2.1 a)

s

b) i) L =/x'x = /35 =5.916

5 - =
x'y
ii) cos(e) = {T- = ]9—162-,- = .051
A <Ly :

@ = arc cos (.051) = 87°
ii1) projection of y on X is l

"

-t

ey o

K| !

—
b

-




2.2

23

-

c)

e)

b)

c)

d)

SA

-5
20

A'B' =
No.

’2‘
Al =

1

1
c! =

| 4
1=
(AB)' =
B'A' =
AB has

a5

[-15 -9 z}
d)
6§ -1 -6

27

15 -6 6
b) BA=|-9 -1
10 2 -6

c'8 = [12, -7]

.
=A so (A') =A'=A
3] |
3] 2 3
ol 0 70
. ? (C) = 4 ]
2 — -
- 10 ~70
Y % %
LR CH PR P B B BN O
70 70 70 T70
7 8 77 7 16
= 8 4
16 4 1| 7 1N
1 5 2 1 7 1%
4 0 1 3/=|8 4| = (aB)
2 3 7 N

‘(1' ,j)th entry

aybyy * aggbyy vt aik ki léiaiz %3
. o th
Consequent‘ly, (AB)* has (i,J) entry
I 50005 -
has ith row [b‘li’bz'i""'bki] and A* has’ jth

Next 8'



column l:aj1 ,ajz,'-—,ajk]' so B'A' has {i,:j)!‘:h entry
. ' k »
byi2sq *P2iP52 T kit T 12, 359D04 7 €3

since i and J were arbitrary choices, (AB)' = B'A'.

g4 a) I=1' and AT =1= alA Thes T =D (AT =T
and I = (A"]A)' = A'(A'])'. Consequently, (Af‘)' is the inverse
of A' or (a7 = wh'. |
5 W - e = BT = 1 so BB has inverse (he)™ =
' I

g-1a-1. It was sufficient to check for a left inverse but we may

J1so verify AB(BTTATT) = age- it = =1,

2.8 | s 12 [5 2 (182 1 o
|13 T3 |13 13| |1e9 _ L
Q' = = = =Q'Q .
<12 5|12 S o 168 0 1
133 13| |13 13 169 :
2.6 a) Since A=A', A is symmetric.

b) Since the quadratic form

| ' 9 -2ilx \ \
' = = -

= (2x1-xz)z+5(x§+x§) >0 for {x1 ,x2] # [0,0]
we conclude that A fis positive definite.

27 a) CEigenvalues: Xy = 10, X, = 5.
. Normalized eigenvectors: €y = [2/v/5, -1/v/51= (.89, -.447]

ey = [1/¥5, 2//51= [.447, .894]
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| [9 -2] [z//s] [2//5, -11Y5) [1//5] /5, 2//5]
b) A= =10 +5
2 9 -1//5 a5 |

- . s 2 a2 .04
A= )
c S 9(8)-(-2)(-2) |, o .04 .18

d) Eigenvalues: XAy = 2, 12 = .1

Normalized eigenvectors: gi = [1//5, 2//5]1

ey = [2//5, -1/¥5]

2.8 | Eigenvalues: 11 =2, 7\2 = -3
Normalized eigenvectors: . g; = [2//5, 1/V5]
sé = [1/'/5" ’2//5]

Y f2/8 7 [2/VE, 15 ] yanE. 251
A = = - 3
175 IR Yy 3

) A"ll ' 1 --z -2
2.9 a = ~ =
1(-25-2225 1

b) Eigenvalues: Ay =1/2, }; = -1/3

Normalized eigenve.ctors: 51' = [2//5, 1/75]

1 1
3 3

-1, =1

C) A - l "l 2
v 3 6

e, = (1/Y/5, 2181

25 [2vs, AWED [ BT, 21/
1//5 N-ars]|



2.10

2.11

: . |‘ 4.002001 -4.001§
B = 3(2.002001)-(4.001)% 4001 4
4.002001 -4.001
= 333,333
. -4.001 4
. 4.002 -4.001
Al = 1 ‘
" 4(4.002)-(4.001)* | _4.001 4

. 4.002 -4.001
-1,000,000
-4.001 &

Thus AV 2 (-3)87]

With p = 1, lalll = a;; and with p = 2

i 0

= 21425, - 000) = apq35,
0 322

Proceeding by induction,we assume the result holds for any

(p=1)x(p-1) diagonal matrix Ay;. Then writing

'h11 0 *°* 0]
A =10
(pxp) | : A
0 |

we expand |A| according to Definition 2A.24 to find
|Al =2y, |Ajq] +0+ "+ 0. Since [Aq ] = 25333ttt 2,
by the induction hypothesis, |A| = a]](azza33.--- app) =

311322233 °°" ¥pp°



2.12

2.14

2.16

2.18

31

By (2-20), A = PAP' with PP' =P'P = I. From Result 2A.11(e)
|A] = |P| 1Al IP'] ='IA|. Since A is a diagonal matrix with
diagonal elements A1,A2,...,1 , we can apply Exercise 2.11 to

p
get [A] = [A] = T ..
i=]

P

Let A be.an eigenvalue of A. Thus 0= [A-AI|. If q .is
orthogonal, Q@' =1 and [Q]|Q'] = 1 by Exercise 2.13. - Using
Result 2A.11(e) we can then write |

0 = [q] [A-a1] |Q'] = |QAQ"-AI]
and it follows that A is also an eigenvalue of QAQ' if Q s

orthogonal.

(A'A)' = A*(A')' = A'A showing A'A is symmetric.

- [n]
-yp-

and A'A is non-negative definite by definition.

4 -7
Write c2 = x'Ax with A = | jl. The eigenvalue-normalized
eigenvector pairs for A are:

M o= 2, e = [.577, .816]

A, =5, & =[.816, -.577]

.For c® =1, the half lengths of the major and minor axes of the

ellipse of constant distance are

£ - i .707 and

1
a2 s 8

respectively. These axes lie in the directions of the vectors al

and & respectively.



2.20

32

For ¢2 = 4, the half lengths of the major and minor axe$ are

As c? increases the lengths of the major and minor axes increase.

Using matrix A in Exercise 2.3, we determine

1-' = 1'382' SI = [-8507’ -.5257]'
Ay = 3.618, &, = [.s5257, .8507]"
We know

1.376 .325]

V2 ~ :
A = /i, e, 8! + VX, e, el =
114 2 <22 [ 325 1.701

RV 1 | 7608 -.1453
——e +-———e =

/a1 A, -.1453 615§

We check

10
J1/2 4112 g[ J _ V2 12
| 0

aned
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2.21 (a)
1 1
1 2 2 91
AA= [ ] 2 2| = [ ]

1 -2 2 [2 2} 19
0=|A'A-AI|=(9-))2-1=(10—-X)(8— -}) ,so /\1 =10 a.nd Ay =
Next, ,

€1 _ € . _ 1/\/§
_[62] = 10 [62] gives elv— [ 1/\/5]

[13] [2] = s[2] o= - [ 03]

(b)
1 1 . 2 0 4
AA'=|2 —2 [}_g g] = |loso
2 2 408]
A 0 4
=|AA =) | = 0 8-X 0
4 0 8-
=(2—)\)(8—A) 42(8 /\)“(8 /\()\ 10) so A\; =10, A = 8, and
/\3=0. .

A
2 0 4 e
0 80 e 10
4 0 8 €3

[ 1
ives deg = Be so ege= —1| 0
& 862 = 10e €2 1= \/5 L2

2047 [er er ]
0 80 e = 8 | e

4 0 8 €3 € |
ives de3 = Gey SO ey = (1)

&l 481 — 0 2 =

Also, e3 =[-2/v5,0,1/v5 ]
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{0
11 % 1 1 ’ 0 1 .1
2 =2 =VI0| 0| [% #]+ VB|1|[% ~%]
2 2 % 0 |

2.22 (a)

(4 3 |
,_[48 8 _ [ 144 -1
AA'[s 6 -9] [g _g] = [—12 126]

0=[AA'=AT|= (144 - ))(126 — \) — (12)2 = (150 — A)(120— }) , s0
A1 = 150 and A2 =120. Next,

[25] (2] - w[a] ane o= [2F]
~ and Ay = 120 gives e, = [1/v/5,2/v/5 ]'

(b)
T4 3 2% 50 5
AA=|8 6 [g : _S] = |50 100 10
8 -9 5 10 145
| 25 — A 50 5
0=|A’A=AI|=| 50 100-2A 10 | = (150 — A)(A — 120)
5 10 145

so Ay = 150, A2 =120, and A3 = 0. Next,

25 50 5 e | (41
50 100 10 | e = 150 [ €2
5 10 145 €3 ’
1
. —120e; + 60e; =0 _ 1,
gives —2561 + Ses =0 or e; = ‘/5(—, [ J

25 50 5 e (2}
50 100 10 e = 120 | e
5 10 145 e3
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. 60e; -+ 60e; =0 _ 1
EVE _1%0e, + —240e5 =0 O 2% '\/—g[ f}

AISO, €3 = [2/\/57 —1/\/5’ 0]' |

()
48 8]
13 6 =9
2 1 .
= vE| _F |5 % F) - D[ F] (% & - %)
V5 V5
2.24 .
1 0 0 l] =4, & = 1,0,0]'
a4 . - \
a) t =1 0 ) 0 b) 1z = 9’ 52 = [0,1,0]
o 0 1 Ay =1, e3=1[0,0,]

) For i Ay =1/8, g = [1,0,00"
=1/9, e, = [0,1,0]"
)\3 = ]’ fé = [0309]]l



2.25

5 0 0 1 -1/s 4187 - [0 -2 .26
g WZ-lo 2 ofsp=|-us v we|= -2 1 a8
0 0 3 415 1/6 1 ;267 167 1
b) vllzev'l/Z-
s g o1 1 ~-1/5 4/15] [5 0 O 5 -1 43][5 00
0o 2 ofl-is 1 we||o 2z of=|-2/5 2 131020
o o 3lLans 176 1 003 as 172 3dLlo o 3
25 -2 4
= [-2 4 ;]:#
4 1
2.26 a) P13 = 013/ ;Hzo';éz = 4)¥75 /3 = 4/15 = .267

b) Write Xy = 1-X +0-X;+0X3 = ciX with ¢ = [1,0,0]

—.

l.x +lX3 = Sé} with C [03 7 2]

272 2
Then Var(X1) =0y = ZS.V By (2-43), .
Va,.(_;_xz;_;_xa) e T +Roptgoy ] *%f%
.= ‘—5- = 3.75
By (2-45), (see also hint to Exercj#g é.28),
(:ov(;(P]z-X1 :',_ tc .-.%-. 2+1§013=-l»+2=]

S0

36



2.27

2.29

a)
b)
c)
d)

e)

Ctn'r(x.l . %X.l t 5

By = Bps Oy
My * 3y Oy
My Uy Fus

l-!1 +'2u2 -. u3-

3up - 4y Sogy * 1695

+ 4o

1

22

X

1

1
7%

)

2)

- 4972

+ 905, - 69y,

o171 ¥ %2

1

since °12 =0.

Oyq tAogy * 033 + 40y, - 2043 - 4953

Kar(x) AarLn, + 11,) ST

37

= .103

.
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231 ()
px®=u=[3] © au=1 2115
| (c)
Cov(X(l))=2u=[g (1)] |
@
COV(Ax(U):AzuA':U ~1] [g ‘1)] [_”=4
(e)
axresrf] 0 a3 1)
(e) | |
Cov(X® ) = Sy = [ _ 'i]
| (h)
e[ 1] 23] [20]-[57]
o |
cov(xm,x(?)):[f (2)]
@

Cov(AX®W,BX®) = AZ;,B' =1 ~-1] [f 3] [_*’1‘ 2]:{0 2
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2.32 ()
A IELAR B R
(c)
Cov(X(l))=2u.___[_‘11 —;]
(d)

COV(A.X )—AzuA = [ 1 1 ] [ 1 3 i1 _ 9 1

(e)

Cmeneee[3] man- LR

(8)

6 1 -1
-1 0 2

(b)
Cov(BX® ) = BEy,B' -
11 1 61 -1] [1 1 5 o
=11 -2 14 0 11| = | %
-10 2 1 -2
{i)
(0 x 1 -1o0
crERE )=[1 -1 0]
t)

Cov(AX ™, BX®) = ATy, B



2.33 (a)
,E[X(l)]__:“{l):[ Z] (b) A[J.(l)=[2 -1 O]IV i] = [0]
| -1 1 13 -1 3
()

4 -1
Cov(XM)=%=|-1 31
1

(d)
Cov(AX™ )= AT A’ .

1
-;— 1 6 0 3 :

(o) |
| E[X(z)]:.“(z):[gj (£) Bn‘2)= [i -f”g];‘[g]

-~ (g)

 Cov(X® ) =3y = [3 g]

(h)

@ _ 1 2] 40 1 1) _ 120}
Cov(BX )—Bzz:zB—[l _1} [0 2 2 -1} 06



()

1

P

 Cov(XW, x®) = [ -1
1

Cov(AX™, BX®) = AZ,B'

I )
_[2 = 0] 1 [1 1
1 13 1 -1 9 -1

|

|

0 O
—-4.5 4.5

|

41



4+1+16+0=21, g'd=15 and b'd = -2-3-8+0 = -13

2.34 b'b =
(b'd)? = 169 < 21(15) = 315
2.35 b'd = -4+3 = -

2 2] [ a1

s/6 26 [ 1
¢85l = DT | g g6 (|1 | = 18

so 1= (b'd)? < 125 (11/6) = 229.17

4z + 422 + 62,2, = X'Ax where A = ( ; Z ) .

— 2 - z — . —_— ’ .
(4—-2)*-32=0gives \; = 7,12 = 1. Hence the maximum is 7 and the minimum is 1.

2.36

x'A

~

£

= 1]

2.37 From (2-51), x  x'Ax = max —=

1 xp0 X

D

where l] js the largest eigenvalue of A. For A given in
Exercise 2.6, we have from Exercise 2.7, A s 10 and

e! = [.894, -.447]. Therefore max x'Ax =10 and this
=1 x'xel T 7

maximum is attained for X = 2.

2.38 .
Using computer, A; = 18, A; =9, A3 = 9. Hence the maximum is 18 and the minimum is 9.



1
241 (a) EAX)=AEX)=Ay, =|1
3

| | 6 0 0

() Cov(AX)=ACow(X)A’=A%,A’=|0 18 0

0 0 36

(c) All pairs of linear combinations have zero covariances.

| 1
242 (@) E(AX)=AEX)=Ay, =|1

3
4 0 O
() Cov(AX)=ACov(X)A’=AX,A’=[0 12 0
0 0 24

(c) All pairs of linear combinations have zero covariances.

43



