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Abstract. We present a convergence analysis for a second order extension of the generalized-
« method of Chung and Hulbert for systems in mechanics having nonconstant mass matrix and
nonholonomic constraints.
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1. Introduction. The generalized-a method of Chung and Hulbert [2] was origi-
nally developed for second order systems of differential equations in structural dynam-
ics of the form Mj = f(¢,y,9). In mechanics M € R™*™ is a constant mass matrix,
y € R™ is a vector of generalized coordinates, §y € R™ is a vector of generalized ve-
locities, § € R™ is a vector of generalized accelerations, and f(t,y,y) € R™ represents
forces. Introducing the new variables z := y € R™ and a := 2 = § € R”, these
equations are equivalent to the semi-explicit system of differential-algebraic equations
(DAEs)

(1.1) y=2z, Z=a, 0=DMa- f(ty,z2).

Assuming M to be nonsingular, this system of DAEs is of index 1 since one can obtain
explicitly a = M1 f(t,y, z). The generalized-o method of Chung and Hulbert [2] for
Mg = f(t,y,7y) or equivalently for (1.1) is a non-standard implicit one-step method.
One step of this method (g, yo, 20, @) — (t1 = to + h,y1, 21, G1+a) With step-size h
can be expressed as follows

h2
(1.2a) Y1="Yo + hzo + > (1 =2B)aq + 2Ba14a)

(1.2b) z1=20+ h ((1 = ¥)aa + Ya14a)
(1.2¢) (1 —am)Marya +amMaa=(1—ay)f(t1,y1,21) + ayf(to, Yo, 20)-

The generalized-a method has free coefficients a,,, # 1,a¢,3,v. Let o := a,, — ay,
to = to + ah, and t144 := to + (1 + a)h. A justification of the notation an,a14a
comes from the fact that for a solution (y(t), z(¢), a(t)) and values (yo, 20, @) satisfying
yo—y(to) = O(h?), 20— 2(ty) = O(h?), an —a(ty) = O(h?), we have a1 14 —a(ti1a) =
O(h?), whereas we only have a1 — a(t;) = O(h) when a # 0, see [5]. For specific
choices of the generalized-a coefficients we obtain well-known methods:
e Newmark’s family: a,, =0, ay = 0;
— The trapezoidal rule: =1/4, v=1/2;
— Stormer’s rule: =0, v=1/2;
e The Hilber-Hughes-Taylor o (HHT-«) method [3, 4]:

1 1—a)? 1
Oém:(), OéSZ—Oéj'E |:_§aO:|a 6:%7 Y=z — Q.
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The coefficients a,, # 1, af, 3,7 of the generalized-a method (1.2) are usually chosen
according to

_ 2poo — 1 Poo

(1-a)?
Qm = ) ayf = )
14 poo 1+ poc

4 )

1
B = y=5-a
where po, € [0,1] is a parameter controlling numerical dissipation (po = 0 for maxi-
mal dissipation [2]).

In this paper we analyze an extension of the generalized-a method (1.2) for sys-
tems having possibly a nonconstant mass matrix M = M(¢,y) and nonholonomic
constraints k(¢,y,y) = 0. Such systems are frequently encountered in multibody dy-
namics [6]. Our analysis here is based on the extension proposed by L. O. Jay and
D. Negrut in [5]. In section 2 the extended generalized-a method is presented. In
section 3 we give an existence and uniqueness result for this method. In section 4
the local error of this method is analyzed. In section 5 we analyze the propagation
of perturbations by considering two neighbouring generalized-a solutions. In sec-
tion 6 convergence of the generalized-a method is given and global error estimates
are obtained showing second order of convergence. Some numerical experiments are
reported in Section 7. A short conclusion is finally given in Section 8.

2. Extension of the generalized-a method for systems with nonholo-
nomic constraints. We consider systems having a nonconstant mass matrix M =
M (t,y) and nonholonomic constraints k(¢,y,y) = 0, more precisely

M(t’ y)zj = f(t7y’ y’ /l/})’ O = k(t’ y? y)'

Usuauy f(tv Y, ya 1/}) = fo(ta Y, y) - k;(ta Y, y)‘/’ and the term —k;(t, Y, y)?/} Containing
algebraic variables 1) represents reaction forces due to the nonholonomic constraints
k(t,y,y) = 0. Hence, we consider systems of index 2 DAEs of the form

(2.131) y. = Z7 2 = a7 O = M(t7 y)a - f(t7y7 Z, /l/}),

and we assume the matrix

(2.1c) ( ki\{t(,tjy,y;) —fw(t,Oy,Z,w) > is nonsingular .

When f(t,y,z,v) = fo(t,y,z) — kI (t,y, z), this matrix becomes

< kivift(,tgfi) K (tby,Z) )

and it is symmetric when M (t,y) is symmetric. At to we consider consistent initial
conditions (yo, 20), i.e.,

(22&) 0= k(to,yo,ZO),
and also (ag, o) satisfying

(2.2b) 0=M(to,yo)ao — f(to, Yo, 20, %0),
(2.2c) 0=Fk¢(to, Yo, 20) + ky(to, Yo, 20)z0 + k= (to, Yo, 20)ao.
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The generalized-a method (1.2) can be extended to systems having nonholonomic
constraints as follows

2
(2.3a) y1=%o0 + hzo + % ((1 —208)aq +2B8a144),
(2.3b) z1=20 + h((1 =7)aa +70110),

(1 = am)Mita01ta + amMaaa=(1 = ay) f(t1,y1, 21,¥1)
(2.3¢c) + a; f(to, yos 20, ¥o),
(2.3d) 0=Fk(t1,y1,21)

where a,, & a(t,), and
Mija = M(tita,Y(ti+a)), Mo~ M(ta,y(ta)),
for example we can take explicitly
Mijo := M(tiya,yo + (1 +a)z0), Ma = M(ta,yo + hazo) or Mia)y—1

where M(114)_1 denotes the matrix M;,, used at the previous time-step.

3. Existence and uniqueness of the generalized-a solution.

THEOREM 3.1. Consider the system of index 2 DAEs (2.1) with initial conditions
(Yo, 20, %0) = (Yo(h), z0(h),1o(h)) at to and as = an(h) at ty := to+ah all depending
on h satisfying for h — 0

k(to, Yo, z0) = o(h),
M(th yO)aa - f(t07y05 20, 1/}0) = 0(1)5
kt(t07 y07 ZO) + ky(t07 y07 ZO)ZO + kZ (t07 y07 Zo)a’a = 0(1)

Suppose v # 0, o # 1, and oy # 1. Then there exists hmax > 0 such that for h
satisfying |h| < hmax there exists a unique solution (y1,21,a1+q,%1) depending on h
to the system of equations (2.3) in a neighborhood of (yo, 20, aa, o). Moreover, for
h — 0 we have the estimates

(31) y1—yo=0(h), 21—2=0(h), ai4a—aa=0(h), ¥1—1o=0(h).

Proof. In (2.3d) replacing y; and z; using (2.3a) and (2.3b) respectively and then
multiplying (2.3d) by 1/h, the system of nonlinear equations (2.3) can be rewritten
equivalently as

2
(3:2a) 1 — (yo +hzo + % ((1-28)aq + 2ﬁa1+a>) =0,

(3.2b) 21 — (20 + A (1 = ¥)aq + Ya144)) =0,
(3.2¢) (1 — am)Mitati+a +amMaay

— (1 = ay) f(t1,y1, 21, U1) + o f(to, Yo, 20, %0)) = 0,

1 h?
(3.2d) Ek (tl, Yo + hzo + > (1 =208)aq +2B8a140),20 + h (1 —¥)as + 7a1+a)>
=0.
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Expanding the function % in (3.2d) around the argument (o, yo, 20) we obtain

1
OZEk(to,yO,Zo)

+k¢(to, Yo, 20) + ky(to, yo, 20) 20 + k= (to, yo, 20) (1 = ¥)aa + va14a) + O(h).

Hence, by using the hypotheses of the theorem the system of equations (3.2) is satisfied
at h =0 by

(¥1(0), 21(0), a14a(0),%1(0)) = (40(0), 20(0), aa (0), $0(0)).

The Jacobian with respect to (y1, 21, a1+4a,%1) at h = 0 of the system of equations
(3.2) is of the form

I O O O
O 1 O O
* * (1 - am)MO _(1 - af)fwvo
O O k.o o

where

My := M(to,%0(0)),  fy.0:= fu(to,y0(0),20(0),%0(0)), k20 := k= (to,y0(0),20(0)).

This Jacobian matrix is nonsingular since the block matrix

( (1 —am)My  —(1—ag)fpo )
/Ykz,O O

_( QA=—an)l O Mo —fyo r o
-\ 0 v )\ ko O 0 =

is nonsingular under the assumptions vy # 0, o, # 1, and ¢ # 1. The conclusion and

the estimates (3.1) now follow from the application of the implicit function theorem.
O

4. Local error. We now consider local error estimates:

THEOREM 4.1. Consider the system of index 2 DAEs (2.1) with consistent initial
conditions (yo, 20, a0, %0) at to, see (2.2), and exact solution (y(t),z(t),a(t),¥(t)).
Suppose ¥ # 0, oo # 1, and oy # 1. Consider ao satisfying for h — 0

aq —a(to+ah)=0(h?) q=1 or 2.

For q = 2 we suppose in addition that v = % — . Then for |h| < hmax the numerical
solution (y1,21,¢1) att; :=tg+h and ai4a ot t114 :=to+ (1+ a)h to the system of
equations (2.3) satisfies

(4.1a) y1 —y(t) = O(h%), 21— z(t1) = O(h™),  aiya — a(tiva) = O(hY),
(4.1b) 1 —1p(t1) = O(h?).

Proof. The Taylor series at ¢y of the exact solution (y(t), z(t)) satisfies

h2
y(to +h)=yo + hzo + 5 %0 +O(h?),

h2
Z(to + h):ZO + ha() + ?do + O(hs)
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where dg := a(tg). We need @ and ¢ from the exact solution. They can be obtained
from the equations

d
Oza (M(t’y)a’ - f(tayvsz))
(4.2a)  =My(t,y)a+ My(t,y)(z,a) + M(t,y)a
_ft(t7yusz) - fy(tvyazaw)z - fz(tayuzuw)a/ - fw(t7yuzuw)wi
2
0= Tk(t,9.2) = & (kult,,2) + y 0, 2)2 + K19, 2)a)

(42b) - ktt(ta Y, Z) + Zkty(ta Y, Z)Z + 2ktz(ta Y, Z)a + kyy(tv Y, Z)(Zv Z)
+2ky.(t,y, 2)(2,a) + ky(t,y, 2)a + k.2 (t,y, 2)(a,a) + k. (t,y, 2)a

which can be expressed as a system of linear equations for a and 7,/)

(4.3) ( 24((255)2) 5fw(t7y,z,¢) ) ( :2 )

_ ( Mt(t,y)a+My(t,y)(z,a) - ft(tayvsz) - fy(tayvsz)z - fZ(tvyazaq/})a’ )
ke (t,y, 2) + 2k (t, y, 2)2 + ... + ky(t, y, 2)a + k22 (t, v, 2)(a,a) ’

The values of ag := a(tg) and Yo == @[}(to) can be obtained from these linear equations
by taking the arguments to, yo, 20, ao, %o in the functions above. From a,—a(to+ah) =
O(h) we get ao — ag = O(h). Hence, from ajt, — aq = O(h) of the existence and
uniqueness Theorem 3.1 we have a144 — a9 = O(h). Therefore we obtain directly
from (2.3a) and (2.3Db)

h2
Y1 :y0+h20+ 70404—0(}13), 21 :Zo+ha0—|—0(h2),
and thus

y1 —y(to +h) = O(h®), 21 — 2(tg + h) = O(h?).

Hence, we have proved (4.1) for ¢ = 1.
Now suppose that ¢ = 2, i.e., that

4o = ag + haag + O(h?).
We will show that

: d e 4
hia®) = rareal®)| o U0)i= grea)

satisty
a0 (0) = (1+ @)ao, 7(0) = .

This will be proved by showing that ﬁa’l_m (0) and 94 (0) satisfy the system of

linear equations (4.3) with function arguments to, yo, 20, G, Y. For that purpose, we
consider first
1

1
0= ﬁk(tlaylvzl) = ﬁk(to + B, yo + 8y, 20 + 02)
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where from (2.3a)-(2.3b) we have

h2
6y = hzo + 5 ((1 - 2ﬁ)aa + 2ﬁa1+a) , 0.:=h ((1 - W)aa + 7a1+0¢) :

Expanding k(to + h, yo + 6y, 20 + 9.) in Taylor series around (%o, Yo, 20) We get
1
k(to + h,, Yo + 5y, zo + 5z):k0 + hkto + kyo(sy + k205z + §h2ktt0 + hkty05y

1 1 1
+hki00, + Ekyyo(zsy, dy) + 5Icyzo(éy, 0,) + Ekzzo(zsz, d,)
FO(R* + 16y + [16-11*),

and
h? h3 . , 4
Oy =hzo + Z-a0 + = (1 = 2B)aig + 28a; 4 ,(0)) + O(h?),
§.=hao + h* (1 — y)ado +vai,,(0)) + O(h?).
We have
. 1 . 1
0 = %11}1%) ﬁk(tl’ Y1, Zl) = }lllino Fk(to =+ h,yo =+ 5y, Z0 + 5z)

which from the results above leads to

Ozkyoao + 2k.o ((1 — 7)ad0 + va'1+a(0)) + ko + thyozo + 2kt 000 + kny(ZQ, ZQ)
+2ky-0(20, ao) + k=z0(ao, ao),

ie.,
0=Fkto + 2keyo20 + 2kiz0a0 + kyyo(20, 20) + 2ky20(20, ao) + kyoao + k=z0(ao, ao)
(1) -+ (201 =t + 21+ 0) k)
compare with (4.2b). Notice that

21 —y)a+2y(1+a) =2(a+7) =2-%: 1.
On the other hand from (3.2¢c) we get

0=(1 = am) (Mo + h(1 + a)Mo + h(1 + @) Myo (20, ")) (a14a(0) + hay o (0)) + O(h?)
+am (Mo + haMyy + haM,o (20, ) (ap + hadg) + O(h?)
—(1- af)(fo + hfo + hfyozo + hf.0a0 + hf¢01/f1(0)) +O(h?) — ag fo
= Moag — fo
=0

(1= )1+ ) (ot + Mya(a0,0) + (1= )Mo+ ) 100
+ ama (Moao + Myo(20, ao)) + amaMyan
— (1 —ay)(fio + fy020 + f20a0 + hfypot] (0))) +O(h?).
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Hence,

1
}llli% 3 ((1 - O‘m)MlJraalJra +amMaas — ((1 - af)f(tlvyla Zlﬂ/}l) + O‘ffo))

= (1 — am + o) (Myoag + Myo(zo0, ao))
—

:lfaf

1 .
+ (1 —am)(1+ oz)MOma’Ha(O) + amaMoyan

— (1= ay) (fio + fyoz0 + fz0a0 + fpot1(0))

=(1-ay) <Mt0a0 + Myo(20, a0) + Mo (<1 - (1a_mzf)> (1 _|1_ a) 014a(0) + GQ—L;:[,«)&())

— (fio + fyo20 + fz0a0 + fwol/fi(o))) :

Hence, we have obtained

o=ty (2500 (1= 5205 ) Trayehon(®) + Moo ot
(4.5) = (fio + fyoz0 + fz0a0 + fyot01(0)) .

From (4.3) the equations (4.4) and (4.5) are satisfied when replacing ﬁa’Ha(O) by

ap and 97 (0)) by 9. Hence, by uniqueness of a solution we must have

1 .
malua(o) =ao, ¥1(0) = .

From this result we obtain

a14a(h)=a114(0) + ha},,(0) + O(h?) = ag + h(1 + a)ao + O(h?),
1 (h)=11(0) + ha (0) + O(h?) = 4o + hibg + O(h?).

Hence, we get
ara(h) —a(to + (L +a)h) = O(h?),  1(h) —(to + h) = O(h?),
and

z1=20 + h((1 = 7)aa +7a14a)
=20+ h ((1 = 7)(ao + haday + O(h?)) + y(ao + h(1 + a)ao + O(h?)))
=20 + hao + h*((1 —y)a +y(1 + a))ao + O(h?)

=atvy=1%
h2
=z + hao + 7a0 + O(h%),

leading to 21 — 2(to + h) = O(h3). O
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5. Perturbation analysis. Let
M= M(t,y), F:=fut,y zv), K:=k(ty,z2).
We introduce the following projectors Q = Q(¢,y, z,%) and P = P(t,y, z,¥)
Q:=M'F(KM7'F)"'K, P:=1-Q.
They have the properties
QM 'F=M"'F, PM'F=0, KQ=K, KP=O0,
Q*=Q, QP=0, P*=P, PQ=0.

The following lemma will be needed in the proof of the perturbation Theorem 5.2
below.

LEMMA 5.1. Suppose v # 0, am # 1, and oy # 1. Using the notation just
introduced above we have

( (1—am)M  (1=ay)(~F) )( —amM  —ag(~F) )

vK 0 —-(1-y9K O
Um (’7_1)
o) [ P o
U(KM_lF)_lK %I

where v 1= (10‘m (1 — (177)(170"")).

_O‘f) Tm
Proof. We can express

( (M (1= apF )

( —ay)I O M —F I o
“\o NI K O o =28 )
Hence, we get

( SK — )M 5(1 —ay)F >

(T O M —F\ [ el O
“\ o U=y K O 0 17
Otf v

M —-F\ ' [ (I-M'F(KM-'F)'K)M~' M- 'P(KM~'F)"!
K O “\ (KM~ 'F)LK ML (KM~1F)~! '
The result (5.1) can then be obtained by direct calculation. O

THEOREM 5.2. Consider @k,gk,zzk) and @k,%@,@k) at ty, and Qgta, Aktra of
tkta = ti + ah satisfying for h — 0

(5.2a) E(tk, yi, 21) = 0,
(5.2b) E(tk, Yi, 2K) = 0,
M (ti, ) arsa — f(t Ui 2o i) = o(1),
M (tg, Ge)aa — F(tr T 2, k) = o(1),
Ke(t, Urs 2k) + Ky (ks Uhs 21) 2k + Kz (b Yo, Zk) @kt-a = 0(1),
Ei(th, Uk 21) + oy (tr, Uho Z6) 20 + kz (th, Uks 2k) Gk ra = o(1).

where
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Suppose v # 0, am # 1, and ap # 1. Let (Yr+1, Zh+1, Y1) (Uk+1, Zht1, Y1) and
Akt1ta, Qktita, be the corresponding generalized-o solutions (2.3) at tg41 =t + h
and tp41+a = tr + (1 + @)h respectively. Let Ay = Y — Uk, Dzk := 2k — 2k,

Alpta = Apta — Ghya, D = Y — Py satisfying for h — 0
Ayk = O(h), Azk = O(h), Aak+a = O(h), Awk = O(h)

Then we have

1 1
Aypr1=Ayr + hAz, + | = + _b B’ Pyyalajio+ | = — b P2 QrtaAdyta
2 (am—1) 2 v
+0 (P*)| Ayl + B[ Azl + W3 (| Aagpall + W3 || Ayl + b2 (| Ady]?)
Azpr1 =Az, + <1 + ﬁ) hPriaAagyq
+O (M| Aykll + hllAzk]| + b2 Aak ol + b2 Ak + bl A |?)
U, -1
hAagi140= mhpk—i-aAak-i-a + o )th-‘raAak-i-a
+O (hl|Ayk|l + hllAzi| + B[ Aak ol + 22| Akl + Rl Agr]?)
o
PO == s R

+O (Rl Ayrll + | Ayill® + bl Azl + [ Aze]|)
+0 (K| PetalAaitall + Wl Qrralarial + B Avr] + k] Avy]?)

where Pyio and Qgrq are defined in the proof below in (5.7).
Proof. By definition of the generalized-o method (2.3) we have

h2
(5.3a) Ayg+1=Ayi + hAz, + 7((1 —28)Aakta + 20Aak+1+44a),
(5.3b) Azip1=Az + h((1 — v)Adkta + YACGk+110),
and

(1 — am)Mi+1+0aD0k+14+0 + OmMipralagra + O(|Ayk || + 1| Azk|)
(54) =1 —ayp) (fyr+1DUk1 + fopr1D2501 + [y k180541)
+ oy (fyrAyr + foxD2k + fo 1 A¢r)
+ O ([[Aykl” + 1 Azel” + | A% ]* + [ Ay ” + [ Azt |* + ([ A¢k4]?)

where

Miii4a = M(trti4a, U + h(1 4+ @)Zk), Mita = M(tiya, U + hazy),
Juk = fy(rs U 2y Vr)s ok = fo (b, Uks 260 Vk),  fuok = fo(trs Uk, 2, k),

and similarly for fy, k41, f2 k+1, fy.k+1. The relation (5.4) can be expressed
AGkt1+4a
1— )M, o —(1—
(= amMisrea ~1=anfous ) (g

(5.5)  =( —omMira apfpr ) ( ﬁz?a )

+O ([1Aye]l + 1Az ] + | Ayl + [ Azl + 1A + [ At [?) -
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From
0=K(tkt1:Ukt1:2k+1)s 0= K(ht1, Ykt1, Zot1)
we have
0= kyrr1Ayks1 + ko k182001 + O ([|Ayks1 [ + | Azk41]1%)
where

ky k1 = ky(trt1, Ykt 1s Zh+1)s Kz b1 = ko (tot1, Yht1, Zht1)-

Introducing the expressions (5.3) for Ayy1 and Azgy1 we get

2

(1 20) 800+ 200004140

ko1 (Azk + h((1 = 7)Akta + 7Dk 1+0)) + O (|AYk+1 > + Az %) -

0=ky k1 (Ayk + hAz, +

From (5.2a) and (5.2b) we have
0 = ky wAyr + kz Az + O(| Aykl|* + Az %),
and thus
ky k1 Ayk + ke pp182k =ky 1 Ayk + k2 k1 Az + O(h||Ayg || + hl|Azg]])
=O(h||Ayx]l + hl| Azg]| + | Ayel* + [|Azk]?).
Hence, we obtain
(Vkz k1 + WOy k1) hAGR 11 4o
= (—(1 — k2 g1 — g(l - 2ﬁ)/€y,k+1> hAag1q
(5.6)  +O (hllAyxll + hllAze]| + [ Ayxl* + [ Azill* + | Ay |* + | Az ) -

In matrix form we obtain from (5.5) and (5.6)
( (1= am)Mpt1+a  —(1 = op) fy e > < hAakt14a )
Yke 41 +O(h) O hAYy4q

_ ( —m Mpta —af(— fu k) ) ( hAag4q >
T\ =1 =Yksks1 +O(h) O hAY,

+ ( §h||Ayk|| + hl|Azi|l + hl| Ay || + Al Az || + Al A]]* + Al Ay ]?) >
O (hll Ayl + Rl Azl + | Ayel* + | Azgl® + | Ay [I* + | Azega[1?)

Let
kz,k—i—a = kz (tk:—i-ou E'jk:—i—au Ek:-i—a)a f’l/},k-i—a = fw (tk-i-ou E'jk:-i—ou zk-l—ou wk:—i-a)a
(57) Qk+a = Q(tk-i-ou gk-i-ou zk-l—ou wk:—i-a)a Pk-i—a = P(tk-i-ou E'jk:—i—au Ek:-i—ou wk:—i-a)

where yi1q, 5k+g= %Zk+a can be taken for example as the exact solution at tj4, passing
through gk, 2k, Yk at tp. From

kz,k = kz,k+a + O(h/); kz,k+1 = kz,k+a + O(h/);

fok = fokra +OR),  fyri1 = fyrta+ O(h),

Mita = M(tita,Ykta) +O(h),  Miti1a = M(tita, Yeta) + O(h),
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and (5.1) we obtain

(-1

O
m thJraAakJra

+O (Rl Aykll + Al Az]| + h?[[Aakiall + h? || Av]| + Al Ay|?)
+O (Al Aykta]| + hl| Az || + Al Avri]?)

[N —— T
(af—1)

+0 (| Ayx] + |1 Ayel + Rl Az + | Az]?)
+0 (W2)| Pt aBarsall + b Qrsadaral + b2 Al + bl At |2)
+0 (M| Ak + [ Agks1 2 + Al Az |+ [Azkia ]| + Bl Aty [2)

hPyyraAagya +

hAag114a=

These equations together with (5.3) lead to the desired result. O

6. Convergence and global error estimates. In the following theorem we
prove second order of convergence of the generalized-o method (2.3) for systems with
nonconstant mass matrix and nonholonomic constraints:

THEOREM 6.1. Consider the system of index 2 DAEs (2.1) with consistent initial
conditions (Yo, 20, o, o) at to, see (2.2), and exact solution (y(t),z(t),a(t),¥(t)).
Suppose that aq — a(ty + ah) = O(h) (e.g., o = ao), v # 0, oy # 1, oy # 1,
Y= % —Q,

v—1
Tyt ‘ 5 ‘<17 Tam *

« «
U I | <1,
af—l

<1, 7q,:=
<1

and v # 7o,. Then the generalized-a numerical approzimation (Yn, zn,Anta,¥n)
(2.8) satisfies for 0 < |h| < hmax and |t, — to| = n|h| < Const, the following global
error estimates

Yn — y(tn) = O(h?), 2z, — z(t,) = O(h?),

An4oa — a(tn + Oth) =0 (h2 + T;L(so) s VYn— 1/}(tn) =0 (h2 + (T;L + Tgf)(sO)

where 8 = ||aq — a(to + ah)||. Moreover, if 5o = O(h?) then we have

Unta — a(ty +ah) = O(h?), b, —(t,) = O(h?).

Proof. We consider two neighboring generalized-a approximations

k1

k k k ki—1 _ki1—1 _ki—1 ki—1
(yk;lvzk aak:_aaq/}kl);cl:klv ( ! ! ! ! )n

Y %k 5 Okqa Vi k=ky
for k1 = 1,...,n and we denote their difference by
k ki—1 k ki—1 k ki—1
Ayp ==yt —yp' ™, Dzg =z — 2, Aakta = apl, — ol
ok ki—1
Ay = appt —apt

We assume that

(6.1) Ay =0(h), Az =0(h), Aarra=O0(h), Ay =O0(h).
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These assumptions can be justified by induction, see below. For k = k1, Ayg,, Az,
Aalira, Ay, are just the local error (4.1) of the generalized-a method (2.3) with
(yk1 z,]jll aZiJra,z/Jk ) being the exact solution passing through (yfi i,zfll %,w:;:%)
and (yki ! z,];l L zi _Hll,z/)kl ) being the generalized-o numerical approximation
from the same point. The generalized-a approximations satisfy the nonholonomic

constraints (2.1b). Using the decomposition

Atpiiva = PrpivaAtriiva + Qit1+alit14a-
we get by application of Theorem 5.2 for k =kq,...,n—1

1
Aypr1=Ayr + hlAzp + | = + _b_ h? Py oAtk ia
2 (am-—1)

1

+ <§ - é) P2 Qrtalasta
aé

+0 (P?|| Ayl + B[ Az || + b3 || Aagpall + % (| Agy])

Azk+1 :Azk + <1 + ﬁ) h/Pk+aAak+a
+O (hl|Ayell + R Azl + 22| Adkrall + B2 [[Agk]))

Qi
th+1+aAak+1+a = thkJraAakJra

+O (hl| Aykll + hl| Azl + B2 Aakyall + B[ Av])

—1
th+1+aAak+1+a: (7 ~ )thJraAakJra
O (h)| Aykll + hl| Azl + h?[| Aakiall + B2 Avi]l) ,
ar
hAg 41 = ——hAy,
(ay —1)

O (h||Ayx|| + h||Azg]])
O (h?|| Pusalarsall + hl|QrraDakiall + 2| Avk]) -

Taking a norm of these expressions leads to the estimates

| Ayk| | Ayl
[ Azt | Azl
bl Pititalartivall | S M | Al Prrolakiall
hl|Qk+1+aAak+14all R Qrralaniall
h| Atprya || || Ay ||
with matrix
1+ O(hz) h+ O(h2) O(h) O(h) O(hz)
o) 1+0() c+0h) O O(h)
Ma=|  om O(h)  ra.+0(h)  O(h) O(h)
O(h) O(h) O(h) 7y + O(h) O(h)
O(h) O(h) O(h) A ra,+O(0)
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where ¢ := ‘1 + (aTW_l) and d = O(1) can be fixed as a constant independently of k;

and k. Defining the matrix

10 0 0 0
0 1 0 0
T:=] 0 0 1 0 0|,
0 0 0 1 0
0 0 0 d 1
(T’Y Taf)

we can transform the matrix M by a similarity transformation to the form

N:=T"'MT
1+0(h?) h+O(h?) O(h) O(h) O(h?)
O(h) 1+0(h) O(h) O(h) O(h)
= O(h) Oo(h) Ta,, +O(h) O(h) O(h)
O(h) O(h) O(h) 7, + O(h) O(h)
O(h) O(h) O(h) O(h) Ta; +O(h)

For this matrix N there is a first linear invariant subspace Via C R* associated to
the two eigenvalues 3 = 1+ O(h) and pz = 1+ O(h). This subspace Vis is of
the form Vi = span(e; + O(h),es + O(h)) where e; := (1,0,0,0,0)7 € R5 and
ez := (0,1,0,0,0)7 € R®. There is a second linear invariant subspace V3 C R®
associated to the eigenvalue pg = r,,, + O(h). This subspace V34 is of the form
V3 = span(ez+O(h)) where e3 := (0,0,1,0,0)T € R5. There is a third linear invariant
subspace V3 C R® associated to the eigenvalue pg = r, + O(h). This subspace Vj is
of the form V; = span(es + O(h)) where ¢4 := (0,0,0,1,0)7 € R5. There is finally a
fourth linear invariant subspace Vs C R® associated to the eigenvalue s = 74 ;+O(h).
This subspace V5 is of the form V5 = span(es +O(h)) where e5 := (0,0,0,0,1)T € R,
Therefore, there is a transformation V' = I + O(h) with inverse V! = I + O(h) such
that NV = VB with B block-diagonal, i.e.,

1+0(n)  O(h) 0 0 0
O(h)  1+0(h) 0 0 0
B:=V NV = 0 0 Tan, + O(h) 0 0
0 0 0 7y + O(h) 0

0 0 0 0 T, + O(h)

For 2 < m < n, from mh < nh < Const we obtain

[ Ayn|l [ AYn—mll
[Azy|] Az —m|
hl| PrtalAanial| <M™ bl Pr—mtaDan—m+all
h||Qn+aAan+aH h||Qn—m+aAan—m+a”
hl| Ay A AYy—m||

where

Mm=TVB™V 1T}

O(1) 0(1) 0(1) O(h) O(h)
o@1) o(1) 0(1) O(h) O(h)

_| o) om) o) O™+ b +82) O T h)
O(h) O(h) O(h) O@™ +hr +h?)  O(hrm +h?)
O(h) O(h) O(h) O +r3 +h%)  OFy, +h?)
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Hence, we get
(620)  [[Aynll <C (|AYn—ml + | Azn—mll + k| Adn—mrall + 72| Al ,
(6:2b)  [[Aznll <C ([AYn—mll + | Azn—m|l + k| Adn—mrall + 72| At ,
(620)  [18anll C(IAYa—mll + 1A20mll + ¢ + )| Adn—msal
+ (ri, + BR[| AP, ),
(6.2d) [ AYnl|<C(IAYn-ml + |A2n—m] + (" + 77, + D)1 Atn—m ol
+ (i + D) [ A _mll)-
First, we consider the generalized-a solution using the exact value a(to + ah). We

denote it by @,ﬂzk,aﬂa@k);;:o. For k = 0 we have §, = %o, Zo = 20, Ga =
a(to + ah), and ¥, = 1g. Taking m := k; in (6.2) leads to

[Aynll < eyh®,  [|Aza] < 2P,
[Aan|| < ca(h® +7510%), ([ Al < ey (h® + (5 + 18! )R?)

which is also valid for k&y = n (m = 0) and k& =n — 1 (m = 1) . The assumptions
(6.1) are thus justified by induction on k. Summing up these estimates we obtain

n
ly(tn) =Tl < > gkt =yl | < eynh® < Cy b2,
k1=1

n
l2(tn) = Zall < D 28 = 2t M| < cxnh® < CLH2,
ki1=1

n n
la(tn + ah) = Gpiall < Z ”ailqta - aff{alH < cCa <nh3 +h? Z T§1>
ki1=1 ki=1

< o (nh3 + h2lr—”) < Ch2,

— Ty

() = Wll < D Nl =i < ey <nh3 +h2 Y +T§;)>

ki1=1 ki1=1

< B3 4 B2 Ty Toy < O B2
_c¢,<n + (1—rv+1—raf =%

Now, suppose that a, satisfies a, = @ + O(h) where @, := a(top + ah). We de-
note the corresponding generalized-a solution using this approximate value of a, by
(Y 2k Qa+k, 7/%)2:0- We want to estimate ||y, — 7, ||2n — Zn |, ||_aa+n —Ga1nl|, and
[46r, — ¥, |I. Using (6.2) for m = n, since §y = yo, Zo = 20, and ¥, = ¥y we simply
obtain

lyn = Full < Chllaa —aall,

[2n — Znll < Chllaa — @all,

llanta — ntall < C("“Z +h)|aa — @all,

[%n = ¥nll < COY + 715, +h)]laa —Tall.
The assumptions (6.1) are still justified by induction on k. By combining the above
estimates

1yn = y ()l = llyn = Tl + 7, — y(En)ll,



Convergence of the generalized-a method for systems with nonholonomic constraints 15

zn = 2(E)ll = 20 = Zull + 120 — 2(t) |,
lan+a — a(tn + ab)|| = [|anta — Gnall + [|@ntra — altn + ah)],
[0 — Y EN = Y0 — Yull + 10 — ¥ (&I,

we finally obtain the desired result. O

7. Numerical Experiments. To illustrate Theorem 6.1 numerically we con-
sider the following mathematical test problem

(3 21
7.1 no\ |
™ (5 )=(3)
(7.1b) < Y1 y2 — e > < Z1 ) _ < et (y122 + 2y221) + e*y19y >
. sin(y; — e') Y1y2 22 e~ 1(0.5y220 — 2y1 21222 + Yotp3) )’
(7.1c) k(t,y,2) =220 + 6y1ya21 — 4 = 0.

Observe that this problem is nonlinear in the algebraic variable ;. The following
consistent initial conditions at t; = 0 have been used

yO:(l, 1)T7 20:(1; —2 )T-

The exact solution is given explicitly as follows

yt)= (e e ) = (e 2 )" w= ()"

We have applied the generalized-o method (2.3) with damping parameter po, = 0.2
and constant stepsizes h for various values of h. We observe global convergence of
order 2 at ¢, = 1 in Fig. 7.1.

For the second numerical experiment we consider the equations of a rolling disk,
see, e.g., [1]. These equations can be expressed for y, z € R® 1 € R? in the form (2.1)
with

m 0 —Mrcssy —Mmrs3cy 0
0 m mrcscy —Mmrs3Sy 0
M(t,y)=| —mrc3sy mreses  mr?+ 1 0 0 ,
—Mrs3cy —Mrs3Sy 0 mr2s§ + Ilcg + IQS% I>s3
0 0 0 1283 Iz

f1(t,y, z,0) =—+mr(—z35354 + 24c3¢4) 23 + mr(23¢3¢4 — 248384) 24 — 1,

fa(t,y, z,0) =+mr(2383c4 + 24c354) 23 + mr(23¢354 + 2453¢4) 24 — Vo2,

fa(t,y, z,0) =mr?22s3cs — mr(—z3s3(2154 — 22¢4) + 2ac3(2104 + 2254))
—Ilzi0383 + I (25 + 2483)2403 + mrgss

(7.2) —mrss (2154 - 2204)23 + mres (2164 + 2254)24,

falt,y,z,0)=—mr (2303 (2164 + 2284) + z485(—2184 + 2204))
—(2mr2245303 — mres(z1c4 + 2284) — 211 2483¢3 + 212245303)23
+mrss(—2184 + 22¢4)24,

f5(t,y, 2,9) =—Iazscazz + r(caths + s4tb2),

ki(t,y,2,9) =21 — rcazs = 0,

ka(t,y, z,9) =22 — rsazs = 0,
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error of generalized-a (p_=0.2) with constant stepsizes
10 T T

10 F

._.
ol
&
-

errorsiny,z,a, and ¢
[
o\
T

10 3

10 'k

10"

10 10" 10 10

h

Fic. 7.1. Global errors |lyn — y(tn)ll2 (O), |lzn — 2(tn)ll2 (0), [lant+a — a(tn + ah)|2 (X),
[[n — ¥ (tn)|l2 (%) of the generalized-oc method (2.3) with poo = 0.2 at t, = 1 for the test problem
(7.1) with various constant step sizes h.

where we have used the notation c3 := cos(ys), s3 := sin(ys), ¢4 = cos(ys), and
s4 := sin(y4). These equations correspond to a Lagrangian system with nonholonomic
constraints

4.
dty_ )
d
EVZL(tu y7 Z):vyL(t7y7 Z) - kz(tu y7 Z)T¢7
0=k(t,y,2),

with Lagrangian L(t,y,z) = T(t,y,2) — U(t,y, z) where T(t,y,z) and U(t,y, z) are

given here by

T(t,y,z)= %m(zf + 22 + 1222 + 1223 sin?(y3)) — mr(23 cos(y3) (21 sin(ya) — 22 cos(ys))
+24 sin(ys)(z1 cos(ya) + 22 sin(ya)))

+%Il (23 + 23 cos(y3)?) + %IQ(% + 24 sin(y3))?,

Ul(t,y,z)=mgr cos(ys).

We have considered the parameters m = 2, r =1, [ = 2, Iy = 2, g = 10, and the
following consistent initial conditions at tg = 0

w=(01 0, 03 0 1), z%=(01 0, 002 -002, 01)".
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We have applied the generalized-o method (2.3) with damping parameter po, = 0.2
and constant stepsizes h for various values of h. We observe again global convergence
of order 2 at t,, = 10 in Fig. 7.2.

error of generalized-a (p_=0.2) with constant stepsizes
10 . —_—— . —_——

10°F

107k

errorsiny,z, and

10°F

10°F

107F / 4

1078 R P | R P |

10 10 10 10

F1a. 7.2. Global errors ||lyn—y(tn)ll2 (O), |lzn—2(n) |2 (0), ||vn—1(tn)|l2 (%) of the generalized-

o method (2.3) with poo = 0.2 at t, = 10 for the rolling disk problem (7.2) with various constant
step sizes h.

8. Conclusions. The generalized-a method of Chung and Hulbert [2] is ex-

tended to systems having nonconstant mass matrix and nonholonomic constraints.
The extension of the generalized-a method analyzed in this paper is shown to be
second order which has been illustrated by two numerical experiments.
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