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Well-posedness and Numerical Analysis of
Mixed Variational-hemivariational Inequalities
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Weimin Han,! Jianguo Huang? and Yuan Yao?

Abstract. The paper is devoted to well-posedness analysis and the numerical solution of
a family of general elliptic mixed variational-hemivariational inequalities. Various mixed
variational equations, mixed variational inequalities and mixed hemivariational inequal-
ities found in the literature are special cases of the mixed variational-hemivariational
inequalities. Well-posedness of the mixed variational-hemivariational inequalities and
their numerical approximations is studied via the projection iteration technique. This
approach in a Hilbert space eliminates the need of abstract theories of pseudomonotone
operators used in many references on variational-hemivariational inequalities. Moreover,
uniqueness of both unknown variables is established through a more refined setting of the
mixed variational-hemivariational inequalities. Error analysis of the numerical methods
is presented. The results are applied to the study of a variational-hemivariational in-
equality of the Stokes equations for incompressible fluid flows subject to slip conditions
of frictional type, both monotone and non-monotone. Optimal order error estimates
are derived for the use of some stable finite element space pairs under certain solution
regularity assumptions. Numerical results are reported demonstrating the theoretical
prediction of convergence orders.

Keywords. Mixed variational-hemivariational inequality, well-posedness, projection iteration,
numerical method, error estimation, Stokes equations

AMS subject classification: 65N30, 35J50, 49J40, 74M10, 74M15.

1 Introduction

Mixed formulations arise frequently for application problems involving constraints. A well-known
example of mixed formulations occurs in the treatment of the incompressibility constraint for fluid
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flow problems. Moreover, mixed formulations are useful in developing efficient numerical methods
for the computation of physical quantities other than the original unknown variable of the underlying
partial differential equations. To solve mixed problems from applications, numerical methods are
needed. There is a large number of publications on the numerical solution of mixed problems. The
book [4] is a standard reference on mixed finite element methods for solving a variety of boundary
value problems through their mixed formulations. The majority of publications on mixed numerical
methods are devoted to solving mixed variational equations. Nevertheless, some references are
available on mixed finite element methods for solving mixed variational inequalities, e.g., [6, 13, 22,
33].

While mixed variational inequalities describe mathematical models of non-smooth phenomena
in which the non-smooth functional is assumed to be convex, mixed hemivariational inequalities
are mathematical models for non-smooth problems in which the non-smooth functional can be non-
convex. A number of papers can be found on well-posedness analysis of mixed hemivariational
inequalities, or that of more general mixed variational-hemivariational inequalities. In [2, 3, 26, 31],
solution existence results for mixed variational-hemivariational inequalities are proved by applying
abstract fixed-point principles for set-valued mappings. In contrast, in [18], for a particular mixed
variational-hemivariational inequality of rank (1,1) (following the nomenclature in [16, Section
5.1, Chapter 7], cf. Section 2), a minimax principle is established and the inequality problem
is studied through an equivalent saddle-point formulation. In [19], a combination of the results
established in [18] and the Banach fixed-point argument leads to well-posedness results of general
mixed variational-hemivariational inequalities of rank (1,1) and rank (2,1). In [35], a projection
iteration technique is developed in the study of a mixed hemivariational inequality, which can be
termed a mixed variational-hemivariational inequality of rank (0, 1) following the nomenclature in
[16]. In this paper, we extend the projection iteration technique for the well-posedness analysis
of general mixed variational-hemivariational inequalities of rank (1,1) and rank (2,1). Compared
to the results in [18, 19], uniqueness of both unknown variables (uniqueness of both velocity and
pressure in applications of incompressible fluid flows) can be established in the abstract level, at the
expense of a finer setting of the mixed variational-hemivariational inequalities. We then proceed to
perform numerical analysis of the general mixed variational-hemivariational inequalities.

Hemivariational inequalities are useful for applications involving non-smooth, non-monotone
and set-valued relations among physical quantities. Since the pioneering work of Panagiotopoulos
four decades ago (cf. [32]), modeling, analysis, numerical solution and applications of hemivari-
ational inequalities have attracted more and more attention from the research community. One
has witnessed a substantial increase in the number of publications related to hemivariational in-
equalities in recent years. As representative recent references for well-posedness analysis results
of variational-hemivariational inequalities, one is referred to [34] based on applications of abstract
surjectivity results on pseudomonotone operators and to [16] for an accessible approach based on
basic knowledge from Functional Analysis. One is also referred to [20, 17] for recent surveys on
numerical analysis of variational-hemivariational inequalities.

In the study of hemivariational inequalities, we need the notions of the generalized directional
derivative and generalized subdifferential in the sense of Clarke (cf. [8]). Let ¥: V' — R be a locally
Lipschitz continuous functional defined on a real Banach space V. Then its generalized (Clarke)



directional derivative at u € V' in the direction v € V' is defined by
v Av) — U
WO (u;v) := lim sup (w+ M) (w)
w—ru, A0 A

and the generalized subdifferential of ¥ at u € V' is defined by
OW(u) :={neV* |V (uy;v) > (nv)VoeV}.

Y

In the special case where W: V' — R is locally Lipschitz continuous and convex, the subdiffer-
ential 0¥ (u) at any u € V in the sense of Clarke coincides with the convex subdifferential 0¥ (u).
Hence, the notion of the Clarke subdifferential can be viewed as a generalization of that of the
convex subdifferential. For all A € R and all u € V', we have

OAU)(u) = AO¥(u).

Moreover, for locally Lipschitz functions Wy, U5: V' — R, the inclusion

holds, which is equivalent to the inequality
(U + Uy)(u;0) < W(u;v) + U(u;v) Yu,v e V. (1.2)

Detailed discussions of the generalized directional derivative and the generalized subdifferential
for locally Lipschitz continuous functionals, including their properties, can be found in several
references, e.g. [8, 30].

The salient features of the paper are that (1) the mixed variational-hemivariational inequalities
studied are rather general, and they include a variety of mixed formulations found in the literature
as special cases (cf. the comments right after the statement of Problem 2.1 in Section 2); (2)
analysis of well-posedness of the mixed variational-hemivariational inequalities and their numerical
approximations is carried out by an easily accessible approach, without the need of abstract theories
of pseudomonotone operators used in many references on hemivariational inequalities or variational-
hemivariational inequalities.

The rest of the paper is organized as follows. In Section 2, we address the well-posedness of
mixed variational-hemivariational inequalities, first for those of rank (2,1), and then for those of
rank (1,1). In Section 3, we provide numerical analysis of the mixed variational-hemivariational
inequalities. In Section 4, we apply the results presented in Sections 2 and 3 in the study of a
variational-hemivariational inequality for the Stokes equations subject to non-leak slip boundary
conditions of friction type. In Section 5, we report computer simulation results on some numerical
examples.

2 Well-posedness of mixed variational-hemivariational in-
equalities

From now on, we let V and ) be two real Hilbert spaces. Their dual spaces are denoted by V*
and @Q*. The symbol (-, -) denotes the duality pairing between V* and V', or between Q* and Q); it
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should be clear from the context which duality pairing is meant by (-,-). Let Ky C V and Ko C Q.
Let A: V V5 0.V XxQ >R &:VxV >R U:V =R, and f € V* be given operators and
functionals. We consider a general mixed variational-hemivariational inequality.

Problem 2.1 Find (u,p) € Ky x K¢ such that

(Au,v —u) +b(v —u, p) + ®(u,v) — ®(u,u) + ¥ (u;v —u) > (f,v —u) Vove Ky, (2.1)
b(u,q—p) <0 Vgqe K.

We comment that the form of Problem 2.1 is rather general, and it includes a variety of mixed
problems found in the literature as special cases. E.g., the mixed problem studied in [33] corresponds
to the choice ® = 0, ¥ = 0, and A linear (for the mixed problem in [33], the right hand side of
(2.2) is replaced by a continuous linear functional, which does not cause any complication in the
analysis and numerical solution of the problem). For the mixed problem studied in [21] and the
Stokes variational inequality studied in [9], A is linear, ¥ = 0, Ky = V and Kg = (), the latter
having the implication that (2.2) is reduced to a simpler equation. The problem studied in [23]
is simpler than that in [21] in the sense that ® depends on only one variable. For the problem
studied in [12] and [25], A is linear, ® = 0, Ky = V and Ko = (). In the very special case where
¢=0,V=0, Ky =V, Ko =0, and A linear, Problem 2.1 reduces to the commonly seen mixed
variational equations extensively studied in the literature (cf. [4]).

In the study of Problem 2.1, we will use the following conditions on the problem data.

e H(Ky) V is areal Hilbert space, Ky, C V is non-empty, closed and convex, and it contains
a subspace V.
e H(Kp) @ is areal Hilbert space, Ko C @ is non-empty, closed and convex.

e H(A) A:V — V*is Lipschitz continuous and strongly monotone.

e H(b) b:V x @ — R is bilinear and bounded. Moreover, the inf-sup condition holds: there
exists a positive constant a;, > 0 such that

b(w,
allallo < sup 229 vgeq. (2.3)

wevy [lwllv

e H(®)y &: V xV = R; forany u € V, ®(u,-): V — R is convex and continuous; and there
exists a constant ag > 0 such that

D(uy,vy) —P(uy, v1)+P(ug, v1) —Pug, v2) < agllug —usg|| [|v1—v2|| Yuy,us,v1,v0 € V. (2.4)

Moreover,
O(u,v+w) =d(u,v) Yu,ve Ky, wel (2.5)



e H(W) W:V — R is locally Lipschitz continuous, and there exists a constant ag > 0 such

that
VO (v;00 — v1) + 0501 — v2) < agllvr — wal|y Vor,v € V. (2.6)
Moreover,
W (v,w) =0 Vove Ky, we,. (2.7)
e H(f) feV~

Following the nomenclature used in [16], Problem 2.1 is a mixed variational-hemivariational
inequality of rank (2, 1) since the function ® depends on two variables and the function ¥ depends
on one variable. When ¥ = 0, Problem 2.1 is reduced to a mixed variational inequality. When
® = 0, Problem 2.1 can be viewed as a “pure” mixed hemivariational inequality.

We comment that under the assumption H(Ky), v+ w € Ky for any v € Ky and any w € V;
(cf. [33, Lemma 2.1]).

Related to the condition H(A), we will use M, > 0 for the Lipschitz constant:

HAUl — A'U2‘

ve < Maljoy —vally Voi, v €V, (2.8)
and use m4 > 0 for the strong monotonicity constant:
(Avy — Avy,v1 — v3) > mal|vr — wll Vo, v €V. (2.9)
Related to the condition H(b), we will use M, > 0 for the boundedness constant:
b(v, )| < My[lvllvilglle VeeV,qe. (2.10)
Assumption H(b) allows us to define an operator B € L(V; Q) by the relation
(Bv,q)g =b(v,q) YveV, qgeqQ.

The inequality (2.10) is equivalent to
|BI| < M.

Note that the convex function ®(u,-): V' — R is assumed to be continuous, instead of 1.s.c. Asis
explained in [14, 15] or [16, Section 5.1], there is no loss of generality with the stronger assumption
of continuity for a vast majority of applications. The subscript 2 in H(®), reminds the reader
that this is a condition for the case where ® depends on two variables. The constant ay > 0
in (2.6) measures the strength of non-convexity of ¥: the smaller the value of awy, the weaker the
non-convexity of ¥; in particular, in the degenerate case where ¥ is convex, (2.6) holds with ag = 0.

The first step in the analysis of Problem 2.1 is to convert the inequality (2.2) in the form of an
equality. Let Pk, : Q — K¢ be the projection operator from ) to K.

Lemma 2.2 Under the assumption H(b), (2.2) is equivalent to

p= Pr,(p+pBu) Vp>0. (2.11)
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Proof. By making use of the operator B, we can rewrite (2.2) as
(Bu,q—p)g <0 VqgeQ.
For any p > 0, this is equivalent to
(p+pBu)—p,q—plo <0 VqgeQ,

i.e., (2.11) holds. |

Theorem 2.3 Assume H(Kv), H(Kq), H(A), H(b), H(®),, H(¥), H(f), and
g+ ag < my. (2.12)

Then, Problem 2.1 has a unique solution (u,p) € Ky x Kg.

Proof. Let py € Vi be arbitrary but fixed. The parameter p > 0 will be chosen sufficiently small
later in the proof. Define a sequence {(un, pn)}n>0 C Ky X Kg by

(A, v — ) + P(Up, v) — D (U, un) + V(U v — uy)
> <f,’U—Un> _b(v_unapn) Ve Kv, (213)
Pnt1 = P (Pn + p Buy). (2.14)
Under the stated assumptions, given p,, € K, the variational-hemivariational inequality (2.13) has
a unique solution u,, € Ky (cf. e.g., [16, Theorem 5.9]). We take v = u,_; in (2.13) and take v = w,
in (2.13) with n replaced by (n — 1):
<Auna Up—1 — un) + @(Un, un—l) - (I)(una un) + \Ijo(una Up—1 — un)
Z <f7 Up—1 — un) - b(“n—l - Un)pn)
<Aun71> Up — un71> + (I)('Lbn,b un) - (I)(unflv unfl) + \Do<un71; Up — unfl)

Z <f7 Up — un—l) - b(un - un—lypn—l)-
Add the two inequalities to get

<Aun - Aun—laun - un—l) S (I)(unyun—l) - (D(unaun) + (I)(un—lyun) - CD(un—la un—l)
+ \Ijo(una Up—1 — Un) + qjo(un—l; Up — un—l)

- b(un — Un—1,Pn — pnfl)-
Applying H(A), H(®), and H(V),
malltn — tn 1|3 < aallun — un 1]} + awlltn — Un 1 |[3 — b(tUn — Un_1,Pn — Pr1)-

Hence,
(ma — ag — ) [ty — U1 ||} < —b(ty — Un_1, Pn — Pu_1)- (2.15)



We derive from (2.15) that

(ma —ag — ay) |un — up i < Myt — tn1||vIpn — Pooillo

ie.,

M,
ma—ag — Qg

|wn — un—1llv < collpn — Pn-1llg, o=

(2.16)

Next, from the definition (2.14) for p,;1 and p,, and the non-expansiveness of P, we have

||pn+1 _an% < ||(pn + pBun) - (pn—l + pBun—l)”zQ

- Hpn _pn—1||2Q + ,02||B(Un - un—l)”% + 2pb<un — Un—1,Pn — pn—l)-

From (2.15),
b(tn = tn—1,Pn = Pn1) < = (ma — ap — aw) [un — up 1 [[7-
Also,
1 B(ttn — tn—1)llq < Myt — tin—1]lv-
Thus,

1Pt = Palle < Ml — Pa-illG + 0* Myl — unally — 2 (ma — a0 — o) [l — wns i

= Hpn _pnleé - 9 Hun - unfl”%/v

where
0=2p (ma— ap — ag) — p> M.

Choose p > 0 sufficiently small so that § > 0. Then,

(2.17)

By making use of the assumptions (2.5) and (2.7), we derive from (2.13) the following equality

(Aun, w) +b(w, pn) = (f,w) Yw eV,
Hence,
b(van - pn—l) = _<Aun - Aun—l, U}> Yw € %
Applying the inf-sup condition (2.3),

b(w>pn B pn—l) o —<Aun - Aun_l, w>
||pn — Pu-1llq < sup = sup
weVy ”wHV weVp ||UJ||V

or,

«
||Un - Un—1||v > M: ||pn - pn—lHQ'

Combining (2.17) and (2.19),
Hanrl - anQ S K Hpn - pn71HQ>

7

< Mallun — tn—1]lv,

(2.18)

(2.19)



where # = (1 — 0 a2/M2)"? is well-defined for p > 0 sufficiently small, and # < 1. Then,

[Pni1 = Palle < K"[lp1 = polle- (2.:20)

For m > n, we apply (2.20) repeatedly to derive

lpm = Palle < llPm = Pmalle + -+ 4 [IPata = pallo

< (fim_1 + -+ ffn) lp1 — pollo
/{/TL

< Ip1 = pollo-

11—k

Since k < 1, we have
|pm = pnllg =0 as m,n — oo,

i.e., {p,} is a Cauchy sequence. Since () is complete, there exists an element p € @) such that

Pn — P in Q.

Moreover, since K is closed, the limit p € K.

By (2.16) and (2.20),
tn — Un_1|lv < cos™ ||Ip1 —pollo-

Hence, for m > n,

CoR"™

Hum - unHV < ”um - um—IHV + o |t — Un”V < ”pl _pOHQ'

11—k
So {u,} is a Cauchy sequence in the complete space V', and thus has a limit u € V. Since u,, € Ky
and Ky is closed, u € Ky,.
Note that
[(D(un, v) = P(un, un)) — (2(u, v) = ©(u, u))]

< |D(up, v) — P(up, uy) — P(u, v) + P(u, uy)| + |P(u, u) — P(u, uy,)|

< agllun — ullv|lv = unllv + |D(u, u) — O(u, uy)]

— 0,

and (cf. [30, Proposition 3.23 (ii)])

lim sup U0 (up; v — uy,) < UO(u;v — u).
n—oo

We take the upper limit of both sides of (2.13) to obtain (2.1).
Due to the continuity of Pg,, we take the limit in (2.14) to obtain

p = Pry(p + p Bu).

By Lemma 2.2, this implies (2.2).



Hence, the limit (u,p) € Ky x K¢ is a solution of Problem 2.1.

For uniqueness, let (u1,p1) € Ky x Kg and (u2,p2) € Ky x Kg be two solutions of Problem
2.1. Then,

(Aug,us — ur) + blug — ur, pr) + ®(ur, uz) — @(ug, ur) + VO(ursug — ur) > (fiug —uy), (2.21)

b(ul,pz — pl) S O (222)
and

(Aug,uy — us) + b(uy — ug, pa) + P(uz, uy) — P(ug, ug) + WO (ug; ur — ug) > (fyug —ug), (2.23)

b(lbg,pl — pg) S 0. (224)

Add (2.22) and (2.24) to get
—b(ur — uz, p1 — p2) < 0. (2.25)
Then, add (2.21) and (2.23) to get
(Aur — Aug, uy — ug) < ®(uy, ug) — P(ur, ur) + P(ug, ur) — P(ug, ug)
+ 00 (ugs up — ur) + WO (ug; ug — ug) — buy — ug, p1 — pa). (2.26)
Hence, by making use of H(A), H(®)2, H(V) and (2.25),
mallur — w2li, < asllur — wally + vwllus — ually, (2.27)
ie.,
(ma — ap — o) [Juy — usl3 < 0.
By the smallness condition (2.12), we deduce that ||u; — uslly = 0 and u; = us.

Similar to (2.19), we have

Qp
1 — p2llg < TR |lur — uslly =0,

implying the uniqueness of p: p; = ps. [
Now we show Lipschitz continuity of the solution with respect to the right side.
Theorem 2.4 Keep the assumptions stated in Theorem 2.3. Then, there exists a constant ¢ > 0

such that for solutions (u, p1), (ug, p2) € Ky x K¢ of Problem 2.1 with f = f1, fo € V*, the following
inequality holds:

[ur = wzlly + llpr = p2lle < ¢llfr = fallv-. (2.28)

Proof. We start with (2.21)—(2.24) with f replaced by f; in (2.21) and by f5 in (2.23). Then,
(2.26) is modified to
(Auy — Aug, uy — ug) < P(uy, ug) — @(ur, ur) + P(ug, uy) — P(u, ug)
+ \I/O<U1; U — Ul) + \I]O(UQ; Uy — UQ>
— b(ur — uz, pr — p2) + (f1 — fo, w1 — ua)



whereas (2.27) is modified to

mallur — ually < aollur — uslly + awllur — uslly + 1fi = follv-llur — wallv-

Then
[ur = ualv < 1fi = fallv (2:29)
mag— O — Oy
Similar to (2.18), we have
(Aur, w) +b(w,p1) = (f1,w) Yw €V,
(Aug, w) + b(w, p2) = (fo,w) Yw e V.
Subtract the two equations to get
b(w,p1 — p2) = (fi — fo,w) — (Auy — Aug,w) VYw € V.
By the inf-sup condition (2.3),
ayl[p1 — p2llg < sup T—— o || [(fr = fo,w) = (Aur = Aug, w)] < || fr = follve + Mallur — uel|v.
weVy
This inequality and (2.29) together imply (2.28). ]

We now introduce a variant of Problem 2.1 which is directly related to applications. To simplify
the notation, for A a subset of  or a subset of its boundary, we use Ia(g) to denote the integral
of an integrable function g on A. For application problems, very often, the mixed variational-
hemivariational inequality of rank (2,1) is in the form of Problem 2.1 in which ¥°(u;v — u) is
replaced by an integral over A: Ia(v°(yu;yv — yu)). Here, for a positive integer m, ¢: R™ — R is
locally Lipschitz continuous and for a function space V;, on A, the operator v: V' — V,, is such that
PO (yu;yv) € LY(A) for all u,v € V. In other words, for application problems, instead of Problem
2.1, we have its following variant.

Problem 2.5 Find (u,p) € Ky x K¢ such that

(Au, v — ) +b(v — u,p) + (u,v) — ®(u, u) + Ia (V" (yu; yv — yu))
> (fv—u) Vve Ky, (2.30)
bu,g —p) <0 Vqe K. (2.31)

For mixed variational-hemivariational inequalities in applications, associated with second-order
PDEs, we let Vi, = L?(A), and denote by ca > 0 the smallest constant in the inequality

Ia(lwlan) < All? Vo eV. (2.32)

We replace H (W) by the following assumptions on .
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e H(v)) For an integer m > 1, ¢»: R™ — R is locally Lipschitz continuous, and there exist
constants ¢, > 0 and «,, > 0 such that

|8w(z)]Rm S Cy (1 + ‘Z|Rm) Vz e ]Rm, (233)
V(21320 — 21) + Y0 (20521 — 22) < Q|2 — Z|am V21,2 € R™. (2.34

We deduce from Theorems 2.3 and 2.4 the next result on Problem 2.5.

Theorem 2.6 Assume H(Ky), H(Kg), H(A), H(b), H(®)s, H(vY), H(f), and
Qg + aypch < ma. (2.35)

Then, Problem 2.5 has a unique solution (u,p) € Ky x Kg. Moreover, there exists a constant
¢ > 0 such that for solutions (uy,p1), (uz,p2) € Ky x Kq of Problem 2.5 with f = fi, fo € V*, the
following inequality holds:

|ur — uslly + ||pr — p2llg < cllfi = follv-

Proof. Introduce an auxiliary functional ¥: V' — R by

() = La(b(0)), vEV.
Then, by [30, Section 3.3|, ¥ is well-defined and is locally Lipschitz continuous on V. Moreover,
U0 (u;v) < In(W0(yu;yw)) Yu,v eV, (2.36)
and
WO (v;09 — v1) + W03 01 — v2) < apcallvr — vllf Vop,ve € V.

Hence, H (1) implies H(¥) with ay = apci. From Theorems 2.3 and 2.4, we know that Problem
2.1 has a unique solution (u,p) € Ky x K¢ and the solution depends Lipschitz continuously on
f. Thanks to the property (2.36), (u,p) is also a solution of Problem 2.5. Moreover, the solution
uniqueness of Problem 2.5 can be shown by slightly modifying the argument of the solution unique-
ness of Problem 2.1 in the last part of the proof of Theorem 2.3. Consequently, the statements of
Theorem 2.6 hold regarding Problem 2.5. ]

Finally, we consider degenerate special cases of Problem 2.1 and Problem 2.5 where ® depends
on only one variable. Let ®: V — R.

Problem 2.7 Find (u,p) € Ky x Kg such that

(Au,v —u) + b(v —u,p) + ®(v) — ®(u) + ¥(u;v —u) > (f,v—u) Vv e Ky, (2.37)
b(u,q —p) <0 Vgqe K. (2.38)
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By the nomenclature used in [16], Problem 2.7 is called a mixed variational-hemivariational
inequality of rank (1,1) since both the functions ® and ¥ depend on one variable. In the study of
Problem 2.7, we replace the assumption H(®), by H(®P);.

e H(®); ®:V — R is convex and continuous, and

S(v+w)=o(v) Vve Ky, wel,. (2.39)
As a corollary of Theorems 2.3 and 2.4, we have the next result on Problem 2.7.

Theorem 2.8 Assume H(Ky), H(Kq), H(A), H(b), H(®):, H(V), H(f), and ay < ma. Then,
Problem 2.7 has a unique solution (u,p) € Ky x Kq. Moreover, there exists a constant ¢ > 0 such
that for solutions (uy,p1), (uz,p2) € Kv x Kg of Problem 2.7 with f = fi, fo € V*, the following
inequality holds:

|ur — usllv + ||pr — p2llg < cllfi = follv-

Similar to Problem 2.5, we introduce a variant of Problem 2.7.

Problem 2.9 Find (u,p) € Ky x Kq such that

(Au,v —u) + b(v — u,p) + P(v) — ®(u) + Ia(W° (yu;yv — yu)) > (f,v —u) Vv € Ky, (2.40)
b(u,g —p) <0 Vqe Kg. (2.41)

Theorem 2.10 Assume H(Ky), H(Kg), H(A), H(b), H(®),, H(Y), H(f), and ayck < ma.
Then, Problem 2.9 has a unique solution (u,p) € Ky x Kg. Moreover, there exists a constant
¢ > 0 such that for solutions (u1,p1), (uz,p2) € Kv x Kq of Problem 2.5 with f = f1, fo € V*, the
following inequality holds:

|ur — usllv + ||pr — p2llg < cllfi — follv-.

3 Numerical analysis

In this section, we consider the numerical solution of Problem 2.5. We keep the assumptions stated
in Theorem 2.6 so that Problem 2.5 has a unique solution. Let K* C Ky and Kg C Kg be finite
dimensional approximations of Ky and K¢. Then, the numerical method is the following.

Problem 3.1 Find (u",p") € K{; x K{, such that

(Aul 0" — ™y 4 b(o" —ul p") + d(u, ") — d(u”, u) + TA (O (A" — yu))
> (f, 0" —u")y Vo e Kb, (3.1)
b(u",q" —p") <0 V4" e KE.
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Denote
Vi = Vo n K
and assume the finite element space pair V" x Q" satisfies the discrete inf-sup condition (Babugka-

Brezzi condition, or simply BB condition)

b(w", ¢")
wldlo < sup 2,
wheve WMy

(3.3)

where a3 > 0 is a constant independent of h.

By a discrete analogue of Theorem 2.6, we know that under the assumptions stated in Theorem
2.6 and (3.3), Problem 3.1 has a unique solution (u”",p") € Ki} x K{.

The rest of the section is devoted to an error analysis of the numerical method. We will use the
Young inequality several times:

1
ab§6a2+4—b2 Ve>0, a,beR. (3.4)
€

Theorem 3.2 Keep the assumptions stated in Theorem 2.6 and (3.3), and let (u",p") € Ki} x K,
be the unique solution of Problem 5.1. For any (v", ¢") € K& x Kg, we have the error bound

lu— "3+ [lp = "1 < g+ (Jlu— 0" []5 + 7w = 0"y, + llp = ¢"I5 + P = ¢"ll@) - (3.5)
Furthermore, if Ko and Kg are subspaces, for any (v, q") € Kk x Kg, we have the error bound
lu = "3 + [lp = "1 < erlr + e ([lu = 0"l + [v(u = 0"y, + llp = ¢"[13) - (3.6)
Proof. Let (v",¢") € K x K} be arbitrary. Take v = u" in (2.1) and ¢ = p" in (2.2) to get
(Au,u™ —u) + b(u" — u, p) + ®(u, u") — ®(u,u) + In(W° (yu; yu" — yu)) > (f,u" —u),  (3.7)
b(u, p" —p) <0.

Write
(Au — Aul u —uy = (Au,u — uP) + (Au" u — 0"y + (Au, 0" — ).

Use (3.7) and (3.1) to obtain

(Au— Au" u—u"y = Ty + Ig + I + I + Iy, (3.9)
where

Iy = (Au— Au" u — o), (3.10)

Ip = (Au, 0" —u) +b(" —u,p) + B(u,v") = D(u, u) + I (L (yus 70" — yu)) — (f, 0" — ),
(3.11)
Ib = b(uh - Uhup - ph)a (312>
Iy = ®(u,u") — &(u,v") + d(u",v") — d(u", u"), (3.13)
Ly = Ta (4 (yus yu — yu) + 90 (yuls yu — yul) + 40 (yus yu — ") + 0 (yu" 90" — qu)). (3.14)
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Note that Iy is a residual-type quantity.

We now bound the terms on the right side of (3.9). For 14, we use the Lipschitz continuity of
A:
Iy < Mallu = u"[lv [lu = 0"y

For I, apply (2.4) followed by the use of the triangle inequality:
Iy < agllu —u"||v|lu" = 0"y < asllu —u"|lv (Jlu = u"lv + lu = 0"lv) .

Then, use (3.4), . . . .
agllu = u*llyllu —v*lv < €llu—utlly +ellu ="

for a constant ¢ depending on €. Hence,
Iy < (ag +6) [lu—u"[]} + cllu — o[}
For I, we use H(¢) and (2.32) to get
Iy < ayla(ly(u —u")3,) +c (1 + lyullv, + v llv,) lIv(w = o)y,

< agcallu—u" [} + e (1 lyullv, + [Iy(u = u")llv,) (= o)y,

< aycrllu = u" [ + e (L vallv,) (e —o")lv, +cllu—u"lv]lu—o"|v.
Apply the modified Cauchy-Schwarz inequality (3.4) to get
cllu ="yl ="y < €llu—u"[[} +cllu ="y
for a constant ¢ depending on € on the right side of the inequality. Thus,
Iy < (agch +€) flu = a5+ (1+ llyully,) Iy (w = o")llv,.
Regarding [, write

Iy =b(u" —u,p — ¢") + b(u— ", p— p") + b(u,p — ¢") + b(u", ¢" — p") + b(u, p" — p).

From (2.2),
b(u,ph _p> S 0.
From (3.2),
b(u",¢" —p") <0.
Hence,
Iy < b(u" —u,p—¢") +b(u — 0", p = p") + blu,p — ¢"), (3.15)
from which,
I < My (|lu* = ullvllp — ¢"llq + llu = v"[[vllp = 2"l + lullvip — ¢"lq) - (3.16)

Applying (3.4), we then have
I < e (Jlu=u"[l5 + llp = p"113) + ¢ (Ilu = 0" % + lIp = ¢" 1% + I — ¢"llo) -

14



Summarizing, from (3.9) and the above bounds, we derive that
(ma —as = 3€) |lu—u"[[} < ellp—p"|[G + Ir
e (flu =% + v —=o")llv, +llp = a2+ Ip = ¢"llo) - (3:17)
Turning to an error estimate on p — p, for any ¢" € Q", by the triangle inequality,

Ip=2"le < llp— "o + lld" — p"llq-

Thus,
lp = "% < 2lp = ¢"15 + 21" — "2 (3.18)
Apply the BB condition (3.3),

bhh_h
ald — o< sup AT P
S T

Similar to (2.18), due to the assumptions (2.5) and (2.7), we have the equality
(Au, )+ b(w,p) = (f,w) V€ Vp,
Moreover, we derive from (3.1) that
(A, )+ (", pt) = (fu) V€ V.
From the last two equalities, we find that
b(w",p—p") = (Au" — Au,w") V" e VI
Now,
b(w",¢" —p") = b(w", ¢" — p) +b(w",p — p*) = b(w", ¢" — p) + (Au" — Au,w").

Hence,

b(w", ¢" — p) + (Au" — Au, w"
wld — 'llg < sup X )+ >

< Mallu — u"||y + My|lp — ¢"||q-
whevh |wh]|v

This implies
" = "5 < [(Ma/aw)® + 1] Ju — u"[|}, + ¢ llp — ¢"[15-

2
Q =
From the above inequality and (3.18),
lp = p" I3 < 2 [(Ma/ow)* + 1] [lu — w" | + cllp — ¢"[[5,-

Together with (3.17), when choosing € > 0 small enough, we have two positive constants ¢;,c¢ > 0
such that (3.5) holds.
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Next, consider the special case where K¢ and Kg are subspaces. Then, (2.2) is equivalent to
b(u,q) =0 Vqe Ko,

and (3.2) is equivalent to
b(u", ") =0 V" e Kg.
Write
Ib = b(uh —u,p _ph) + b(u - Uhap _ph)
Then,
b(u" —u,p—p") = b(u",p—p") = b(u",p— ¢") = b(u" —u,p — ¢"),

and so instead of (3.15),

Iy = b(u" —u,p— ") + blu— ", p—p")

< My (lu—u"lvllp = ¢"llq + llu = v"vilp - p"llo) .

and instead of (3.16), we have

I < My (Jlu" = ullvllp = d"llg + lu = "llv]p = p"llq) - (3.19)

Eventually, (3.5) is improved to (3.6). u

A crude bound on the term Iy is

[l < c(1+ Jlulle + lIplle + 1171

V) lu = 0"l + ¢ B, v") — B(u,u)

Then we deduce convergence of the numerical solutions from either (3.5) or (3.6).

Corollary 3.3 Keep the assumptions stated in Theorem 2.6 and (3.3). If UpsoKP is dense in Ky
with respect to the || - ||y -norm and UpsoK( is dense in Kq with respect to the || - || g-norm, then we
have the convergence

lu = u"|lv +lp = p"lg = 0 Yh—0.

4 A Stokes variational-hemivariational inequality

In this section, we consider a variational-hemivariational inequality of the Stokes equations for an
incompressible fluid flow occupying the domain €2 subject to non-leaking slip boundary conditions
of friction types on parts of the boundary. Let © C R?, d < 3, be an open bounded Lipschitz
domain. Its boundary I' = 0(1 is split into three parts: I'p, I's; and I'g». The unit outward normal
vector exists a.e. on I' and is denoted by v = (v1,...,14)?. For a vector v, its normal component
and tangential component on I' are v, =v - v and v, = v — v, V.

Let p > 0 be the viscosity of the fluid, and denote by w and p for the unknown velocity and
pressure fields of the fluid. Denote

e(u) = (Vu + (Vu)')/2
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for the rate of deformation tensor and

oc=2pe(u)—pl
for the fluid stress tensor, I being the identity tensor. The normal component and the tangential
component of the stress on the boundary are o, = (ov) - v and o, = ov — o, v.

Given a source density function f: Q — R% a convex function ¢: I's; — R, and a non-convex
function ¢ : I'ss — R, the pointwise formulation of the problem is the following.

Problem 4.1 Find a velocity field w:  — R? and a pressure field p: Q0 — R such that
—div2ue(u))+Vp=Ff inQ,
divu =0 in ),
u=0 onlp,
u, =0, —o, € 0p(u,) on gy,
u, =0, —o, € 0Y(u,) on Lgp.

N N N N N
il ol ol o
U =~ W NN =
N e e N N

Problem 4.1 will be studied through its formulation. For this purpose, we introduce the following
function spaces:

V={veH(Q)?"|v=00nTp,v,=00nTs}, (4.6)
Vaiw ={v € V | divo = 0 in Q}, (4.7)
Vo = Hy(Q)7, (4.8)
Q={a€L*(Q)|(g,1)a =0}, (4.9)

where I's = I'g; U T'g9, and (g, 1)q stands for the integral of ¢ over Q. Over the space V', we use
the norm [Jv||y = |le(v)||r2(q)axe, which is equivalent to the standard H'(Q2)? norm over V.

The reduced weak formulation of Problem 4.1 is the following.
Problem 4.2 Find u € Vg, such that

/ 2pue(u) : (v — ) dz + / 6w.) — d(u]ds + | 60w vr — w.) ds
Q Ts1 s,
> (fro—w) Vo e Vi (4.10)

The full weak formulation of Problem 4.1 that includes the pressure unknown p, is the following.

Problem 4.3 Find (u,p) € V x Q such that

/ 2pe(u):e(v—u)de — / pdiv(v — u) dr + / [6(v,) — P(u,)] ds
Q Q s
+/ s v, —u)ds > (F,o—u) Yvev, (4.11)
Is,2
/qdivuda::() VqeQ. (4.12)
Q
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We will apply the theoretical results in the last two sections to study Problem 4.3 and its
numerical approximation. Let Ky =V, Kg = (), and define for u,v € V and ¢ € @,

a(u,v) = /QQ,us(u) e(v)dz,
b(v,q) = —/quivv dx,

2(v)= | o(v,)ds

(f,v):/gfmdx.

It is well known that the inf-sup condition (2.3) is satisfied.

For the functions ¢ and v, we introduce the following assumptions.

e H(¢) ¢: R?— R is convex and Lipschitz continuous.

e H(¢) t¢: R?— R is locally Lipschitz continuous and for some constants ¢, > 0 and v, > 0,

00(2) e < o (1 + |2lg) V2 € R, (4.13)
wo(zl;zg —2z1) + wo(zg; z1 — 22) < aylzy — zglid V21,2, € RL (4.14)

Theorem 4.4 Assume H(¢), H(¢), and ay < 2pu g, where g > 0 is the smallest eigenvalue of
the eigenvalue problem

uclV, /Q,us(u):e(v)dx:)\/ u,v,ds VveV.
Q g2
Then for any f € L*(Q)¢, both Problem 4.2 and Problem 4.3 admit a unique solution and the two
problems are equivalent in the sense that if w is a solution of Problem 4.2, then there exists p such
that (u,p) solves Problem 4.3, and conversely, if (u,p) is a solution of Problem 4.3, then u solves
Problem 4.2.

Proof. First, we apply Theorem 2.6 to know that Problem 4.3 has a unique solution. Note that
c& = \;'. By [16, Theorem 5.9], we know Problem 4.2 has a unique solution.

Suppose (u,p) € V x @ is the unique solution of Problem 4.3. Then we take ¢ = divu € @ in
(4.12) to see that u € Vy;y. By restricting v to Vg, we derive (4.10) from (4.11).

Conversely, suppose u is the unique solution of Problem 4.2. Then from the previous paragraph,
w is the first component of the unique solution (u,p) € V' x @ to Problem 4.3. ]

Turn now to discussion of a finite element approximation of Problem 4.3. For simplicity, assume
Q1 is a polygonal /polyhedral domain. Consider a regular family of finite element partitions {77},

of € into triangular elements (if d = 2) or tetrahedral elements (if d = 3). We assume that each
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partition is compatible to the boundary splitting according to the boundary condition types, i.e., if
a side or a face of an element has a nontrivial intersection with I'p or I's; or I'g o, then the side or
the face lies in T'p or gy or Igp. Let VP x Q" C V' x Q be a stable pair of finite element spaces
corresponding to the partition 7", i.e., for a constant 8, > 0, independent of h, such that

bvh,qh
Bullllo < sup 1)
AT

V4" e Q" (4.15)

where
Vi =vhn,.

Then the finite element method for solving Problem 4.3 is the following.

Problem 4.5 Find (u”", p") € V* x Q" such that
/ 2pe(u”) : e(v" —u")dr — / p" div(v" — u") dr + / [p(v]) — ¢(ul)] ds
Q Q s

+ PO(ul v —ul)ds > (f, 0" —u") Vo' eV (4.16)

s,z

/ Q" divudr =0 V¢ e Qm (4.17)
Q

Under the assumptions stated in Theorem 4.4, we can apply Theorem 2.10 to conclude that
Problem 4.5 has a unique solution. The rest of the section focuses on an error analysis of the
numerical method. By (3.6),

lw — w3 + [lp = "5 < erfr + ¢ ([lu =" [[§ + [ur — 02|22 + I — d"[%) (4.18)
where from (3.11),
In = a(u,v" — u) + b(v" — u,p) + Iry, (6(v]}) — d(u,)) + Irg, (V°(ur; v — u,)) — (f, 0" — w).
Let {I"; }1<i<i, be the plat components of I's = I's; U 'g5. Assume the solution regularities:
u € H* Q) wu.lp, € H* Ty 1<i<iy, peHY(Q). (4.19)

As in the proof of Theorem 4.5 in [12], it can be shown that the solution (u,p) € V x @ of Problem
4.3 satisfies the following pointwise relations:

—div(2pue(u))+Vp=f ae. inQ, (4.20)
divu =0 a.e.in Q. (4.21)

Also, note the boundary values from w € V' and the definition of the space V:
u=0 ae onlp, (4.22)
u, =0 a.e onlg; UTlgs. (4.23)
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Performing an integration by parts and using the above pointwise relations, we have

Ir = /FO'I/' (V" —u) ds + /Q [—div(2pe(u)) + Vp — fldx
+ ‘[FS,l (¢(U¢) - gb(uT)) + ]Fs,z <¢0(’U’T; ’U:_L - uT))

= / o, (V) —ur)ds + Irg, (6(v7) — ¢(ur)) + Irg, (V°(ur; vy — uy)).
s

Then,
[R <c H’U,T — U?HLZ(FS)d-

In conclusion, we derive from (4.18) that
lw — 2[5+ llp = p"[15 < e (lw = 0" [[§, + llur — 0722 + 0 — 4"115) - (4.24)

As an example, if we use the P1b/P1 element pair proposed and analyzed in [1], by using
the standard finite element approximation theory (cf. [5, 7, 11]), under the solution regularity
assumptions (4.19), we obtain from (4.24) the optimal-order error estimate

lw—u([3 + [|lp— "5 < ch®. (4.25)

5 Numerical examples

In the numerical examples, we let
¢(UT) =g |'v7’7

where ¢ is a positive constant, and let

||
Y(z) = / wt)dt, z € RY,  w(t) = (a—b)e " +b,
0
where a, b, 8 are all positive constants, and a > b. Since w is decreasing on [0, +00), ¢ is not convex.

The slip boundary condition on I's s is equivalent to

o] SO0 it ur =0, —or =w(url)

if u, # 0.

Define two Lagrangian multipliers A\ = —o./g, A2 = —0/w (|u,|), elements of the sets

A1 = {Al < L2(Fs7l)d ’ ‘)\1‘ S 1 a.e. on FS,1}7
Ag = {)\2 S L2<FS’2)d ’ |A2| S 1 a.e. on F&g},

respectively, and introduce the following form of the weak formulation of the problem.
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Problem 5.1 Find (u,p, A1, A2) € W x Q X Ay X Ay such that

a(u,v) —b(v,p) + /

I's1
blu,q) =0 VqeQ,

AL -u; = |u.| ae. on gy,

g)\l-vfds—i-/ w(|ur]) Ag-vrds = (f,v) YveV,

Pspe2
Ay -u, = |u,|  ae ongo.

We use the P1b/P1 finite element pair for the spatial discretization. It is known that the discrete
inf-sup condition is satisfied (cf. [1]). Let P : R¢ — B(0;1) be the orthogonal projection operator
onto the closed unit ball in RY. We implement the following Uzawa algorithm for the numerical
solution of Problem 5.1.

Initialization. Choose a parameter p > 0, a maximal iteration number [, and error tolerance
e > 0, let the approximate initial velocity uff = 0, and set )\?,0 = )\]2170 =0.

Iteration. For [ > 1, find (ul,p}') € V" x Q" such that
a (u?, 'vh) —b ('vh,p?)

= <favh> - gA;L,l—l -vlds — / w (’u?—l,'r’) Ag,l—l -vlds Vot e VP

Ps1 Pspe2

b(ul,q") =0 Vq"eQ"
and update

Aill,l =P (Aill,l—l + PuﬁT) on gy,
Ny = P (N +puf,) on T,

until [ = [y or Huf’ — U?AHLQ(QW / HU?HLQ(Q)d <E&.

The algorithm is implemented in Python with the FEniCS package ([24]). In the numerical
examples, we let ;1 = 1 for the viscosity coefficient, d = 2 for the spatial dimension, p = 10. For
the function w(t), use § =1, a = 0.35, b = 0.25. For the function ¢(t), use g = 0.2. The source
function is defined by

Fl =2 <_10(1 = 6a+ 62 9y(L = y)(1 = 2y) + 302 (1 —2) (1 = 2y) — (1 - 2y)> .

10(1 — 6y + 6y*)x(1 — 2)(1 — 2z) — 30y*(1 — y)*(1 — 22) — (1 — 22)
For the stopping criteria, let Iy = 200 and € = 1075,

Example 5.1. In the first example, we use uniform triangulations of the domain © = (0, 1) x (0, 1).
The unit interval [0, 1] is split into 1/h (h = 1/8, 1/16, ---) equal length sub-intervals. The
triangulation of the unit square with h = 1/16 is shown in Figure 1. Its boundary is split into three
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Figure 1: Triangulation for Example 5.1

parts I'p, I'g1, and I'g9; I'p is the union of the left and right sides, I'g; is the top side, and I'g is
the bottom side.

To calculate numerical errors, we use the numerical solution with h = 1/256 as the reference
solution (u*, A}, A;). We report numerical convergence orders of u” — w* in the L?(2)2-norm and
the H'(Q)2-norm, that of p" — p* in the L?(Q)-norm, that of A} — A} in the L?(I's;)?-norm, and
that of Ay — A} in the (L?(I'sz))?-norm.

Tables 1 and 2 show numerical convergence orders with respect to h. We also report the number
of iterations required for the Uzawa algorithm. Values of the L?(Q2)%-norm and H'(Q2)?-norm of

u*, the L?(Q)-norm of p*, the L?(T's;)?*norm of A}, and the L?(T's5)*norm of Aj for the reference
solution are

Jw*||r22 = 4.619 x 1072, ||u*|| g1z = 3.047 x 107", ||p*||r2() = 2.340 x 107",
I 2rg )2 = 9261 x 1071, [IAS] r2(rg.0)2 = 8.533 X 107"

Numerical results for h = 1/16 are shown in Figures 2, 3 and 4. To illustrate the friction effect,
in Figures 5, 6, 7 and 8, we show w, and o, along the slip boundary I'g ;, and I'g» for the reference
solution, respectively. The top and bottom sides of the domain are straight and parallel to the
z-axis. Therefore, the tangential velocity u, on the side can be equated with its first component,
and similarly for the friction force o .

Example 5.2. In the second example, the domain is a curved variant of the unit square, with the
bottom side replaced by a curve defined by

1
Yy = E Sin(2ﬂ'x), T € [0; 1]’
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Table 1: Numerical convergence orders of u and p for Example 5.1

h |lu® —u*||pz= Order |u"—w*||; Order |p* —p*||zz Order

1/8 6.505e-03 - 9.472e-02 - 7.661e-02 -

1/16  1.860e-03 1.81 4.750e-02 1.00 2.774e-02 1.47
1/32  4.877e-04 1.93 2.342¢-02 1.02 8.712e-03 1.67
1/64  1.191e-04 2.03 1.149e-02 1.03 2.568e-03 1.76

Table 2: Numerical convergence orders of A; and Ay for Example 5.1
hoo||IAP— Allzzrg,) Order AR — Asllz2rg,) Order  Iterations

1/8 3.395e-01 - 3.320e-01 - 89
1/16 2.125e-01 0.68 1.313e-01 1.34 149
1/32 7.304e-02 1.54 4.589¢-02 1.52 144
1/64 2.489e-02 1.55 1.500e-02 1.61 159
1.0
1.0 1 - -
08_,',;j" Saa 0.8
064 : s ‘ : 0.6
! ’ r f
y P 1
0.4 1 : ‘ ' : T 1 0.4
024 . | b -/:; : .
L P o2
P
T T T T T T 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Figure 2: Velocity field for Example 5.1 Figure 3: Pressure isobars for Example 5.1

We remove a disk of radius 0.2 centered at (0.5,0.6)” from the domain and choose the circle to be
I's1. Moreover, I'p is the union of the top, left, and right sides, and I'gy is the bottom side. We
create the mesh by applying Gmsh, which is a 3D finite element mesh generator, cf. the website
https://gmnsh.info/ developed and manged by C. Geuzaine and J.-F. Remacle. In Gmsh, let the
element size factor be 0.4, 0.26, 0.181, 0.1264, 0.06285, and set the side length h = 1/8, 1/16, 1/32,
1/64, 1/256 on the left, top, and right boundaries. As a result, we get the total number of cells
Neens = 128, 511, 2055, 8187, 131179, respectively. The triangulations of the regions with h = 1/16
are shown in Figure 9.

As in Example 5.1, we use the numerical solution with h = 1/256 as the reference solution
(u*, A}, A3) in computing errors of the numerical solutions on coarse meshes. For the function w(t),
use f§ =1, a = 0.2, b = 0.1. Table 3 and Table 4 show the numerical convergence orders as
h decreases. Values of the L*(Q)?-norm and H'(Q)%:norm of u*, the L?*(2)-norm of p*, and the
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Figure 4: Magnitude of the velocity |u”| for Example 5.1
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Figure 5: u, along I'g;, Example 5.1 Figure 6: o, along I'g;, Example 5.1
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Figure 7: u, along I's 2, Example 5.1 Figure 8: o, along I's 2, Example 5.1

L?(Ts)?-norm of A and A} for the reference solution:

w2y = 2.216 X 1072, ||u* ||y = 1.914 x 107, ||p"|ln2() = 5.499 x 107",
X 2rgny2 = 1104, [IAS] r2(rg,)2 = 7975 x 107"
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Figure 9: Triangulation for Example 5.2

Table 3: Numerical convergence orders of u and p for Example 5.2

h  ||lu® —u*||;2 Order |u"—wu*||z; Order |p" —p*||zz Order

1/8 5.637e-03 - 8.980e-02 - 1.536e-01 -

1/16  2.053e-03 1.46 4.100e-02 1.13 5.337e-02 1.53
1/32  8.234e-04 1.32 2.017e-02 1.02 2.085e-02 1.36
1/64  3.236e-04 1.35 9.802e-03 1.04 8.486e-03 1.30

Table 4: Numerical convergence orders of A; and Ay for Example 5.2

h ||A?—A>{||L2(FS’1) Order ||A3—A§||L2(r5,2) Order Iterations

1/8 1.090e-01 - 6.712e-01 - 145
1/16 2.667e-02 2.03 4.032e-01 0.74 184
1/32 1.732e-02 0.62 2.058e-01 0.97 205
1/64 8.235e-02 1.07 1.005e-01 1.03 202

The numerical results when h = 1/16 are shown in Figures 10, 11, and 12. The magnitudes
of the tangential velocity and the friction force on the slip boundary for the reference solution are
shown in Figures 13, 14, 15, and 16. In Figure 13, the upper curve corresponds to |u,| on the top
semicircular hole, while the lower curve corresponds to |u,| on the bottom semicircular hole. From
Figures 13 and 14, we observe that on the lower portion of the hole, for x € (0.495076, 0.600568), we
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have |u.| = 0, corresponding to |o .| < 0.2. On the remaining part of the hole, we have |o;| = 0.2
and consequently |u,| # 0.

1.0 1 o
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o6 ' /17 Yyt
ll I ‘ “ { 4 1
: ERNE NN
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Figure 10: Velocity field for Example 5.2 Figure 11: Pressure isobars for Example 5.2
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