ', (V) x v)}dS

fE€F

<i5' 2 /’“1/2[[15]]‘"Ofl/z{ﬂh(vhxv)}‘ds
fer, S

<ug' Y e PLEDo s - lla™ 2T, (V,, x 0)}lo s
fEF,

12
3u51< / «lLET| dS> < / IV, x )| ds>
fEFy fEF,

1/2
=u; W”( D ||a1/2[[E]]||§,f> ( /hf|{nh(vhxv>}| ds>
SEFy fEF,
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Using the definition of #,, we obtain

D /hfl{rlh(v,,><v)}|2d$sl Z/ hg|I,(V, x v)|dS
f 2 oK

fEF, KeT,

1 2
<3 2 Akl (V) X )G o
KeT),

Recalling the discrete trace theorem ([44, Chapter 12.2, Lemma 12.8])
w3, < C*htlwll, Ywe P(K), VK €T,

where the positive constant C depends only on the mesh regularity, the polynomial degree /, and the spatial dimension. From the
L2-projection property,

Imwlox < llwllgx Vw € L*(K).

Combining the above results, we obtain

1 1~
5 2 (VX 0)lG o < 5E7 3 1V, %0l
KeT, KeT,

Finally, we obtain the bound

1/2
> / LET- (4" T,(V), X 0)}dS sMg‘<2n>"/ZC“< > ||a1/2[[E11||3,f)
fery s

fEF,
12 (4.13)

2
A Y vl .

KeT),
Similarly, we can bound the fourth term of the bilinear form as

1/2
D /fl[vl] T (V) X E)}dS 5u5'<2n)-'/2é< > ||a‘/2[[v11||§,f>

fEFy fEF,
1/2 (4.149)

2
A X v x ENG ¢
KeT,

Combining these results, we obtain (4.12). O
Lemma 2 (Stability). Assume y > max{1,u?} C?/(2 ;4(2)). There is a constant C, > 0 such that
a(E,E) 2 C,||E|lZ VE € V(h). (4.15)

Proof.

/ ¢E - Edx > ¢y E|| .
o !

) /u‘l(vhx5)~<vh><E>dx2#?1 2 VX Elly
K

KeT, KeT),
Y [ atEn-igws = 3 o e
fEFy fEF,

Similar to the proof of Lemma 1, we have

-2y /[[E]] AWM, (), X E)}dS
fer, S
1/2

1/2
z—zu(;](zn)—‘/zé( D ||a‘/2[[E]1||§,f> A X VX EIS ¢

fEF, KeT,

> -2 Y N PIENR  + Y IVA X EN 4 |
SEFy KeT),
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Therefore, when 5 > max{1, ,uf} C?/2 /43), @,(E, E) is bounded from below by
@l Elf g+ (1-ug'@n™'2C) Y lla'*LENIG,
fEFy

+(uy' = ug'@)72C) YNV X EIR .
KeTy,

(4.16)

Denote Cy = 1 — p3'@m)~/2C, C; = ;" — uy' @n)~'/>C. Then,
G(E,E) 2 C)| Y lla'PLENG , + ), IV, X EIS  +IElG o
fEFy KeT),

holds, where C,; = min{¢y,C,C,}. O

The next result establishes the uniform boundedness of the numerical solution defined by the IPDG scheme for the H(curl)-elliptic
hemivariational inequality. We first record two consequences of the assumptions on y. From (2.1) and (2.8) (c), we have

|[WE1:80)| < (co +erlér]) I8l V€&, € R, 4.17)
Moreover, (2.8) (d) is equivalent to ([45, p. 124] or [46, Proposition 2.42])
m —m)-E —&E)2—mE —&7 aexeQ V&R, n €dp(x, &), i=1,2 (4.18)

Lemma 3. Assume (2.8), m < ¢, and n > max{ 1,;4%} C2/2 /4(2)). If E, € V,, is a solution to the problem (3.5), then ||E,||,, is uniformly
bounded with respect to the mesh size h.

Proof. By setting v;, = —E,, in (3.5), we obtain
ap(Ey, Ep) < / wO(Ey; —Epdx + (f, Ep). (4.19)
Q

From assumption (2.8) (d), we have

w(E;:0 - Ep) +y°(0; E, = 0) < m|E, |2,
Using (4.17), we obtain

%0 E;) < ¢yl Eyl;

hence,

/WO(Eh;—Eh)dx < m||Eh||§.Q+/c0|Eh|dx.
Q Q
Moreover,

(fSEp) My I Epllcuria < 1 ly=IE R

By the Cauchy-Schwarz inequality,
[ clEalax <l 21E, g,
Q

where |Q| means the Lebesgue measure of the bounded domain Q. Combining these inequalities with the lower bound (4.16) of
a,(Ey, E,), we obtain

(co=mIERIGq+Co X, Na'2LEL I, +Cy Y IV, X E4lIg
fEF, KeT),

< (col Q12+ £ ly )N Es -

Since €y —m > 0 and > max{1, u2} C?/(2 u3), then

ol + 11 Il

Eull, < .
IEnl < minf{ey —m, Cy, C; }

(4.20)

Therefore, || E,||,, is bounded by a constant independent of 4. O

Remark 1. We note that since ¢, = k71§, the condition m < €, can always be satisfied as long as the time step-size k is sufficiently
small.
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4.2. Existence and uniqueness
In this subsection, we establish the existence and uniqueness of the solution to (3.5) by following the approach developed in
[19,47]. To analyze the existence and uniqueness of the discrete solution later, we first recall the following results.

Lemma 4 ([48, Theorem 3.4]). Let V be areal Banach space, and let g : V — R be locally Lipschitz continuous. Then g is strongly convex
on V with a constant « > 0 if and only if dg is strongly monotone on V with a constant 2a, i.e.,

(E-nu—v)y 2 2allu— ullf, VYu,veV, &€ adg(u), n €ogv).
Proposition 1 ([47, Proposition 2.5]). Let V be a real Hilbert space, and let g : V — R be a locally Lipschitz continuous, strongly convex
functional on V with constant a > 0. Then there exist two constants ¢, and ¢, such that

g@) = alvll + 7% + ¢ lvlly, YveV. (4.21)
Consequently, g(-) is coercive on V.

Define an energy functional
1
E(vy) = Eah(vh,vh) +/ y(x,v(x))dx = (f,v,), v, €V, (4.22)
Q
We consider the minimization problem

E, €V, &EE,=inf{Ew,)|v,€V,}. (4.23)

Lemma 5. Assume (2.8), m < ¢y and n > max{1, /4%} C%/2 Mél Then the functional £(-) is locally Lipschitz continuous, strongly convex and
coercive on V.

Proof. The local Lipschitz continuity of £(-) follows immediately from the assumptions on y. Let us prove the strong convexity. For
this purpose, define a linear operator 4, : V, = V} by

(Apup,vy) = ap(uy,vy) Yuy,v, €Vy. (4.24)
Applying Lemma 1, we obtain

[{Apup.vp)l lay(uy, vp)l

= L Cylluyll, Vu, €V,
lealazo  N2alln oo 1onlln

”Ahuh”VZ =
By Lemma 2,

(Apuy — Apvp, uy —vy) = ap(uy — vy, uy —vpy) > Colluy, — Vh||f, Vu,, v, €V,
Hence A, € L(Vj,, V) and it is strongly monotone. Define a functional ¥ : L*(Q) - R by

Y() = / w(x,v(x)dx Vve L*Q).

Q

Then, by Thm. 4.37 in [49], under assumption (2.8), ¥ is well defined, locally Lipschitz continuous on L*(Q), and

oY) C / oy (v)dx (4.25)

Q

in the sense that for any & € 0¥(v), there exists a function ¢ € L*(©Q) such that ¢(x) € 6w(x, v(x)) for a.e. x € Q and

& W) oxria = / (x) - wx)dx Yw e LXQ).
Q

For v, € V;, and n € 0E(v,,), by (2.4) we can write

n=Aw,+&-f, £€d¥wy. (4.26)
Thus, for i = 1,2, with vy,; € V, and n; € 0(vy,,;), by (4.25) we have ¢; € L*(Q) such that ¢;(x) € dy(x,v,,;(x)) for a.e. x € Q and

(n, w)y = (Ao, w) + / &(x) - wx)dx — (f,w) Ywe LXQ).

Q

Thus, from (4.18) and Lemma 2,

(M =M, Up g — V) =(ApUp — ApUpp U1 — Upo) + /Q(Cl — &) - Why —vp)dx

2 1/2 2
>(eg = mllvs = vallig +Co Y, e/ Ivy; —vplllG
fEF,

2
+C Y IV X @y = o )I3
KeT),

. 2
>min{ey —m, Cy, Cy vy —vpally-

Thus, by Lemma 4, £(-) is strongly convex. Moreover, by Proposition 1, £(-) is coercive on V. O
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Proposition 2. Under the assumptions (2.8), m < ¢, and n > max {1, ;4%} C?/2 yg), the minimization problem (4.23) has a unique solution
E, eV,

Proof. Since £(-) is continuous, strictly convex and coercive on ¥V, from [50, §3.3.2] the minimization problem (4.23) has a unique
solution. [

Theorem 2. Assume (2.8), m < ¢y and n > max{1, u2} C?/(2 u3). Then for any f € V'*, the problem (3.5) has a unique solution E, € V ,,
which is also the unique solution of the minimization problem (4.23).

Proof. For the solution E, € V, of the minimization problem (4.23), we apply (4.26) to get
(AREg,vp) + / C(x) - vy(x)dx — (f,v,) 20,
Q

where ¢ € L?(Q) such that ¢(x) € ay/(x, E h(x)) for a.e. x € Q. Using the property of the Clarke subdifferential (2.1) we have
V/O(Eh(x); v,(x) > {(x)-vy(x) a.e xe€Q.

Combining the above two inequalities, we can see that E,, is a solution of the problem (3.5).
Now, let us prove uniqueness of the solution. Assume that E,, E » € V, are two solutions of the problem (3.5). Then we have

ah(Eh,vh)+/ wUEvdx > (f,v,) Vv, €V, (4.27)
Q

Take v, = E;, — E;, in (3.5) and v;, = E, — E,, in (4.27). Adding the two resulting inequalities and using Lemma 2, we obtain

ol Ey— Exlliq+Co D lla'2ME, — E4NIG , +C1 Y, I1V4 x (B = Eplig ¢
fEF, KeT,

<ayE,-E,E,-E,)< /Q (WO(Eh;Eh -E)+vY%EE, - Eh))dx
<m|E, - Eh||(2m-
By the smallness condition m < ¢, we deduce that E, = E,,. O
4.3. A priori error estimate
In this subsection, we derive a priori error estimates for the IPDG method. To this end, we first present the following lemma,

which provides approximation estimates for the second-family Nédélec interpolation operator II, [51-53].

Lemma 6. Assume that {7,,} is a shape-regular family of tetrahedral or affine hexahedral (including parallelepiped) partitions of Q, and
assume E € H(curl; Q) n H*(Q) with V x E € H*(Q), where s > 1/2. Then the following error estimates hold:

|E - Ty Elleyriq < Cx ™™ (| Ellq + IV X Ell ;). (4.28)
|E - Ty Ell;, < Cy ™SI ([Ellyg + IV X Elly0), (4.29)

where Cy; > 0 is a constant depending on the mesh regularity and the polynomial degree | but independent of h, and for (4.29), Cy also
depends on the upper and lower bounds of the coefficients u and e.
Moreover, if E € H(curl; Q) n H s+HQ) for some number s > 0, then

IE-TyElgg < CyhM™SHE ) o. (4.30)

The estimate (4.28) can be found in [51], and (4.30) appears in [36, Lemma 4.1]. The error bound (4.29) follows from (4.28)
because the coefficients ¢ and y are bounded and, for E € H(curl; Q), the tangential jump [E — Iy E] vanishes.
For v € V (h), we define

rp(E;v) = z /lIv]]~{M‘]VXE—/f]l'I,,(VXE)}dS. (4.31)
fer, /S

For r,(E;v) to be well-defined, the condition V x E € H*(Q), where s > 1/2, is assumed. Under this condition, we have the following
result [37].

Lemma 7. Assume VX E € H*(Q), s > 1/2. Then,
Irp(E;0)] < CRh™ ] |V X Ellq Vv e V(h),

where the constant Cy, is independent of the mesh size but depends on n, the upper and lower bounds of the coefficient u, the mesh regularity,
and the polynomial order 1.

Theorem 3. Assume that 7}, is a shape-regular family of tetrahedral or affine hexahedral (including parallelepiped) partitions of Q. Let E
and E, be the solutions of (2.11) and (3.5), respectively. Suppose that

4~V x E € H(curl,Q), (u71V x E)|K € H'(K) forallK €T,
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Assume that the penalty parameter n satisfies

max{1, u?} C*
n>————

B

2 /4(2)
and that m < e.
IfEe€ H*(Q)and V X E € H°(Q) with s > 1/2, then there exists a positive constant C, independent of h, such that

|E — Epll,, < CR™™ 1172, (4.32)
Moreover, if E € H*'(Q) with s > 1/2, then

IE - E|l), < ChMints1+D/2, (4.33)
Proof. Denote E; =1l E and write

G(E;—EyEf—Ep) =T + T, (4.34)

where T), = a,(E; — E,E; — E,) and T, = a,(E — E,, E; — E;). Using Young’s inequality (4.1) and the boundedness estimate for a,,
we have, for any small £ > 0,

CZ
T, < GIE; - EIWIE; - Eylly < S1E; - Byl + IE, - EIE, (4.35)

Note that on 7, [E] =0, {E} = E, and [V x E] = 0. Thus,

5h(E,E,—Eh):/QeE-(E,—Eh)dx+ Z /y_l(VxE)~(VhX(E,—Eh))dx
KeT,

- ¥ [iE - Ed e x By as
fer, S

(4.36)
_ -1
=ay(E.E; - E;) + Y, /[[E, —E,l-{¢"'VXE}dS
feryf
-y /[[E, —E,] - {4 ',(V x E)} dS.
fer, S
Since E, — E; € V, it follows from Theorem 1 that
ay(E,E,— Ep)+ / W (E:E, - E))dx > (f.E, — E),
Q
that is,
(f.E;—Ey)+ / l/IO(E;Eh —E;)dx>a,(E,E; — Ej). (4.37)
Q
Combining (4.36) with (4.37), we obtain
a(E,E; — Ep) <(f.E; — E) +/ w(E; E;, - E)dx
Q
+ ) /l[E,—Eh]]-{y‘IVxE—M‘IHh(VXE)}dS (4.38)
fery I
=(f.E; — Ep) +/ w(E; E;, — E|)dx +r,(E; E; — E).
Q
Letting v, = E; — E;, in (3.5), we get
—ay(Ep, E;y — Ep) = —ay(Ep, Ef — Ep) < / wOE E; — Ep)dx — (f,E; — Ep). (4.39)
Q
Combining (4.38) and (4.39), and using the subadditivity of the generalized directional derivative, we obtain
T, S/ w(E; E; — Ep)dx + / w(Ey; Ef — Ej)dx +ry(E; Ef — Ey)
Q Q
5/ w'(E; E;, — E)dx + / w(E; E - E)dx (4.40)
Q Q

+ / w(Ep; Ef — E)dx + / w(Ey; E — Ep)dx + r,(E; Ep — Ey).
Q Q
Using (2.8) (d), we obtain

[P E = Eixt [ WOE E - Epix < mlE - By R
Q Q
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By the triangle inequality |E — E,lloq < I|E — E,lloq + |1E; — Ejlloo and Young’s inequality (4.1),
IE - Eyllgq <A +0IE; — E4lliq+ 1+ 1/IE - Efll5 -

Therefore,

/ v (E: E), — E)dx + / v (E,; E - E)dx
Q Q
<A +eml|E; - Eyllg o + (1 +1/mIE - EfI5 .

Using (4.17), we have
/WO(E;E—EI)dxs /(c0+c1|E|)|E—E,|dx, (4.41)
Q Q

/ wYE,; E; — E)dx < /(co +¢||E,D|E — E;|dx. (4.42)
Q Q

Since Q is bounded, and since E,, is uniformly bounded, the Cauchy-Schwarz inequality yields constants Cy,,, Cg;, > 0 such that

172
/Q(co o |EDIE - E,|dx < </Q(c0 te |E|)2dx> IE = E, lloo = CrsllE = E;lloo.

1/2
/Q(co +c|E,DIE - E;|dx < (/Q(CO +c1|Eh|)2dx> lE - E;lloo < CpnpllE = Efllog-

Therefore,
Ty < (Cpp + ComllE — E;llgq + (1 + omlIE; — El2 o + (1 + 1/eml|E - E, |2,
+r,(E;Ef — Ep). (4.43)

Since E € H**'(Q) implies V x E € H*(Q), the regularity assumption imposed on E in the theorem already ensures that V x E
H*(Q) for s > 1/2. Combining (4.34), (4.35), (4.43), Lemmas 2 and 7, we obtain

llE; = Eqligq+Co Y, Nla'PIE; = E4NIG , +Cy Y, 1V, X (Ef = Eplig ¢
fEFy, KeT),

< (Cpp + Cem)IlE = Eqllgg + (1 + ©mIE; — Eyllg o + (1 + 1/e)m| E — Efllg (4.44)
. c? ,
+ JIE; = Eglly + —IE; = El + Ch™ U E; — By, 1V X Ello.

Using Young’s inequality (4.1), we have, for any ¢ > 0,

_ . C2 p2min{s/+1)
Crh™™ U E ) — B, |11V X Ell g < JVEr - E,|? + %nv X E|lg. (4.45)

Since m < ¢, we can choose a sufficiently small € > 0 such that ¢, —m — (m + 1/4)e > 0 and min{C, C,} > /4. When E € H*(Q) and
V x E € H*(Q) with s > 1/2, the term || E — E, ||, o on the right-hand side of (4.44) does not yield the optimal convergence order. In
this case, it can only be controlled by (4.29). Invoking the estimate (4.29), we deduce from (4.44) that

IE; = Eylly < €A™/,
Moreover, when E € H**!(Q), the term | E — E, llo.o attains the optimal convergence order given by (4.30). Therefore, we obtain
IE; = Eylly < C RS0/,
Finally, we use the triangle inequality ||E — E, ||, < |E — E;|l, + |[E; — E,,||,, to conclude the error bound (4.32) and (4.33). O
In particular, when linear elements are used and the solution E of the hemivariational inequality (2.11) satisfies
E € HX(Q),
we obtain the optimal first-order convergence estimate:

IE ~ Ejll, < Ch.

5. Numerical example

This paper primarily focuses on the three-dimensional case. However, a two-dimensional vector field E(x, y) = (E|(x, y), E5(x, y))
can be embedded into three dimensions by setting

E(x,y,z) = (E|(x,), Ey(x,),0).
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Similarly, a two-dimensional normal vector n = (n;,n,) can be identified with n = (1, 1,,0) in R3. Under this identification, we have

0E, OE,
VXE= O’O’E_a_y , nxXE=(0,0,nE,-nkE).

Therefore, the three-dimensional analysis presented in this paper applies directly to the two-dimensional case. In this section, we
report numerical results for a two-dimensional example.
Let Q= (0,1)2, e = 1, u = 1, and the source term

= (1 + 27%) cos(zx) sin(zy)
“\ =1 +27%)sin(zx)cos(zy) )’

The function y is chosen as follows:

|E|
o) =(a—be P +b, w(E)= / o(t)dt,
0

where a > b > 0 and # > 0. It can be verified that this function y satisfies the conditions in (2.8), where the parameter m in (2.8) (d)
is given by m = f(a — b). We choose the parameters a = 0.004, b = 0.002, and # = 100 in the function w(r).

To solve the problem (3.5), we employ the Uzawa iterative algorithm (cf. [54]), see Algorithm 1. We choose the penalty parameter
1 = 10°. Since the analytic solution of the inequality problem is unknown, we will use the numerical solution with a grid size of A = 27°
as a reference solution to compute the error of the numerical solution with coarser grid sizes.

Algorithm 1: Uzawa iteration for the H(curl)-elliptic HVI.

Input: Maximal number of iteration steps /.., error tolerance tol > 0.
Output: The numerical solution of the inequality problem E*.

Find EY € V, such that a,(E%,v;) = (f.v,) Vv, €V,

2 for/=1 to I, do

Find E/ € V, such that a,(E}, v,) +/ M ov,=(f,v,) Vv, €V, where A, € w(|EL)I|E}|;
Q

-

w

EN

if | E} — Ei7Mloq < toll EMlq and (14} = 25 g0 < tol]l 447! o then

L break
6 E*=E!;
7 return E*;

Table 1
Errors and convergence orders of the numerical solu-
tions.
h IE = Eylloq Order ||E — E,ll, Order
2-1 2.1929-1 - 1.5957 -
-2 6.0856e-2 1.8494 8.3933e-1 0.9269
273 1.5644e-2 1.9598 4.2970e-1 0.9659

274 3.8917e-3 2.0071 2.1416e-1 1.0047

Numerical results are reported in Table 1. It is observed that for this example, the numerical solutions exhibit second-order conver-
gence in the L?>-norm and first-order convergence in the energy norm || - ||, with respect to the grid size 4. The observed convergence
rate in the energy norm || - ||, agrees with the theoretical result established in Theorem 3. Fig. 2 illustrates these convergence rates.
Fig. 3 displays the streamline plots of the numerical solutions for the inequality problem with grid sizes h = 2=* and h = 275.
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log(error)

4+ N
5t i
6 \ \ \ \
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log(h)
Fig. 2. Convergence of the numerical solutions.
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Fig. 3. Streamlines of numerical solutions.
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