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Chapter 3
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=[ ] b) & =y -kl =0 4T

& = fp-%l =01 10T

L =/32; L =42
& TTe

Let 8 be the angle between & and gy then cos {8) =

-4/v32%x2 = =.5

= . = 2 - .
or S4q = 32/3; nsy, =L, or Sy = 2/3;

CZ g2
Therefore n 11 ¢ Le e,

<1

ns;, e e, or s, = -4/3. Also, r, =cos (8) = -.5. Conse-

: 32/3 -4/3 . 1 -.5
quently Sn = and R = 5 1 .
-4/3 2/3 -

4
H SR SR

L ="5'; L =/18

5 %
Let & be the angle between & and 255 then cos (8) =
-9//6 x 18 = -.866 .

. = = D g =12
or sn—6/3-2,nszz_l.£

or s,,; =
€y 22

[’ = 2
Therefore n s.n LS]

2 -3 1 -.866
and R =
-3 ' s : ";86’6 1 .

=18/3 =63 n §12 =75-; e, or ?512

cos (8) = -.866. <Consequently Sh



3.3

3.5

3.6

Thus
A 1 3
Yy = 4| =1 3

-9/2

11

-2
1

| - - f
y] = [1, 4, 4].; x]l = [3, 3, 31; !] - x'l 1 =[-2,1,1]

= K1y -k )

3
so S = and |S] = 27/4
-9/2 9 .

1x

, 3 0 -3
a) . 1x=]0 11 . Thus &, = [-3,0,-3],

3 -1 2

¢, =1{0,1,-1] and ¢, = [-3,1,2].

Since d, = d, = g, the matrix of deviations is not of full rank.



b) 18 -3 15
25 = (X-1xY(X-1xh=|-3 2 -
| 15 -1 14
So
9 -3/2 15/2

S = -3/2 1 -1/2
15/2 -1/2 7

Is| = 0 (Verify). The 3 deviation vectors lie in a 2-dimensional

subspace. - The 3-dimensional vo]ume;enclosed by the deviation

- vectors is zero.
c) Total sample variance = 9 +1 +7 =17.

3.7 A1l ellipses are ‘centered at g .

[5 4] 4 [ 5/9 -4/9]
'i) For S = ’ S =1
4 5 -4/9 5/9

Eigenvalue-normalized eigenvector pairs for S" are:

Al ]’ sﬂ; = [.707, '.707]

A, =1/9, &, = [.707, .707]

Half 1engthvs of axes of ellipse  (x- )':)'S"(gg_-:'() <1
are 1//A{ =1 and 1//x; = 3 respectively. The major axis
of ellipse lies 1in the direction of 53 _the minor axis

lies in the direction of e -

5 -4 | 5/9 4/9
if) For S = [ , S"I = / : /
-4 5 a9 5/9 |

Eigenvalue-normalized eigenvectors for S"I are:

A =1, e = [.707, 7071

Xy = 1/9, e, = [.707, -.107]
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3.8

a)

b)

iii)

- Eigenvalue-normalized eigenvector pairs for s”

Half lengths of axes of ellipse (E-g)fS"l (5-3) <1 are,
again,.I/JX; =1 and I/Ji; = 3, The major axes of the
ellipse lies in the direction of €5 the minor axis lies

in the direction of e- Note that e, here is e] in

‘part (i) above and e, here is ‘&, in part (i) above.

3 0 -1 1/3 0
For S = s S = -
0 3 0 1/3

! are:

. ! - .
11 = 1/3; 4 01, o]
Ay =173, & =10,1]
Half lengths of axes of ellipse (x '-?_)'S"I (5-2) <1 are
equal and given by 1//X{ = IIJTE = /3, Major and minor
axes of ellipse can be taken to lie in the dfrections of the

coordinate axes. Here, the solid ellipse is, in fact, é solid

sphere.

Notice for all three cases S| = 9.

Total sample variance in both cases is 3.

For

For

1. 0 0 ,
s=]0 1 o], |s]=1
0 0 1

1 A2 A2
s=|-172 1 -2, Is|=0
/2 <172
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3.9 (a) We calculate T = [16,18,34]' and

f 4 1 —5
2 2 4 '
X.=| -2 -2 —4| and we notice col;( X.)+ colo( X.) = col;( X,)
4 0 4
0 1 1

soa=1[1,1,-1] gives X.a=0.

(b)
[ 3 13
S , _ 10(25)(18.5) + 39(15.5) + 39(15.5)
S [13 gg 12:2} ©I81= "_n3p@es) - 9(185) - 55(5.3) =0

10+3-13 0
Sa = 3+25-55| = |0

13+5.5—-18.5 0

As above in a)

(c) Check.

3.10 (a) We calculate T =[5,2,3 ) and

[ -2 —1 -3]
1 2 3 :
X.=| -1 0 -1 and we notice coly( X.)+ colo( Xc) = coli( X.)
2 -2 0
0 1 1)

soa=1{1,1,-1] gives X.a=0.

{b)
256 0 25
5(2.5)2 + 0 + 0
S=| 025 25| so |S|= 3 3 _
[2.5 P 5} ~(25)° — 0 — (25)* =0

Using the save coefficient vector a as in Part a) Sa = 0.
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(¢) Setting Xa =0,

3a; + a =0

7a, 4+ 3az =0 so M = ~3as
5a1 + 3a2 + 4a3 =0 501 - 3(301)+4a3;0

so we must have a; = a3 = 0 but then, by the first equation in the first
set, ap = 0. The columns of the data matrix are linearly independent.

3.11 14808 14213
S = . Consequently

14213 15538

1 .9370 ' 121.6881 o -1
R = 3 p!/? - S '
.9370 1 0 124.6515

.0082 0
and 0'1 e
. 0 .0080

1/2 o 1/2

The relationships R = 0-1/25p1/2 4nd s=0"%Rp

can now be verified by direct matrix multiplication.



3.14° a)

b)

From first principles we have
,. 9
b™x = [2 3] = 21
- - 1
Similarly b' x, =19 and b' x3=8 0
2141948 _ 46

sample mean = —3—

(21-1s)2+(19£1s)2+(a-1s)=

= 49

sample variance

9
Also c¢' x, = [-1 2] []--7; c'x2='l and ¢' x, =3
so

sample mean = -l

sample variance = 28

50

Finally sample covariance = (21']6)('7'”)"'(]9‘;5)(1"")"(345)(3-!4)

-28.
. : | 16 -2
=[5 2] and S =
- -2 1

Using (3-36)

t %



3.15

5
sample mean of P' 5 = B’ .’.‘. =[2 3] [2]= 16

5
sample mean of S' X= -1 2] [z]g -1

sample variance of b' X = E' sb = [2 3][

sample variance of 5" X= E' Sc = [ 2]‘:

sample covariance of b' X and c' X

16 -2 -1
=b'Sc=[2 3][ , ] \: } = -28
-~ -2 1 2 |

Results same as those in part (a).

5 13 -2.5
=03, s=|-25 1
4 1.5 -1.5

sample mean of b' X =12
- Q

to< 1

sample mean of g'
sample variance of b' X =12
sample variance of c' X =43

sample covariance of E' X and ¢' X=-3

16

16

1.5
-] 05

b
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3.16 Since v © E(V -y )Y "-’-V).

. ]
B - Yy -y i)

E(WY') - By - B0 *ey

]
E(WV') - gy - Rylty *Byby

E(W') - nysy »

we have E(W') =§ + Mydy -

3.18 (a) Lety = x;+xo+x3+x4 be the total energy consumption. Then

y=[1 1 1 1Jx=1.873
st=f0 1 1 1St 1 1 1]'=3.913

(b) Lety=x;—x; be the excess of petroleum consumption over natural gas
consumption. Then

y=[ -1 0 o]x=.258
s2=[1 -1 0o o]sfi -1 0 o]'=.154
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