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I Introduction

Combinatoricas a Standardviathematica Add—Onwrittenin 1989by StevenSkiena.lt
hasrﬁotbeenupdatedsmce.lt hasabout230functionsfor doingcomputationadiscrete
mathematics.

FeedbacKrom userspur own expectation®f whatCombinatoricashouldbe ableto
do, variousadvancesn graphtheoryandcombinatoricsfastermachinesandbetter
versionsof Mathematica arefactorsthathavemotivatedthis rewrite. About 80% of the
functionshavebeenrewrittenandthe packagenow containsabout350functions.

The newCombinatoricgrovidesfunctionsfor enumeratingselectingranking,and
unrankingvariouscombinatoriabbjectssuchaspermutationscombinationsinteger
partitions,setpartitions,Youngtableauxtrees andgraphslt alsoprovidesfunctions
to generatevariousclasse®f graphsandprovidesfunctionsfor all the standardyraph
algorithms.The specificwaysin which the new Combinatoricamprovesovertheold
versionareasfollows:

—Improvedgraphdatastructure gspeciallytunedfor sparsegraphs

—Functionsprovidedfor additionaltopicssuchasSetPartitionsandPolyaThe
ory

—Bettergraphicswith graphdrawingsignificantlyimproved
—Many functionssubstantiallyspeededip

__—Many old functionsnow haveadditonaffunctionality providingusersgreater
flexibility, easeof use,andmoreerrorchecking

—New graphinstancesndgraphclasses
—Many miscellaneousewfunctions
Eachof thesetemsis examinedelowin somedetail.
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I Old Combinatorica vs New Combinatorica

Better Graph Data Structure

A graphis nowrepresentedsatriple, thefirst elemenis anedgelist, the seconcele-
mentis theembeddingf the vertices,andthethird elements optlonaI%raphlcsnfor-
mation.The maindifferenceis thatthe adjacencymatrix representatiohasbeen
replacedoy anedgelist representationil heimplicationsof this changearefelt through
out thepackage-in runningtime improvementsmemorysavingsjncreasedunctionat
ity, andbettergraphdrawings.The packagecannow work with graphsthatareabout
50 timeslargerthangraphsthatOld Combinatoricacoulddealwith.

g = Conpl et eG aph[4]

-G aph: <6, 4, Undirected>-

gl[1l1]

{{{1, 2}3}, ({1, 3}}, {{1, 4}}, {{2, 3}}, {{2, 4}}, {{3, 4}}}
gll2]]

{{{0, 1.1}, {{-1., O0}}, {{O, -1.1}}, {{1., O}}}

g[[0]]

G aph

g = Set G aphOptions[g, VertexCol or -> Red, EdgeCol or -> Bl ue]

-G aph: <6, 4, Undirected>-
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ShowGr aph [g]

- Graphi cs -

g = Set GaphOpti ons [g,
{{{1, 2}, VertexStyle ->Di sc[Large], VertexCol or -> G een}}]

-Graph: <6, 4, Undirected>-
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ShowG aph[g, Pl ot Range - Large[0. 05]]

- Graphi cs -

Lengt h[g]

glr1l1]

{{{1, 23}, {{1, 3}}, {{1, 4}}, {{2, 3}}, {{2, 4}}, {{(3, 4}}}

gl[2]]

{{{0, 1.}, VertexStyle > Disc[Large], VertexCol or - RGBCol or [0., 1., 0. ]},
{{-1., 0}, VertexStyle » DisciLarge], VertexCol or - R&BCol or [0., 1., 0.]},
{{0, -1.1}, {{1., O}}}
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g[[31]

Vert exCol or - RGCol or [1., 0., 0. ]

gll[4]]

EdgeCol or - R&Col or [0., 0., 1.]
This datastructureallowsusto storegraphicsinformationthatpertainsto theentire

graphor to individual elementsuchasedgesandvertices.

For sparsegraphsthe savingan memoryis dramatic.For densegraphsthereis no signif
icantdifferencein memoryusage.

g = DiscreteMat h* A dConbi natori ca' Gi dG aph[20, 207;

Byt eCount [g]

2593664

g = GidG aph[20, 20]; ByteCount [g]

61224
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h = Set GraphOpti ons[g, VertexCol or -» Red, EdgeCol or -» Bl uel;
ShowGr aph [h, Backgr ound - Yel | ow]

- Graphi cs -

Byt eCount [h]

61432

g = Di screteMat h A dConbi nat ori ca' RandonGr aph[100, .5]; ByteCount [g]

168448

g = Random& aph[100, .5]; ByteCount [g]

219812
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Additional topics

A numberof functionsrelatingto Polya theory andset partitions havebeenaddedo
the newCombinatorica.

m Polya Theory

Groupscommonlyusedin Polyatheorycannow be generated.
? Di hedr al G oup

D hedral Group[n] returns the di hedral group
on n synbols. Note that the order of this group is 2n.

Di hedral Group[4]
({1, 2, 3, 4}, {4, 1, 2, 3}, {3, 4, 1, 2}, {2, 3, 4, 1},
(4, 3, 2, 1}, {3, 2, 1, 4}, {2, 1, 4, 3}, {1, 4, 3, 2}}

The cycleindexof groupscommonlyusedin Polyatheorycannow becomputed.
?Symmet ri cG oupl ndex

Symmetri cG oupl ndex[n, x] returns the cycle index of the synmetric group
on n synbols, expressed as a polynomal in x[1], x[2], ..., X[n].

Symmet ri cG oupl ndex [6, X]

@ 3
AL iy ey - et e s S e
2
Sxrx21 x(31 + X350 2 w112 0147 + & x127 x(4] + g x[1] x (5] + XL

? Di hedr al G oupl ndex

Di hedral Groupl ndex[n, x] returns the cycle index of the dihedral group
on n synbols, expressed as a polynomal in x[1], x[2], ...,X[n].
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Di hedr al G oupl ndex [10, y]

10 5 2
YIIP 1y ey )e, 8YI20° Y512 yIL0]

Nonrisomorpnimstancemf variouscombinatoriabbjectscannow be countedandenumeratedr-irstwe showexamples
involving graphs.

? G aphPol ynoni al

GraphPol ynomi al [n, x] returns a polynomial in x in which the
coefficient of x*mis the nunber of non-isonmorphic graphs with
n vertices and m edges. G aphPol ynom al [n, x, Directed] returns
a polynonmial in x in which the coefficient of x*mis the nunber
of non-i sonorphic directed graphs with n vertices and m edges

G aphPol ynom al [6, X]

1+x+2%x2+5x3+9x%+15x5 +21x% +24x7 +
24 x8 + 21 x2 + 15 x10 1 9 x11 512 [ 2 x13 | x14 | x15

? Nunber OF Gr aphs

Nunmber Of Graphs [n] returns the nunmber of non-i sonorphic undirected
graphs with n vertices. Nunmber O G aphs[n, m] returns the numnber
of non-i sonor phic undirected graphs with n vertices and m edges.

Tabl e [Nunber Of Graphs[i ], {i, 1, 15}] // Tabl eForm

1

2

4

11

34

156

1044

12346

274668

12005168
1018997864
165091172592
50502031367952
29054155657235488
31426485969804308768



newFeatures.nb

ShowG aphArray [Li st Graphs [6, 3], Background -> Li ght Bl ue]

D

- G aphi csArray -

Now we showexamplesnvolving "necklaces.'In thefirst examplebelow,we showall the distinctnecklacesvith 5
beadscoloredredandblue.

? Li st Neckl aces

Li st Neckl aces[n, ¢, Cyclic] returns all distinct neckl aces
whose beads are colored by colors fromc. Here c is a
list of n, not necessarily distinct colors and two col ored
neckl aces are considered equivalent if one can be obtained
by rotating the other. ListNecklaces[n, ¢, Dihedral] is
simlar except that two neckl aces are considered equival ent
if one can be obtained fromthe other by a rotation or a flip

Li st Neckl aces[5, {r, r, b, b, y}, Dihedral]

{({r, r, b, b,y}, (b, b r,y, r}, {b,r,b,r,y}, (b, r,r,b, y}}
Li st Neckl aces[5, {r, r, b, b, y}, Cyclic]

{{r, r, b, b,
(b, r, b, r

? Nunmber O Neckl aces

Nunber Of Neckl aces [n, nc, Cyclic] returns the nunber of distinct ways in
whi ch an n-bead neckl ace can be colored with nc colors assum ng
that two colorings are equivalent if one can be obtained fromthe
other by a rotation. Number Of Neckl aces[n, nc, Dihedral ] returns
the number of distinct ways in which an n-bead neckl ace can be
colored with nc colors assuming that two col orings are equival ent
if one can be obtained fromthe other by a rotation or a flip
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Tabl e [Number Of Neckl aces[i, 2, Dihedral], {i, 10, 20}] // Tabl eForm

78
126
224
380
687
1224
2250
4112
7685
14310
27012

? Neckl acePol ynoni al

Neckl acePol ynom al [n, ¢, Cyclic] returns a polynomal in the colors
in c whose coefficients represent nunber of ways of coloring
an n-bead neckl ace with colors chosen fromc assum ng that
two colorings are equivalent if one can be obtained fromthe
other by a rotation. NecklacePolynom al [n, ¢, Dihedral] is
different in that it considers two col orings equivalent if one
can be obtained fromthe other by a rotation or a flip or both.

Neckl acePol ynomi al [10, {R, B, G}, Cyclic]

B 1 B°G+5B* & +12B' G +22BG" +26B° & +22B* & +12B* G +5B2 G +B& +
G B°R+9B*GR+36B" @ R+84B* G R+126B°G'R+126B* @ R+84B* & R+
36B°G R+9BG R+ R+5B R +36B" GR2 + 128 B @ R + 252 B° G R +
318B*"G'R2 + 252 B G R +128B2P P R +36BG R +5GC R +12B' R + 84 B® GR® +
252 B° G R +420B* G R +420B3 G R +252B° @ R +84BCGC R +12G R +

22B° R + 126 B°GR* +318B* G R* +420B G R +318B*° G*' R + 126 B R +

22C R +26B° R +126 B*GR? + 252 B G R +252B° G R +126 BG' R +

26 R +22B* R +84B°GR +128B° G R +84BGC R +22G R +12B* R’ +
36B°GR +36BE R +12G R +5B°RR +9BGR +5F R +BR + GR® + RIC

m Set Partitions

?SetPartitions

SetPartitions[set] returns the Iist of set partitions of set.
SetPartitions[n] returns the list of set partitions of {1, 2,..., n}.
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Set Partitions([4]

» ({1}, {2, 3, 4}}, {{1, 2}, {3, 4}}, {{1, 3, 4}, {2}},

» ({1, 43}, {2, 3}}, ({1, 2, 4}, {3}}, {{1, 3}, {2, 4}},
o ({1}, {2, 3}, {41}, {{1}, (2, 4}, {3}},
o ({1, 43, {2}, {31}, {{1}, {2}, {3}, {4}}}

[ Y Na Yate)
[ Y Na Yate)
RPRPRPR

?KSet Partitions

KSet Partitions[set, k] returns the list of set partitions
of set with k blocks. KSetPartitions[n, k] returns the
list of set of partitions of {1, 2, ..., n} with k bl ocks.

KSet Partitions[5, 3]

{{{1}, {2}, {3, 4, 5}}, ({1}, {2, 3}, {4, 5}},
{{1}, {2, 4, 5}, {3}}, {{1}, {2, 3, 4}, {5}},
{{1}, {2, 5}, {3, 4}}, {{1}, {2, 3, 5}, {4}}, ({1}, {2, 4}, {3, 5}},
{{1, 2}, {3}, {4, 5}}, {{1, 3}, {2}, {4, 5}}, {{1, 4, 5}, {2}, {3}},
{{1, 2}, {3, 4}, {5}}, {{1, 3, 4}, {2}, {5}}, {{1, 5}, {2}, {3, 4}},
{{1, 2}, {3, 5}, {4}}, {{1, 3, 5}, {2}, {4}}, {{1, 4}, {2}, {3, 5}},
{{1, 2, 3}, {4}, {5}}, {{1, 4}, {2, 3}, {5}}, {{1, 5}, {2, 3}, {4}},
{{1, 2, 4}, {3}, {5}}, {{1, 3}, {2, 4}, {5}}, {{1, 5}, {2, 4}, {3}},
{{1, 2, 5}, {3}, {4}}, {{1, 3}, {2, 5}, {4}}, {{1, 4}, {2, 5}, {3}}}

? RankSet Partition

RankSet Partition[sp, s] ranks sp in the list of all set partitions
of set s. RankSetPartition[sp] ranks sp in the list of all set
partitions of the set of elenents that appear in any subset in sp

RankSet Partition[ {{1, 2}, {3, 5}, {4}}]

29

? Unr ankSet Partition

UnrankSet Partition[r, set] finds a set partition of set with rank r
UnrankSet Partition[r, n] finds a set partition of [n] with rank r.

UnrankSet Partition[% 5]

UnrankSet Partition[Null, 5]

7 {4}}1
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? Randontet Partiti on

RandonSet Partition[set] returns a random
set partition of set. RandonfSetPartition[n] returns
a random set partition of the first n natural nunbers.

RandonfSet Partiti on[10]

{{1, 6, 7}, {2, 8}, {3, 4, 10}, {5}, {9}}

? RandonKSet Partition

RandonKSet Partition[set, k] returns a random set partition of set
with k blocks. RandonKSetPartition[n, k] returns a random
set partition of the first n natural nunbers into k bl ocks.

RandonKSet Partition[10, 4]

{{1, 5, 9}, {2, 3, 10}, {4, 7}, {6, 8}}

?Bel I B
Bel IB[n] returns the nth Bell nunber

Bel | B[300]

9593717160839270277309012597458244643669761253486524090465101452308505449075
555794967097991422094447813361703461703527483923452910600107094241977883524
995379142569403109148264479493951899618130991494946924012311626466835414469
805276900066733612175617987670409976416771272643311143045873205315011607801
824625827865824638944982653160924318204003182910489402082081128038463173280
160012490117659706850104203035907510272952948673660873405566364117100380099
645

Thefollowing graphg shows2-blocksetpartitionsof ﬂl, 2,3,4,5} connectedy edgesvhenevem setpartitioncanbe
obtainedfrom anothetby deletinganelementrom ablock andinsertingit elsewhereln thegraphbelowthatwe showa
Hamiltoniancyclein g indicatinga "gray code"orderingof the 2—blocksetpartitions.
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| 52 = Map[StringJoin[Map[ToString, #[[1]]1]1] & sp52 = KSet Partitions[5, 2]1;
ShowGr aph[g = Set Vert exLabel s [MakeG aph[sp52, (Menmber Q[ {1, 4},
Sum[Abs [Posi tion[#1, i 1[[1, 1]] -Position[#2, i 1[[1, 1111, {i, 5}11) &
Type -> Undi rect ed], | 52], Pl ot Range - Large[0. 2]]

- &G aphi cs -
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ShowG aph [Hi ghl i ght [g, {Partition[Ham |toni anCycle[g], 2, 11}, {Red}],
Pl ot Range -» Large[0. 1]]

- Graphi cs -
Thegraphabovehasnot 1, but morethan6000Hamiltoniancycles!

Lengt h[Hami | t oni anCycl e[g, Al ]]

6528

Our implementatiorof the Stirling numberof the secondkind is notrecursivelt usesanidentity thatexpressethese
_St|rll|ng numbersasthe signedsumof binomialnumbersThis makesourimplementatiorfasterthanthe Mathematica
implementation.

StirlingSecond[100, 50]

4309832370093663404215143015472586959435202896143406139124417411312803190588
53783145598261659992013900
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Tabl e[Tim ng[StirlingS2[100i, 50i7];1]/
Timng[StirlingSecond[100i, 50i1;71, {i, 2, 7}]

({4., 1}, {3., 1}, (2.5, 1}, {2.66667, 1}, (3.11111, 1}, {2.85714, 1}}

Better Graphics

Old Combinatoricacannotdisplaythe coloredgraph.On theotherhard,considemwhat
New Combinatoricacando.

c =VertexColoring[g = Wieel [20]]

(1, 2,1,2, 1, 2,1, 2,1, 2,1, 2,1, 2, 1, 2, 1, 2, 4, 3}

ShowGr aph[Hi ghlight [ g, Table[ Flatten[Position[c, i]], {i, Max[c]}1]]

- G aphics -

Herearesomepictureswe caneasilycreatein the New Combinatorica.
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g = GraphProduct [G'i dG aph[2, 2], Cycle[5]];
ShowGr aph[g, VertexCol or -> Li ght Bl ue,
EdgeCol or -> Yel | ow, Background -> Bl ack]

- G aphics -
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g = GidGaph[3, 3];
ShowGr aph[g, VertexStyle ->Disc[Large],
Ver t exNunber Col or -> Yel | ow, Background -> Yel | ow]

- G aphics -

I nduceSubgraph[ Gi dG aph[10, 107,

g
m

({1, 2}, {3, 6}, (5, 9}, {7, 13}, {11, 12}, (14, 19},

(16, 17}, ({18, 25}, (20, 283, (22, 23}, (24, 32}, (26, 27},
(29, 30}, {31, 35}, {33, 40}, (36, 37}, (38, 39}, {41, 42},
(44, 49), {45, 52}, (46, 47}, {48, 55}, {50, 51},

(15, 21},

Ver t exNunber -> Cent er,

RandonSubset [ Range [100]1]1;
Bi partiteMatching[ g ]

{53, 54}, {58, 59}}



18 newFeatures.nb

ShowG aph [Hi ghl i ght [g, {m}, {Red}], Background -> Li ght Bl ue]

e

- Graphi cs -
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1

ShowG aph [g

Hyper cube [5],

Vert exCol or -> Red]

- Graphi cs -
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ShowGr aph [g,

- Graphi cs -

Vert exCol or -> Red, Pl ot Range -> Zoom[{1, 2, 3, 4}]]
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ShowGr aphAr ray [
Partition[l = Union[Map[ (C rcul ant G aph[9, #]) & Subsets[8]]1, 4, 411

- G aphi csArray -
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g = Star [7]; ShowG aph[g, VertexNunmber - On]
2

che 7
4 5

- Graphi cs -
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ShowGr aph [AddEdges [g, {{1, 7}, {1, 1}, {6, 7}, {7, 6}}1]

- Graphi cs -

Improvement in Run Times

Many functionsin the Old Combinatoricaarequiteslow. Thisis for avarietyof rea
sons.Someof thereasongannotberemediedFor examplethe overheadf using
Mathematica or theinherentintractability of certainproblems However,usingbetter
algorithms betterdatastructuresbetterprogrammingpracticesandnewMathematica
featureswve havespeededip mostfunctions,someby severalbrdersof magnitude.

The speedupyou seein thefollowing exampless becausehe adjacencymatrixrepre
sentatiorfor graphshasbeenreplacedoy anedgelist representationl hisis idealfor
the sparsegraphsbeinggeneratedbelow.

{Timi ng[ Di screteMat h' A dConbi nat ori ca‘ Pat h[300]; ], Tim ng[Path[3007]; ]}

{{466. 35 Second, Null }, {0. Second, Null }}
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{Tim ng[ D screteMat h* d dConbi nat ori ca’ Randonmlr ee [200]; ],
Ti m ng [Randonilr ee [2007]; 1}

{{1. 01 Second, Null }, {0.23 Second, Null }}

{Tim ng[ Di scretehMat h* A dConbi natori ca' Gi dG aph[30, 30]; ],
Timng[GidG aph[30, 307; 1}

{{0.72 Second, Null }, {0.12 Second, Null }}

Variousutility functionsthatconvertbetweerdifferentrepresentationsf graphshave
ar!so be?(nspeedeahp andthis hasled to speedumf almostall thegraphalgorithmsin
the package.

Observetheremarkablespeedupn thefunction ToAdjacencyListsshownbelow. ToAd
jacencyListds usedin mostgraphalgorithms Below we attemptto showthediffer-
encein therunningtimesof MinimumSpanningTree Old CombinatoricaandNew
CombinatoricaTheattemptis unsuccessfubecauséinimumSpanningTree Old
Combinatoricgtakesmoretime thanwe couldspendwaiting! Someof this difference
in runningtime is dueto the differencein therunningtimesof ToAdjacencyLists.

g = DiscreteMat h’ A dConbi natori ca' GidG aph[30, 30];
Ti m ng[ Di screteMat h* O dConbi nat ori ca' ToAdj acencylLi sts[g]; ]

(6. 23 Second, Nul I}

g = GidG aph[30, 30]; Timng[ ToAdj acencyLists[g]; ]

{0. 1 Second, Null }

g = Set EdgeWi ghts [G'i dG aph[30, 301]; Ti m ng[ M ni nunSpanni ngTree[g]; ]

{1. 05 Second, Null}

g = DiscreteMath' d dConbi natorica' Gi dG aph[20, 207;
Ti m ng[Di screteMat h* A dConbi nat ori ca' M ni munSpanni ngTree[g]; ]

$Abort ed
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We cannow computewith fairly largesizesparsegraphsHerewe constructarandom
subgraphwith about5000verticesandedgesf agraphwith about10,000verticesand
40,000edgesThesubgrapthas668connectedcomponentandit took abouté second:
to computethese.

g = GidGaph[100, 100]; h = I nduceSubgraph[g, RandomBSubset [Range[10000]]];
{VIh]l, M[h]}
(4987, 4979}

ShowG aph[h, VertexStyle ->Disc[0]]

E_;l%{‘:@g_ﬁ;’:ﬂ%‘%;g[ "..ﬁ_rF_':T 'L_‘l’,i
AN S A
e

pr
:H‘?F'gt 'l -.:ﬁslr *i?vfﬂ'&; EE

P |-‘|d="' = L
S "-”"‘“iﬁjﬁ'?i:f'
o ':1%“"-t££’j -
bl o B SR

b £ n,J,EE%‘;:;t ; Sy
S IR

= = | -
A . 3— P
a T R L e gt [ g
- Graphi cs -

Ti mi ng[c = Connect edConponent s[h]; ]

{2.41 Second, Nul I}
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Length[c]

672

Somespeedups achieveddy animprovementn implementation-morecarefulatten
tion is paidto ensuringthatthe actualrunningtime of theimplementatiors the same
aswhatis promisedoy theory.The exampleelowshowspeedupsachievedn func
tionssuchasLineGraphandVertexColoring.

g = DiscreteMat h’ A dConbi nat ori ca' Random& aph[100, . 3];
Ti m ng[Di screteMat h* O dConbi nat ori ca' Li neG aph[g]; ]

{10. 73 Second, Nul | }

g = Random& aph[100, .3]; Tim ng[Li neG aph[g]; ]

{0. 99 Second, Nul I}

g = Discretehath* d dConbi nat ori ca' Wheel [200];
Ti m ng[Di screteMat h* O dConbi nat ori ca' VertexCol oring[g1]; ]

(3. 4 Second, Null}

g = Weel [200]; Timng[ VertexCol oring[g]l; ]

{0. 09 Second, Null }

Speedupn somecasesvasachievedyy compilingcarefullyselectedunctions.In the
examplebelow, LexicographicPermutations reimplementeésaniterative(rather

thanasarecursivefunction)andthencompiled.

Ti m ng[Di screteMat h* O dConbi nat ori ca' Lexi cogr aphi cPer nut ati ons [Range[811; 1]

(4. 21 Second, Nul |}
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Ti m ng[Lexi cographi cPermut ati ons[8]; ]

{0. 36 Second, Nul I}

In someimplementationsye took advantag®f the new packedarrayimplementation
of lists. Hereis acomgarlsorbetweemur newimplementatiorof ToCyclesandtheold
implementatiorof ToCyclesfrom the Permutationpackage.

p = Di scret eMat h* Per mut at i ons‘ RandonPer nut ati on[10007;
Ti m ng[Di screteMat h' Permut ati ons* ToCycl es[p]; ]

(5. 36 Second, Null}

p = RandonPernmut ati on[1000]; Ti m ng[ToCycl es[p]; ]

{0. 07 Second, Null}

In fact, ToCylesis sofastthatthefunction SignaturePermutatiahatcomputeshe signof a permutations significantly
fasterthanthe correspondind/iathematica function Signature.

p = RandonPer mut ati on[5000];
{Ti mi ng[Signature[p]; 1, Timng[SignaturePernutation[p]; ]}

{{4.02 Second, Null }, {0.25 Second, Null }}

Better Functionality

A varietyof old functionsarenow easieito use.A variety of newuserfriendly func
tions havebeenadded Optionshavebeenusedio makeseveralbf the functionsmore
userfriendly andflexible. For example AddEdgesllows manyvariationsof edge
specifications.

? AddEdges

AddEdges [g, edgeList] gives graph g with the new edges in
edgeLi st added. edgelist can have the form {a, b} if we want
to add a single edge {a, b} or the form {{a, b}, {c, d}, ...},
if we want to add edges {a, b}, {c, d}, ... or the form
{ {{a, b}, x}, {{c, d}, y}, ...} where x and y are graphics
informati on associated with {a, b} and {c, d} respectively.
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g = Weel [10];

- Graphi cs -

ShowG aph [g,

Vert exNunber -» On]
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2!

ShowG aph [g = AddEdges [g,
Ver t exNunber - On]

{{{2,

10},

EdgeCol or » Red, EdgeStyle - Fat }}],

- G aphi cs -




30

newFeatures.nb

ShowG aph[g = AddEdges[g, {3, 1}], VertexNunber - On]

- Graphi cs -

Hereis anotherexamplejn which we showhow thefunction BreadthFirstTraversdlas
becomemuchmoreflexible. Firstcompareghe usagemessage®r the newBreadthFirs
Traversalandtheold BreadthFirstTraversabomeadditionaltagsallow the userto get
differentkindsof informationfrom BreadthFirstTraversal.

? Br eadt hFi r st Tr aver sal

Br eadt hFi rst Traversal [g,v] perfornms a breadth-first traversa
of graph g starting fromvertex v, and gives the breadth-
first nunbers of the vertices. BreadthFirstTraversal [g, Vv,
Edge] returns the edges of the graph that are traversed by
breadth-first traversal. BreadthFirstTraversal [g, Vv, Tree]
returns the breadth-first search tree. BreadthFirstTraversal |
g,V, Level ] returns the | evel nunber of the vertices.

?Di screteMat h* O dConbi nat ori ca‘' Breadt hFi r st Tr aver sal

Br eadt hFi rst Traversal [g,v] perfornms a breadth-first
traversal of graph g starting fromvertex v, and gives a
list of vertices in the order in which they were encountered.

g = GidGaph[5, 5];
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Br eadt hFi r st Traversal [g, 1]

{1, 2, 4, 7, 11, 3, 5, 8, 12, 16, 6, 9,
13, 17, 20, 10, 14, 18, 21, 23, 15, 19, 22, 24, 25}

e = Breadt hFi rst Traversal [g, 1, Edge]

{{1, 2}, (2, 3}, {3, 4}, {4, 5}, {1, 6}, {2, 7}, {3, 8}, {4, 9}, {5, 10},
(6, 11}, (7, 123, (8, 13}, {9, 14}, {10, 15}, {11, 16}, (12, 17}, {13, 18},
{14, 19}, {15, 20}, {16, 21}, {17, 22}, {18, 23}, {19, 24}, {20, 25}}

ShowG aph [Hi ghl i ght [g, {e}, {HotPink}]]

[ L L L ]

[ 4 4 4 ]

[ 4 4 4 ]

[ 4 4 4 ]

[ ([ ([ ([ o
- Graphi cs -

ShowGr aphArray[{g, BreadthFirstTraversal [g, 1, Tree]}]
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- G aphi csArray -
Br eadt hFi r st Traversal [g, 1, Level ]

{0, 1, 2, 3,4, 1, 2, 3, 4,5, 2 3, 45,6, 34,5, 6,7, 45, 6, 7, 8}

VariousfunctionssuchasEccentricity,Diameter,TwoColoring,BipartiteQ,andothers
now simply call BreadthFirstTraversalith anappropriateargument.

Functionsthatgenerategraphsoftencomewith optionsthatallow the userto choose
betweendirectedor undirectedgraphsHereis anexample.

? Conpl et eG aph

Conpl eteGraph[n] creates a conplete graph on n vertices. An option Type
that takes on the values Directed or Undirected is all owed.
The default setting for this option is Type -> Undirected.
Conpl eteG aph(a,b,c,...] creates a conplete k-partite graph of the
prescri bed shape. The use of ConpleteGaph to create a conplete
k-partite graph is obsolete, use ConpleteKPartiteG aph instead.
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ShowG aph [ Conpl et eGraph[5, Type - Directed] ]

- Graphi cs -

Set Opti ons [ Conpl et eGraph, Type - Di rected]

{Type - Di rect ed}
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ShowGr aph [ Conpl et eGraph[5] ]

- Graphi cs -

Functionsthattranslatebetweerdifferentgraphrepresentationsow haveoptionsthat
allow theuserto payattentionto multiple edgesandself-loopsln thefollowing exam
ple, thefunctionToAdjacencyListsin its defaultversion, makessurethatself-loops
and multh_le edgesshowupin the adjacenc?hsts. Usingtheoption Type—>Simpleye
canforce ToAdjacencyListgo ignorethe self-loopsandmultiple edges.

g = AddEdges|[Star [5], {{1, 5}, {2, 2}}]

-G aph: <6, 5, Undirected>-



newFeatures.nb

3!

ShowGr aph[ g ]

- Graphi cs -

ToAdj acencylLi st s[g]

{{5, 5}, {2, 5}, {5}, {5}, {1, 1, 2, 3, 4}}

ToAdj acencyli sts[g, Type - Si npl e]

{{3}, {5}, {5}, {5}, {1, 2, 3, 4}}

New Graph Instances and Classes

?Gi dG aph

G idG aph[n, m] constructs an nsmgrid graph,

the product of paths on

n and mvertices. GidGaph[p, g, r] constructs a pxqxr grid
graph, the product of GidGaph[p, q] and a path of length r.
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ShowG aph[Gi dG aph[3, 4, 5] ]

A
LB
=22

- Graphi cs -

? Shuf f | eExchangeG aph

Shuf f | eExchangeGraph[n] returns the n-di mensi onal shuffl e-exchange graph
whose vertices are length n binary strings with an edge fromw
tow if (i) w differs fromwinits last bit or (ii) w is
obtained fromw by a cyclic shift left or a cyclic shift right.
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ShowGr aph [ Shuf f | eExchangeG aph[3] ]

- Graphi cs -

?ButterflyG aph

ButterflyGraph[n] returns the n-di nensional Butterfly G aph, a directed

graph whose vertices are pairs (w, i), where wis a binary string
of length nand i is an integer in the range 0 through n and whose
edges go fromvertex (w, i) to (W, i+1), if w is identical to

win all bits with the possible exception of the (i+1)th bit.
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ShowGr aph[ Butterfl yGaph[3] ]

- Graphi cs -

? 1 nver si onPoset

I nver si onPoset [n] returns the Hasse di agram of the
partially ordered set on size-n perrmutations in which p <
qif g can be obtained fromp by an adjacent transposition
that places the |arger elenent before the smaller.
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ShowG aph [ | nver si onPoset [4] ]

- Graphi cs -

? Bool eanAl gebr a

Bool eanAl gebra[n] gives the Hasse
di agram for the bool ean al gebra on n el enents.
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ShowGr aph [ Bool eanAl gebraf[4] ]

- Graphi cs -

? CageG aph

CageG aph [k,

r] gives the smallest k-regul ar graph

of girth r for certain small values of k and r.
r] gives CageGraphi3, r]. For k = 3, r can be 3,

6, 7, 8, or

10. For Kk = 4 or 5, r can be 3, 4, 5

CageG aph|
41 51
, or 6.
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ShowG aphArray [
{Tabl e[CageG aph[r], {r, 3, 5}], Table[CageG aph[r], {r, 6, 8}1}]

- &G aphi csArray -

Miscellaneous New Functions

Herewe showa newfunction SetEdgeWeightthatprovidesa flexible way of assign
ing weightsto edgesn agraph.

? Set EdgeVei ght s

Set EdgeWei ght s[g] assigns randomreal weights in the range [0, 1]
to edges in g. SetWights accepts options Wi ghtingFunction
and Wei ght Range. Wi ghti ngFuncti on can take val ues Random
Random nt eger, Euclidean, LNorm[n] for non-negative n, or any
pure function that takes as input two points. Wi ght Range can
be an integer range or a real range. The default value for
Wi ghti ngFunction is Random and the default val ue for Wi ghtRange
is [0, 1]. SetEdgeWights[g, e] assigns edge weights to the
edges in the edge list e. The options Wi ghtingFunction and
Wei ght Range apply. Set EdgeWei ghts[g, w] assigns the weights in the
weight list wto the edges of g. Set EdgeWi ghts[g, e, w] assigns
the weights in the weight list wto the edges in edge list e.

g = Set EdgeWei ght s [Wheel [10], Wei ghti ngFuncti on -» Randonl nt eger,
Wi ght Range -» {3, 5}]; Get EdgeWei ghts[g]

{4, 5, 3, 4, 3, 4,5, 3,5, 4 3,5, 3,5, 3,45, 5}
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Opt i ons [Set EdgeWei ght s]

{Wei ght i ngFuncti on - Random Wi ght Range - {0, 1}}

? Set Opt i ons

Set Options[s, nanel->val uel, name2->value2, ... ] sets the specified
default options for a synbol s. SetOptions[stream ... ]
or SetOptions["nane", ... ] sets options associated with
a particular stream SetOptions[object, ... ] sets options
associated with an external object such as a NotebookOhject.

Set Opt i ons [Set EdgeVei ght s,
Wei ght i ngFuncti on -» Randonl nt eger, Wi ght Range » {0, 1}]

{Wei ght i ngFuncti on - Random nt eger, Wi ght Range -» {0, 1}}

g = Set EdgeWei ght s [Wheel [10]]; Get EdgeVWei ght s[g]

{0, 0,1, 0 0 1, ¢ 0 1,00 0 0,0 1, 1,1, 1}

Hereis anotherexampleof a usefulnewfunction. Shortespathscannow be computed
evenin the presence®f negativeedgeweights.

? Bel | manFor d

Bel | manFord[g, v] gives the shortest path spanning tree and associ at ed
di stances fromvertex v of graph g. The shortest path spanning tree is
given by a list in which elenment i is the predecessor of vertex i in
the shortest path spanning tree. Bell manFord works correctly even when
the edge weights are negative, provided there are no negative cycl es.

g = AddEdges[ Cycl e[10, Type -» Directed], {{4, 1}, {6, 1}, {9, 3}}]

-Graph: <13, 10, Directed>-
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ShowGr aph[g, VertexNunber -» On]

- Graphi cs -

g = Set EdgeWei ght s [g,
Wi ght i ngFunction - Random nteger, Wi ght Range -» {-4, 5}]

-Graph: <13, 10, Directed>-

Edges [g, EdgeWei ght ]

{{{1, 2}, 3}, {{2, 3}, 1}, {{3, 4}, -1}, {{4, 5}, 3},
{{5, 6}, -4}, {{6, 7}, 4}, {{7, 8}, 5}, {{8, 9}, 4}, {{9, 10}, 1},
{{101 1}1 72}! {{41 1}1 74}! {{6! 1}1 4}1 {{91 3}! 72}}

Bel | manFord[g, 1]

({4, 1, 2,3, 4,5 6,7, 8 9}, {-5., -1., 0., 1., 2., -2., 2., 7., 11., 12. }}
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Dijkstra[g, 1]

{{41 11 21 3: 4| 51 61 71 81 9}! {_11 31 41 3: 6; 21 61 111 151 16}}

Anotherexampleof a usefulnewfunctionis TreelsomorphismQ.

? Tr eel sonor phi sn

Treel sonmor phi snQ[t1, t2] returns True if
the trees t1 and t2 are isonorphic; Fal se otherwi se.

g = Randoniree[40]; h = PernuteSubgraph[g, RandonPernutation[40]]

-G aph: <39, 40, Undirected>-

Tr eel sonor phi snQ[g, h]

True

| sonor phi cQ[g, h]

True

{Ti mi ng[Tr eel sonor phi smQ[g, hl;]1, Ti m ng[lsonorphicQ[g, h]; 1}

{{0.1 Second, Null }, {1.68 Second, Null }}



