
Exam 1, 22S:161, Fall 2009 

NAME: SO LU Tl ONS 

This exam has 6 questions; some have several parts. You may use your "formula sheet," a table 
of percentage points of the t-distribution, a table of upper 5% points of the F distribution, and a 
calculator. All work should be done on the examination paper. Use backs of facing pages if you 
need extra room. Show your work as clearly and neatly as possible to receive partial credit. You 
have 90 minutes for this exam. Good luck! 

Points awarded: 

1. /14 

2. /15 

3. /15 

4. /14 

5. /14 

6. /28 
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1.	 (14 pts.) Suppose that a random sample of size n = 2 is taken from a trivariate distribution. 
One geometric interpretation of the sample regards the columns of the 2 x 3 data matrix X 
as vectors in 'R,2. That is, 

where each Yi is 2 x 1. The residual vectors are defined as 

where Xi is the sample mean of the ith variable. Suppose that d i , d2, and d3 are as depicted 
in the following diagram: 

Based on the information in this diagram, arrange the quantities in each of the following two 
lists in order, from smallest to largest. 

(a) SU,S22,S33 

S i (\(. €. --the.. s'Lu_O-.,eJ.. I €..r:Jth..s o-t The.- re-S i olucJ ve..e-+-o rs
 
CL'e.. fro for+; 0,,0...1 -f-o -t-h:e.- SQI"\1-P[e. VClriQ()c..es) we..- htlve..
 

S.33 < 5 11 < 5.22 . 

(b) r12,r13,r23 

S i I'"\ce..- -the.. coSi nE:... c-r- Q'2Jle... b e..+Wee." +Wo res iduc...1 
ve...c.+or$ i.s. €.1 \.U\.- ( -fo SQmp [{.. Co rrel CLti 01\ 

CDQ.++i c..i eAt be.+We e.1l +wo corre..spof\di2j VCLrl etbles.J 
\.\Je..... ha..-v€.... 

< r,.2.r23 
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2.	 (15 pts.) The following diagram depicts an ellipse in R,2. The points on the ellipse satisfy the 
equation x'Ax = 1. Using the information given in the diagram, determine A. (Hint: Use 
the spectral decomposition.) 

C:::. 
'-..J I (\ ce... 

Io~..r\O-. (~/2.)e = 
"-' 2. I . 

j/2­

Also) _I 
~2. -

~ :y \2 == 10. 

d. e. CDIY1 po-s ;'Hon) 

A ­
"-'" 

~ I I 
e e l 
_\ """'I 

+ \ €..., e,'
2..-2,.-:2­
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-~ 

- ,.[""0/+) 
2yt 

+ I(p (.3-'1­
r-r~ 

- (~15'; I~ 
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3.	 (15 pts.) The following partial information is given: 

Use the following 4 additional pieces of information to completely determine J.L and I:. 

(a)	 The distribution of [ ~~ ] is bivariate normal with mean [ ~ ] and covariance matrix 

[i ~]. 
(b)	 The conditional variance of Xl, given X2 = 3 and X3 = 0, is V. 
(c)	 E(Xf) = 4. 

(d)	 J.LI < 0. 

YCAr(X, \X,,-=3/X,3=O) =- I~ 

~	 0;, - (:<, I)(~ ~re) = ~ 

~	 0;, = 'i + (2, ,) ~ (_"I ~ )(~) = ~ + t(3; ,-)(~) = 3 

-n u-S I ( a.. ) 0..(\ cl (b) iN\ pj -th~t 

Ne-)(+) I:::. (X \~) = ~
 

9 Vo.-r (X J + f- ~ - 4
 

+ r	 l2~ 3 = 1­

-to lA)) jl = II	 - .:5 i ne.-e... f"l..c 0 Cf-...c..c..or~;~ 

Ih v--S.J f!:..== C~)-
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4. (14 pts.) Suppose that 

X ~ [~:] ~ N3(p,E), whe,e P ~ [~1 E ~ [! ~ ~] 

(a) Determine the distribution of [ ~~ : ~~ ] . = (l \ D) X .~( D , \ - / 

N (JJ...JtI. ~-/f ) W ne-re.­
.2.	 /- ) ) 

~*,::::- (~ I I ~ X-~) =c (-i) ) 

I 
<i-*= O)C I 1)(1 0)(~ \ \ \ 3 I I I 

I	 I 2. () I 

- 1-	 ­
(~ 4- ~)( ~ :) (~ ;) 

(b)	 Determine a function of Xl and X 3 that has a chi-square distribution with two degrees 
of freedom. 

50 
( X, +- I) ><3 - I) (1- I '\1 ( >( \ -l- \) ~ X ~ J j .e. . 

I 2) ~J- I 

~	 (X I + I / ~ - 1)( 2. - I ) (X, +-1) X 2. I . € . .""-.J 

7	 -\ 4- X _ I 2. ) 
3 

;	 (X \+ I ):2 + ~ (><J- r ) < - ~ (X 1+ \ )(><'3 - I) ~ ~_ 
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5·,t: (14 pts.) A random sample of size 35 was taken from a bivariate distribution. The bivariate 
scatter diagram of these data is displayed below: 

x )( 'J.. >e- XI 

x 

'X 

x 

~'I. 

y l- )(
'1=)l~l'<~ 

.,. )( X X 

)C. 'i )( 

X x 
)( 

x 

(a) On the basis of this diagram, is the hypothesis that the distribution is bivariate normal 
plausible? Explain. 

sc~ner Ji~r~M IS I\ot eve.",\ 

e-l \ Ipii coJ ,(\ s hQPe..· 

(b) Would you have reach the same conclusion you reached in part (a) if you had examined 
histograms of only the two marginal distributions. Explain. 

o-t the- +w 0 /Y) C\. ~ ')I (\ 0...1 hi S~ ~CLms 

u.pp ro)<.( iV\0\. +e~ be-lT- -s h~pe d.) a..S 

is Se..e.J\ bj rnen+~l~ pru e-eh':j Q\ l 'fh- €-­

"rI -th e... S CCL*er ell ~ra..M io €. ittter- --the­
or 
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28 
~ % (e pts.) Suppose that a random sample of size 16 was taken from a N 3 (p., E) population, 

resulting in the following sample mean and covariance matrix: 

413]
S= 1 9 2 .[324 

(al Test Ho : I-' = [ :: ] versus HI : I-' 'I [ :: ] at the .05 level of significance. You may 

use the following result: 

.58 .04 -.45]
S-l = .04 .13 -.09 

[ -.45 -.09 .64 

\ '2.. -::;" n ( g- }!:p) I ~-I(~ - ~o) 

I~ [-1 ) 0/ .2. Jr. 5~ .01­ 4Sll-ll,01- .13 -.- ,o~ 0 

-.45 -.O~ .~4- 2.. 

= 1(, [-I.4-~/ -.2"2.) 1.73JUl 

- 79.ot 
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(b) Obtain Bonferroni-based 94% simultaneous confidence intervals for the component means 
and all pairwise difference of the component means. (That is, use the Bonferroni approach 
to obtain intervals for the component means and their pairwise differences, such that the 
simultaneous coverage probability of the intervals is at least 94%.) 

We..-- ne.~d. i",+ervaJS -t;r -the... ~\loWi3 Co rvw,-,,+i+le..s-. 
fll) f2)f3) Y,-jJ-.2.) jAI- jJ-3 ) f2--,P3 

--rJ.e..re-+; Ie) -the. -t -vG.-! ""e... we- n e-e-ol IS -t.o~ .~)/ /5 = ~. '1'1-7. 

--n.~ de S \- reel COf\+i de-Ace.- i (\-+ e r v'CLl S a..re. 

X 
I

± d·'1t7~+--1CD 

X-:z.. -±: :<.91-7~ 't1~ 

~ ± ..?, I 1-7 ~ 4-/1 ~ 

(X, - 'X
2 

± ~.14-7 ~ "++/:-~) 

(X - X \ + ;) ~4 7 r4-+4 - e;, 
1 3)-' l' I~ 

(><1-- X-:; ) ± .2. '11-7 ~ 'l +11-.1 

1L) ± 1.+7 

I ( +- ;2.,2/ 

13 ± 1.1-7-

-1 -+ .:<.t1­

- 3 :: 1.0",+ 

-.2 + .J.:2 I 
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