. PigeonHoie-Probl.txt
1. show that, in every group of n qeopTe, there are two who know the
same number (at lTeast one) of people in the group.

2. Each of 500 boxes contains at most 240 apples, and none is empty.
Show that at Tleast three boxes contain the same number of apples.

3. There are 17 participants in an international conference. Each
“participant knows not more than three languages and every two
participants have a language in common. Show that at least three
participants know the same language. (Here it 1is not cTear whether the
three languages are all the same or different, but the result seems
o?viogs either way; with the same three languages, 7 will work instead
of 17

4. several circles, with total length 10 are inside a unit square. Show
that there exists a Tine passing through at least four circles.

5. Five points are inside an equilateral triangie with side 1. Show that
two of those points are less than 1/2 unit apart.

6. There are 25 points in the plane, and any two points out of every
‘three are less than 1 unit apart. Show that there exists a unit disk
containing at least 13 of those points.

7. mA3+1l points are inside the unit cube. Show that there are two
points less than \sqrt{3}/m units apart.

8. show that every convex 2n-gon contains a diagonal that is not
parallel to any of the sides.

9. Show that every nine-gon has two diagonals with the angle between
~them less than 7 degrees.

10. show that every set of 2A{n+1}-1 integers contains a subset of
_'size 2An such that the sum of its elements is divisible by 2An.

11. 30 teams are playing in a soccer tournament. Show that, at every
moment, there are two teams with the same number of games played.
(here, have to assume that the same teams can play either at most
once - then it is easy, or at most twice - then it is harder; with
untimited number of games between the same teams, this is probably
not true)

12. Let n_1, n_2, n_3 be three prime numbers, all bigger than 3. Show
that either the sum or the difference of two of them is divisible by 12.
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Problems on ordered sets and extremal elements.

(1) Show that each of the following numbers is never integer: (a) >_r_, o (b)) Yra, L

(2) Show that equation 2% + y* = 3(u2 + 2%) has no positive integer solutions.

(3) Show that equation %2 + 32 + 2 = 2'9% has no positive integer solutions. What is
special about 219997

(4) What is the largest area of a triangle with each side at most 1?

(56) Show that a convex polygon of area 1 fits inside a rectangle of area 2.

(6) The entries of an n X n matrix are either 0 or 1. The matrix has the property that if
an entry is 0, then the sum of all entries in the corresponding row and column is at
least n. What is the minimal possible number of non-zero entries in the matrix?

(7) In some country, there are 100 airports, and all pair-wise distances between them are
different. One plane starts from each airport and flies to the closest airport. What
is the maximal number of planes that can end up at the same airport?

(8) Show that some three diagonals of a convex pentagon can be put together to form a
triangle.

(9) Given n points in the plane, no three of which are collinear, show that there exists a
closed polygonal line with no self-intersections having these points as vertices.

(10) In some country all roads between cities are one-way and such that once you leave a
city you cannot return to it again. Prove that there exists a city into which all roads
enter and a city from which all roads exit.

(11) Given finitely many squares whose areas add up to 1, show that they can be arranged

. without overlaps inside a square of area 2.

(12) Prove that it is impossible to dissect a cube into finitely many cubes, no two of which
are the same size.

- {13) Consider a finite set of spherical planets, all of the same radius and no two inter-

secting. On the surface of each planet consider the set of points not visible from any

other planet. Prove that the total area of these sets is equal to the surface area of

one planet. .
(14) Show that if the positive integer numbers a and b are relatively prime, then there are
infinitely many prime numbers of the form ak + b, k = 1,2,3,.... For an exercise,

take specific values of a and b, such as a=4and b=3.
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282 6 Combinatorics and Probability -

hypothesis, A;) M---N A;_ € S, and also A;, € S,50 (4;,; N---NA;,_ YNA; isin S.
This completes the 1nduct10n For k = 2"~!, we obtain that the intersection of all sets in
S is nontrivial. - : e o 0

" 'We found the following problem in the Mathematzcs Magazme for Hzgh Schools
(Budapest).

Example Let A be a nonempty set and let f P(A) — P(A) be an 1ncreasmg functmn
on the set of subsets of A, meamng that

F(X) C f(Y) ifXcCy.
‘Prove that there exists T, a subset of A, such that (TY=T.
Solution. Consider the family of sets
=(KeP@) | fE)CK).
‘Because A € F, the family F is not empty. Let T be the intérsection of all sets in F.
‘We will show that f(7') = o
I K € F, then f (T) c f (K ) C K, and by taklng the mterseetlon over all = f
we obtain that fI)ycT. Hence TeF.
Because f 1s increasing it follows that f(f (T)) C f (T) and hence f (T) e F.

Since T is included in every element of 7, we have T C f(T). The doub}e inclusion
proves that f(T) = T, as desired. SO

~ Since it will be needed below, let us recall that a graph consists of a set of vertices
connected by edges. Unless otherwise specified, our graphs have finitely many edges,
there is at most one edge connecting two vertices, and the endpoints of each edge are
distinct.

821. Let A and B be two sets. Find all sets X with the property that

ANX=BNX=ANB,
AUBUX =AUB. |

'822. Prove that every graph has two' vertices that are endpomts of the same number
of edges ' :

-823. Prove that a hst can be made of all the subsets of a finite set such that
(1) the empty set is the first set;
- {11) each subset occurs once; o : - -
(1i1) each subset is obtained from the preceding by adding or deletmg an element




6.1 Combinatorial Arguments in Set Theory and Geometry 283

824. Let M be a subset.of {1,2,3, ..., 15} such that the product of any: three distinct
. elements of M is not a square. Determine the maximum number of elements in M.

- 825. Let S be a nonempty set and F a family of m > 2 subsets of S. Show that among
. the sets of the form AAB with A, B € F there are at least m that are distinct. (Here
AAB = (A\B)U (B\A).)

826. Consider the sequence of functions and sets

s A AL AL B A B AL A,

Prove that if the sets A,, are nonempty aﬁd finite for all », then there exists a sequence
of elements x, € A,, n=1,2,3, ..., with the property that f,(x,11) = x, for all
n > 1.

827. Tn a society of n people, any two persons who do not know each other have exactly
two comimon acquaintances, and any two persons who know each other don’t have
other common acquaintances. Prove that in this society every person has the same
number of acquaintances. :

828. Let A be a finite set and let f : A — A be a function. Prove that there exist the
 pairwise disjoint sets Ag, A;, A3, As such that A = ApgU Al UA; U Az, f(x)=x
for anyx € Ag and F(ANA; =8,i = 1 2 3 Whatlfthe SCtAlS mﬁmteﬂ

6;1.2 Permutaﬁons

A permutation of a set S is a bijection ¢ : § — §. Composition induces a group
structure on the sct of all permutations. We are concerned only w1th the finite case

S= {1,2,. , ., n}. The standard notation for a permutauon is
(1 2 3 ... n)
o = ,
C\A1 @24z - ay
withag, =c(i),i =1,2,...,n
A permutation is a cycle (iyiy...i,) if 0(i)) = iz, 0(i2) = i3, ..., 0{iy) = i1,
and o (j) = j for j $ iy,iy,...,i,. Any permutation is a product of disjoint cycles.

A cycle of length two (7;1;) 18 called a transposition. Any permutation is a product of
transpositions. For a given permutation o, the parity of the number of transpositions
in this product is always the same; the signature of ¢, denoted by sign{(c), is 1 if this
number is even and —1 if this number is odd. An inversion is'a palr (z j) withi < j and
o(@) > o(j). |

Let uslook ata problem from the 1979 Romaman Mathematlcal Olymplad proposed
by I. Rasa. : s - = : :




6.1 Combinatorial Arguments in Set Theory and Geometry 285

-an angle of -2;1’5 around its center. Such a rotation can be written as the composition of
two reflections that map the n-gon to‘itself, namely the reflection with respect to the per-
pendicular bisector of A, A3 and the reflection with respect to the perpendrcular bisector
of A2A3 (see F1gure 37). These reﬂecuons deﬁne the perrnutanons a3, ando. . O

) Fig_ure 37

The followmg problems are left to the reader

: 829

830.

831,

For each permutation a;, az, .. ., dig of the 1ntegers 1, 2 3,. .'10,- form the sum

lar — @l F las — agl 4 las = ag| +|a; —ag| + |ag — drol
Frnd the average VaIue of aIl such sums.

Fmd the number of permutatrons arp, a2, ag, a4, a5, 616 of the numbers 1 2, 3 4, 5 6
that can be transformed into 1, 2, 3, 4, 5, 6 through exactly four transposrtrons (and
not fewer)

Let f (n) be the number of permutauons ai, ag, ce, Ay bf the intege.rs.ir, 2,. .. N
suchthat (i) a; = 1 and (i1) |@; —a; 1] < 2 i=1, 2 , #— 1. Determine whether

. f (1996) is d1V1S1ble by 3.

832,

833.

834

.Consu_ler th_e sequences o_f real numbers x| > x; > - > xand yp > yo > -0 >

Y», and let o be a nonirivial permutation of the set {1, 2, ..., n}. Prove that

I i
Z(xf — )’ < Z(xi — Vo)™
SRR ' SEEER £% CRER :

Letay, ap, . . ., a, be a permutation of the numbers 1,2, ..., n. We call a; a large
mtegerif a; > a; foralli <. j < n. Find the average number of Iarge 1ntegers over
all perrnutatrons of the first posruve mtegers ' :

Given some positive real numbers a < a2 < -+ < a, find all permutations o with
the property that - -

Aoy < d2le@)y < < Aulg ).
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-Example.. Prove that any »n points. in the plane can be covered by finitely many disks
with the sum:of the dlameters less than z and the distance between any two disks greater
than 1.

Solution. First, note that if two disks of diameters d; and d, intersect, then they can be
included in a disk of diameter d; + 5. _

Let us place n disks centered at our points, of some radius ¢ > 1 the size of which
will be specified later. Whenever two disks intersect, we replace them with a disk that
covers them, of diameter equal to the sum of their diameters. We continue this procedure
until we have only disjoint disks.

We thus obtained a family of & < » disks with the sum of diameters equal to na and
such that they cover the disks of diameter a centered at the points. Now let us shrink the
diameters of the disks by b, with 1 < b.< a. Then the new disks cover our points, the
sum of their diameters is na — kb < na — b, and the distances between disks are at least
b. Choosing a and b such that 1 < b < a and na — b < n would then lead to a family
of circles with the sum of diameters less than n and at distance greater than 1 from each

other. For example, we can lete =14 Landb =1 +'2n g

837. In how many regions do » great ¢ircles, any three nonintersecting, divide the surface
of a sphere?

838. In how many regions do » spheres divide the three-dimensional space if any two
- intersect along a c1rcle no three 1ntersect along a c1rcle and no four mtersect at one
~ point?

839. Given n > 4 points in the plane such that no three are collinear, pro've that there
‘are at least (” 3) convex quadnlaterals whose vertices are four of the glven points.

840. An equﬂateral triangle of side length n is drawn with 31des along a tnangular grid
of side length 1. What is the maximum number of grid segments on or inside the
triangle that can be marked so that no three marked segments form a triangle? -

841. 1981 poiﬁts lie inside a cube of side length“9.. Prove that there are two points within
a distance less than 1.

842. What is the largest number of internal right angles that an »-gon (convex or not,
with non- self—mtersectmg boundary) can have?

843. A circle of radius 1 rolls without slipping on the outside of a circle of radlus \/_

The contact point of the circles in the initial position is colored. Any time a point

~ of one circle touches a colored point of the other, it becomes itself colored. How
many colored points will the moving circle have after 100 revolutions'? .

844. Several chords are constructed in a circle of radius 1. Prove that if every diameter
intersects at most k chords, then the sum of the lengths of the chords 1s less than k.
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845. Inside a square of side 38 lie 100 convex polygons, each with an area at most 7
and the perimeter at most 2. Prove that there exists a circle of radius 1 inside the
~'square that does not intersect any of the polygons.

846. Givenaset M of n > 3 points in the plane such that any three points in M can be
' covered by a disk of radius 1, prove that the entire set M can be covered by a disk
- of radius 1.

847. Prove that if a convex polyhedron has the property that every vertex belongs to an
even number of edges, then any section determined by a plane that does not pass
through a vertex is a polygon with an even number of sides.

6.1.4 Euler’s Formula for Planar Graphs

This section is about a graph-theoretical result with geometric flavor, the famous Euler’s
formula. Recall that a graph'is a collection of points, called vertices, some of which are
joined by arcs, called edges. A planar graph is a graph embedded in'the plane in such a
way that edges do not cross. The connected components of the complement of a-planar
graph are called faces. For example, the graph in Figure 39 has four faces (this-includes
the infinite face). Unless otherwise specified, all our graphs are assumed to be connected.

Figure 39

Euler’s theorem.” Given a connected planar graph, denote by V the number of vertices,
by E the number of edges, and by F the number of faces (including the infinite face).
Then

V—-E+F=12

Proof. The proof is an easy induction on F.' If F = 1 the graph is a tree; and the number
of vertices exceeds that of edges by 1. The formula is thus verified in this case:

Let us now consider some F* > 1 and assume that the formula holds for all graphs
‘with at most F — 1 faces. - Since there are at least two faces, the graph is not a tree.
‘Therefore, it must contain cycles. Remove one edge from a cycle. The new graph is still




4.
5.
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.m =4,n =73, in which case E = 12, V = 6, F = §; this is the reg_ular octahedron.

m = 5,n = 3, in which case E = 30, V 12, F = 2.0.; this is the:regular
1c0sahedron -

_ We have prove_d ijhe well-known fact that there_ are ﬁye Platonic solids. o _, =

848.

849

850.

In the plane are givenn > 2 points joined by segments, such that the interiors of any
. two segments are disjoint. Find the maximum possnble number of such segments
as a function of #n.

. Three conflicting neighbors have three common wells. Can one draw nine paths
‘connecting each of the neighbors to each of the Wells such that no two paths inter-

Consider a polyhedron with at least five faces such that exactly three edges emerge
from each vertex.. Two players play the following game: the players sign their

B - names alternately on precisely one face that has not been previously signed.. -The

851

852.

853.

6.1.

winner is the player who succeeds in signing the name on three faces that share a
common vertex. Assuming optimal play, prove that the player who starts the game
- always.wins. : - - T :

. Denote by V the number of vertices of a convex polyhedron, and by ¥ the sum of
the (planar) angles of its faces. Prove that 2z V — X = 4.

(a) Given a connected planar graph whose faces are polygons with at least three sides
(no loops or bigons), prove that there is a vertex that belongs to at most five edges.

(b) Prove that any map in the plane can be colored by five colors such that adjacent
regions have different colors (the regions are assumed to be polygons, two regions
are adjacent if they share at least one side).

Consider a convex polyhedron whose faces are triangles and whose edges are ori-
ented. A singularity is a face whose edges form a cycle, a vertex that belongs only
to incoming edges, or a vertex that belongs only to outgoing edges Show that the
_' polyhedron has at Jeast two smgulantles

5 Ramsey Theory

Ramsey theory is a difficult branch of combinatorics, which gathers results that show

':that H

when a sufficiently large set is partitioned into a fixed number of subsets, one of the

subsets has a certain property. Finding sharp bounds on how large the set should be is a
truly challenging question, unanswered 1n most cases. : -

‘The origins of this field lie in Ramsey’s theorem, which states that for every pair-of
positive integers (p, g) there is a smallest integer R(p, g), nowadays called the Ramsey
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such that for any partition of {1, 2, ..., S(n)} into » sets one of the sets will contain a
Schur triple. No general formula for S(n) exists although upper and lower bounds have
been found. Our problem proves that S(4) > 40. In fact, S(4) =

854. What is the largest number of vertices that a complete graph can have so that its
edges can be colored by two colors insuch a 1 way that no monochromatic triangle
is formed? : o

855. For the Ramsey numbers defined above prove that R(p q) < R(p — 1 , q) +
R(p,q — 1). Conclude that for p, g > 2,

p—l—q—Q)

R(p,q)s(
N p—1

856. The edges of a complete graph with | kle| + 1 edges are colored by k colors. Prove
that there is a triangle whose edges are colored by the same color.

857. An international society has members from six different countries. - The list of
members contains 1978 names, numbered 1, 2, ..., 1978. Prove that there exists at
~ least one member whose number is the sum of the numbers of two members from

his/her own country, or twice as large as the number of one member from his/her

country.

858. Let 1 be a positive integer satisfying the following property: If n dominoes are

- placed on a 6 x 6 chessboard with each domino covering exactly two unit squares,
then one can always place one more domino on the board without movmg any other
dominoes. Determine the maximum value of n.

6.2 Binomial Coefficients and Counting Met.hods‘

6.2.1 Combinatorial Identities

The binomial coefficient (}) counts the number of ways one can choose k objects from
given n. Binomial coefficients show up in Newton’s binomial expansion -

n (1) n.- Y n-i n ‘ n '
(x -+ 1) =(0x—|—(1)x —I—---—l—(n__1 x—l—(n.

(”)_‘ nt _ntn—D:--(n—k+1)
k] km—=k! . .kl -

Explicitly,

H0 <k <n.

The recurrence relation
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R R

gives rise to what is called the g-Pascal triangle.

859. Prove that R o e
( ) = —[2(2sin6)2kd9,

k T Jo
860. Consider the triangular n x n matrix | o
/111
011---
A=1001---

—_—

- Compute the matrix A%, k> 1, -

861. Let (F,;)n b'e.the Fibqhacci sequenée, Fy =F : 1, Fn+1: _Fn'—l— Fn__l__. Prove that
' _for any positive integer r, :

R n n
F + P +--+ F, = Fa.

862. For an arithmetic sequence a;, a3, ... ap, .7, let S, =a; +ap + - - .- Ga,,n>1.
.. Prove that . ' o R
K+l = ——On+l-

~ 863. Show that for any positi\'ré' integér n, the number

2 | 2 1 Y 5 1
Snm n -+ .223'1_1_ n+ ‘22n—2_3_|____+ n+ _311
N0 2 . \ 2 )

.i.s the sum 6f two consecutive perfect squares. -
864. For a positive integer n define the integers a,, by, and ¢, by
A b2+ = (124 YAy
Prove that

o n a, Afn = 0 (mod 3),
7 q4n . . . . . . .

273 Z ( )ak = bn% if n =2 (mod 3), -
k=0 cdd ifn =1 (mod 3).
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865. Prove the analogue of Newton’s binomial formula
oyl =Y (M)
Y = k kY dn—k,
k=0
where [x], = x(x = 1)---(x —n + 1).

866. Prove that the quantum binomial coefficients (Z)q previously defined satisfy

n

kk—1) {71
2(—1)"41_2_( ) =0.
k=0 k q

6.2.2 Generating Functions
The terms of a sequence (a,),>g can be combined into a function
G(x) :a0+a]x+a2x2+---+anx"+--- ,

called the generating function of the sequence. Sometimes this function can be written
in closed form and carries useful information about the sequence. For example, if the
sequence satisfies a second-order linear recurrence, say a1 + ua, + va,—, = 0, then
the generating function satisfies the functional equation

G(x) —ap—arx +ux(G(x) — ap) + szG(x) = 0.
This equation can be solved easily, giving

_ ap + (uap + ar)x
G —
) L+ ux 4+ vx?

If ri and r, are the roots of the characteristic equation A + u\ + v = 0, then by using
the partial fraction decomposition, we obtain

a+wag+a)x o« B

G(x) = _
) A—r) (I —rx)  1—rx 1= rox

oo
= Z(ari’ + Bry))x".
n=(}

And we recover the general-term formula a,, = ary 4 Bry,n > 0, where o and B depend
on the initial condition.

It is useful to notice the analogy with the method of the Laplace transform used for
solving linear ordinary differential equations. Recall that the Laplace transform of a
function y(t) is defined as

Ly(s) = /DC y(Dedt.
)
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869. “(a) Prove the identity ' R
") =2 06")
Ak NI/ \k—j
' (b) Prove that the quantum b1nom1a1 coefﬁc1ents deﬁned in the prev10us section
satisfy the identity

(m+”) Zq(m D= 1)( ) ( n ) o

J

(0)-()+ () (z)

871. Write in short form the sum
notmy.

(Q+CZ?+613+M+ |
n ) ()

'872. Prove that the F1b0nacc1 numbers satisfy

873. Denote by P (n) the number of partitions of the positive integer 7, i.e., the number of
ways of writing n as a sum of positive integers. Prove that the generating function
of P(n),n = 1, is given by

870. 'Compute the sum -

1
ZP(W T 000 -1 —x3) -

n=0

with the convention P (0) = 1.

874. Prove that the number of ways of writing » as a sum of distinct positive integers is
equal to the number of ways of wntmg n.as a sum of odd posmve mtegers

.‘_:875. Let p be an odd prime. number Find the number of subsets of {1,2,..., p} with
- the sum of elements divisible by p. - : ‘

876. For a positive integer n, denote by S(n) the number of choices of the signs “+ or
“—"suchthat +1+£2+-.- 4 »n = 0. Prove that

2:: 1 2 )
S(n) = costcos2t---cosntdt.
T Jo :
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877. The distinct positive integers ay, da, - - -, dn, b1, b2, . .., by, With n > 2, have the
property that the () sums 4; + a; are the same as the ( ) sums b; + b; (in some
order). Prove that n 1s a power of 2.

878. Let A1, As, ..., A, ... and :B]', B, , B,, ... be sequences of sets defined by
- Ay =0, B = {0}, n+1—{x+llx€B}Bn+1—(A U B\(A, N By).
Determine all positive integers n for which B, = {0}.

6.2.3 Counting Strategies

We illustrate how some identities can be proved by counting the number of elements of a
set in two different ways. For example, we give a counting argument to the well-known
reciprocity law, which we have already encountered in Section 5.1. 3, of the greatest
integer function.

Example. Given p and g coprime positive integers, prove that

R R e M K R bl

Solution. Let us look at the points of integer coordinates that lie inside the rectangle with
vertices 0(0, 0), A(g, 9), B(g, p), C(0, p) (see Figure 41). There are {(p — 1)(g ~'1)
such points. None of them lies on the dlagonal OB because p and g are coprime. Half
of them lie above the diagonal and half below '

CO,p % Blg,p

o _ Ag,0)
- Figure 41

Now let us count by a dlfferent method the pomts undemeath the line OB. The
‘equation of this line'is y = Z x. Foreach0 < k£ < g on the Vertlcal segment x = k there
are |kp/q] points below O B. Summing up, we obtain ‘ -

FJ N [Z_PF ot Lq - 1)pJ _ -1 -1
q q q 2

The expression on the right remams unchanged if we switch p and ¢, which proves the
identity. L _ O
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880. Prove the combinatorial identity -

2.8_81._ Prove the identity - |
2O -0
k=0 " k=0 N '
882. For integers0 <k <mn,1<m <n, prove the identity _
2O -2 00
883 Show that for any pos1t1ve 1ntegers pand q
P —I— k bofg+ky -
kZ ( )”*”ZW( k)=
884. Letq, = (7). Provethat

: n - . . . .
n .
’ .k CpCh—i = Cplpt1-

885. Let p and ¢ be odd, coprime positive integers. Set p’ = -"’—i—l and g’ = 2=, Prove
the 1dent1ty _

el ) (a2l L)

Now we turn to more diverse counting arguments.

Example. What is the number of ways of wntmg the posmve 1nteger n as an ordered sum
of m posmve 1ntegers‘7

Solunon This 1s a way of saying that we have to count the number of m-tuples of
positive integers (x1, Xz, . .., X,,) satisfying the equatlon Xj+ X2+ Xy =0 T hese
m-tuples are in one-to-one correspondence with the strictly increasing sequences 0 <
yi <y < --- < y, = n of positive integers, with the correspondence given by y; = x1,
Yo=X1+X2,..., ¥m = X1+ X2 R -+ X, The numbers yy, y2, ..., ¥,u— can be chosen
in ("“1) ways from 1,2, ..., n — 1. Hence the answer to the question is ,("_])

m—1 m—1I/"
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i # j the societies to which C; belongs are all different from the societies to which C;
belongs. Moreover, condition (ii) guarantees that any society will contain one of the
“clubs C;. Therefore, m; +ma+-- -+ m, = k:

From condition (i) we see that any two clubs C; and C ; have in common exactly the
student x. Therefore, in Cy, C», ..., C, there are altogether 2(m, +my +---+m,) + 1
students. But these are all the students, because by condition (i) any other student is in
some club with x. We obtain

2my +my+ - +m)+1=2k+ 1=n.

Hence k = T is the only possibility. And this smlatlon can be achieved when all
students belong to one club, which then belongs to %=1 societies. O

Here is a third example.

Example. On an 8 x 8 chessboard whose squares are colored black and white in an
arbitrary way we are allowed to simultaneously switch the colors of all squares in any
3 x 3 and 4 x 4 region. Can we transform any colonng of the board into one where all
the squares are black’? ' -

Solution. We claim that the answer is no. It is a matter of counting into how many regions
can an all-black board be transformed by applying the two moves several times. The total
number of 3 x 3 regions is (8 — 2) x (8 — 2) = 36, which is the same as the number of
moves in which the colors in a 3 x 3 region are switched. As for the 4 x 4 regions, there
are (8 —3) x (8 - 3) = 25 of them. Hence the total number of colorings that can be
obtained from an all-black coloring by applying the specified operations does not exceed

270 x 2% =21,

This number is less than the total number of colorings, which is 26, Hence there are
colorings that cannot be achieved. Smce the operations are reversible, this actually proves
our claim. : _ ‘_ : , L O

And now the problems.

886. Two hundred students took part in a mathematics contest. They had 6 problems to

 solve. Itisknown that each problem was correctly solved by at least 120 participants.

Prove that there exist two participants such that every problem was solved by at
least one of'them. - : :

88_7 . Prove that the number of 'nonhe_gatixfe integer 'solutions to the equation
ottt xp=n

m+n— ]).

is equal to ("




888
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- A number n of tennis players take part in a tournament in which each of them plays
‘exactly one game with each of the others. If x; and Yi denote the number of victories,

- respectively, losses, of the ithplayer, i = 1,2, ..., n, show that

889.

390.

AR =Y ety

Let A be a finite set and f and g two funcﬁons on A. Letm be’ the number of
pairs (x,y) € A x A for which f (x) = g(y) ‘n the number of pairs for which
f(x) = f(¥),and k the number of pairs for which g(x) = gl ¥)- Prove that

T2m < ntk.

A set S containing four positive integers is called connected if for évery x e Sat
least one of the numbers x — 1 and x + 1 belongs to S Let €, be the number of
connected subsets oftheset {1,2,...,n}.

- (a). Evaluate C;.

891.

892.

(b) Find:a general formula for C

Prove that the set of numbers {1, 2, .. ., 2005} can be colored with two colors such
that any of its 18-term arithmetic sequences contains both colors.

For A = {1,2,...,100} let A}, Ay, ..., A,, be subsets of A with four elements

“with the property that any two have at most two elements in common; Prove that if

" 'm >'40425 then among these subsets there exist 49 whose umon is equal to A but
with the union of any 48 of them not equal o A. | S

893.

894,

Let S be a ﬁmte set of points in the plane. A linear partition of S is an unordered

pair {A, B} of subsets of S suchthat AUB = 8§, AN B =, and A and B lie on

opposite sides of some straight line disjoint from S (A or B may be empty). Let
Lg be the number of linear partitions of S. For each posmve 1nteger n, find the
maximum of Lg over all sets S of » points.

Let'Abea 101 element subset of the set S = {1, 2, ..., 1000000}. Prove that there

- exist numbers t;, tz, i, teo In S such- that the sets

895,

-w&+4|xeA} j=1,2,...,100,

. are pairwise disjomt._

Given a set A with 1% elements, n > 2, and F a family of subsets of A each of
which has n elements, suppose:that any two sets of 7 have at most one element in
common.

(a) Prove that there are at most n”> + n sets in F. -

(b) In the case n = 3, show with an example that this bound can be reached.
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896. A sheet of paper in the shape of a square is cut by a line into two pieces. One of
. the pieces is cut again by a line, and so on. What is the minimum number of cuts
one should perform such that among the pieces one can find one hundred polygons

with twenty sides. | '

897. Twenty-one girls and twenty—one' boys took part in a mathematics competition. Tt
- turned out that :
' (1) .each contestant solved at most six problems and
(i1) . for each pair of a girl and a boy, there was at least one problem that was solved
by both the girl and the boy.
Show that there is a problem that was solved by at least three girls and at least
three boys.

624 The Inclusion-Exclusion Principle

A particular counting method that we emphasize is the inclusion-exclusion principle,
also known as the Boole—Sylvester formula. It concerns the counting of the elements in
a union_o_f, sets A; U Az_U EREAY. Anp, and ‘works as follows. If we simp_l_y wrote

|1‘11UA2U CUA,| = A ¥ A+ +|A|

we would overcount the elements in the. 1ntersect1ons A n A Thus we, have to subtract
[A10 Azl +]A1NAs|+-- -+ IAnﬁl N A, But then the elements in the tnple intersections
A; M A; N Ay were both added and. subtracted We have to put them back. Therefore, we
must add |A1 N A2 NAz[+---+ A2 N A ﬂ A, And so on. The ﬁnal formula is

'MJUAZU UA|__Z]A|—§:mf1A|+ +( n"HA ﬂAzﬂ ‘N A,

Example. How many integers lless than 1_000_ a_re not.divisi_bleby 2,3, 0r57 |

Solution. To answer the question, we will count instead how many integers between:1
and 1000 are divisible by 2, 3, or 5. Denote by Aj, A3, and As be the sets of integers
divisible by 2, 3, respectively, 5. The Boole—Sylvester formula counts |A; U A3 U As| as

Aof + |As| + [As| — |A2 N As| — |A2 N As| — |A3 N As|+ [A2 N A3 N As]
] 1000 1000 1000 1000 1000 | | 1000 | | 1000
..—lTJJrl-.-—s-—JflTJ—lTlf-le—lwal
='500 + 333 + 200 — 166~ 100 = 66 +33 =734, '

It follows that there are 1000 734 = 266 1ntegers less than 1000 that are not d1v131ble
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" The second example comes from . Tomescu s book Problems in Combmatorzcs
(Wiley, 1985). :

Example. An alphabet consists of the letters a;, az, . . . , a,. Prove that the number of all
words that contain each of these letters twice, but Wlth ne consecutive 1dent1eal letters,
18 equal to

217 [('2;1)'! _ (71‘)2(2}1 —"1._)1'.+_ (;)22(2;{— M- ... }_(q_ljnznnl} -

- Solution. The number of such words thhout 1mposmg the restriction about consecutlve
letters is - ' '
(2n)‘ (Zn)!'
(2;):1 = I

ThlS 1S SO because the 1dentlcal letters can be permuted
" Denote by A; the number of words formed with the # letters, each occurrmg twice,
for which the two letters a; appear next to each other. The answer to the problem is then

1
O G A

We evaluate |A; U A, U- - -U A, | using the inclusion—exclusion principle. To this end,
let us compute |A;, N A N---M A | for some indices iy, iz, . . ., ix, kK < n. Collapse the
consecutive letters a;;, j = 1,2; ..., k. As such, we are, in fact, computing the number
of words made of the letters a,dz,...,apimwhicha;, a;, ..., a4 appear once and all
'other letters appear twice. ThlS number 1s clearly equal to ' o
o | (2n — k)!

m—k

since such a word has 2r — & letters, and identical letters can be permuted. There are (;)
k-tuples (i, iz, ..., ). We thus have o

]AIUAQU---UAH|:ZZ( DAL N AL N0 A
ki,

2n—kY!
—Z( 1y 1()(;%)’

and the formula is proved. ' - . O

898. Letm,n, p,q,r,s be pos1t1ve 1ntegers suchthat p < r < mandg < s < n. In
~ how many ways can one travel on a rectangular grid from (0, 0) to (m, n) such
that at each step one of the coordinates increases by one unit and such that the path
avoids the points (p, g) and (r, 5)? ‘
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899. Let E be a set with n elements and F a set with p elements, p < n. How many
surjective (i.e., onto) functions f : E — F are there? '

900. A permutation ¢ of a set S is called a derangement if it does.not have fixed points,
- ie., ifo(x) # x forall x € S. Find the number of derangements of the set
{1,2,...,n}

901. Given a graph with n vertices, prove that either it contains a triangle, or there exists
a vertex that is the endpoint of at most 15] edges. '

902. Letm > 5 and n be given positive integers, and suppose that P is aregular (2n+1)-
' gon. Find the number of convex m-gons having at least one acute angle and having
vertices exclusive among the vertices of P..

903. Let ' = {z € C | |z| = 1}. For all functions f : §' — §! set f! = f and
= fofr n>1 Callw € S1 a periodic pomt offofperlodnlf f’ (w) # w
_ fori=1,...,n— 1 and f"(w) =w. If f(z) = 7", m a posmve 1ntcger ﬁnd the

' 'number of perlodlc pomts of f of perlod 1989 -

904. For posmve integers x|, Xz, ..., X, denote by [xl, X2, ..., X,]| their least common
multiple and by (xy, x2, ... xn) their greatest common divisor. Prove that for
‘positive integers a, b, c,

[a,b,c]* = (a b,c)?

[a, b][b cic,al  (a,b)b, o), a)

905. A 150 X 324 x 375 rectangular sohd 1s made by glumg together 1 x 1 P 1 cubes
An internal diagonal of this solrd_passes through the interiors of how many of the
1 x 1 x 1 cubes? '

6.3 Probability |
6.3.1 Equally Likely Cases

In this section we consider experiments with finitely many outcomes each of which can
occur with equal probability. In this case the probability of an event A is given by

number of favorable outcomes
P(A) = :

totai nuniber of possible outcomes' |

‘_The computation of the probability is purely comblnatonal it reduces to a countmg
problem.
We start with the example that gave birth to probabrhty theory




906.
907.

908.
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Let v and w be distinct, randomly chosen roots of the equatlon z1997 ~1 = 0. Find

“the probablllty that \/ 2+ «/3_‘ < Iv —I— w).

Find the probab111ty that inagroup ofn people there are two Wlth the same blrthday
Ignore leap years.

‘A solitaire game is played as follows. Six distinct pairs of matched tiles are placed
‘in a bag. The player randomly .draws tiles one ‘at a time from the bag and retains
‘them, except that matching tiles are put aside as soon as they appear in the player’s

~ ‘hand. The game ends if the player ever holds three tiles, no.two of which match;

£ 909.

otherwise, the drawing continues until the bag is empty. Find the probability that

~ the bag will be emptied.

An urn contains n balls numbered 1,2, ..., n. A person is told to choose a ball
and then extract m balls among which is the chosen one. Suppose he makes two

- jmdependent extractions, where in each case he chooses the remaining m — 1 balls

910.

011.

912,
913.

914,

at random. What 18 the probablhty that the chosen ball can be determined?

Abag contains 1993 red balls and 1993 black bails We remove two balls at a time
repeatedly and

(1) discard them if they are of the same color,

. (it} discard the black ball and return to the bag the red ball if they are of different

-colors.

-What is the probability that this process will terminate w1th one red baH in the bag‘?

The numbers 1, 2, 3,4,5,6,7,and 8 are written on the faces ofa l‘egul'ar octahedron
so that each face contains a different number. Find the probability that no two
consecutive numbers are written on faces that share an edge, where 8. and 1 are
considered consecutive. o

What is the probability that a permutation of the first n positive integers has the
numbers 1 and 2 within the same cycle.

Anunbiased coin is tossed. n times. Find a form.ula,' in cIOsed fOftri, for the expected
value of |H —T|, where H is the number of heads, and 7 is the number of tails.

Prove the identities
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915. Anexam consists of 3 problems selected randomly from a list of 2r problems, where

91e.

n is an integer greater than 1. For a student to pass, he needs to solve correctly
at least two of the three problems. Knowing that a certain student knows how to

- solve exactly-half of the 2n problems, find the probability that the student will pass

the exam.

The probability that a. woman has breast cancer is 1%.. If a woman has breast

- cancer, the probability.is 60% that she will have. a positive mammogram. However,

- if a-woman does not have breast cancer, the. mammogram might still come out
- positive, with:a probability of 7%. . What is the probab111ty for a-‘woman with

917.

915,

‘positive mammogram to-actually have cancer?

Find the probability that in the process of repeatedly ﬂ1pp1ng a coin, one will en-

counter a run of 5 heads before one encounters a run of 2 taﬂs

The temperatures in Chlcago and Detrort are x° and ¥° respectlvely These tem-

‘peratures are not assumed to be independent; namely, we are given the followmg

@) Pix° = 70°) — g, the probability that the temperature in Chlcago s 70°,
(i1)- P(y*=70°) = b,and : . . _ .

| (ii1) P(max(x ,¥°) =T70°%) =c.

Determine P{min{x°, y°) = 70°) in terms of a, b, and c.

919." An urn ‘contains both black and white miarbles. Each time you pick a marble you

920.

921,

922.

923.

return it to the urn. Let p be the probability of drawing a white marbleandg = 1—p
the probability of drawing a black marble: Marbles are drawn until » black marbles
have been drawn Ifn+x 1s the total number of draws, ﬁnd the probablhty that
X = m '

Three 1ndependent students took an exam. The random Vanable X representing
the students who passed, has the distribution

‘01.2 3
2133 1 ]
5.30°20 60

Flnd each student $ probab111ty of passmg the exam.

.leen the 1ndependent events A, Az, ..., A, with probablhtles D1y P2y ey P

find the probability that an odd number of these events occurs.

Out of every batch of 100 products of a factory, 5-are quahty checked If one
sample does not pass the quality check, then the whole batch of one hundred will
be rejected. What is the probablhty that a batch is rejected if it contains 5% faulty
products.

There are two jet planes and a propeller plane at the small regional airport of Gauss
City. A plane departs from Gauss City and arrives in Eulerville, where there were




