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Abstract

This article deals with convergence results of stiffly accurate implicit Runge-Kutta methods when applied to
differential-algebraic equations of index 3 in Hessenberg form. Under certain hypotheses global superconver-
gence is shown, proving a result conjectured by Hairer, Lubich and Roche. Numerical examples are provided
which illustrate the theoretical results.
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1. Introduction

This article presents optimal convergence results for stiffly accurate implicit Runge-Kutta (RK)
methods when applied to semi-explicit index-3 differential-algebraic equations (DAEs) in Hessenberg
form. Index-3 problems frequently arise in the modelling of constrained mechanical systems (for
details see [2, Section 6.2], [7, pp. 6-7], and [9, pp. 483-486 and 539-5401). For solving such
problems an index reduction is usually possible by differentiating the constraints, although some
difficulties may occur (see [2, Sections 2.5.3 and 5.4.1] for a detailed discussion). However, for
multibody systems containing very stiff springs, i.e., whose Hooke’s constant 1/ g is very large, the
numerical solution behaves like that for the limit problem (& — 0) which is of index 3 (see [7,
pp. 10-12] and [13]). In this situation an index reduction is not applicable and the convergence
behaviour for the index-3 case must be studied. This remark remains valid for the equations of motion
of very stiff mechanical systems in which a large potential forces the motion to be close to a manifold
(see [13]).

Convergence results have been obtained for BDF methods (see [2, Section 3.2.4] and [3])
and for implicit RK methods applied to solvable linear constant coefficients systems of arbitrary
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index (see [4]). Non-optimal orders of convergence of RK methods for semi-explicit index-3 DAEs
in Hessenberg form have been demonstrated in [7, Section 6] and sharper estimates have been
numerically observed and hypothesized (see [7, pp. 18-19 and 86]). The main result of this article
(Theorem 6.1 below) is a proof of the conjecture of Hairer, Lubich and Roche [7, p. 86], giving
sharp convergence bounds for stiffly accurate RK methods, such as the Lobatto IIIC and Radau IIA
schemes. It generalizes a well-known result of Butcher [5] for ordinary differential equations to semi-
explicit index-3 DAEs in Hessenberg form. This result has an application in the convergence analysis
of these methods when applied to stiff mechanical systems (see [13, Theorem 3.1]). Furthermore
it extends the results of [11] for collocation methods to general implicit RK methods, but with
completely different techniques. New insight is provided for the structure of the global error.

In this paper we consider the following system of semi-explicit index-3 DAEs given in an au-
tonomous and Hessenberg form

y=f(y2), (1.1a)
' =k(y, z,u), (1.1b)
0=g(y), (1.1c)

where the initial values (yy, zp, 4p) at xy are assumed to be consistent, i.e., they satisfy

0=g(y), (1.1c)
0=(gyf) (3. 2), (1.1d)
0= (g (fo ) + &0 fof + 8 f:k) (3.2, u). (1.1e)

We suppose f, g, and k to be sufficiently differentiable, and that
(gyf-k.) (y,z,u) 1is invertible (12)

in a vicinity of the exact solution (index-3 assumption). In a neighbourhood of any fixed values
satisfying (1.1e) and (1.2), (1.1e) defines an implicit function for u, i.e., u = G(y,z).

The application of Runge-Kutta methods to (1.1a)-(1.1c) is presented in Section 2. Existence and
uniqueness of the RK solution, and influence of perturbations are studied in Section 3. New improved
estimates for the perturbed solution are given. They are essential to obtain sharp convergence results.
Section 4 deals with the calculation of expressions encountered in the preceding section and involving
the RK coefficients. Optimal local error estimates for the y-component and a certain projection of
the z-component are then given in Section 5. For the z-component this requires the use of the new
technique of DA3-series. With the help of the results contained in the previous sections, a global
convergence theorem is presented in Section 6 proving the conjecture of Hairer, Lubich and Roche
[7, p. 86]. Finally, Section 7 includes some numerical experiments illustrating the theoretical results.

2. Runge-Kutta methods for semi-explicit index-3 DAEs

Definition 2.1. One step of an s-stage Runge-Kutta (RK) method applied to (1.1a)-(1.1c) reads
(see [2, p. 75] and [7, p. 711)
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¥ :y0+h2bi}?’, 2 =ZO+thiZi/’ U =ug+hzb1Ui’, (2.12)
i=1 i=1 =1
where
Yilzf(YEsZi)s Zi/:k(Yi’ Zi’ Ui)’ O=g(Y1)3 (21b)

and the internal stages are given by

Y=yo+h) aY, Zi=z+h) a;Z, U=u+h>_ a;U. (2.1¢)

J= j=l =
We define the s-dimensional vectors 1 := (1,...,1)" and e, := (0,...,0,1)T. We denote A :=
(@)}, the RK matrix, b= (by, ..., b;)" the weight vector, ¢ := (cy,. .., c,)T := All; the node vec-
tor, and C :=diag(cy,...,c;). Let B(p), C(q), and D(r) be the following simplifying assumptions,

written in matrix notation, which are related to the construction of such methods (see [6, Section
341, [7, pp. 15-16], and [9, Section 1V.5])

1

B(p): ch’<~‘11=%, k=1,...,p;
1

C(q): AC"“II=%C"]1, k=1,....q;
1

D(r): bTC"“A=Z(bT—bTC"), k=1,...,r.

We are interested in RK methods satisfying the hypotheses

(I): the RK matrix A is invertible;
(S: the method is stiffly accurate, ie., a;=b; fori=1,...,s.

Remarks. The following results can be easily proved.
(1) (S) together with B(1) leads to ¢, = 1. Moreover, if C(q) and D(r) are satisfied then B(p)
holds with p > max(q,r + 1).
(2) (S) implies that y, =Y, g(y) =g(Y,) =0, z; = Z;, and u; = U; in (2.1).
(3) (I) and (S) imply that R(c0) =0 where R is the stability function of the RK method (see
[9, Proposition 1V.3.8]).

3. Existence, uniqueness, and influence of perturbations

This section is devoted to the analysis of the solution of the nonlinear system (2.1) with (o, zg, 4o)
replaced by approximate h-dependent starting values (0, {,») = (9(h),{(h),v(h)). An important
result is given by Theorem 3.4 which will be useful in Section 6 to the study of the error propagation.
We first investigate the existence and uniqueness of the RK solution.

Theorem 3.1 ([7, Theorem 6.1], [12, Theorem IV.3.1]). Let us suppose that
g(n) =0(n), 723, (3.1a)
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(& /) (1. {)=0(h%), k=2, (3.1b)
@ (i )+ 8 frf + 8 fk) (.4, v) =0(h), (3.1c)
(8yf:ku) (¥, 2, u) is invertible in a neighbourhood of (n,{,v), (3.1d)
and that C(2) and (I) are fulfilled. Then for h < hy there exists a locally unique solution to
Y=n+h) a;f(%,Z), (3.2a)
=
Zi={+h> a;k(Y;,Z,U), (3.2b)
=
0=g(¥) (3.2¢)
fori=1,...,s which satisfies
Y, —n=0(h), Z;— {=0(h), Ui—v=0(h). (3.3)
Remarks.

(1) If the function k of (1.1) is linear in u then the assumptions C(2) and (3.1c) can be omitted.
In this situation, 7 > 2 and x > 1 are sufficient. However, if C(2) is not satisfied, 7 =2 or
kx = 1, we only have the estimate U; — » = O(1) (for more details see Lemma 3.3 and [7,
p. 741).

(2) The value of » in (3.1c) only prescribes the solution of (3.2) to be close to the manifold
defined by (1.1e). However, (Y, Z;, U;) are clearly independent of ».

(3) If the function k of (1.1) is not linear in u then C(2) and (I) show the necessity of having
s> 2.

The next result, a more complete and precise formulation of [7, Theorem 6.2], is concerned with
the influence of perturbations to (3.2).

Theorem 3.2. Let (Y, Z;,U;) be given by (3.2) and let us consider perturbed values (2,2,&)
satisfying

Y=7+hY a;f(Y,Z) +hs, (3.42)
Jj=1

Z:Z—f—hzaljk(z, Z\j,ﬁj) +h/.L,‘, (34b)
=1

0=g(¥)+8, (3.4c)

fori=1,...,s. In addition to the assumptions of Theorem 3.1 let us suppose that

-~

An =O(R*), A =0O(h?), U — v =0(h),

& =0(hn), pi=0(h), ;= 0(h). (32)
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Then we have for h < hg the estimates
AY;=P,An + he, f, P, AL
1 |
+O(hllanll + RAZ] + 510,801 + 1Q:ALI + AlI8] + Bllul + loll), (3.62)

1
AZi=— 0, SQ,An + P:AL

1 1 1
+O(llan] + HIAZ] + Q. An I + QAL + I8l + hill + S 101).  (36b)

P.AZ=P.AL + O(HQyAnll + h]|P,An]| + AlAC]

1 1
+ oL 108nl7 + 7 I0AZI + Alal + hlual + 1) (3:60)
AU;=0( 10,8711 + L IPATI + LIQAZ] + |P.AL + +8ll + ] +35lol)  (6)
' W2 "= R h ¢ h h?
where o; = e] A=l with ¢; = (0,...,0,1,0,.. ., O)T (the s-dimensional vector with all components

equal to 0 excepted the ith which is equal to 1), 8 = (8, ...,6,)", ||8]| = max; ||§;||, and similarly
for wand 6. P,, Q,, P,, and Q, are projectors defined under the condition (1.2) by

S:= ku(gyfzku)_lg,\"

(3.7)
Q= f2S, Py=1— Q_\" Q. :=58f, P =1-0,.

Remarks. R

(1) We have used the notation Anp = 7 — 7, AL = Z— LY = (,... .Y, AY =Y -7,
|AY|| = max; ||AY;||, and similarly for the z- and u-components.

(2) The missing arguments for f,, S, P,, Q,, etc., are (n,{,v) or (n,{,G(n,{)) with G as
described in the Introduction. Those of P,; are (Y, Z;, G(Y;, Z;)) or (Y, Z;,U;).

(3) The conditions (3.5) ensure that all O-terms in the proof below are small.

(4) If g(7) = 0= g(n) then Q,An = O(||An||*). Consequently, this term may be neglected and the
hypothesis Anp = O(4?) can be relaxed to O(h?). If we have (g,,f)(ﬁ,Z) =0=(gf (0
then similarly A = O(h) suffices.

(5) If the function k of (1.1) is linear in u then the terms ||Q,An||? and ||Q,AZ||* in (3.6a)-(3.6c)
are multiplied by one additional factor A. In this case An = O(h?), AL = O(h), U,»— v =0(1),
8; = O(h), w; = O(1), and 6; = O(h?) are sufficient, but then we only have the estimate
AU; = 0(1).

(6) The constants implied by the O-terms in (3.6) depend on bounds for certain derivatives of f,
g, and k, but not on the constants entering in the O-terms in (3.1a), (3.1b), and (3.5), if 2
is sufficiently small.

(7) It can be observed that the terms ||8||/4? [|0||/k, ||8]|/h, ||8]}, and ||| are not present in
(3.6a) and (3.6¢).
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Proof of Theorem 3.2. Subtracting (3.2) from (3.4) we obtain by linearization
A =An+h) ayf(Y, Z)AY, + kY a; f.(Y,, Z)AZ; + hs,

jel J=1

+ O(h||AY|? + R|AZ]|]), (3.8a)

AZi=AL +h)_ayk (Y, Z;,U;)AY, + hY " ask, (Y, Z;,U)AZ,

Jj=1 Jj=1
+h)ak(Y;, Z;, U) AU, + hu; + O(h||AY| + RIAZ|* + A[|AU?), (3.8b)

J=1
0=g,(X)AY; +6; + O([|AY;||), (3.8¢)

which can be rewritten, using tensor notation,

AY=1® An +h(AQ D{f,}AY + (AR I){f,}hAZ + hd
+ O(h||AY|)> + h)|AZ)?), (3.9a)

hAZ =1 @ hAL + (AR D){k}AY + H(A® 1) {k,}hAZ

+ (A D{kJ*AU + I+ O ||AY || + R||AZ|]> + K AU|P), (3.9b)

0={g,JAY 4+ 6 + O(J|AY D), (3.9¢)
where

{g,} := blockdiag (&:().....5 (X)), (3.10a)

{f.} :=blockdiag ( f,(Y:, Z), .. o f (Y, Z)), (3.10b)

{k.} = blockdiag (k,(Y;, Z,, U,), ..., ky(Y,, Z,,U,)) , (3.10c)

and similarly for {f,}, {k,}, and {k,}. Inserting (3.9a) into (3.9c) and (3.9b) into the resulting
formula leads to

{8 A D{f (A ) {k}nAU
={8y}[11 @A+ (AR D{f.}(1® KAL) + R(AR I){f,}AY

+ h2(A®I){fz}(A ® D {k,}AY + h(AQ D{f.}(AR ) {k, }hAZ

+ (AR D{f 3R+ h8| + 6 + O(||AY||> + K|AZ | + K| AU|%). (3.11)

In accordance with (3.3) we have

8 (Y) a;; f. (Y, Zi)ak,(Ye, Zp, Uy) = a;ja;(8y f-ku) (M, L, v) + O(h), (3.12)
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thus, the left matrix of (3.11) can be written as
(e (ARD{f AR D{k} =A@ (8 f.k)(n.{,v) +O(h) (3.13)

and is invertible by (/) and (3.1d) for & sufficiently small. Putting

G, :={g} F.=(AD{f A D,

K.=(A® DHE}A®D ™, 8,=KJ(GF.K)"'G, (3.14)
Oy = F.Sa, Pya:=1—0ya,

Q.4 = SaF, Poa=1—0Qa

we remark for example that G, = G,Q 4, Si = SaQy4, G, F, = G,F,Q 4, and F, P, 4 = P, +F,. Hence,
from (3.11) and (3.9) we obtain

WAU=—-(A®1)*(G,F,K,)"'G, {11 @ An + F,(A1® hAL) + h(A® D{f,}AY
+ WF,(A® Dk JAY + hF,(A® )*{k }hAZ)
+ O([|AY|]* + AIAZ|* + 2| AU + Rl + B[ el + 1161 (3.152)

BAZ=(A® D[ =S:(1© An) + P.A(AL @ KAL) — hSi(A® D{f,}AY
+ WP (A® D[k JAY + hP, A(A® 1)*{k, }hAZ]

+O(IAY |2 + RlIAZI + R AU + &l|8]l + B[l ll + 11611, (3.15b)

AY =P, ,(1® An) + F.P. (AL ® hAL) + hP, s,(A® 1) { f,}AY
+ h*P, 4 F (AR 1) {k,}AY + hP, sF(A® I)*{k,}hAZ
+O([[AY|)* + AIIAZ|* + K| AU + k|8l + #*[|ull + [18]])- (3.15¢)

The O-terms in (3.15a)-(3.15¢) lead to the estimate
1
O3 10,Am |1 + [ PATIP + QAL + HIP.AZIP + hlI3] + 1l + 61
If the function & of (1.1) is linear in u, they can be replaced by
O([|AY | + R|AZ|P + R|AY| - AUl + K |AZ]| - [AU|| + RlI8I| + A*[lall + 1161
yielding
1
O(EIIQ}VAWIIZ/" +[PAR| + A QAL + Rl PALI? + hlI8] + ||| + ||0||)-
The term P,An entering in P,;AZ; leads to the estimate O(h||P,Anl|), because of (I ® P,;)SA(1®

P,) = O(h*) which is a consequence of Pk, = 0 and g,P, = 0. The estimate (3.6c) for the
perturbations & and @ simply follows from (3.6a, b, d), (3.8b), and Pk, =0. [l
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Our next aim in Theorem 3.4 is to show that the estimates (3.6a) and (3.6¢) can be improved for
i = 5. The following lemma will be useful in the proof of this theorem.

Lemma 3.3. Besides the hypotheses of Theorem 3.1, let us suppose further that C(q) holds. Then
the solution (Y, Z;,U;) of (3.2) satisfies

mm

Y = n+Z T DuY (7,£,7) + O(R*), (3.16a)
zZ= £+Z "h"Dnzw, .%) +0(hr*h), (3.16b)
U, = +Z——D U7, ¢, 7) +O0(h*), (3.16¢)

where A =min(7,k+1,¢), y=min(7 —2,k,4— 1), p =min(7 - 3,k —2,9—2), and D,Y, D,Z,
D,U are functions composed with derivatives of f, g and k. (7],{,V) are consistent values close
to (m,{,v) but constructed independently of v. They are uniquely determined by (1.1c)-(1.1e),

Py(m, {,v") (1 —m) =0, and P.(m, {,v")({ — {) =0 withv* :=G(n,{).

Proof. We find Q,(n,{,v*)(7 —n) = O(h") and Q. (7., v =) = O(h““;’i“"‘)). We define
(y(x),z(x),u(x)) the solution of (1.1) with initial values y(xo) =%, z(xo) = ¢, and u(xg) = ».
The exact solution at x, + ¢4 satisfies (3.4) with 8; = 0 and

g+1 5
5.-=Zv @l (x )(C+1 Zaijc?)+0(h"*])=0(h"), (3.17a)
. j=1
he
=200y (- Zau ) + O = O (). (3.17b)

The difference from the numerical solution (3.2) can thus be estimated with Theorem 3.2, yielding

”Y; _ }’(XO + C,h)” = O(hrrlin(7-+1,x+2,q—+—1))’ (3183)
|Z: — 2 (xo + cih) || = O(A™n—1tta)y (3.18b)
U — u(xo + c;h)|| = O(R™nT=2x=1a=Dy, 0O (3.18¢)

Here is the main result of this section. New improved estimates for the perturbed solution are
given. They will be essential in the proof of Theorem 6.1.

Theorem 3.4. In addition to the assumptions of Theorem 3.2 and Lemma 3.3, including those of
Theorem 3.1, let us suppose that B(1), D(r), and (S) hold. Then we have

AY,=P,An + hf.P.AL +O(hlAn] + || P.AZI + K2 Q. AL

1
+ 33112, 8n11* + 1Q:AZI* + Ali8]| + ¥l il + IIGII), (3.19a)
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hP.,AZ,=hP.AL +O(h|Q,An]| + B[Py + K| P.AL|| + h™2| Q.|

1
+ 10 an | + 1Q.AZ|* + K 3]| + Kl ull + Rl (3.190)

th,sAZs =—0: SQ>A77
1
+O(nllanl| + #IAZ] + 1@, 8mI7 + Q82| + hl8l| + Bl + 61]), (3.19)

where ¢ =b"A7?1, m=min(7 — 3,k —2,q— 2, max(r — 1,0)), n=min(7r — 3,k —2,9—2,r). P,
Q,, P, Q,, S, and f, are evaluated at (n, {,v*) with v* defined as in Lemma 3.3. The arguments
of P.s and Q. are (Y;, Z;, G(Y;, Z,)) or (Y;, Z,, Uy).

Remarks.

(1) If the function k of (1.1) is linear in u, then m = min(7 — 2,k — 1, ¢ — 1, max(r — 1,0)),
n=min{7— 2,k — 1,q—1,r). The fifth remark of Theorem 3.2 also holds here.

(2) The important results consist in the splitting of A{ according to the projections P, and Q,,
and in the A-exponents in front of ||Q,A{|| in (3.19a) and (3.19b).

(3) It must be stressed that m and n satisfy 0 <m<n<m+1.

(4) In the proof the missing arguments for f,, P,, P,, etc., are (7,{,7) defined in Lemma 3.3.
At the end of the proof a final estimate shows that they can be replaced by (7, {, v*).

(5) The sixth remark of Theorem 3.2 is also valid here for almost all constants entering in
the O-expressions of (3.19). The exceptions are the constants implied by the O-terms
O(h™2||Q,AL|]) and O(A™2|Q,AL]|) in (3.192) and (3.19b) which depend on those of
(3.1a) and (3.1b) if m or n > 1. Nevertheless, this will not affect the proof of Theorem 6.1
(see Section 6) where Theorem 3.4 will be applied.

Proof of Theorem 3.4. We resume the proof of Theorem 3.2 with the help of Lemma 3.3, using the
same notations and definitions. Because of

AY, = (e; @AY,
P, AZ = (el ® P,)AZ, (3.20)
Qz.sAZs = (ez ® Qz,s)AZ s

Eq. (3.19) is a simple consequence of (3.6a)-(3.6¢) with the exception of the h-exponents in front
of ||Q.AZ] in (3.19a) and (3.19b) which remain to be shown. They will be computed with similar
techniques used in the proof of [10, Theorem 4.4].

The formulas (3.15b) and (3.15¢) can be rewritten

(o) (o)

1
=V +0(5510,an|2 + | PARIP + | Q.ALIP + Rl P.AZIP + Al + B[l + ]}, (3:21)

where the matrices S, 7, and the vector V are given by
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o Pua®D{f) PoaF (A®1)*{k:} (3222)
—(ARDT'S,(ARD{f} (ARD 'PA(A® Dk}’ '
2
e P_\,,A@(A®I) {ky} 0 ’ (3.22b)
(AR 'PA(A® D*k,} O
Ve P)”AEH®A77) + Fsz,A(Aﬂ®hAg) ) (322(:)
(AR [=S.a(1®An) + P, 4(AT® hA{)]

We put K, ;=1 ®k,(7, Z, ) corresponding to K, with (Y, Z;, U;) replaced by (7, Z, 7). By the use
of

A{ = PzAé, + QZAgi Qy = SQ}H Qz = Qz’ Pz,AKu = 0’

V can be estimated by

2
vy [ NEPAN L ALDRLPAL +OGHan] + RIPAL ) 323)
~AT'1®Q,An + 1® hP,A{ + O(h||An|| + A*||P.AL]D)
where we have isolated in W the terms including Q, A
_ _ -1
W e FPa(Ky = Kuo) (A1 ® h(g, f:k) '8, /:0:A0) ) . (323b)
—(AR D)7 P (K, — Kuo) (AL ® h(g, foh) ™ 8y f.Q:AL)

Computing the inverse of the left matrix in (3.21) by means of the series of Von Neumann we arrive
at

AY .
=S (hS+ KT)"W
() g 0w
P
1® P,An + Al ® hf,P,AL + O(hl[An| + 12| PAL|| + B2 Q. ALl
—~AT'1® QA7 + 1® hP,AL + O(h||An|| + P*||P.AZ|| + h"™(|Q. AL
1
+0(5 10,871 + IPAnI + QAL + HIP.ALIP + All3]) + ] + 6]]).
(3.24)

Our next aim is to develop at the point (77,Z,7) the expression involving S, 7, and W in (3.24)
into h-powers. By the use of Lemma 3.3, the expressions G,, F,, K,, {f,}, {k,}, and {k.} can be
expanded, e.g.,

,
F,=) HAC*A™ @ B, + O(W*)

k=0

=I®fz+hACA_l ®(fyz(f’)+fzz(kv))+’ (325)

where the B are functions compound with derivatives of f, g, and k and evaluated at (7, £, 7). In
order to develop (G,F,K,)™" we first consider
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G FK, =1 (gf.k)+ Y  hHCAC'AT'A’C*A™?) @ Dy + O(h°T") (3.26)
0<it+j+k<w
where w = p (@ = y if k is linear in u because k,(y,z,u) is independent of u) and the D,; are
other expressions like the B evaluated at (7, {, 7). By using once again the series of Von Neumann
we obtain

(G,F.K,)”"
=I® (gyfzku)_1
+ Z plal+iBl+18] HC“"ACﬁ"A‘lAZC‘S"A_Z ® Eops + O(h'”“), (3.27)
0<|a|+|Bl+i6|<e i=1
where the E,gs are other expressions like the B, evaluated at (7, Z, P), a=(ay,...,a,), B =
(Bis...sB,), and & = (5,,...,8,) are multi-indices in N®. The norm of a multi-index « =
(ki,...,k,) € N“ is defined by |k| := Y} «;. Hence, we are now able to develop the sum

containing Q,A in (3.24).
In order to show (3.19a), we carefully examine only two representative terms, as the others can
be treated similarly. We first consider

H:=—(e]  I)F,P, 4(K, — K,0) (Al ® h(g,f. k) '8, f.0.AL), (3.28)

which is simply a constituent of W and it appears in AY; when p = 0 in the sum of (3.24). By
expanding H into h-powers we arrive at

H=h > hC, K,0.A7 +O(h"Q,AL]), (3.29)
1ol <m
o=(a,B,6,v)

where a, B, 8, and » are multi-indices, the K, are of the same type as the D,j, and the coefficients
C, are given by

Cy=e;AC"A™'A’C"A™? (H cafAcﬂ-'A—‘A2c3fA—2> CPAC"A™" A2CV A2 AL (3.30)
Pl N, e/
A-AC*A7'1
with »s > 0. If D(r) is satisfied with » > 1, then in accordance with Theorem 4.1 below, these
coefficients vanish for |o| + 1 = |a| +|B| + |8] + |[»| + 1 < r. For r =0, we have H = O(#?*||Q,AZ|})
as a consequence of K, — K, o =O(h). We thus get H = O(h"*?||Q,AL])).-
Assuming that m > 3, we now consider a second expression involving Q,A{ which enters in the
computation of AY,, coming from A2S?W in (3.24),

Ji=—h (el @DF,P,.(AR Dk, J(AQI)'P,4(A® IN*{k,}

X (A @ 1)_1Pz,A(Ku - Ku,O) (A]l ® h(gyfzku)—lgyszzA{)- (331)
As seen above we get
J=h > WD, - L,0,AL + O™ QAL (3.32)
1< o] <m—2

o=(a,B,6,e.0.k,A,6,v,v)
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where the L, are other expressions like the D;j; and evaluated at (7, Z , V). The coefficients D,, are
given by

D,=elAC"A™!

x ACAT? (] | C“"AC"’A“AZC‘S"A‘z) CPAC™ A A*Cr A~
=1
A-AC”A™!

x AZCT AT (H C‘“'AC"'A“AZC"'A‘Z) C"AC"A™" AC”A”!
i=1
A-AC”A™

X A2CT0 A (H C"'AC"’A“AZC""A‘2) CPACT AT LC7 AT AL (333)
i=1 v -1
A-AC™A™

with »y3 > 0, and according to Theorem 4.1 they vanish if |o| 4+ 3 < r. Therefore, J can be estimated
by O(h™2||Q,AL||) too. All other remaining terms can be treated in a similar way, so that (3.19a)
results.

The h-exponent in front of Q.AZ in (3.19b) remains to be proved. We use the same techniques
as above to estimate AY;. The main difference is that we expand some specific terms in the matrix
products involving S and T in (3.24) into A-powers not at the point (7, {, 7) but at (Y, Z;, G(Y;, Z;)).
Such an expansion concerns only the first factors of these matrix products which are equal to K,.
From Lemma 3.3 we easily get

A

v=v -3 =DM v, 2,65, 2)) + O, (3342)
pour m!
(1-¢ )h” 1
Zi=7 - Z D,Z (¥, Z,, G(X., Z,)) + O(K"™), (3.34b)
S (A=) !
U;=G(Y,, Z)) —Z——p—D U(Y, Z,, G(Y,, Z,)) + O(h**!). (3.34¢)

p=1
We rewrite an expression entering in the vector W (see (3.23b)) in the form
Pou(K, — Kig) (AR =P, (A (AQD (K, — Kuo) (A® ). (3.35)
The above expression (A ® 1) ' (K, — K,0) (A® I) can be expanded leading to

(ARD) (K, ~ Ku0)(A®T) =) hAC*'A™' ® Ky, (3.36)

k=1

where the K, are other expressions like the B;. To end the proof, the arguments are similar
to those used when estimating AY;. The only problem could arise from coefficients of the form
efA™' (I — C*y .- 1; or eTA7IC*... 1, with k > 1. But these coefficients do not appear, be-
cause of the premultiplication with P, and the fact that P,(Y;, Z;, G(Y;, Z;))K, ; = 0 with K, :=
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K. (Y, Z;,, G(Y,, Z;)). Without such a premultiplication these coefficients appear in AZ, coming from,
e.g., the expansion of

(ez®1)(A—l ®1)(1®Ku,s)(GszKu)_l"'(]1®h(gyfzku)—lgyszzA£)- O (337)

4. Properties of the Runge—Kutta coefficients

The following theorem deals with the valuation of expressions encountered in the demonstration
of Theorem 3.4.

Theorem 4.1. Let us assume that the conditions B(1), D(r), (I), and (S) hold. For a fixed p €
N\{0}, let us consider a multi-index v = (v\,...,v,) satisfying v; > 1 and let « > 0. If [v| < r,
then we have

P
erce (H M,.) I=e'CM,---M,1=0, (4.1)
i=1

where the matrices M; are of the form

A", ATCYATT, AT - CMATTT! (4.2)
with a; € {0,1,2} and it is supposed that M, = AC** A"
Remark. In the proof we adopt the convention that if a null factor multiplies a term of the form

b"C—™ with m > 1, then this expression has to be omitted. For example (4.3) with k = O reads
bBTA'=el —0-0"C ' =€l

Proof of Theorem 4.1. In this proof & and ! denote two non-negative integers. Assuming that k < r,
the multiplication of (§) and D(r) with A~' leads to

b'C*A™ = el — kb"CH . (4.3)
(S), D(r), and (4.3) together imply that
_ -1 o (k+I+1D)(k+D) _
chkAclA 2 = T To~l-2 chk-H 1 4.4
“tFr o€ k+1 (4.4)
provided k + [ < r — 1. Similarly, if kK +1 < r, we get
B'CH(I — CHA 2 =leT + k(k — 1)BTCH? — (k+ 1) (k+1—1)b'CH'? (4.5)

and for k+ 1< r —1 we have

bTC*A(I — CHA™?
(-1U=-2)
k+1

+k(k—1)b"C*? -

bTCl—3

(k+1+1)(k+D(k+1-1)
k+1

=2le! +

bTCcH2, (4.6)
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A repeated application of (S), D(r), (4.3)-(4.6) to (4.1) shows that this expression is a linear
combination of terms bTC*A~'1 with 1 < k < r. They all vanish because of

1
B'C* A "Ml =Tl — kb"C* ' =1 — ke =0, (4.7)

which is a consequence of (4.3) and B(r) (the first remark of Section 2 applies). [

5. The local error

We consider one step of a RK method (2.1) with consistent initial values (yy, 2o, #o) at xo and we
want to give estimates for the local error

Oyn(x0) = y1 — y(x0 + h),
0zp(x0) =21 — z(xo + h), (5.1)
6uh(X0) = U —u(x0+h).

Optimal local error estimates for the y-component and a certain projection of the z-component are
given in the following theorem. For the z-component this requires the use of the new technique of
DA3-series. Because of the considerable mathematical material related to DA3-series, we only give a
sketch of the proof and we refer the reader to [12] for more details.

Theorem 5.1.
(a) Let us suppose that the RK method satisfies (I), B(p), and C(q) with q > 2. Then we have

8yn(xg) = O(H™r(Pa+ly, Py(xo + h)8y,(x0) = O(R™PatDHy, (5.2a)
6z,(x9) = O(hY), P, (xp + h) 8z, (xp) = O(R™PPD+Ty (5.2b)
Suy (xo) = O(mnPa=271y (5.2¢)

where P,(x) and P,(x) are the projectors (3.7) evaluated at (y(x),z(x),u(x)), the exact
solution of (1.1) at x.
(b) Moreover, if in addition D(r) and (S) hold, then we obtain

8yu(x0) = O(AYYY,  with k=min(p,2g— 1,9+ 7), (5.3)
P, (xo+ h)8z4(xp) = O(A*™*Y), with £ =min(p,2g— 2,9+ 7). (54)
Remarks.
(1) If the function k of (1.1) is linear in u, then, in (5.3) and (5.4) we have
k=min(p,2q,q+r), (5.3)
{=min(p,2g—1,q+r), (54"

and the condition ¢ > 2 can be omitted.
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(2) Concerning the demonstration of part (b), a detailed proof is given in [12]. In this article the
general “rooted-tree type” theory about the Taylor expansion of the exact and of the numerical
solutions is not presented. We do not give the complete definitions and the obvious results,
which are necessary here, of the extension to index-3 problems of the theory of Butcher
(see [6, Section 30] and [8, Section I1.2]) for first-order ordinary differential equations. For
systems of index 1 and 2 this has been realized (see [15], [7, Section 5], and [9, Section
VL8]). The entire derivation can be obtained in total analogy by following, for example,
the last quoted reference which is devoted to index-2 problems. The set of resulting trees is
denoted by DAT3. The labelling in LDAT3, the corresponding set of monotonically labelled
trees, must be defined conscientiously. The concept of B-series (see [8, Section I1.12]) can
also be extended, leading to the so-called “DA3-series”, and the composition law of DA3-series
can be formulated.

Proof of Theorem 5.1 (Outline). Part (a) is already known (see [7, Lemma 6.3]).

Part (b) remains to be demonstrated. The local error of the y-component can be found by repeated
application of simplifying assumptions to the order conditions, such as shown in the proof of [7,
Theorem 5.9] (summarized in [9, Theorem VI.8.10]).

However, the estimate (5.4) is much more difficult to prove. The first idea is to develop the
local error of the z-component, not at x,, but at xy + h. Using the shortened notation ¥ (x) :=
(y(x), z(x),u(x)) for the exact solution of (1.1) at x, we get the DA3,-series

21— z(xo + h)=DA3 (a,¥(xo+ h)) — z(x0+ h)
hp(v)
= Z a(v)

!
vEDAT3, p(v)!

a(v)F(v) (¥ (%o + ), (5.5)

where for a tree w, F(w) is the corresponding elementary differential, @(w) indicates the number of
possible monotonic labellings of w, and p(w) denotes its order. The expression of a(v) depending
on the coefficients of the method, can be found by the use of the DA3-series composition law, leading
to

_ (=hrw Sy (P
a(w-—a(—v)—]abemnﬁgjm (Z(—U’( ) (s @)l ) - 1) | (5.6)

=) J

where the first summation is over all the different a(v) labellings of v and s;(v) is the “subtree”
formed by the i first indices of a particular labelling of v. For a tree w, it can be noticed that @(w),
which is function of the RK coefficients, and the rational number y(w), are in fact independent of
the labelling.

The main idea is to show that for all trees v € DAT3, which are not of the form [u], with
u € DAT3,, i.e., for which F(v) # k,F(u), we have a(v) =0 if p(v) < £ (with £ given by (54)).
This will give the desired result since the remaining trees are of higher order or satisfy v = [u], with
u € DAT3, implying that P,F(v) = Pk, F(u) =0.

Now we consider a tree v € DAT3,, v # [u], with u € DAT3,, satisfying p(v) < £. We can
suppose that p(v) > min(p, q) + 1, because we already know by (5.2b) that a(v) = 0 for all trees
of order p(v) < min(p, q). We first recursively simplify the terms y(s;(v))@(s;(v)) — 1 in (5.6)
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with the help of C(g). The order conditions reduced then by D(r) to those of the bushy trees can
also be eliminated. But a linear combination of various terms of the form

p(e)—m
v —1yewn [ P)
; Ko (0) (~1) (p(v,)

) (vne(oy - 1) (57)
remains, where m = p(v,) = p(u) + 1, &(y) = Yoi bicl®i(u) with u € DAT3, satisfying p(u) >
9—-1, p(v)) =m+1, and y(v)) = ¥{vo)(m + 1) /m. In general several trees u exist which are not
reducible by C(gq). The coefficients My (v;) count the number of times that its multiplicand in (5.7)
appears in the sum (5.6) after reduction by C(q). For u fixed we have the relations

m41—1

My (vp) = ( l

) : /'LL'(UO)

which are related to the number of labellings of v. Defining

6, = (—U‘(”(”)l"”‘) - o (Lg),

the sum (5.7) can be rewritten

p(v)—m

> [men (; (j)l) (v@o@ () 1) - 0,(*1)'"(‘” f:)) () -1)|

=1

p(v)~m

- p(v)! !
= 1, (vo) ; (=1) *’l! (P(0) —m — )T (y(vo)(¢(v1)—¢(vo))+m~—ﬂ), (5.8)

and the last expression in parentheses can be proved to vanish, first with the help of D(r), then as
in the proof related to the local error of the y-component. [

6. Convergence results

We present here the main result of this article and we partly follow [7, pp. 78-82]. Theorem 6.1
proves the conjecture, based on numerical experiments, stated in [7, p. 86].

Theorem 6.1. Let us consider the differential-algebraic system (1.1a)-(1.1¢c) of index 3 with consis-
tent initial values (yy, 2o, uy) at Xo and the RK method (2.1). Let us assume that the RK coefficients
satisfy B(p), C(q) with q > 2, D(r), (1), and (S). Then for x, — xo = nh < Const, the global
error satisfies

Yu = ¥(xn) = O(RmNP2-2440) Zn — 2(x,) = O(hY),

. 6.1
P (xn) (20 — 2(x,)) = O(h™n(P20-24+1)y Uy — u(x,) = O(h?1y, e

Remarks.
(1) If in addition the function k of (1.1) is linear in u, we get
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Vo — Y(x,) = O(R™NP2=1atny

Pz(xn) (Zn -7z (xn)) — O(hmin(P.Zq—l,tHr))’ (61 )

and the assumption C(2) can be omitted. In the proof in this case we have y = min(qg —
I,max(r —1,0)), 6 = min(g — 1,r), k and ¢ are given by (5.3") and (5.4’), and the terms
1(Q.)»Az,]]* in (6.2b)-(6.2d) have to be replaced by h||(Q.),Az,||>. In the situation of
g = 1, the proof given in [7, Theorem 6.4] requires slight modifications.

(2) The theorem remains valid in the case of variable stepsizes with & = max; ;.

Proof of Theorem 6.1. In a first step, we can show that global convergence of order g for the
(y, z)-components occurs (see [7, Theorem 6.4]).

In the second step, we use once again the techniques of the previous step. We denote two neighbour-
ing RK solutions by {¥,, Z,}, {J., Z»} and their difference by Ay, = 3, — 3,, Az, = Z, — Z,. We assume
that Ay, = O(h?*!) and Az, = O(h?"') (see [7, Formula (6.28)]). Because of g(y,) =0 = g(3,)
the fourth remark of Theorem 3.2 holds, implying that

(Q,)n8y, = O([|Ay,|*) = OCA™[(Py)wyall). (6.2a)

By the use of the results of the first step, Theorem 3.4 can be applied with § =0, w =0, and 8 =0,
yielding
(Py)n-HAynJrl
= (Py) by, + h(f)n(P)nB2z,
+ O (Al (P A yal| + B (P.)wlzall + B721[(Q2) b Zall + 1(Q2) nlZal|) 5 (6.2b)

h(Pz)n+1Azn+l

=h(P,;),Az,
+0 (RIP) Ayl + (POl + Q0,85 +[(@)nbzl7) . (620)
h(Qz)n+1AZn+l =0 (hH(P\)nAyn” + hzllAzn“ + “(Qz)nAanZ) P (62d)

where y = min(q — 2, max(r —~ 1,0)), § = min(g — 2,r) and (P))n, (@)n (P)nr (Q:)ns (f2)a
are evaluated at (¥, Z,, 4;). We define & := G(¥,, z,) with G as described in the Introduction. This
choice of #; does not influence the values (y,,%,) (see the second remark of Theorem 3.1 and the
second remark of Section 2) and simplifies the proof. The estimates (6.2) lead to (by induction or
similarly to the proof of [14, Theorem 3.3])

lay.ll < € (ICPaYl + 1(PI6AZ] + A [[(2:)0Az) (6.32)
h“(Pz)nAzn” < C <hH(Py)OAy0“ + h“(Pz)OAZO“ + h8+2”(Qz)0AZOH) ’ (63b)
R (Q:)n8zll < € (BI(PoAy0ll + B (Pl + A1 (Q:)oA ) - (6:30)

Hence it follows from standard techniques (see [7, Fig. 4.1, p. 36] or [8, Fig. 11.3.2, p. 160]) that
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Yo = y(xz) = O(RmRETE),

Pz(xn)(zn _ Z(X,,)) =O(hmin(k,£,q+5))’ (64)

where & and ¢ are given in (5.3) and (5.4). O

The estimates (6.1) and (6.1") give us more insight into the structure of the global error for the
z-component. If the numerical solution is projected onto the manifold (g,f)(y,z) = 0, then the
accuracy of the z-component can be improved. This can be done similarly as for index-2 problems
(see [9, Section VL7, p. 513] and [, Section 3}), but here theoretically merely at the end of the
integration process. We thus obtain:

Corollary 6.2. Under the assumptions of Theorem 6.1, let Z,, u, be the solution of

2 =2+ ki Zos ) s, 0= (8,0) (Vs Z0) (6.5)

where (Y, Zn, Uy) is the numerical solution (2.1) after n steps. Then we get

. O(R™mr2a=1atr)y © i k is linear in u,

Z,—2(x,) = {O(hmj"“"z"‘z*‘””), se. (6.6)
Moreover, if we define u, as the solution together with y, and 7, of (1.1e), we have

N O(hminr2a=1atny - if k is linear in u,

u, —u(x,) = {O(hmin(plqlqﬂ))’ lse. (6.7)

The problem (1.1)-(1.2) is not ill-posed if all constraints (1.1c)~(1.1e) are taken into account
and not only (1.1c) since it is of index 1. It is in fact preferable to effect the projection (6.5) after
every step, because the numerical solution is stabilized as concerns the influence of perturbations (see
formulas (3.6¢) and (3.19b) ). Nevertheless, a very accurate approximation of the u-component of the
solution may be unnecessary (see the second remark of Theorem 3.1), therefore the projection onto
the manifold (1.1e) can be omitted. This remark is important if one wants to avoid the computation
of extra derivatives such as g,,. For stiffly accurate RK methods a fairly good choice is often given
by u, :=U,.

Corollary 6.3. For the s-stage (s > 3) Lobatto HIC method applied to the index-3 system (1.1a)-
(1.1c), the global error satisfies

Yo — ¥(xp) = O(h25_4), P, (x,) (Zn — z(xn)) = O(h2s‘4),
Zn—_z(-xn) =O(hs_1)s Zn—Z(Xn) =O(h2s—4)’ (68)
u, — u(x,) = O(h2), i, — u(x,) = O(h>*).

Moreover, if k is linear in u we have (s > 2)

Yo — ¥(x,) = O(h*7?), P, (x,) (2, — 2(x,)) = O(h*7%),

6.8’
Zn — z2(x,) = O(R*7?), U, — u(x,) = O(h*7%). (68
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Proof. The proof is obtained by putting p =2s—2,g=s—1,r=s—11in (6.1), (6.1"), (6.6), and
(6.7). O

The next result provides an alternative proof of [ 11, Corollary 2.3] demonstrated with completely
different techniques.

Corollary 6.4. For the s-stage (s > 2) Radau IIA method applied to the index-3 system (1.la)-
(1.1c), the global error satisfies

Yn = ¥(xs) = O(K*7?), P, (%) (20 — 2(x,)) = O(B®7%),
in — Z(xn) = O(hs), 2\'! _ Z(xn) = O(h?.s—Z), (69)
u, — u(x,) =O(h5*1)’ ﬁn_u(xn) =O(h23—2)_

Moreover, if k is linear in u we have (s > 1)

Vo — ¥(x,) = O(K®™Y), P,(x,) (20— 2(xy)) = o(h* 1y,

6.9’
Z — 2(x,) = O(R*7"), Uy — u(x,) = O(R*7"). ©99

Proof. The proof is obtained by putting p =2s— 1, g=s5, r =s— 1 in (6.1), (6.1'), (6.6), and
(6.7). O

Remark. For a constant-stepsize application of the implicit Euler method (s = 1) with & linear in u,
it can be shown that u, — u(x,) = O(h) for n > 2 (see [3] and [7, p. 90]).

An application of Theorem 6.1 concerns the convergence analysis of Runge-Kutta methods when
applied to stiff mechanical systems (see [13, Theorem 3.1]).
7. Numerical experiments

The global convergence results of Section 6 have been confirmed by numerical tests.

Example 7.1. Consider the following index-3 problem

Y1 = 2Y122122, Y2 = =Mz,
zll = (n1y2 + z122) 1, Zz' = —ylygz,fu, (7.1
0=yy; —1,

which is of the form (1.1a)-(1.1c) with k linear in u. For the consistent initial values y, = (1,1)7,
z0=(1,1)T, and 4y = 1 the exact solution is given by

X

nx)=z(x)=e*,  px)=zn(x)=e*,  u(x)=e" (7.2)

In Fig. 1 the global errors at x.,q = 0.1 for the Lobatto IIIC methods (s = 2, 3,4, 5,6) applied to
(7.1) are plotted as functions of 4 (the stepsizes have been chosen alternatively as %h and %h). Since
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Fig. 1. Global errors of the Lobatto IIIC methods (s=2: [0; s =3: +; s=4: X; s=5: ¢, s =6: X\).

we have used logarithmic scales, the curves appear as straight lines of slope k whenever the leading
term of the error is O(A*). This behaviour is indicated in the figures.

Example 7.2. This example is a slight modification of problem (7.1) where the equation for z,
has been replaced by z; = —y;y3z3u?, so that k becomes nonlinear in u. With the same consistent
initial values defined previously, the exact solution is identical to (7.2). The Radau IIA methods
(s = 2,3,4,5) have been applied to this modified problem and in Fig. 2 the global errors at
Xena = 0.1 are plotted.

The observed orders of convergence match the theoretical results, showing clearly the importance
of the projections described in Section 6 in order to improve the accuracy of the (z, u)-components.
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Fig. 2. Global errors of the Radau IIA methods (s=2: [0; s =3: +; s =4: X; s =5: ©).
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