Exam 1, 225:161, Fall 2009

NAME: SOLUTIONS

This exam has 6 questions; some have several parts. You may use your “formula sheet,” a table
of percentage points of the t-distribution, a table of upper 5% points of the F' distribution, and a
calculator. All work should be done on the examination paper. Use backs of facing pages if you
need extra room. Show your work as clearly and neatly as possible to receive partial credit. You
have 90 minutes for this exam. Good luck!

Points awarded:

1. /14
2. /15
3. /15
4, /14
5. /14
6. /28




1. (14 pts.) Suppose that a random sample of size n = 2 is taken from a trivariate distribution.
One geometric interpretation of the sample regards the columns of the 2 x 3 data matrix X
as vectors in R2. That is,

X= [ylv Y2, y3]

where each y; is 2 x 1. The residual vectors are defined as
di=yi-z1 (:=1,23)

where Z; is the sample mean of the ith variable. Suppose that d;, do, and d3 are as depicted
in the following diagram:

Based on the information in this diagram, arrange the quantities in each of the following two
lists in order, from smallest to largest.

(a) s11, 922,533
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2. (15 pts.) The following diagram depicts an ellipse in R?. The points on the ellipse satisfy the

equation X’ Ax = 1. Using the information given in the diagram, determine A. (Hint: Use
the spectral decomposition.)
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3. (15 pts.) The following partial information is given:

X1 1 o1 2 1
X=| X2 | ~N3(p, ), where p=| p |, E=| 2 oy o0
X3 H3 1 o032 o33

Use the following 4 additional pieces of information to completely determine g and X.

(a) The distribution of [ Xs ] is bivariate normal with mean { 3

X3 4
4 1
1 2
(b) The conditional variance of X;, given X; = 3 and X3 = 0, is 13.

(c) E(X?) =4.
(d) m <0.

} and covariance matrix

V&l <X| {Xf.}/X;:O) = l7é
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4. (14 pts.) Suppose that
X, -1 4 1

X=| X2 | ~N3(,X), where p=| 0 |, X¥=|1 3

X3 11

X1+ Xo
Xo+ X3

(a) Determine the distribution of

(b) Determine a function of X; and X3 that has a chi-square distribution with two degrees
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5. y'e (14 pts.) A random sample of size 35 was taken from a bivariate distribution. The bivariate
scatter diagram of these data is displayed below:
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(a) On the basis of this diagram, is the hypothesis that the distribution is bivariate normal
plausible? Explain.

No, ._ﬂ\e. Scaller Axiotir\o\m i‘S no“\' eNen QlDSQ_.
“+o \oeinj e,l\ip-h‘ca( in Shape.

(b) Would you have reach the same conclusion you reached in part (a) if you had examined
histograms of only the two marginal distributions. Explain.

No. Each oF The Fwo mar )noJ hig‘,l-ojram
would be 'O»Pprox{mmLe[j b&ﬁ-&%qfaei) qé
'S Seen bj men‘{'avu\aj prodec‘f'inj all Fhe
POir\‘{'S in the Scatfer cLiaﬂram 4o either the

KIS or KT axis.



23
b & (¥ pts.) Suppose that a random sample of size 16 was taken from a N3(u,X) population,
resulting in the following sample mean and covariance matrix:

10 4 1 3
X=|11], S=|[19 2
13 3 2 4
11 11
(a) Test Hy: p= | 11 | versus Hy; : p # | 11 | at the .05 level of significance. You may
11 11
use the following result:
.58 04 —.45
S7'=| 04 .13 -.09
-.45 —-.09 .64
- / -
To=n(%-) S (X-p0)
=16 (-1,0,2][.58 .o+ =45}
o4 I3 =-.09 o
-.45 -.09 % 2
= - 29 -
= )¢ [-1.48, ~.22, 1.73] !
2
= 79.0¢
(n-lp - (52 F = = 41) = .30
h=p OS5, 0077 2 leeszaz 130 SR

Since [79.04 > (1.€0, we rg\jecﬁ HO,



(b) Obtain Bonferroni-based 94% simultaneous confidence intervals for the component means
and all pairwise difference of the component means. (That is, use the Bonferroni approach
to obtain intervals for the component means and their pairwise differences, such that the
simultaneous coverage probability of the intervals is at least 94%.)
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