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1. Introduction. The generalized-αmethod of Chung and Hulbert [2] was origi-
nally developed for second order systems of differential equations in structural dynam-
ics of the form Mÿ = f(t, y, ẏ). In mechanics M ∈ R

n×n is a constant mass matrix,
y ∈ R

n is a vector of generalized coordinates, ẏ ∈ R
n is a vector of generalized ve-

locities, ÿ ∈ R
n is a vector of generalized accelerations, and f(t, y, ẏ) ∈ R

n represents
forces. Introducing the new variables z := ẏ ∈ R

n and a := ż = ÿ ∈ R
n, these

equations are equivalent to the semi-explicit system of differential-algebraic equations
(DAEs)

ẏ = z, ż = a, 0 = Ma− f(t, y, z).(1.1)

Assuming M to be nonsingular, this system of DAEs is of index 1 since one can obtain
explicitly a = M−1f(t, y, z). The generalized-α method of Chung and Hulbert [2] for
Mÿ = f(t, y, ẏ) or equivalently for (1.1) is a non-standard implicit one-step method.
One step of this method (t0, y0, z0, aα) 7→ (t1 = t0 + h, y1, z1, a1+α) with step-size h
can be expressed as follows

y1 =y0 + hz0 +
h2

2
((1 − 2β)aα + 2βa1+α) ,(1.2a)

z1 =z0 + h ((1 − γ)aα + γa1+α) ,(1.2b)

(1 − αm)Ma1+α + αmMaα=(1 − αf )f(t1, y1, z1) + αff(t0, y0, z0).(1.2c)

The generalized-α method has free coefficients αm 6= 1, αf , β, γ. Let α := αm − αf ,
tα := t0 + αh, and t1+α := t0 + (1 + α)h. A justification of the notation aα, a1+α

comes from the fact that for a solution (y(t), z(t), a(t)) and values (y0, z0, aα) satisfying
y0−y(t0) = O(h2), z0−z(t0) = O(h2), aα−a(tα) = O(h2), we have a1+α−a(t1+α) =
O(h2), whereas we only have a1+α − a(t1) = O(h) when α 6= 0, see [5]. For specific
choices of the generalized-α coefficients we obtain well-known methods:

• Newmark’s family: αm = 0, αf = 0;
– The trapezoidal rule: β = 1/4, γ = 1/2;
– Störmer’s rule: β = 0, γ = 1/2;

• The Hilber-Hughes-Taylor α (HHT-α) method [3, 4]:

αm = 0, α := −αf ∈

[
−

1

3
, 0

]
, β =

(1 − α)2

4
, γ =

1

2
− α.
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The coefficients αm 6= 1, αf , β, γ of the generalized-α method (1.2) are usually chosen
according to

αm =
2ρ∞ − 1

1 + ρ∞
, αf =

ρ∞
1 + ρ∞

, β =
(1 − α)2

4
, γ =

1

2
− α

where ρ∞ ∈ [0, 1] is a parameter controlling numerical dissipation (ρ∞ = 0 for maxi-
mal dissipation [2]).

In this paper we analyze an extension of the generalized-α method (1.2) for sys-
tems having possibly a nonconstant mass matrix M = M(t, y) and nonholonomic
constraints k(t, y, ẏ) = 0. Such systems are frequently encountered in multibody dy-
namics [6]. Our analysis here is based on the extension proposed by L. O. Jay and
D. Negrut in [5]. In section 2 the extended generalized-α method is presented. In
section 3 we give an existence and uniqueness result for this method. In section 4
the local error of this method is analyzed. In section 5 we analyze the propagation
of perturbations by considering two neighbouring generalized-α solutions. In sec-
tion 6 convergence of the generalized-α method is given and global error estimates
are obtained showing second order of convergence. Some numerical experiments are
reported in Section 7. A short conclusion is finally given in Section 8.

2. Extension of the generalized-α method for systems with nonholo-

nomic constraints. We consider systems having a nonconstant mass matrix M =
M(t, y) and nonholonomic constraints k(t, y, ẏ) = 0, more precisely

M(t, y)ÿ = f(t, y, ẏ, ψ), 0 = k(t, y, ẏ).

Usually f(t, y, ẏ, ψ) = f0(t, y, ẏ) − kTẏ (t, y, ẏ)ψ and the term −kTẏ (t, y, ẏ)ψ containing
algebraic variables ψ represents reaction forces due to the nonholonomic constraints
k(t, y, ẏ) = 0. Hence, we consider systems of index 2 DAEs of the form

ẏ = z, ż = a, 0 = M(t, y)a− f(t, y, z, ψ),(2.1a)

0 = k(t, y, z),(2.1b)

and we assume the matrix
(

M(t, y) −fψ(t, y, z, ψ)
kz(t, y, z) O

)
is nonsingular .(2.1c)

When f(t, y, z, ψ) = f0(t, y, z)− kTz (t, y, z)ψ, this matrix becomes

(
M(t, y) kTz (t, y, z)
kz(t, y, z) O

)

and it is symmetric when M(t, y) is symmetric. At t0 we consider consistent initial
conditions (y0, z0), i.e.,

0 = k(t0, y0, z0),(2.2a)

and also (a0, ψ0) satisfying

0=M(t0, y0)a0 − f(t0, y0, z0, ψ0),(2.2b)

0=kt(t0, y0, z0) + ky(t0, y0, z0)z0 + kz(t0, y0, z0)a0.(2.2c)
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The generalized-α method (1.2) can be extended to systems having nonholonomic
constraints as follows

y1 =y0 + hz0 +
h2

2
((1 − 2β)aα + 2βa1+α) ,(2.3a)

z1 =z0 + h ((1 − γ)aα + γa1+α) ,(2.3b)

(1 − αm)M1+αa1+α + αmMαaα=(1 − αf )f(t1, y1, z1, ψ1)

+ αff(t0, y0, z0, ψ0),(2.3c)

0=k(t1, y1, z1)(2.3d)

where aα ≈ a(tα), and

M1+α ≈M(t1+α, y(t1+α)), Mα ≈M(tα, y(tα)),

for example we can take explicitly

M1+α := M(t1+α, y0 + h(1 + α)z0) , Mα := M(tα, y0 + hαz0) or M(1+α)−1

where M(1+α)−1 denotes the matrix M1+α used at the previous time-step.

3. Existence and uniqueness of the generalized-α solution.

Theorem 3.1. Consider the system of index 2 DAEs (2.1) with initial conditions
(y0, z0, ψ0) = (y0(h), z0(h), ψ0(h)) at t0 and aα = aα(h) at tα := t0 +αh all depending
on h satisfying for h→ 0

k(t0, y0, z0) = o(h),

M(t0, y0)aα − f(t0, y0, z0, ψ0) = o(1),

kt(t0, y0, z0) + ky(t0, y0, z0)z0 + kz(t0, y0, z0)aα = o(1).

Suppose γ 6= 0, αm 6= 1, and αf 6= 1. Then there exists hmax > 0 such that for h
satisfying |h| ≤ hmax there exists a unique solution (y1, z1, a1+α, ψ1) depending on h
to the system of equations (2.3) in a neighborhood of (y0, z0, aα, ψ0). Moreover, for
h→ 0 we have the estimates

y1 − y0 = O(h), z1 − z0 = O(h), a1+α − aα = O(h), ψ1 − ψ0 = O(h).(3.1)

Proof. In (2.3d) replacing y1 and z1 using (2.3a) and (2.3b) respectively and then
multiplying (2.3d) by 1/h, the system of nonlinear equations (2.3) can be rewritten
equivalently as

y1 −

(
y0 + hz0 +

h2

2
((1 − 2β)aα + 2βa1+α)

)
= 0,(3.2a)

z1 − (z0 + h ((1 − γ)aα + γa1+α)) = 0,(3.2b)

(1 − αm)M1+αa1+α + αmMαaα(3.2c)

− ((1 − αf )f(t1, y1, z1, ψ1) + αff(t0, y0, z0, ψ0)) = 0,

1

h
k

(
t1, y0 + hz0 +

h2

2
((1 − 2β)aα + 2βa1+α) , z0 + h ((1 − γ)aα + γa1+α)

)
(3.2d)

= 0.
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Expanding the function k in (3.2d) around the argument (t0, y0, z0) we obtain

0=
1

h
k(t0, y0, z0)

+kt(t0, y0, z0) + ky(t0, y0, z0)z0 + kz(t0, y0, z0) ((1 − γ)aα + γa1+α) +O(h).

Hence, by using the hypotheses of the theorem the system of equations (3.2) is satisfied
at h = 0 by

(y1(0), z1(0), a1+α(0), ψ1(0)) = (y0(0), z0(0), aα(0), ψ0(0)).

The Jacobian with respect to (y1, z1, a1+α, ψ1) at h = 0 of the system of equations
(3.2) is of the form




I O O O
O I O O
∗ ∗ (1 − αm)M0 −(1 − αf )fψ,0
O O γkz,0 O




where

M0 := M(t0, y0(0)), fψ,0 := fψ(t0, y0(0), z0(0), ψ0(0)), kz,0 := kz(t0, y0(0), z0(0)).

This Jacobian matrix is nonsingular since the block matrix
(

(1 − αm)M0 −(1 − αf )fψ,0
γkz,0 O

)

=

(
(1 − αm)I O
O γI

)(
M0 −fψ,0
kz,0 O

)(
I O

O
(1−αf )
(1−αm)I

)

is nonsingular under the assumptions γ 6= 0, αm 6= 1, and αf 6= 1. The conclusion and
the estimates (3.1) now follow from the application of the implicit function theorem.

4. Local error. We now consider local error estimates:
Theorem 4.1. Consider the system of index 2 DAEs (2.1) with consistent initial

conditions (y0, z0, a0, ψ0) at t0, see (2.2), and exact solution (y(t), z(t), a(t), ψ(t)).
Suppose γ 6= 0, αm 6= 1, and αf 6= 1. Consider aα satisfying for h→ 0

aα − a(t0 + αh) = O(hq) q = 1 or 2.

For q = 2 we suppose in addition that γ = 1
2 − α. Then for |h| ≤ hmax the numerical

solution (y1, z1, ψ1) at t1 := t0 + h and a1+α at t1+α := t0 + (1 +α)h to the system of
equations (2.3) satisfies

y1 − y(t1) = O(h3), z1 − z(t1) = O(hq+1), a1+α − a(t1+α) = O(hq),(4.1a)

ψ1 − ψ(t1) = O(hq).(4.1b)

Proof. The Taylor series at t0 of the exact solution (y(t), z(t)) satisfies

y(t0 + h)=y0 + hz0 +
h2

2
a0 +O(h3),

z(t0 + h)=z0 + ha0 +
h2

2
ȧ0 +O(h3)
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where ȧ0 := ȧ(t0). We need ȧ and ψ̇ from the exact solution. They can be obtained
from the equations

0=
d

dt
(M(t, y)a− f(t, y, z, ψ))

=Mt(t, y)a+My(t, y)(z, a) +M(t, y)ȧ(4.2a)

−ft(t, y, z, ψ) − fy(t, y, z, ψ)z − fz(t, y, z, ψ)a− fψ(t, y, z, ψ)ψ̇,

0=
d2

dt2
k(t, y, z) =

d

dt
(kt(t, y, z) + ky(t, y, z)z + kz(t, y, z)a)

=ktt(t, y, z) + 2kty(t, y, z)z + 2ktz(t, y, z)a+ kyy(t, y, z)(z, z)(4.2b)

+2kyz(t, y, z)(z, a) + ky(t, y, z)a+ kzz(t, y, z)(a, a) + kz(t, y, z)ȧ

which can be expressed as a system of linear equations for ȧ and ψ̇

(
M(t, y) −fψ(t, y, z, ψ)
kz(t, y, z) O

)(
ȧ

ψ̇

)
(4.3)

= −

(
Mt(t, y)a+My(t, y)(z, a) − ft(t, y, z, ψ) − fy(t, y, z, ψ)z − fz(t, y, z, ψ)a
ktt(t, y, z) + 2kty(t, y, z)z + . . .+ ky(t, y, z)a+ kzz(t, y, z)(a, a)

)
.

The values of ȧ0 := ȧ(t0) and ψ̇0 := ψ̇(t0) can be obtained from these linear equations
by taking the arguments t0, y0, z0, a0, ψ0 in the functions above. From aα−a(t0+αh) =
O(h) we get aα − a0 = O(h). Hence, from a1+α − aα = O(h) of the existence and
uniqueness Theorem 3.1 we have a1+α − a0 = O(h). Therefore we obtain directly
from (2.3a) and (2.3b)

y1 = y0 + hz0 +
h2

2
a0 +O(h3), z1 = z0 + ha0 +O(h2),

and thus

y1 − y(t0 + h) = O(h3), z1 − z(t0 + h) = O(h2).

Hence, we have proved (4.1) for q = 1.
Now suppose that q = 2, i.e., that

aα = a0 + hαȧ0 +O(h2).

We will show that

a′1+α(0) :=
d

dh
a1+α(h)

∣∣∣∣
h=0

, ψ′

1(0) :=
d

dh
ψ1(h)

∣∣∣∣
h=0

satisfy

a′1+α(0) = (1 + α)ȧ0, ψ′

1(0) = ψ̇0.

This will be proved by showing that 1
(1+α)a

′

1+α(0) and ψ′

1(0) satisfy the system of

linear equations (4.3) with function arguments t0, y0, z0, a0, ψ0. For that purpose, we
consider first

0 =
1

h2
k(t1, y1, z1) =

1

h2
k(t0 + h, y0 + δy, z0 + δz)
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where from (2.3a)-(2.3b) we have

δy := hz0 +
h2

2
((1 − 2β)aα + 2βa1+α) , δz := h ((1 − γ)aα + γa1+α) .

Expanding k(t0 + h, y0 + δy, z0 + δz) in Taylor series around (t0, y0, z0) we get

k(t0 + h, y0 + δy, z0 + δz)=k0 + hkt0 + ky0δy + kz0δz +
1

2
h2ktt0 + hkty0δy

+hktz0δz +
1

2
kyy0(δy, δy) +

1

2
kyz0(δy, δz) +

1

2
kzz0(δz, δz)

+O(h3 + ‖δy‖
3 + ‖δz‖

3),

and

δy=hz0 +
h2

2
a0 +

h3

2

(
(1 − 2β)αȧ0 + 2βa′1+α(0)

)
+O(h4),

δz=ha0 + h2
(
(1 − γ)αȧ0 + γa′1+α(0)

)
+O(h3).

We have

0 = lim
h→0

1

h2
k(t1, y1, z1) = lim

h→0

1

h2
k(t0 + h, y0 + δy, z0 + δz)

which from the results above leads to

0=ky0a0 + 2kz0
(
(1 − γ)αȧ0 + γa′1+α(0)

)
+ ktt0 + 2kty0z0 + 2ktz0a0 + kyy0(z0, z0)

+2kyz0(z0, a0) + kzz0(a0, a0),

i.e.,

0=ktt0 + 2kty0z0 + 2ktz0a0 + kyy0(z0, z0) + 2kyz0(z0, a0) + ky0a0 + kzz0(a0, a0)

+kz0

(
2(1 − γ)αȧ0 + 2γ(1 + α)

1

(1 + α)
a′1+α(0)

)
,(4.4)

compare with (4.2b). Notice that

2(1 − γ)α+ 2γ(1 + α) = 2(α+ γ) = 2 ·
1

2
= 1.

On the other hand from (3.2c) we get

0=(1 − αm) (M0 + h(1 + α)Mt0 + h(1 + α)My0(z0, ·))
(
a1+α(0) + ha′1+α(0)

)
+O(h2)

+αm (M0 + hαMt0 + hαMy0(z0, ·)) (a0 + hαȧ0) +O(h2)

−(1 − αf )
(
f0 + hft0 + hfy0z0 + hfz0a0 + hfψ0ψ

′

1(0)
)

+O(h2) − αff0

=M0a0 − f0︸ ︷︷ ︸
=0

+h
(
(1 − αm)(1 + α) (Mt0a0 +My0(z0, a0)) + (1 − αm)M0(1 + α)

1

(1 + α)
a′1+α(0)

+ αmα (Mt0a0 +My0(z0, a0)) + αmαM0ȧ0

− (1 − αf )(ft0 + fy0z0 + fz0a0 + hfψ0ψ
′

1(0))
)

+O(h2).



Convergence of the generalized-α method for systems with nonholonomic constraints 7

Hence,

lim
h→0

1

h

(
(1 − αm)M1+αa1+α + αmMαaα − ((1 − αf )f(t1, y1, z1, ψ1) + αff0)

)

= (1 − αm + α)︸ ︷︷ ︸
=1−αf

(Mt0a0 +My0(z0, a0))

+ (1 − αm)(1 + α)M0
1

(1 + α)
a′1+α(0) + αmαM0ȧ0

− (1 − αf ) (ft0 + fy0z0 + fz0a0 + fψ0ψ
′

1(0))

= (1 − αf )

(
Mt0a0 +My0(z0, a0) +M0

((
1 −

αmα

(1 − αf )

)
1

(1 + α)
a′1+α(0) +

αmα

(1 − αf )
ȧ0

)

− (ft0 + fy0z0 + fz0a0 + fψ0ψ
′

1(0))

)
.

Hence, we have obtained

0=M0

(
αmα

(1 − αf )
ȧ0 +

(
1 −

αmα

(1 − αf )

)
1

(1 + α)
a′1+α(0)

)
+Mt0a0 +My0(z0, a0)

− (ft0 + fy0z0 + fz0a0 + fψ0ψ
′

1(0)) .(4.5)

From (4.3) the equations (4.4) and (4.5) are satisfied when replacing 1
(1+α)a

′

1+α(0) by

ȧ0 and ψ′

1(0)) by ψ̇0. Hence, by uniqueness of a solution we must have

1

(1 + α)
a′1+α(0) = ȧ0, ψ′

1(0) = ψ̇0.

From this result we obtain

a1+α(h)=a1+α(0) + ha′1+α(0) +O(h2) = a0 + h(1 + α)ȧ0 +O(h2),

ψ1(h)=ψ1(0) + hψ′

1(0) +O(h2) = ψ0 + hψ̇0 +O(h2).

Hence, we get

a1+α(h) − a(t0 + (1 + α)h) = O(h2), ψ1(h) − ψ(t0 + h) = O(h2),

and

z1 =z0 + h ((1 − γ)aα + γa1+α)

=z0 + h
(
(1 − γ)(a0 + hαȧ0 +O(h2)) + γ(a0 + h(1 + α)ȧ0 +O(h2))

)

=z0 + ha0 + h2((1 − γ)α+ γ(1 + α)︸ ︷︷ ︸
=α+γ= 1

2

)ȧ0 +O(h3)

=z0 + ha0 +
h2

2
ȧ0 +O(h3),

leading to z1 − z(t0 + h) = O(h3).
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5. Perturbation analysis. Let

M := M(t, y), F := fψ(t, y, z, ψ), K := kz(t, y, z).

We introduce the following projectors Q = Q(t, y, z, ψ) and P = P (t, y, z, ψ)

Q := M−1F (KM−1F )−1K, P := I −Q.

They have the properties

QM−1F = M−1F, PM−1F = O, KQ = K, KP = O,

Q2 = Q, QP = O, P 2 = P, PQ = O.

The following lemma will be needed in the proof of the perturbation Theorem 5.2
below.

Lemma 5.1. Suppose γ 6= 0, αm 6= 1, and αf 6= 1. Using the notation just
introduced above we have

(
(1 − αm)M (1 − αf )(−F )
γK O

)
−1(

−αmM −αf (−F )
−(1 − γ)K O

)

=

(
αm

(αm−1)P + (γ−1)
γ

Q O

ν(KM−1F )−1K
αf

(αf−1)I

)
(5.1)

where ν := αm

(1−αf )

(
1 − (1−γ)(1−αm)

γαm

)
.

Proof. We can express
(

(1 − αm)M −(1 − αf )F
γK O

)

=

(
(1 − αm)I O
O γI

)(
M −F
K O

)(
I O

O
(1−αf )
(1−αm)I

)
.

Hence, we get
(

(1 − αm)M −(1 − αf )F
γK O

)
−1

=

(
I O

O (1−αm)
(1−αf ) I

)(
M −F
K O

)
−1
(

1
(1−αm)I O

O 1
γ
I

)

where
(
M −F
K O

)
−1

=

(
(I −M−1F (KM−1F )−1K)M−1 M−1F (KM−1F )−1

−(KM−1F )−1KM−1 (KM−1F )−1

)
.

The result (5.1) can then be obtained by direct calculation.

Theorem 5.2. Consider (ỹk, z̃k, ψ̃k) and (ŷk, ẑk, ψ̂k) at tk and ãk+α, âk+α at
tk+α = tk + αh satisfying for h→ 0

k(tk, ỹk, z̃k) = 0,(5.2a)

k(tk, ŷk, ẑk) = 0,(5.2b)

M(tk, ỹk)ãk+α − f(tk, ỹk, z̃k, ψ̃k) = o(1),

M(tk, ŷk)âk+α − f(tk, ŷk, ẑk, ψ̂k) = o(1),

kt(tk, ỹk, z̃k) + ky(tk, ỹk, z̃k)z̃k + kz(tk, ỹk, z̃k)ãk+α = o(1),

kt(tk, ŷk, ẑk) + ky(tk, ŷk, ẑk)ẑk + kz(tk, ŷk, ẑk)âk+α = o(1).
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Suppose γ 6= 0, αm 6= 1, and αf 6= 1. Let (ỹk+1, z̃k+1, ψ̃k+1) (ŷk+1, ẑk+1, ψ̂k+1) and
ãk+1+α, âk+1+α, be the corresponding generalized-α solutions (2.3) at tk+1 = tk + h
and tk+1+α = tk + (1 + α)h respectively. Let ∆yk := ŷk − ỹk, ∆zk := ẑk − z̃k,

∆ak+α := âk+α − ãk+α, ∆ψk := ψ̂k − ψ̃k satisfying for h→ 0

∆yk = O(h), ∆zk = O(h), ∆ak+α = O(h), ∆ψk = O(h).

Then we have

∆yk+1 =∆yk + h∆zk +

(
1

2
+

β

(αm − 1)

)
h2Pk+α∆ak+α +

(
1

2
−
β

γ

)
h2Qk+α∆ak+α

+O
(
h2‖∆yk‖ + h2‖∆zk‖ + h3‖∆ak+α‖ + h3‖∆ψk‖ + h2‖∆ψk‖

2
)
,

∆zk+1 =∆zk +

(
1 +

γ

(αm − 1)

)
hPk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖ + h‖∆ψk‖

2
)
,

h∆ak+1+α=
αm

(αm − 1)
hPk+α∆ak+α +

(γ − 1)

γ
hQk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖ + h‖∆ψk‖

2
)
,

h∆ψk+1 =−
αf

(1 − αf )
h∆ψk

+O
(
h‖∆yk‖ + ‖∆yk‖

2 + h‖∆zk‖ + ‖∆zk‖
2
)

+O
(
h2‖Pk+α∆ak+α‖ + h‖Qk+α∆ak+α‖ + h2‖∆ψk‖ + h‖∆ψk‖

2
)

where Pk+α and Qk+α are defined in the proof below in (5.7).
Proof. By definition of the generalized-α method (2.3) we have

∆yk+1 =∆yk + h∆zk +
h2

2
((1 − 2β)∆ak+α + 2β∆ak+1+α),(5.3a)

∆zk+1 =∆zk + h((1 − γ)∆ak+α + γ∆ak+1+α),(5.3b)

and

(1 − αm)Mk+1+α∆ak+1+α + αmMk+α∆ak+α +O(‖∆yk‖ + h‖∆zk‖)

= (1 − αf ) (fy,k+1∆yk+1 + fz,k+1∆zk+1 + fψ,k+1∆ψk+1)(5.4)

+ αf (fy,k∆yk + fz,k∆zk + fψ,k∆ψk)

+O
(
‖∆yk‖

2 + ‖∆zk‖
2 + ‖∆ψk‖

2 + ‖∆yk+1‖
2 + ‖∆zk+1‖

2 + ‖∆ψk+1‖
2
)

where

Mk+1+α := M(tk+1+α, ỹk + h(1 + α)z̃k), Mk+α := M(tk+α, ỹk + hαz̃k),

fy,k := fy(tk, ỹk, z̃k, ψ̃k), fz,k := fz(tk, ỹk, z̃k, ψ̃k), fψ,k := fψ(tk, ỹk, z̃k, ψ̃k),

and similarly for fy,k+1, fz,k+1, fψ,k+1. The relation (5.4) can be expressed

(
(1 − αm)Mk+1+α −(1 − αf )fψ,k+1

)( ∆ak+1+α

∆ψk+1

)

=
(
−αmMk+α αffψ,k

)( ∆ak+α
∆ψk

)
(5.5)

+O
(
‖∆yk‖ + ‖∆zk‖ + ‖∆yk+1‖ + ‖∆zk+1‖ + ‖∆ψk‖

2 + ‖∆ψk+1‖
2
)
.
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From

0 = k(tk+1, ỹk+1, z̃k+1), 0 = k(tk+1, ŷk+1, ẑk+1)

we have

0 = ky,k+1∆yk+1 + kz,k+1∆zk+1 +O
(
‖∆yk+1‖

2 + ‖∆zk+1‖
2
)

where

ky,k+1 := ky(tk+1, ỹk+1, z̃k+1), kz,k+1 := kz(tk+1, ỹk+1, z̃k+1).

Introducing the expressions (5.3) for ∆yk+1 and ∆zk+1 we get

0=ky,k+1

(
∆yk + h∆zk +

h2

2
((1 − 2β)∆ak+α + 2β∆ak+1+α)

)

+kz,k+1 (∆zk + h((1 − γ)∆ak+α + γ∆ak+1+α)) +O
(
‖∆yk+1‖

2 + ‖∆zk+1‖
2
)
.

From (5.2a) and (5.2b) we have

0 = ky,k∆yk + kz,k∆zk +O(‖∆yk‖
2 + ‖∆zk‖

2),

and thus

ky,k+1∆yk + kz,k+1∆zk=ky,k∆yk + kz,k∆zk +O(h‖∆yk‖ + h‖∆zk‖)

=O(h‖∆yk‖ + h‖∆zk‖ + ‖∆yk‖
2 + ‖∆zk‖

2).

Hence, we obtain

(γkz,k+1 + hβky,k+1)h∆ak+1+α

=

(
−(1 − γ)kz,k+1 −

h

2
(1 − 2β)ky,k+1

)
h∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + ‖∆yk‖

2 + ‖∆zk‖
2 + ‖∆yk+1‖

2 + ‖∆zk+1‖
2
)
.(5.6)

In matrix form we obtain from (5.5) and (5.6)
(

(1 − αm)Mk+1+α −(1 − αf )fψ,k+1

γkz,k+1 +O(h) O

)(
h∆ak+1+α

h∆ψk+1

)

=

(
−αmMk+α −αf (−fψ,k)
−(1 − γ)kz,k+1 +O(h) O

)(
h∆ak+α
h∆ψk

)

+

(
O
(
h‖∆yk‖ + h‖∆zk‖ + h‖∆yk+1‖ + h‖∆zk+1‖ + h‖∆ψk‖

2 + h‖∆ψk+1‖
2
)

O
(
h‖∆yk‖ + h‖∆zk‖ + ‖∆yk‖

2 + ‖∆zk‖
2 + ‖∆yk+1‖

2 + ‖∆zk+1‖
2
)

)
.

Let

kz,k+α := kz(tk+α, ỹk+α, z̃k+α), fψ,k+α := fψ(tk+α, ỹk+α, z̃k+α, ψ̃k+α),

Qk+α := Q(tk+α, ỹk+α, z̃k+α, ψ̃k+α), Pk+α := P (tk+α, ỹk+α, z̃k+α, ψ̃k+α)(5.7)

where ỹk+α, z̃k+α, ψ̃k+α can be taken for example as the exact solution at tk+α passing

through ỹk, z̃k, ψ̃k at tk. From

kz,k = kz,k+α +O(h), kz,k+1 = kz,k+α +O(h),

fψ,k = fψ,k+α +O(h), fψ,k+1 = fψ,k+α +O(h),

Mk+α = M(tk+α, ỹk+α) +O(h), Mk+1+α = M(tk+α, ỹk+α) +O(h),
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and (5.1) we obtain

h∆ak+1+α=
αm

(αm − 1)
hPk+α∆ak+α +

(γ − 1)

γ
hQk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖ + h‖∆ψk‖

2
)

+O
(
h‖∆yk+1‖ + h‖∆zk+1‖ + h‖∆ψk+1‖

2
)
,

h∆ψk+1 =
αf

(αf − 1)
h∆ψk

+O
(
h‖∆yk‖ + ‖∆yk‖

2 + h‖∆zk‖ + ‖∆zk‖
2
)

+O
(
h2‖Pk+α∆ak+α‖ + h‖Qk+α∆ak+α‖ + h2‖∆ψk‖ + h‖∆ψk‖

2
)

+O
(
h‖∆yk+1‖ + ‖∆yk+1‖

2 + h‖∆zk+1‖ + ‖∆zk+1‖
2 + h‖∆ψk+1‖

2
)
.

These equations together with (5.3) lead to the desired result.

6. Convergence and global error estimates. In the following theorem we
prove second order of convergence of the generalized-α method (2.3) for systems with
nonconstant mass matrix and nonholonomic constraints:

Theorem 6.1. Consider the system of index 2 DAEs (2.1) with consistent initial
conditions (y0, z0, a0, ψ0) at t0, see (2.2), and exact solution (y(t), z(t), a(t), ψ(t)).
Suppose that aα − a(t0 + αh) = O(h) (e.g., aα = a0), γ 6= 0, αm 6= 1, αf 6= 1,
γ = 1

2 − α,

rγ :=

∣∣∣∣
γ − 1

γ

∣∣∣∣ < 1, rαm
:=

∣∣∣∣
αm

αm − 1

∣∣∣∣ < 1, rαf
:=

∣∣∣∣
αf

αf − 1

∣∣∣∣ < 1,

and rγ 6= rαf
. Then the generalized-α numerical approximation (yn, zn, an+α, ψn)

(2.3) satisfies for 0 < |h| ≤ hmax and |tn − t0| = n|h| ≤ Const, the following global
error estimates

yn − y(tn) = O(h2), zn − z(tn) = O(h2),

an+α − a(tn + αh) = O
(
h2 + rnγ δ0

)
, ψn − ψ(tn) = O

(
h2 + (rnγ + rnαf

)δ0

)

where δ0 := ‖aα − a(t0 + αh)‖. Moreover, if δ0 = O(h2) then we have

an+α − a(tn + αh) = O(h2), ψn − ψ(tn) = O(h2).

Proof. We consider two neighboring generalized-α approximations

(yk1k , z
k1
k , a

k1
k+α, ψ

k1
k )nk=k1 , (yk1−1

k , zk1−1
k , ak1−1

k+α , ψ
k1−1
k )nk=k1

for k1 = 1, . . . , n and we denote their difference by

∆yk := yk1k − yk1−1
k , ∆zk := zk1k − zk1−1

k , ∆ak+α := ak1k+α − ak1−1
k+α ,

∆ψk := ψk1k − ψk1−1
k .

We assume that

∆yk = O(h), ∆zk = O(h), ∆ak+α = O(h), ∆ψk = O(h).(6.1)
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These assumptions can be justified by induction, see below. For k = k1, ∆yk1 , ∆zk1 ,
∆ak1+α, ∆ψk1 are just the local error (4.1) of the generalized-α method (2.3) with
(yk1k1 , z

k1
k1
, ak1k1+α, ψ

k1
k1

) being the exact solution passing through (yk1−1
k1−1 , z

k1−1
k1−1 , ψ

k1−1
k1−1)

and (yk1−1
k1

, zk1−1
k1

, ak1−1
k1+α, ψ

k1−1
k1

) being the generalized-α numerical approximation
from the same point. The generalized-α approximations satisfy the nonholonomic
constraints (2.1b). Using the decomposition

∆ak+1+α = Pk+1+α∆ak+1+α +Qk+1+α∆ak+1+α.

we get by application of Theorem 5.2 for k = k1, . . . , n− 1

∆yk+1 =∆yk + h∆zk +

(
1

2
+

β

(αm − 1)

)
h2Pk+α∆ak+α

+

(
1

2
−
β

γ

)
h2Qk+α∆ak+α

+O
(
h2‖∆yk‖ + h2‖∆zk‖ + h3‖∆ak+α‖ + h3‖∆ψk‖

)
,

∆zk+1 =∆zk +

(
1 +

γ

(αm − 1)

)
hPk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖

)
,

hPk+1+α∆ak+1+α=
αm

(αm − 1)
hPk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖

)
,

hQk+1+α∆ak+1+α=
(γ − 1)

γ
hQk+α∆ak+α

+O
(
h‖∆yk‖ + h‖∆zk‖ + h2‖∆ak+α‖ + h2‖∆ψk‖

)
,

h∆ψk+1 =
αf

(αf − 1)
h∆ψk

+O (h‖∆yk‖ + h‖∆zk‖)

+O
(
h2‖Pk+α∆ak+α‖ + h‖Qk+α∆ak+α‖ + h2‖∆ψk‖

)
.

Taking a norm of these expressions leads to the estimates




‖∆yk+1‖
‖∆zk+1‖

h‖Pk+1+α∆ak+1+α‖
h‖Qk+1+α∆ak+1+α‖

h‖∆ψk+1‖




≤M




‖∆yk‖
‖∆zk‖

h‖Pk+α∆ak+α‖
h‖Qk+α∆ak+α‖

h‖∆ψk‖




with matrix

M :=




1 +O(h2) h+O(h2) O(h) O(h) O(h2)
O(h) 1 +O(h) c+O(h) O(h) O(h)
O(h) O(h) rαm

+O(h) O(h) O(h)
O(h) O(h) O(h) rγ +O(h) O(h)
O(h) O(h) O(h) d rαf

+ O(h)



.
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where c :=
∣∣∣1 + γ

(αm−1)

∣∣∣ and d = O(1) can be fixed as a constant independently of k1

and k. Defining the matrix

T :=




1 0 0 0 0
0 1 c

(rαm−1) 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 d

(rγ−rαf
) 1



,

we can transform the matrix M by a similarity transformation to the form

N :=T−1MT

=




1 +O(h2) h+O(h2) O(h) O(h) O(h2)
O(h) 1 +O(h) O(h) O(h) O(h)
O(h) O(h) rαm

+O(h) O(h) O(h)
O(h) O(h) O(h) rγ +O(h) O(h)
O(h) O(h) O(h) O(h) rαf

+O(h)



.

For this matrix N there is a first linear invariant subspace V12 ⊂ R
4 associated to

the two eigenvalues µ1 = 1 + O(h) and µ2 = 1 + O(h). This subspace V12 is of
the form V12 = span(e1 + O(h), e2 + O(h)) where e1 := (1, 0, 0, 0, 0)T ∈ R

5 and
e2 := (0, 1, 0, 0, 0)T ∈ R

5. There is a second linear invariant subspace V3 ⊂ R
5

associated to the eigenvalue µ3 = rαm
+ O(h). This subspace V34 is of the form

V3 = span(e3+O(h)) where e3 := (0, 0, 1, 0, 0)T ∈ R
5. There is a third linear invariant

subspace V4 ⊂ R
5 associated to the eigenvalue µ4 = rγ + O(h). This subspace V4 is

of the form V4 = span(e4 + O(h)) where e4 := (0, 0, 0, 1, 0)T ∈ R
5. There is finally a

fourth linear invariant subspace V5 ⊂ R
5 associated to the eigenvalue µ5 = rαf

+O(h).
This subspace V5 is of the form V5 = span(e5 +O(h)) where e5 := (0, 0, 0, 0, 1)T ∈ R

5.
Therefore, there is a transformation V = I +O(h) with inverse V −1 = I +O(h) such
that NV = V B with B block-diagonal, i.e.,

B := V −1NV =




1 +O(h) O(h) 0 0 0
O(h) 1 +O(h) 0 0 0

0 0 rαm
+O(h) 0 0

0 0 0 rγ +O(h) 0
0 0 0 0 rαf

+O(h)



.

For 2 ≤ m ≤ n, from mh ≤ nh ≤ Const we obtain



‖∆yn‖
‖∆zn‖

h‖Pn+α∆an+α‖
h‖Qn+α∆an+α‖

h‖∆ψn‖




≤Mm




‖∆yn−m‖
‖∆zn−m‖

h‖Pn−m+α∆an−m+α‖
h‖Qn−m+α∆an−m+α‖

h‖∆ψn−m‖



.

where

Mm=TV BmV −1T−1

=




O(1) O(1) O(1) O(h) O(h)
O(1) O(1) O(1) O(h) O(h)
O(h) O(h) O(h) O(hrmγ + hrmαf

+ h2) O(hrmαf
+ h2)

O(h) O(h) O(h) O(rmγ + hrmαf
+ h2) O(hrmαf

+ h2)

O(h) O(h) O(h) O(rmγ + rmαf
+ h2) O(rmαf

+ h2)



.
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Hence, we get

‖∆yn‖≤C
(
‖∆yn−m‖ + ‖∆zn−m‖ + h‖∆an−m+α‖ + h2‖∆ψn−m‖

)
,(6.2a)

‖∆zn‖≤C
(
‖∆yn−m‖ + ‖∆zn−m‖ + h‖∆an−m+α‖ + h2‖∆ψn−m‖

)
,(6.2b)

‖∆an‖≤C
(
‖∆yn−m‖ + ‖∆zn−m‖ + (rmγ + h)‖∆an−m+α‖(6.2c)

+ (rmαf
+ h)h‖∆ψn−m‖

)
,

‖∆ψn‖≤C
(
‖∆yn−m‖ + ‖∆zn−m‖ + (rmγ + rmαf

+ h)‖∆an−m+α‖(6.2d)

+ (rmαf
+ h)‖∆ψn−m‖

)
.

First, we consider the generalized-α solution using the exact value a(t0 + αh). We
denote it by (yk, zk, ak+α, ψk)

n
k=0. For k = 0 we have y0 = y0, z0 = z0, aα =

a(t0 + αh), and ψ0 = ψ0. Taking m := k1 in (6.2) leads to

‖∆yn‖ ≤ cyh
3, ‖∆zn‖ ≤ czh

3,

‖∆an‖ ≤ ca(h
3 + rk1γ h

2), ‖∆ψn‖ ≤ cψ(h3 + (rk1γ + rk1αf
)h2)

which is also valid for k1 = n (m = 0) and k1 = n − 1 (m = 1) . The assumptions
(6.1) are thus justified by induction on k. Summing up these estimates we obtain

‖y(tn) − yn‖ ≤
n∑

k1=1

‖yk1n − yk1−1
n ‖ ≤ cynh

3 ≤ Cyh
2,

‖z(tn) − zn‖ ≤

n∑

k1=1

‖zk1n − zk1−1
n ‖ ≤ cznh

3 ≤ Czh
2,

‖a(tn + αh) − an+α‖ ≤

n∑

k1=1

‖ak1n+α − ak1−1
n+α ‖ ≤ ca

(
nh3 + h2

n∑

k1=1

rk1γ

)

≤ ca

(
nh3 + h2 rγ

1 − rγ

)
≤ Cah

2,

‖ψ(tn) − ψn‖ ≤

n∑

k1=1

‖ψk1n − ψk1−1
n ‖ ≤ cψ

(
nh3 + h2

n∑

k1=1

(rk1γ + rk1αf
)

)

≤ cψ

(
nh3 + h2

(
rγ

1 − rγ
+

rαf

1 − rαf

))
≤ Cψh

2.

Now, suppose that aα satisfies aα = aα + O(h) where aα := a(t0 + αh). We de-
note the corresponding generalized-α solution using this approximate value of aα by
(yk, zk, aα+k, ψk)

n
k=0. We want to estimate ‖yn− yn‖, ‖zn− zn‖, ‖aα+n− aα+n‖, and

‖ψn − ψn‖. Using (6.2) for m = n, since y0 = y0, z0 = z0, and ψ0 = ψ0 we simply
obtain

‖yn − yn‖ ≤ Ch‖aα − aα‖,

‖zn − zn‖ ≤ Ch‖aα − aα‖,

‖an+α − an+α‖ ≤ C(rnγ + h)‖aα − aα‖,

‖ψn − ψn‖ ≤ C(rnγ + rnαf
+ h)‖aα − aα‖.

The assumptions (6.1) are still justified by induction on k. By combining the above
estimates

‖yn − y(tn)‖ = ‖yn − yn‖ + ‖yn − y(tn)‖,
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‖zn − z(tn)‖ = ‖zn − zn‖ + ‖zn − z(tn)‖,

‖an+α − a(tn + αh)‖ = ‖an+α − an+α‖ + ‖an+α − a(tn + αh)‖,

‖ψn − ψ(tn)‖ = ‖ψn − ψn‖ + ‖ψn − ψ(tn)‖,

we finally obtain the desired result.

7. Numerical Experiments. To illustrate Theorem 6.1 numerically we con-
sider the following mathematical test problem

(
ẏ1
ẏ2

)
=

(
z1
z2

)
,(7.1a)

(
y1 y2 − e−2t

sin(y1 − et) y1y2

)(
ż1
ż2

)
=

(
et(y1z2 + 2y2z1) + e2ty1ψ1

e−t(0.5y2z2 − 2y1z1y2z2 + y2ψ
2
1)

)
,(7.1b)

k(t, y, z)=z2
1z2 + 6y1y2z1 − 4 = 0.(7.1c)

Observe that this problem is nonlinear in the algebraic variable ψ1. The following
consistent initial conditions at t0 = 0 have been used

y0 =
(

1, 1
)T
, z0 =

(
1, −2

)T
.

The exact solution is given explicitly as follows

y(t) =
(
et, e−2t

)T
, z(t) =

(
et, −2e−2t

)T
, ψ(t) =

(
e−t

)T
.

We have applied the generalized-α method (2.3) with damping parameter ρ∞ = 0.2
and constant stepsizes h for various values of h. We observe global convergence of
order 2 at tn = 1 in Fig. 7.1.

For the second numerical experiment we consider the equations of a rolling disk,
see, e.g., [1]. These equations can be expressed for y, z ∈ R

5, ψ ∈ R
2 in the form (2.1)

with

M(t, y)=




m 0 −mrc3s4 −mrs3c4 0
0 m mrc3c4 −mrs3s4 0

−mrc3s4 mrc3c4 mr2 + I1 0 0
−mrs3c4 −mrs3s4 0 mr2s23 + I1c

2
3 + I2s

2
3 I2s3

0 0 0 I2s3 I2



,

f1(t, y, z, ψ)=+mr
(
−z3s3s4 + z4c3c4

)
z3 +mr

(
z3c3c4 − z4s3s4

)
z4 − ψ1,

f2(t, y, z, ψ)=+mr
(
z3s3c4 + z4c3s4

)
z3 +mr

(
z3c3s4 + z4s3c4

)
z4 − ψ2,

f3(t, y, z, ψ)=mr2z2
4s3c3 −mr

(
−z3s3(z1s4 − z2c4) + z4c3(z1c4 + z2s4)

)

−I1z
2
4c3s3 + I2

(
z5 + z4s3

)
z4c3 +mrgs3

−mrs3
(
z1s4 − z2c4

)
z3 +mrc3

(
z1c4 + z2s4

)
z4,(7.2)

f4(t, y, z, ψ)=−mr
(
z3c3(z1c4 + z2s4) + z4s3(−z1s4 + z2c4)

)

−
(
2mr2z4s3c3 −mrc3(z1c4 + z2s4) − 2I1z4s3c3 + 2I2z4s3c3

)
z3

+mrs3(−z1s4 + z2c4)z4,

f5(t, y, z, ψ)=−I2z4c3z3 + r(c4ψ1 + s4ψ2),

k1(t, y, z, ψ)=z1 − rc4z5 = 0,

k2(t, y, z, ψ)=z2 − rs4z5 = 0,
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Fig. 7.1. Global errors ‖yn − y(tn)‖2 (�), ‖zn − z(tn)‖2 (◦), ‖an+α − a(tn + αh)‖2 (×),
‖ψn − ψ(tn)‖2 (∗) of the generalized-α method (2.3) with ρ∞ = 0.2 at tn = 1 for the test problem
(7.1) with various constant step sizes h.

where we have used the notation c3 := cos(y3), s3 := sin(y3), c4 := cos(y4), and
s4 := sin(y4). These equations correspond to a Lagrangian system with nonholonomic
constraints

d

dt
y=z,

d

dt
∇zL(t, y, z)=∇yL(t, y, z)− kz(t, y, z)

Tψ,

0=k(t, y, z),

with Lagrangian L(t, y, z) = T (t, y, z) − U(t, y, z) where T (t, y, z) and U(t, y, z) are
given here by

T (t, y, z)=
1

2
m(z2

1 + z2
2 + r2z2

3 + r2z2
4 sin2(y3)) −mr(z3 cos(y3)(z1 sin(y4) − z2 cos(y4))

+z4 sin(y3)(z1 cos(y4) + z2 sin(y4)))

+
1

2
I1(z

2
3 + z2

4 cos(y3)
2) +

1

2
I2(z5 + z4 sin(y3))

2,

U(t, y, z)=mgr cos(y3).

We have considered the parameters m = 2, r = 1, I1 = 2, I2 = 2, g = 10, and the
following consistent initial conditions at t0 = 0

y0 =
(

0.1, 0, 0.3, 0, 1
)T
, z0 =

(
0.1, 0, 0.02, −0.02, 0.1

)T
.
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We have applied the generalized-α method (2.3) with damping parameter ρ∞ = 0.2
and constant stepsizes h for various values of h. We observe again global convergence
of order 2 at tn = 10 in Fig. 7.2.
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Fig. 7.2. Global errors ‖yn−y(tn)‖2 (�), ‖zn−z(tn)‖2 (◦), ‖ψn−ψ(tn)‖2 (∗) of the generalized-
α method (2.3) with ρ∞ = 0.2 at tn = 10 for the rolling disk problem (7.2) with various constant
step sizes h.

8. Conclusions. The generalized-α method of Chung and Hulbert [2] is ex-
tended to systems having nonconstant mass matrix and nonholonomic constraints.
The extension of the generalized-α method analyzed in this paper is shown to be
second order which has been illustrated by two numerical experiments.
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