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Chapter 3

3.1

a) ~ = (:) b) ~, = ~, - i,! = (4 tOt -4) i

':2 = ~z - x2! = (-1 t '. 0) I

c) L = m.e t..1
L = 12
:2

Let e be the angl e between .:, and :2' then èos ~e) ~

-4//32 x 2 = -.5

Therefore n s" = L2 or $" = 32/3; n S = i2 or S22 = 2/3;:, 22 ~2
n 5'2 = ~i':2 or slZ = -4/3. Also, riZ = cos (e) = -.S. Conse-

(32/3 -413) "( 1" -.5)
quently S = and R =n -4/3 2/3 -.5 1

a) g = (;J b) :1 = II - xl! = (-', 2, -11'

~2 = l2 - xz! = (3, -3, 0)'

c) L =/6; L =11':1 ~2
Let e be the angle between ':1 and ~2' then eOs (e) =

-9/16 x 18 = - .866 .

Therefore n 31, = L!l or s" = 6/3 = 2; n 522 ~ l~ or szi =

= 18/3 = "6; n ši.2 = :~ -:2 or :5'2 = -9/3 = -3. Also, r1Z =

~"s (e) = _ .8:6'6. Consequently So =( Z -3) and R= ( 1 - .8661
-3 '6 . -.86'6 1 J
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3.3
II = (1, 4, 4)';

xl ! = (3,3. 3); II - ii ! = (-2, 1, 1 J'

Thus
1 3 _2J

= 4 = 3 + 1 - ii ! + (ll - xl l)li . -

4 3 1

l'.(~
5

:) ; (:

5

:J
a) - l3.5 X 1&

3 i

_.) - ')'
=e

0

-:)E ~; 1. ( 32 -:J
2S=(X-xl CX-xl.. ..

1 o -4

so S .l6
~2J

-2

, (3

6

:J ~

b) 1: =

4 -2

and l sIc: l2

i l' · (;
4

1 ;J
-1 3

2

-:J e -9)
~ -3

= -9 18-3
-1 0(-31

2 S = (X - 1 x')' ( X-I ?) =". ,. .. ..

so S =.. ( 3 -9/2 J and Isl = 2.7/4
-9/2 9

3.6 a) X'- 1 x' = r -~ ~ -~ J. Thus d'i = (-3, 0, -3),- N 3 -1 2 N
!2 = to, 1, -1) and ~/3 = (-3, 1,2) .

Since,Ši = .92 = 23' the matrx of deviations is not offull ra.



3.7

46

b)

(X - 1 X')' ( X-I xl) = ( ~ ~.. "i øw --
15

15J
-1

l4
2 S =

-3
2

-1

So

( 9 -3/2.

S = -3/2 1
15/2 -1/2

1'5/2)
-1/2

7

Isl = 0 (Verify). The 3 deviation vectors lie in a 2-dimensional

subspace. - The 3-dimensional volume ,enclosed by ~he deviation. .
vectors 1 s zero.

c) Total sample varia-nce = 9 + 1 + 7 = 17 .

All e11 ipses are 'centered at

i) For S = (: : J '

-x .-

S";1 (~ -:~:
-4/9J

519

Eigenvalue-normalized eigenv~ctor pairs for 5-1 are:

À1 = 1. ;1 = (.707, -.707)

À2 = 1/9, !~ = (.707, .7n7)

Half lengths of axes of ellipse (x-x)'S-l(X-X) S 1.. - ..-
are l/Ir = 1 and l/~ = 3 respectively. The major axis

of ell ipse 1 ies in the direction of ~2; the minor axis

1 ies in the direction of :1.

if)
( 5 -4) -1

s= , s =-4 5 . (5/94/9

4/9)

5/9

5-1 are:

For

Eigenvalue-normal ized eigenvectors for

Ài = 1. :~ = (.707. .707)

i
À2 = 1/9, ~2 = (.7~7, -.7Ð7)
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Half l~ngths ~faxes of ell ipse (x - x)'S-l (x - x) ~ 1 are,.... ...
again. l/lr = 1 and 1/1. = 3. The major axes 

of the

ellipse li.es in the direction of ':2; the minor axis lieS'

in the directi~n of =1. Note that ~2 here is =1 in

"part (i) above and =1 here is =2 in part (i) above.

iii) For S = (3 0),. S-l = (1/3 OJo 3 0 l/3
Eigenvalue-normalized eigenvector pairs for 5-1 are:

Half lengths of axes of ellipse

).1 = 1 13; ~i = (1, 0)

).2 = 1/3, !~ = (0. lJ

(x - x)' 5-1 (x - x) s 1.... _.. are

equal and given by l/ir = l/lr = 13. Major and minor

axes of ellipse can be taken to lie in the directions of 

" the

coordinate axes. Here, the salid ellipse.is, fn fact, a solid

sphere.

Notice for aii three cases 1s1 = 9.

3.8 a) Total sample variance in both cases is 3 .

S. G
0

~J.
b) For 1 Isl = 1

0

For S =(-1~2
-1/2

-1/2
1

- l/2

-1/2J
-1/2 ,

1

Isl = 0
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3.9 (8) Vve calculate æ = (16,18,34 l and

-4 -1 -5
2 2 4

Xc= -2 -2 -4
4 0 4

0 1 1

and we notice coh( Xc)+ coh( Xc) = cOli( Xc)

so a = fl, 1, -1 J' gives Xca = O.

(b)

( J I I 10(2.5)(18.5) + 39(15.5) + 39(15.5)
S = 1~ 2.~ 5~~ so S = -(13)2(2.5) _ 9(18.5) -55(5.5) = 0

13 5.5 18.5 "
As above in a)

Sa = ( 3 ~ ;53 -= 5~~ J - ¡o~ J

13 + 5.5 - 18.5

( c) Check.

3.10 (a) VVe calculate æ = (5,2,3 J' and

-2 -1 -3
1 2 3

Xc= -1 0 -1
2 -2 0
0 1 1

and we notice coh( Xc)+ ~012( Xc) = cOli( Xc)

so a = iI, 1, -1 J' giv.es Xca = O.

~b)

( 2.5 .0 2.5 J

S =. 0 2.5 2.5
2.52.5 5

I S I - 5(2.5)2 + 0 + 0so - -(2.5)3 _ 0 - (2.5)3 = i)

Using the save coeffient vector a as in Part a) Sa = O.
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(c:) Setting Xa = 0,

3ai + a2 = 0
7ai + 3ag = 0 so
5ai + 3a2 + 4ag = 0

ai -
5ai

g-"jag
3(3ai) + 4ag = 0

so we must have ai = as = 0 but then, by the first equation in the fil"t
set, a2 = O. The columns of the data matrix are linearly independent.

3.11

i14808

1 4213 J

S = Con~equently

14213 15538

( 09:70

09:70) ;
01/2 = (121 ~6881

o )
R =

124 .6515

and 0-1/2 =

(" 0:82 00:0 J

The relationships R = 0-1/2 S 0-1/2 and S = 0'12 R 01/2

can now be verifi ed by direct matrix multiplication.
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3.14. a) From fi rst pri nciples we hav.e

f ~l · (2 3) (~J' 21

-

Similarly Ë' ~2 = 19 and Ë' ~3 = 8 so

sample mean =
2l+19+8 = 16

3

sampl~ vari ance =
(21_16)1+(19-16)2+(8-16)2 = 49

2

Also :' ~1 · (-1 2) (~J = -7;

so

IC X = 1_ -2
and :' ~3 = 3

sampl e mean = -1

sampl~ variance = 28

Finally sample covariance = (21-16)(-7+1)+(19-16)(1+1)+(8-16)(3+1) =

-2.8.

) -I (b ~ = 5 2) and

.

S · ( ~: -12 J

Using (3-36)
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sample mean of b' X =~' ~. (2 3) (:1 = 16

sample mean of :' ~ = (-1 2) (:1.-1

sample variance of b' X · ~' S~ · (2 3) e: -121(: 1 = 49

sample variance of C' X = :' S:.' (-1 21 C: -121 (";1 · .28

sample covariance of b' X and c' X.. .. .. -

l6 -2J (-11
:b'Sc=(23) " . =-28- -, -2 1 2

Resul ts same as those ; n part (a).

E · (;1.
(13

S = -2.5
1.5

1.SJ
-1.5

3

-2.5
1

-1.5

sampl e mean of b. X= 12- -

sample mean of c. X = -1- -

samp1 e variance of b' X = l2- -

sampl e vari ance of c' X = 43

sample covariance of b' X and c' X = -3

51

'"
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3.16 S 1 nee tv =E(~ -~V)(~ -~V)'

I , I I)
= E(~ - ~V - ~V~ +~VJ:V

, 'E(V' )" ,;: E(~ ) - E(~)!:V - ~V _ +~V!:V, , , ,
:: E(~ ) - !:VJ:V -: !:V~V + ~V!:V

= E(~') - !:V!;V. '

we have E(VV') = * + !;V!;~ .

3.18 (a) Let y = Xi+X2+X3+X4 be the total energy consumption. Then

y=(1 1 1 l)x=1.873
,

s~ =(1 1 1 I)S(1 1 1 1) =3.913

(b) Let y = Xl -X2 be the excess of petroleum consumption over natural gas
consumption. Then

y=(i -1 0 0)x=.258
,

s~ =(1 -1 0 O)S(1 -1 0 0) =.154


