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ABSTRACT. Morozov’s discrepancy principle is commonly adopted in Tikhonov
regularization for choosing the regularization parameter. Nevertheless, for a
general nonlinear inverse problem, the discrepancy || F(x%) — y°||y does not
depend continuously on « and it is questionable whether there exists a regu-
larization parameter o such that 76 < |[|[F(23) — 40|y < 728 (1 < 71 < 72).
In this paper, we prove the existence of & under Morozov’s discrepancy prin-
ciple if 70 > (3 + 2y)m1 or 1 < 72/(3 + 27), where v > 0 is a parameter
in a tangential cone condition for the nonlinear operator F. Furthermore, we
present results on the convergence of the regularized solutions under Morozov’s
discrepancy principle. Numerical results are reported on the efficiency of the
proposed approach.

1. Introduction. In this paper, we consider to solve an operator equation of the
form

F(z) =y, (1)
where F' : X — Y is a nonlinear operator between two reflexive Banach spaces X
and Y. We assume y° € Y is known with [|y° — y|ly < § for a given § > 0. The
commonly adopted technique to solve problem (1) is the Tikhonov regularization
of the form

nig { 72(0) = 1) o' + aR(e) 2

with o« > 0 and R is a convex penalty term, cf. the monographs [20, 36, 39] and
the special issues [7, 14, 28, 29] for many developments on regularization properties
and minimization schemes.

In practice, it is crucial to choose an appropriate regularization parameter o
for problem (2). Morozov’s discrepancy principle (MDP) is the most commonly
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adopted technique to determine the regularization parameter o = (8, 4°) > 0 such
that

716 < ||[F(2) — o’ lly < 76, (3)

where 1 < 71 < 79 and 2°, is a minimizer of J°(z) in (2). If the minimizer of J2(z)
is unique, there exists a regularization parameter « such that (3) holds ([1, 3, 41]).
However, due to the nonlinearity of F, there may exist multiple minimizers of 72 (z),
the discrepancy ||F(22) — 4°||y does not exhibit continuous dependence on o and
one can not ensure the existence of a such that (3) holds ([37, 41]). Indeed, a
weakness of MDP lies in the fact that a regularization parameter « satisfying (3)
might not exist for a general nonlinear operator equation. In some applications
of nonlinear inverse problems, one has to assume the existence of « such that (3)
holds. Few results are available on the existence of o under MDP.

1.1. Related works. The first theoretical analysis on MDP for Tikhonov regular-
ization dates back to 1966 ([35]). Several numerical algorithms have been proposed
to compute the regularization parameter a for the classical quadratic Tikhonov
regularization ([21, 33, 34]). Subsequently, MDP is extended to general convex reg-
ularizations. If R (x) is convex, then ||F (mi) — y5||Y depends continuously on «,
and the existence of « follows. In [9], MDP is applied to the Tikhonov regulariza-
tion with convex penalty terms more general than the classical quadratic one. In
[30], two iterative parameter choice methods by MDP are proposed for non-smooth
Tikhonov regularization with general convex penalty terms.

We note that the results cited in the previous paragraph are limited to lin-
ear ill-posed problems. Due to the existence of possibly multiple minimizers, the
techniques for linear ill-posed problems can not be extended to nonlinear ill-posed
operator equations directly. Special regularization techniques are needed to explore
the existence of the regularization parameter o which is determined by MDP. In
[37], for the classical quadratic Tikhonov regularization, it is shown that if 7, = 1

and

L+ 2| F'(z)] 4

———————— max<{ —,1

L 1@

the existence of a can be guaranteed, where z! is an R-minimum solution of the
equation (1), and the parameters L and @ depend on the source condition and the
lower bound of z'. In [3], for a general convex penalty term, the existence of « is
proved under the folllowing condition: there is no o > 0 with minimizers 2%, 252
such that

T >1+4+

IF(za") =9’y < 718 <726 < [|F(23%) =4’y

In [4], convergence rates are investigated via variational inequalities, where the
regularization parameter is determined by MDP. A relation between uniqueness of
minimizers in Tikhonov-type regularization and Morozov-like discrepancy principles
is shown in [1]. In [17], the convex function R (x) is replaced by a non-convex
penalty term «fy (z) — B (x), and the existence of the regularization parameter a
is demonstrated. It is proven that there exists at least one « such that

N

5 < 1Pl 5) — P lly < (max {r26, (34 27)0> + 52+ 29[y ~ FOlly })* . (4)

However, (4) does not give the same order for the lower and the upper bound.
The upper bounded is only O(+v/3).
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1.2. Contribution and organization. In this paper, we assume R is convex and
the operator F' satisfies a tangential cone condition: there exists a constant v > 0
such that for arbitrary @y, zs € L2,

|F(x2) = F(x1) = F'(x1)(x2 — 21)|ly <AIF(22) — F(1)]ly,

where L2 represents the set of all minimizers of the functional J2 () defined in
(2). We will prove that there exists at least one a such that

116 < [|F(2) = 9’ lly < o, (5)
where ¢ := max {13, 71(3+ 27v)} or

ed < |F(ag) = o’lly <7, (6)
where ¢ := min{r,72/(3+ 2v)}. This implies that if 5 > 7 (3 +27) or 14 <

T2/(3 4+ 27), the existence of a can be guaranteed. Based on (5) and (6), we will
investigate the well-posedness and convergence rate of the regularized solution of
the problem (2). We will show that with the parameter choice rule (5) and (6),
a — 0 as the noise level § — 0.

For the traditional MDP for linear ill-posed problems, the existence of « is guar-
anteed. However, for nonlinear ill-posed problems, the discrepancy term ||F(z?) —
y5||y is not continuous with respect to a. So it is challenging to choose appropriate
values of 7 and 75 to ensure the existence of a. We will prove the modified MDP
(5) can ensure the existence of o and we can apply Algorithm 1 to determine the
value of a. We will present results from two numerical experiments to show that
the upper bound ¢ in (5) is actually needed, cf. Fig. 6 and Fig. 10.

Furthermore, it is quite natural to extend the current work to the principle of
sequence differences [2, 24]. In the future, we will combine the stochastic regular-
ization technique [45] to extend the above results to a stochastic setting.

An outline of the rest of this paper is as follows. In the next section we introduce
the notation and review some results on the Tihkonov regularization with a general
convex penalty term. In Section 3, we investigate the existence of a determined
by MDP (5). In Section 4, we present results on the well-posedness and the con-
vergence rate of the regularized solution under MDP (5). In addition, we show
that MDP (5) can guarantee a(d,y°) — 0 as § — 0. Finally, numerical results are
presented in Section 5 on a nonlinear compressive sensing problem and a nonlinear
one-dimensional gravity inversion problem.

2. Preliminaries. We first briefly introduce some notation for the Tikhonov reg-
ularization. Denote by

1
ot angnin {3 1F(@) - 13+ aR(e) ™)
zeX 2
a minimizer of the regularization function J°(z) defined in (2). Let £3 be the set
of all such minimizers 2. An element 27 € X is called an R-minimum solution of
the equation (1) if
F(z") =y and R(z") = Hll)r(l{R(J?) | F(x) =y}
e

Throughout this paper, we will assume the operator F' and the data y° have the

following properties.
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Condition 2.1. (i) F': X — Y is Fréchet differential.
(ii) F: X — Y is weakly sequentially closed, i.e., z,, = z in X and F(z,) =y
in Y imply that F(z) = y.
(iii) There exists a constant v > 0 such that
|F(x2) = F(21) = F'(a1) (22 — 1)lly < y[|F(22) = Fla)lly  Vai, s € L5 (8)
(iv) There exist ¢ > 0 and 7 > 71 > 1 such that
ly =4’y <7116 <7286 < [F(0) = |y (9)

The condition (8) was used in [19, pp. 278-279], [31, p. 6], [40, pp. 69-70]. It
follows from (8) that

1F (@) (22 = 21)ly < (L4 y)[[F(z2) = F(21)lly,

which has been adopted by several researchers. In (9), we require ||F(0)—y°||y > 76,
which is a reasonable assumption. Indeed, if ||[F(0) — y°||y < 7, then 0 can be
viewed as a good approximation to the regularized solution x%. Moreover, practi-
cally, it is almost impossible to recover a solution from an observed data of a size
in the same order as the noise.

Next, we assume the convex penalty term R has the following properties.

Condition 2.2. (i) R(x) is proper, and R(z) = 0 if and only if x = 0.

(ii) R (z) satisfy the one-homogeneity.

(iii) (Coercivity) ||z||x — oo implies R(z) — oo.

(iv) (Weak lower semi-continuity) z,, — « in X implies liminf, R(z,) > R(x).
(v) (Radon-Riesz property) , — z in X and R(X,) — R(X) imply z,, = x in
X.

Definition 2.3. (Bregman distance) A Bregman distance D% : X x X = Rt of
two element x1,zs € X is defined by

D, (21, 22) := R(x1) — Rlxa) — (€, 21 — x2),
where £ € OR(z2) and OR(x2) denotes the subgradient of R (x) at x2.

Definition 2.4. (Morozov’s discrepancy principle) Given 7o > 71 > 1, choose
a = a(d,y°) > 0 such that

716 < [|F(23) — y°[ly <726 (10)
holds for an element z?, € £9.

The following first order necessary condition for problem (2) is standard ([16,
Lemma 3.1]).

Lemma 2.5. If & is a minimizer of J2(x), then

(F'(2)(F(z) —4°), 2 — &) > aR(&) — aR(z), Vz€ X. (11)
3. Existence of regularization parameter. In this section, we discuss the ex-
istence of the regularization parameter a determined by MDP. In the rest of this

paper, we view « as the regularization parameter. For fixed noise level § > 0, define
functions

1
Glag) = 5IF(x3) =’ l13
T2 (xd) = min T (z)

2
£
[
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for a € (0, 00).
Next, we recall some properties of R(2%), G(2%) and m(a), cf. [42] for their
proofs.

Lemma 3.1. ’R(a:i) is non-increasing with respect to the reqularization parameter
a, whereas G(x%) and m(a) are non-decreasing with respect to o € (0,00).

Lemma 3.2. Under Condition 2.1, there exist aq, s € RT such that
1F(22,) = 4’lly <716 <728 < ||F(23,) = 4°lly-

Thanks to Condition 2.1 and 2.2, we have the following standard result, cf. [19]
for its proof.

Lemma 3.3. Let a, = a > 0 as n — oo. Denote by x, = xin a minimizer of

T (x). Then {x,} contains a convergent subsequence {ay, } such that x,, — 2,

8 is a minimizer of J2(x).

in X, where x2,

Proposition 3.4. The function m(a) is continuous with respect to c.

Although m(a) is continuous, the functions G(x%) and R(z?,) are not necessarily
continuous with respect to «, as shown in Fig. 6 for a nonlinear compressive sensing
problem. If (10) does not hold for any parameter a, then ||F(x%) — 4°|y has a
jump at a certain parameter. Actually, we have the following lemma, which can be
proved similar to that of Theorem 2.3 in [42].

Lemma 3.5. Denote G(z) = %|F(z) — y°||y. For each o > 0, there exist
25t 252 € L3 such that
G(z%Y) = inf G(z), G(z%?) = sup G(z).

(6%
€LY, zeLd,

A minimizer of J2 (z) may be non-unique. Hence, the inequality (10) may not
hold. More precisely, there may exist a regularization parameter a such that

1F@2h) = o lly <76 <16 < [|F(25?) = ¢°lly- (12)

To prove the existence of a regularization parameter « satisfying (10), it is suffi-
cient to ensure that there are no minimizers %', %2 of J9(z) for (12) to be valid.
It can be shown that if there is no parameter « such that (12) holds, then there
exists « satisfying (10). The proof is similar to that of Theorem 3.10 in [3].

Lemma 3.6. Assume Conditions 2.1 and 2.2. If there is no o > 0 with minimizers
o1 222 € L9 such that (12) is valid, then there exist o = a(d,y°) > 0 and 22, € £,
such that (10) holds.

Next, we investigate the selection range of the corresponding regularization pa-
rameters when 7; or 7y is fixed. Initially, we provide the estimates for || F(z%')—y% ||y
and ||F(22?) — y°||y if 22! and 252 satisfy (12).

3.1. The estimate for ||F(2%2%) —y°|y.
Lemma 3.7. Assume 2%, 252 satisfy (12). Then

[e3

o0 < ||F(m‘;2) — y5||y <71 (3+2y)0.
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51

81 29 :=2%2. From Lemma 2.5, we have

Proof. Denote x1 :=x
(F'(z1)" (F(z1) —y°) .2 — 21) > aR(z1) — aR(z), Vze€ X. (13)

Thus,
(F'(z1)* (F(21) — ¥°) y22 — 21) > aR(z1) — aR(22),
which can be rewritten as
aR(z1) — aR(zz) < |F(w1) = ¢ [y [|F' (21) (x2 — 21) |-
It follows from Condition 2.1 (iv) that
aR(z1) — aR(x2) < | F(a1) = 4’y (1+7) [|F(z2) = F(x1)lly- (14)
In addition,

1 1
S I1E(@2) — vy = S I1E(@2) — V¥ + aR(w2) — aR(x2)

= LIF@) ~ v} +oR() —oR().  (15)
A combination of (14) and (15) leads to
S — g} < 2720 4 md(1 4 )| F(a) o +9 — Fan)ly
< L2252 4 51+ )| F(az) oy, (16)
which is rewritten as
[F(@2) ~ oI} — @+ 2)mdl|F(s) — oy — (27 +3)8 <0, (17)

The inequality (17) implies that
—116 < ||F(x2) — ¢’y < (27 +3)m6.

This proves the lemma. O

From Lemmas 3.6 and 3.7, we deduce the following result.

Theorem 3.8. Assume Conditions 2.1 and 2.2. Then there exist a regularization
parameter o and a minimizer x5, € L2 such that

10 < HF(z‘;) - y6||y <c¢d, c:=max{r, (3+2v)11}. (18)

Proof. By Lemma 3.7, if there exists a regularization parameter a such that %!,
252 satisfy (12), then

728 < |F(2%2) — 9°lly < 71(3+27)4.

This implies that there exists a regularization parameter « such that (18) holds.
On the contrary, if there is no regularization parameter o with minimizers %", %2
such that (12) is valid, by Lemma 3.6, there exist o and 22, € £9 such that (10)
holds. Obviously, (10) implies (18). Hence, there exists a regularization parameter

a such that (18) holds, which proves the theorem. O

In the following, we will show that for MDP, o = «(6,%°) — 0 as the noise level
0 —0.
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Lemma 3.9. Let a > 0 be fized. If F(z*) =y and

1

+* ¢ argmin {HF(x) Syl aR(m)} ,
xeX 2

then z* = 0.

Proof. By the assumption, we have
* 1 * *
aR() = S| F*) — yl} +aR (")

< %HF((l —t)z*) —yl} +aR((1 —t)z"), Vte (0,1). (19)
Since R((1 —t)a*) = (1 — t)R(z*), we can rewrite (19) as

0 < aR(z*) < LIF( =0z —yl} o, 0,1).

= 2 t )
Since
F((L~t)a*) —y = F(a*) + F'(e")(~t") + of | ~ ta*][x) ~ y
— F'(a*)(~ta") + o(t),
we have

t
0<aR(z") < 3 |E'(z*)x* +o(t)||3, Ve (0,1).

Then take the limit as ¢t — 0" to obtain R(2*) = 0. By Condition 2.2, R(z*) =0
implies that «* = 0. O

Theorem 3.10. Let 6, — 0 and y°» — y as n — oo. Let a, = a(d,,y°") be
the regularization parameter obtained from MDP (18) with § replaced by 6,. Then
an, — 0 as n — .

Proof. We argue by contradiction. Suppose «,, does not converge to 0, i.e., 3 ay > 0,
V N € Nt, 3 ng > N such that |a,, — 0] > ap. This implies that there exists a
subsequence of {«a,}, still denoted by {a,, } such that a,, > «g. Denote

1
oty € argumin {1F@) - [+ aoRie) |
rzeX 2
and

1
Ty = ng; € argmin {2||F(x) — % + anR(x)} :
rzeX

By Lemma 3.1, ||F(25) — 4% is non-decreasing with respect to .. Hence,

2

1 1
SIF@E) = y™ 3 < 1) - ™I}

< —max{n?62, (3 +27)?1 202} — 0. (20)

DN | =

e . On
By the definition of xf{é , there exist z* € X and a subsequence z,,* such

that xéa:‘)’“ — z* in X. By Condition 2.2 (ii), {xéa:‘)’“} is bounded in X, otherwise
R(wiz)k) — 00, contradicting the definition of the minimizer. Since F is weakly
sequently closed and y°* — y, F(xi’é’ﬂ ) —yOm — F(x*) -y, it follows from the weak
lower semi-continuity of the norm that

1 » | on
0< S IF@) —yl} <lmint S| F(ahy) —y™e |}
k—oo 2




ON THE EXISTENCE OF A VARIATIONAL REGULARIZATION PARAMETER 185

< - max{r30> ,(3+27)*r{0; } — 0. (21)

ng?

M| —

Hence, F(z*) = y. In addition,

1 . oy oo 1 B, S,
SIFG) = ol + aR(e) < i {IFGE) -y B+ aoRal) |

< liminf {1||F(x) — o |2+ aoR(x)}
k—o0 2
1
= 5l1F(z) - ylly + aoR(x) (22)

for any « € X. Thus, z* is a minimizer of 1| F(z) — y[|} + apR(z). By Lemma 3.9,
this implies that * = 0. Then y = F(0). Hence, |F(0) —4°|ly = |ly — ¥°lly < 9,
contradicting to || F(0)—y°|| > & in Condition 2.1 (iv). This proves the theorem. [

For a numerical realization of MDP (18), we can make use of an iterative algo-
rithm described in [37], cf. Algorithm 1. Even though « is determined from the
upper bound: ||F(22) — 4’|y = ¢, we can still obtain the convergence of the reg-
ularized solution. Numerical simulation results reported in Section 5 show that we
can obtain better inversion results if « is determined by Algorithm 1.

Algorithm 1 Iterative algorithm for o under MDP (18)

Choose 7> 0,0 < g <1, j=0, ap >0 with [|[F(z?,) — y°[ly > cd
For j=1,2,---,

if | F(a?,) =y lly > cd

Qj = qa—1

compute xij

a;nax

else
aj = (azn_"j + a;‘fj‘) /2

compute a:‘saj by iterative soft thresholding algorithm

if | F(23,) = 4°lly > o8 then o™ = o
if || F(23,) — y°lly < 710 then ol = o
end

. min __ . .
=51, Oéj = O

We note that the upper bound ¢d from Theorem 3.8 is O(J). Then the conver-
gence of the regularized solution is standard ([19]). Indeed, we can show the regu-

larized solution z° defined by (7) converges to an R-minimum solution of problem
F(z)=y.

3.2. The estimate for ||F(2%") —y°|y.

o1 292 satisfy (12). Then

o 7 [}

T2 4,1 1
6 < F ’ — <7 (5.
2 3 || (xa ) Y ||Y =71

Lemma 3.11. Assume x

01
Proof. Denote x1 := 2

, Ty := 222, From Lemma 3.7, we have
aR(x2) — aR(w1) 2 —|[F(z1) — ¢’ Iy [|F' (1) (w2 — 1) |}y
It follows from Condition 2.1 (iv) that

aR(x2) — aR(z1) = —|F(z1) = ¢’ lly (L +9) [F(z2) = F(an)lly.  (23)
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In addition,
SIE@) — 913 = SIF@) — I + aR(e1) — oR(x1)
= LIF@) ~ v} +oR() —oR().  (24)
A combination of (23) and (24) implies that

1 1
S IF (1) ~ vlIy 2 572252 —F(@1) =9’ Iy L+ DI F(x2) = 9° +9° = Flz1)|ly

%T%Q —F (1) = 9 lly (1 +7) (20 + | F(x1) = 9°lly),  (25)

v

which is rewritten as

B+ 29)|F (1) = I3 + 2+ 27)md||Fz1) — ¢ lly — 758 2 0. (26)

The inequality (26) implies that ||F (1) —¢°||y > 57.30- This proves the lemma.
O

From Lemmas 3.6 and 3.11, we deduce the following result.

Theorem 3.12. Assume Conditions 2.1 and 2.2. Then there exist a regqularization
parameter o and a minimizer x° € L2 such that

. T2
S < |[|F(2) —0lly <7, c:= ; . 27
@ < PG =l <. es=min{n, 2 (27)
Proof. By Lemma 3.11, if there exists a regularization parameter a such that %!,
%2 satisfy (12), then
2
34 2y

This implies that there exists a regularization parameter « such that (27) holds.
On the contrary, if there is no regularization parameter o with minimizers x5!,
252 such that (12) is valid, by Lemma 3.6, there exist a and 2% € £ such that
(10) holds. It is obvious that (10) implies that (27) holds. Hence, there exists a

regularization parameter « such that (27) holds, which proves the theorem. O

§ < |IF (") =’y < 7.

Theorem 3.13. Let 6, — 0 and y°» — y as n — oco. Let o, = a(d,,y°") be
the regularization parameter obtained from MDP (27) with § replaced by 6,. Then
a, = 0 asn — oo.

The proof of Theorem 3.13 exhibits a structure akin to that of Theorem 3.10,
with the distinction that the parameter 72 replaces ¢ := max {79, (3 + 2)71}. Con-
sequently, it follows that Theorem 3.13 is evidently valid.

4. Regularization properties. In this section, we examine the well-posedness of
the regularization method under MDP (18) and (27). We prove that the regularized
solution 2% defined by (7) converges to an R-minimum solution of the problem
F(z) = y. In addition, we discuss the convergence rate of x%. The proofs are
along the lines of standard quadratic Tikhonov regularization ([19]) and sparsity
regularization ([23, 27, 39, 43]). However, analysis of the convergence rate is different
from that in [15] since the regularization parameter « is now determined by (18).
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Theorem 4.1. (Convergence) Let 23 be a minimizer of J3 (x) defined by (2) with
the data y°» satisfying ||y — y°"|| < 0n, where 6, — 0 as n — oo and y°~ belongs
to the range of F. Let oy, be chosen by the Morozov’s discrepancy principle (18).
Then there exists a subsequence of {x2 }, still denoted by {x% }, that converges to

an R-minimum solution xt in X. In addition, if the R-minimum solution x' is
unique, then

li b —af||lx =0.
Jim [leg;, —2x
Proof. Denote ¥, =y, ,, = xg’;. By the definition of z,,, we obtain

1 1
§||F(xn) - yﬂH%’ +anR(zn) < §||F(xT) - yn”%/ + an'R(xT)

< %5721 + a, R(z"). (28)

By (18), this implies that R(z,) < R(z'). Hence, the sequence {R(x,)} is
bounded. Denote
c:=max {7, (34+27y)711}.
We have c¢d,, — 0 as §,, — 0. In addition,

1F(zn) = ylly <[[F(@n) = ynlly + 1y = ynlly < cdn + dn. (29)
Then
Jim F(zn) = y. (30)
On the other hand, it follows from (28) that
lim sup R(z,) < R(z"). (31)
n—o00

Since R(xy,) is bounded, there exist an element z* € X and a subsequence of
{z,}, still denoted by {x,}, such that x,, = z* in X. Together with (30), it follows
that

1F(z") = ylly <liminf ||F(z,) = y[ly = 0.
n—oo

Hence, F(x*) = y. Meanwhile, by Condition 2.2 (ii), we have
R(z*) < liminf R(z,) < R(z'). (32)

By the definition of 2f, z* is an R-minimum solution. If the R-minimum solution

is unique, then z* = zf. A combination of (31) and (32) implies R(z,) — R(z").

Thus, R(z,) — R(z). Then lim ||z, — z'||x = 0 by Condition 2.2 (iii). O
n—oo

Next, we present a result on the linear convergence rate O(d) of the regularized
solution x‘; under the source condition and Bregman distance. For this purpose, we
introduce an assumption on an R-minimum solution 2t of the problem F (z) = y.

Remark 4.2. The convergence outcomes presented in Theorems 4.1 remain appli-
cable to MDP (27), with the distinction that ¢ := max {72, (3 + 2v)71 } is substituted
with 7.

Assumption 4.3. There exists an w € Y such that
F'(2")*w € OR(aT). (33)
Theorem 4.4. (Convergence rate) Let 20 be defined by (7). Assume that there

exist parameters « satisfying MDP (18). Then, under Assumption /.3, there exists
d € D5 (5, 1) such that d = O(9).

a?



188 LIANG DING, LONG LI, WEIMIN HAN AND WEI WANG
Proof. Due to MDP (18) and the minimization property of xi,
5+ aR(@) < SIF @) — oI + aR(al)
< S IFGN o} + aR (")

1
< 562 + aR(z").

Then R(z?) < R(x'). Consider the Bregman distance
d=R(%) —R(x") — (F'(z")*w, 2% — xT).
Since R(22) < R(z1),
4 < —(F (@h) w2 — ") < |l [F (@) (g = 2Dl (34)

A combination of (34) and the nonlinear condition (8) implies that
d < [lwl|(1+ )| F(zq) — F(z")lly
<l X+ F @) =y lly +lly = »°lly).
By MDP (18), ||F(z%) — v°|ly < ¢6. Thus
d < [lw[[(1 +7)(c +1)9,
ie,d=0/(9). O

Remark 4.5. Regrettably, the convergence rate results from Theorem 4.4 cannot
be extended to MDP (27) using a similar proof. Although 71,75 > 1, the value of
T2/(3y + 2) may still be less than 1. In such instances, the proof method employed
in Theorem 4.4 does not hold.

5. Numerical experiments. In this section, we present two numerical examples
to demonstrate the efficiency of MDP (18). The relative error (Rerror) is utilized
to measure the accuracy of the reconstruction x*:
* ot
Rerror := lz” = &Tlle, Tx le
[z ]e,
where x' is a true solution. The exact data y' is generated by y' = F(z'). The
noise level ¢ is defined by 6 := ||F(z") —y°||y. All numerical calculations were done
using MATLAB R2010 on an i7-6500U 2.50GHz workstation with 8Gb RAM.

5.1. A nonlinear compressive sensing problem. First, we solve a nonlinear
compressive sensing (CS) problem ([6, 8, 12, 44]) to demonstrate the efficiency of
MDP for the ¢;-regularization. The research of nonlinear CS is important not only
in theoretical analysis but also in many applications where the observation system
is often nonlinear. For example, in diffraction imaging, a charge coupled device
(CCD) records the amplitude of the Fourier transform of the original signal. So
one only obtains the nonlinear measurements of the original signal. Fortunately,
as shown in [8], if the system satisfies some nonlinear conditions then recovery is
still possible. Under the nonlinear CS frame, the measurement system is nonlinear.
Assume, therefore, that the observation model is

y="F(z)+9, (35)

where F' : R — R™ is a nonlinear operator, z € R™ and § € R™ is a noise. It
can be shown that if the linearization of F at an exact solution z! satisfies the
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restricted isometry property (RIP), then the convergence property of the iterative
hard thresholding algorithm (IHTA) is guaranteed ([8]). Next we illustrate the
efficiency of the proposed algorithm by a nonlinear CS example of the form ([8])

y = F(x) := a(Ab(x)), (36)
where A is a CS matrix, a and b are nonlinear operators, respectively. Here, a
encodes nonlinearity after mixing by A as well as nonlinear “crosstalk” between
mixed elements, and b encodes the same system properties for the inputs before
mixing. For simplicity, we write a(z) = 2¢ and b(z) = 2+ b(z), where b is nonlinear
map. In particular, let b(z) = z¢, where ¢,d € N* and 2¢ and z¢ should be
understood in a componentwise sense.
Next, we consider the nonlinearity of the operator F. In [8], it is shown that the
Jacobian matrix of a(Ab(x)) is of the form

F'(2) = [a},(Ab(2))][A(I + b, (2))].
There exists a constant v > 0 such that
[F(21) = F(z2) — F'(22) (21 — 22) [l (mn &) < V|21 = 22|03
cf. [8, Lemmas 3 & 4]. For example, we let ¢ = 1, d = 3, then F(z) = A(z + 23).
Assume A is bounded, then obviously,
|21 = @alle, < K[|F(21) — F(z2)]|e,-

Consequently, F' satisfies the nonlinear condition (2.2).

In the experiment, an ST-(af; — B¢2) (8 = 0) algorithm for nonlinear ill-posed
problems is used to compute the iterative solution, cf. [18] for details of the algo-
rithm. The ST-(aly — B4s) algorithm reduces to the form

P = (2 TP (G <))

X=40 X=50 X=70
¥=0089t =003 ¥=000%2

FIGURE 1. The noise level § vs. o.

(3+27)5

X=10
Y=00121

FIGURE 2. The upper bound ¢d vs. o.

Let n = 200, m = 0.4n, p = 0.2m, 71 = 1 and » = 2, where p is the number
of the impulses in the true solution. White Gaussian noise is added to the exact
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data 3 by calling y° = awgn(F(x"), o) in MATLAB, where ¢ is the added noise,
measured in dB, which measures the ratio between the true (noise free) data y' or
F(z') and Gaussian noise. Meanwhile, we let v = 1/2, ¢ = 1 and d = 3. For the
sparsity regularization of linear ill-posed problems, the value of || A, xn e, needs to
be less than 1 ([13]). This condition is also needed for the nonlinear CS problem
(35). Since the value of ||Apxnlle, is around 20, we re-scale the matrix A,,x, by
Apxn — 0.054,,%,. The initial value 2° = zeros(n, 1).

In Fig. 1 and Fig. 2, we show relations among the noise level §, ¢§ and o. Since
the Gaussian noise is random, strict monotonicity is not maintained numerically for
the noise level and the upper bound in (5) with respect to o. Nevertheless, overall,
the approximate monotonicity property is observed.

x=70
¥ - 0.0857

X< 100 x-0 x-100
32 %007 e ¥ 308

[ = o -
30 35 40 45 50 55 60 65 70 75 80 8 90 95 100 30 35 40 45 50 55 60 65 70 75 80 8 90 95 100
dB

(a) (b)

FIGURE 3. (a) avs. o, a being determined by || F(2%)—y°| s, = c6;
(b) Rerror vs. o.

X =50
Y =0.0626

X =100
Y =0.0004

X =100

x-70
¥ =0.0003 00112

o ] 0 e §
30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
dB dB

(a) (b)

FIGURE 4. (a) a vs. o, a being determined by Algorithm 1; (b)
Rerror vs. o.

To test sharpness of the upper bound in (5), let 74 = 1 and choose a with
|F(x) — 4°|ls, = cd. The value of « satisfying ||F(z%) — 4[|, = ¢§ can be
obtained only approximately. In computational practice, this value of o can be
found approximately by a sorting from a given set of values aq,aq,--- ,q,. For
example, with a good initial guess ay, we let a,, = ap+0.001%n (or o, = ap—0.001x
n) to find a satisfactory approximate value of a of a solution of || F(z2)—y°||¢, = cd.
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In Fig. 3 (a), we observe that & — 0 as the noise level § — 0. In Fig. 3 (b), we
see that Rerror decreases with respect to . This illustrates the convergence of the
regularized solution with respect to the noise level §. Although the upper bound
in (5) appears to be loose, if the noise levels are small enough, we can still recover
satisfactory results.

Next, we test the convergence of the regularized solutions where « is determined
by Algorithm 1. In Fig. 4, it is shown that & — 0 as the noise level § — 0 and
Rerror converge to 0 as § — 0.

ture data
observed data

P
08
0.6 151
0.4
02 1
o
-0.2 B 05k
0.4 ]
-06 i 0
-0.8 ]
20 40 60 10 20 30 40 50 60 70 8

80 100 120 140 160 180 200

0

(a) True solution (b) Observed data
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
o o
_0.2 B -0.2F
—0.4 4 —0.4fF
~06 1 —0.6F
—0.8 1 —0.8f
- J af
20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
(c¢) Rerror= 0.0445 (d) Rerror= 0.0217

FIGURE 5. (a) True solution; (b) Observed data; (c) Recovered
solution with « : | F(2) — y°||e, = ¢8; (d) Recovered solution with
« is determined by Algorithm 1.

Graphs of the reconstruction z* corresponding to ¢ = 60dB (6 = 0.014 and
¢d = 0.056) can be seen in Fig. 5. In Fig. 5 (¢), the reconstruction z* is computed
with o : ||[F(28) — y°|le, = 6. Rerror is 4.45%. In Fig. 5 (d), the reconstruction z*
is computed with a determined by Algorithm 1. Rerror is 2.17%. It is shown that
we can obtain better results if the parameter « is determined by Algorithm 1.

Next we show if 71 and 75 are chosen small, the existence of o can not be guar-
anteed under the condition (3). We let o = 30dB, then ¢ = 0.2903 and ¢d = 1.1612.
In Fig. 6 (a), it is shown if 1 < 71 < 79 < 2, then 710 > 0.2903 and 75 < 0.5806.
Consequently, there is no a such that the traditional MDP (3) holds. Even with
larger values, e.g. 2.208 < 77 < 1 < 4.681, it is challenging to find « such that (3)
holds, as shown in Fig. 6 (b). Indeed, for the traditional MDP with linear ill-posed
problems, one commonly tries a; = @277, j = 1,2,---. We increase j and calculate

mg], until (3) is valid.
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1IF) -yl
1‘6; z‘=|

N x:301
1IFOE)-y31l Y: 2564

8 ,=2
(2y+3)8
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,i7,=4.681
(2y+3)8

x: 193
Y:1.161

1 4 1F
0.5 b 0.5F X:192

(aymm=1,m=2 2y+3)11 =4 (b) m = 2208, 70 = 4.681, (2y+3)T1 =

F1GURE 6. The value of the discrepancy ||F (x) — y‘5H€2 by the ST-
(aly — Bl2) (B = 0) algorithm with different values of a.

However, for nonlinear ill-posed problems, the discrepancy is not continuous
with respect to a. If a; = 0.2, then a;4; = 0.1, we can not find an a such that
716 < [|F(22) — ¥°|le, < 720 holds (cf. Fig. 6). Certainly, we can try a; = o377
or a; = a4~ etc. Nevertheless, it requires more computational time. In addition,
one still does not have the theoretical assurance on the existence of a. So it is
challenging to choose appropriate values of 7 and 75 to ensure the existence of «.
Although the upper bound ¢d in (5) seems loose, it guarantees the existence of a.
We can determine an « by Algorithm 1 such that the modified MDP (5) holds. So
the upper bound cd appears to be natural.

FIGURE 7. The relative error of reconstruction z* by the ST-
(aly — Bls) (B = 0) algorithm with different .

Finally, Fig. 7 illustrates the relationship between the relative error and the
regularization parameter. The diagram indicates that the relative error of the
reconstructed solution is minimized when « = 0.15. At this point, the regular-
ization parameter o satisfies 710 < HF(mi) — 3/5He2 < ¢d, but it does not fulfill

T < ||F(2?) - y‘5H£2 < 796, as shown in Fig. 6 (a). This further emphasizes that
a more suitable regularization parameter can be identified using Algorithm 1.

5.2. A nonlinear one-dimensional gravity inversion problem. We subse-
quently present results from a nonlinear one-dimensional gravity inversion problem
[38] to demonstrate the efficiency of MDP for the Tikhonov regularization. For this
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one-dimensional gravity inversion problem, the operator F' exhibits Lipschitz con-
tinuity for its first-order derivative but fails to meet the tangential cone condition.
Actually, in the proof of Lemma 3.7, the tangent cone condition is used to enlarge
|F' (z1)(z2—21)]||y into || F(x2)— F(x1)]|y in the inequality. In other words, Lemma
3.7 can be proved as long as the operator F' satisfies

[F'(z1) (22 — 21)|ly < c||F(22) — F(21)lly,

where c is a constant. Therefore, even if the tangent cone condition is not satisfied,
effective results may still be obtained when the above inequality can be established.
The primary objective of this example is to assess the applicability of the method
discussed in this paper to other nonlinear inversion problems, even when these
problems do not adhere to the tangential cone condition.

Investigating one-dimensional gravity anomaly inversion is of significant impor-
tance not only for theoretical analyses of potential fields but also for its practical
applications in geophysical exploration, where the nonlinear effects of complex ge-
ological structures frequently influence observational data. For instance, in the
context of geophysical exploration, gravimeters measure the vertical component of
the gravitational field [11], which is induced by subsurface density anomalies. Due
to the inherent characteristics of signal superposition and attenuation, where the
field signal diminishes inversely with the square of the distance, actual observational
data can be conceptualized as a nonlinear integral transform of the underlying den-
sity distribution. Thus, we can only extract one-dimensional nonlinear projection
information regarding the subsurface media. Within the sparse constraint inversion
proposed by [32], high-precision inversion remains attainable if the density anom-
alies exhibit local sparsity conditions, such as those characteristics of a finite layer
model. The forward modeling of gravity anomalies is grounded in the gravitational
theory about spherical bodies. Specifically, for a sphere of radius r, exhibiting a
density contrast Ap, relative to its surrounding matrix and located at a depth d,
the vertical gravity anomaly recorded at the surface measurement point x is given
by

3
gy =T Gord (37)
(d2 + (z— x0)2)

where G denotes the gravitational constant (6.674 x 10~ m3kg=ts72), and zq
represents the horizontal position of the sphere. In the case of two spheres, the
cumulative gravity anomaly experienced at a given point is the summation of the
anomalies produced by each sphere

Gtotal (1') =01 (:C) + g2 (1') P (38)

where g1 (x) denote the gravitational influence of the first spherical body at point
x, while go (x) signifies the gravitational influence of the second spherical body
at the same point x. These functions collectively represent the contributions to
the gravity anomaly at x induced by each respective sphere. For this analysis,
we examine a simplified scenario of one-dimensional gravity inversion, where two
spheres contribute to the gravity anomalies, as illustrated in Fig. 7. The spheres
under consideration possess a radius of 1 = ro = 100m, a density contrast of Ap =
300kg/m?, and depths from the surface to their centers of d; = 150m and dy =
200m, respectively. This configuration can be interpreted as a model representing
iron ore (a mineral characterized by high iron content) situated within sedimentary
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rock formations. Our objective is to ascertain the positional and depth-related
information of the spheres based on the observed gravity anomaly data.

Next, we reformulate the problems above into the context of nonlinear ill-posed
problems. We denote this relationship as

F(z) =g’
where F is a nonlinear operator associated with the gravity system, ¢° represents
the observed gravity anomaly data, and z is the parameter to be determined, which
includes information on location and depth.
We employ the Landweber iterative algorithm in the experiment to resolve these

nonlinear ill-posed problems, as detailed in [25]. The Landweber iterative algorithm
can be expressed in a simplified form

$k+1 — xk+1 _ ka/(Qﬁk)* (F(mk _ gé) )
To enhance the stability of the algorithm, we incorporate a Tikhonov regular-
ization term [19, 21, 26] into the functional. To prevent the solution from get-
ting trapped in local minimum and to accelerate convergence, we apply hard-

thresholding to the regularization parameter and adapt the step size using the
Frobenius norm of the Jacobian matrix [5, 10].
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F1GURE 8. Comparative analysis of observed Gravity values and
theoretical values.

We consider a scenario with 50 measurement points, a side line range [—500, 500],
and a true parameter set [—200, 150, 200, 200] representing the positions and depths
of two spheres. We establish a maximum iteration maziter = 500, an initial pa-
rameter guess [—150,100, 150, 250], and introduce 2% Gaussian noise to simulate
the disturbances typically encountered in actual observational processes.
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FIGURE 9. (a) Reconstructed data by recovered solution with « :
| F(2%) —y°|ly = cd; (b) Reconstructed data by recovered solution
with « is determined by Algorithm 1.

The theoretical measurement data, actual measurement data with 2% Gaussian
noise (§ = 2.7421 x 1077 and ¢§ = 1.2087 x 107%), and the true location param-
eters of the two underground spheres are illustrated in Fig. 8. Fig. 9 shows the
theoretical measurement data generated from the reconstruction solutions obtained
using various methods for selecting the regularization parameter. In Fig. 9 (a), the
reconstruction z* is calculated with « : ||[F(2%) — 3°||y = ¢§ and Rerror is 11.95%.
In Fig. 9 (b), the reconstruction z* is derived using a determined by Algorithm
1 and Rerror is 2.94%. This demonstrates that better outcomes can be achieved
when the parameter « is selected using Algorithm 1.

X 0.200401
Y 7.59739-07

Rerror

X 0.199399
Y 3.021880-07

e_

o 0.05 0.1 0.15 0.2 025 03 035 04 045 0 0.05 0.1 0.15 02 025 03 035 04 045 05
a
alpha

(a) 7 = 1.102, 7o = 2.771, (2y + 3) 71 = 4.408 (b)

FIGURE 10. (a) The value of the discrepancy || F (z) — y‘SHY by the
Landweber iterative algorithm with different a; (b) The relative
error of reconstruction x* by the Landweber iterative algorithm
with different «.

Additionally, we analyze the scenario where a small value is chosen for 75. In this
case, the existence of o can not be guaranteed under condition (3). Maintaining
the 2% Gaussian noise yields § = 2.7421 x 107 and ¢§ = 1.2087 x 1075, As shown
in Fig. 10 (a), if 1.102 < 71 < 72 < 2.771, then 78 < 7.5974 x 10~7. Consequently,
no « satisfies the traditional MDP (3). This observation further emphasizes that
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the discrepancy may not be continuous with respect to « for some nonlinear ill-
posed problems. The upper bound ¢d in (5) guarantees the existence of a. We can
determine an appropriate o using Algorithm 1 such that the modified MDP (5)
holds.

Finally, Fig. 10 (b) illustrates the relationship between the relative error and
the regularization parameter. The diagram indicates that the relative error of the
reconstructed solution is minimized when o« = 0.07. At this point, though the
regularization parameter o does not satisfy both 716 < HF(:U‘;) — y‘;HY < ¢0 and
710 < HF(xi) — y‘SHY < 796, as shown in Fig. 10, Fig. 9 (a) still emphasizes that a
suitable regularization parameter can be identified by Algorithm 1.

6. Conclusion. For Tikhonov regularization involving a nonlinear operator and a
general convex penalty, we demonstrate the existence of a regularization parameter
« such that

716 < |F(af) = y’lly < e,
where ¢ := max {2, (3 +2v)7 } or

c§ < ||F(xg) = 4’y < 720,

where ¢ := min {71, 75/(3 + 27)}. Furthermore, we establish that a = a(d,7°) — 0
as the noise level § — 0. It is shown that this regularization method is well-posed
when « is determined using Morozov’s Discrepancy Principle. We also prove the
convergence of the regularized solution %, as defined by (7), to an R-minimum

)
solution of the problem F(z) = y. This convergence occurs under Morozov’s dis-
crepancy principle, yielding a linear convergence rate O(d) for the regularized so-
lution 22 under the source condition and utilizing Bregman distance. Numerical
simulation results illustrate the effectiveness of the regularization parameter selec-
tion method, showing that the relative error decreases as d decreases. Although the
upper bound in (5) and the lower bound in (6) may appear loose, the existence of
« is assured. Moreover, we can still achieve satisfactory results if the noise levels
are sufficiently low. A promising direction for future research involves extending
the methodologies and results presented in this work to stochastic setting.
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