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Logics, formally

Alogicisatriple (£, S, R) where
e [, thelanguage, is
a class of sentences described by a formal grammar

® S, the semantics,is
a formal specification for assigning meaning to sentences in £

® R, the derivation (or inference) system, is

a set of axioms and derivation rules to derive (i.e., generate)
sentences of £ from given sentences of £
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Propositional logic, formally

Propositional logic is a triple (£, S, R ) where

e [ isthe set of all formulas built from Boolean variables and the
propositional connectives (—, /A, V. .. )

® Sisprovided by interpretations of the variables as 0, 1 and the
connectives as certain Boolean functions

® Ris??
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Propositional logic is a triple (£, S, R ) where

e [ isthe set of all formulas built from Boolean variables and the
propositional connectives (—, /A, V. .. )

® Sisprovided by interpretations of the variables as 0, 1 and the
connectives as certain Boolean functions

® Ris??

There are many derivation systems for PL
We will study a few of them
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Formal properties of derivation systems

A derivation system is defined by a set of derivation rules
that allow one to derive formulas from given formulas

We will focus on these properties of our derivation systems:

Soundness Every derived formula is a semantic consequence
of the given ones

Completeness Only semantic consequences are derivable

Termination Only finitely many derivation steps are needed
to prove or disprove semantic consequence
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Semantic consequence (or entailment)

Given
®asetS = {A,. ... A, } of formulas and
e aformula B

we write

iff every interpretation that satisfies every formulain S
also satisfies B
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Semantic consequence (or entailment)

Given
® asetS = {A, ... A,} of formulas and

e aformula B
we write

iff every interpretation that satisfies every formulain S
also satisfies B

S = B isread as B is a semantic/logical consequence of S, or

B logically follows from S, or
S entails B
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Semantic consequence (or entailment)

Given
®asetS = {A,. ... A, } of formulas and
e aformula B

we write

iff every interpretation that satisfies every formulain S
also satisfies B

S & Aformally captures the notion of
a fact A following from assumptions S
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Semantic consequence (or entailment)

Given
® asetS = {A, ... A,} of formulas and

e aformula B
we write

iff every interpretation that satisfies every formulain S
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Semantic consequence (or entailment)

Given
® asetS = {A, ... A,} of formulas and

e aformula B
we write

iff every interpretation that satisfies every formulain S
also satisfies B

Note 1: We usually write just Ay, ..., A, = B instead of {A, ..., A} E B

Note 2: Do not confuse this use of = with thatin Z = B where Z is an
interpretation
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Entailment, Examples

{p} F pVvg

{p,p—a} E ¢q

{p,q} E pAg

{} E r—r

{p, —r} = (pvag)n(gV—r)

{a} E (pva)A(gVv-r)

{p,qVv-r} ¥~ pAg

{pv-pt ¥ p
[ MTelalr[—~rlp—qlpVvalprglr—rlgv—r](®EVaAQV-r)]
1. 0 0 0 1 1 0 0 1 1 1
2. 0 0 1 0 1 0 0 1 0 1
3. 0 1 0 1 1 1 0 1 1 1
4, 0 1 1 0 1 1 0 1 1 1
5. 1 0 0 1 0 1 0 1 1 1
6. 1 0 1 0 0 1 0 1 0 0
7. 1 1 0 1 1 1 1 1 1 1
8. 1 1 1 0 1 1 1 1 1 1
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Exercise

Determine which of the following entailments hold

?
pAg,r =
?
p, ~=(q Ar) =
?
p,p—q,q—r =
?
pvVag. p—=q,q—r
?
pvVa, p—=rqg—=r =
?
p—q =
?
p—q =
pVvV(gAr) =

p—=qp——9q =

qgnNr

TP AT

,

.

.

—q — —p
—p = —q
(pva)A(pVr)
p—(q—p)
-p
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Properties of entailment

e SE=Aforall Acs (inclusion)
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Properties of entailment

o ifS=Athen T=Aforall TDS (monotonicity)
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Properties of entailment

e Aisvalid iff () |= A (also written as = A)
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Properties of entailment

® S = Aiff SU{—-A} isunsatisfiable
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Properties of entailment
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Properties of entailment

o (A, ... A} =BIiff {A, ..., An—1} = A, — B (deduction)

o (A  AYEBIff {AA- AAYEBIfFOE (AA - AA) — B
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Properties of entailment

o A=Biff (A} =B and (B} =A
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Properties of entailment

e SE=Aforall Acs (inclusion)

if S=Athen T=Aforall TDOS (monotonicity)

Aisvalid iff () = A (also written as |= A)

® Aisunsatisfiable iff A = L

S = A iff SU {—A} is unsatisfiable
o {A,.... A} =Biff {A,....A,1} = A, — B (deduction)

© (A ... AYEBIff {AA- AAYEBIffOE (AA - AA) — B

o A=Biff (A} =B and (B} =A
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Derivation systems for propositional logic

An derivation system | is a collection of formal rules for inferring formulas from
formulas

Given
® asetS = {A,..., A, } of formulas (premises) and

® aformula B (conclusion)

we write

iff it is possible to infer B from S with the rules of /
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® asetS = {A,... A,} of formulas (premises) and

® aformula B (conclusion)

we write

iff it is possible to infer B from S with the rules of /

S, Aisread as S derivesBin|,or
B derives from Sin |, or
B is derivable from Sin |
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Derivation systems for propositional logic

An derivation system | is a collection of formal rules for inferring formulas from
formulas

Given
® asetS = {A,... A,} of formulas (premises) and

® aformula B (conclusion)

we write

iff it is possible to infer B from S with the rules of /

[ Intuitively, / is designed so that S+, A onlyif S = A ]

[ Ideally, / should also be suchthat S+ A if S = A ]
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So many symbols!

Note:

AN B — C isaformula, a sequence of symbols manipulated
by an derivation system /

AN B = C isamathematical abbreviation for the statement:
“every interpretation that satisfies A /\ B, also satisfies C”

AN B, C isamathematical abbreviation for the statement:
“I derives C from A N\ B”
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So many symbols!

In other words,

e — isasymbol of propositional logic, processed by derivation
systems

e — denotes a relation from sets of formulas to formulas, based on
their meaning in propositional logic

® |-, denotes a relation from sets of formulas to formulas, based on
their derivability in /

/13



Implication vs. Entailment

The connective — and the relation | are related as follows:

A — Bisvalidiff A =B
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Implication vs. Entailment

The connective — and the relation | are related as follows:

A — Bisvalidiff A =B

Example: p — (pV g)isvalidandp = p Vv g

qglp—(pVaq)

pV
0 1
1
1
1

=2l olo|T
—= Ol = OQ

1
1
1

Hlwin =
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Soundness and completeness

Therelations = and -, are related as by these two properties of
derivation systems /
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Soundness | is sound if it can derive from a given set S of formulas
only formulas entailed by S:

if S/ Athen S = A

13/13



Soundness and completeness

Therelations = and |, arerelated as by these two properties of
derivation systems /

Soundness | is sound if it can derive from a given set S of formulas
only formulas entailed by S:

if S/ Athen S = A
Completeness /is complete if it can derive from a given set S of

formulas all formulas entailed by S:

if S =Athen S+ A

13/13



	Derivation Systems for Propositional Logic
	Semantic consequence/entailment
	Derivability


