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Abstract

The concept of “countable set” is attributed to Georg Cantor, who set the bound-
ary between countable and uncountable sets in 1874. The concept of “computable
set” arose in the study of computing models in the 1930s by the founders of com-
puter science, including Goédel, Church, and Turing. However, the connection between
countability and computability was not thoroughly studied in the past eight decades.
A counting bijection of a set S is a bijection from the set of natural numbers to S.
We say S is enumerable if either S is finite or S has a computable counting bijec-
tion. S is countable if S is enumerable. We prove that S is enumerable if and only
if S is computable. This equivalence provides insights to the study of set theory and
computability theory and reveals that countability is related to space and time com-
plexity. We show that the set of total computable functions (or deciders, algorithms)
is unenumerable. We also provide a sufficient and necessary condition for a set to
be enumerable and use the concept of counting order to explain why some sets are
unenumerable. We show that some popular statements about countable sets, such as
“every subset of a countable set is countable” or “every formal language is countable,”
lack a valid proof. These unproven statements are widely taught in college courses on
discrete mathematics, set theory, and computability theory.

1 Introduction

In 1874, Georg Cantor [2] published the first proof that there is no one-to-one correspondence
between the set of all real numbers, which is uncountable, and the set of all natural numbers,
which is countable. In 1891, Cantor simplified his proof using the well-known diagonal
method, which has important applications in set theory and computability theory [7, 14].

In the 1930s, several independent attempts were made to formalize the notion of com-
putability [4]:

e In 1934, Kurt Godel [8] defined formally a class of functions called general recursive
functions (also called partial recursive functions).

e In 1932, Alonzo Church [3] created a method for defining functions called lambda
calculus, often written as A-calculus. Later, Church defined an encoding of the natural



numbers called Church numerals. A function on the natural numbers is called \-
computable if the corresponding function on the Church numerals can be represented
by a term of the A-calculus.

e In 1936, Alan Turing [17] created a theoretical model for computing, now called Turing
machines, which could carry out calculations from inputs by manipulating symbols
on a tape. Given a suitable encoding of the natural numbers as strings of symbols, a
function on the natural numbers is called Turing computable if some Turing machine
starts with the encoded natural numbers as input and stops with the result of the
function on the tape as output.

Church and Turing proved that these three formally defined classes of computable func-
tions coincide and proposed the well-known conjecture called Church—Turing thesis: A
function is computable if it is Turing computable. Other formal attempts to character-
ize computability, including Kleene’s recursion theory and von Neumann’s random-access
stored-programs (RASP) models, have subsequently strengthened this belief. Since we can-
not exhaust all computing models, Church—Turing thesis, although it has near-universal
acceptance, cannot be formally proved.

Nearly nine decades have passed, it looks puzzling that the connection between count-
ability and computability has not been investigated until this day. We say a set S has a
counting bijection if there exists a bijection f : N+~ S, where N denotes the set of nat-
ural numbers. We say S is enumerable if either S is finite or S has a computable counting
bijection. We show that a formal language is enumerable if and only if it is recognizable.
This result comes from the relation between enumerable sets and enumerators, a variant
of Turing machines, which print strings on a printer as an output device. Our equivalence
result has several interesting consequences:

1. The concept of “enumerable” is not only related to space complexity, but also to time
complexity.

2. We have alternative tools to show either a formal language is (un)recognizable or a
set is (un)enumerable. An enumerable set is always countable.

3. If every countable set has a computable counting bijection, the concept of “countable”
is equivalent to “enumerable” as well as to “computable”.

In addition to the above contribution, we show that both the set of deciders and the set
of algorithms are unenumerable, thus unrecognizable or uncomputable. We also provide a
sufficient and necessary condition for a set to be enumerable and use the concept of counting
order to explain why some sets are unenumerable.

We extend the notion of “computable” by allowing Turing machines to accept input
strings of infinite length. This extended notion allows us to talk about computability of
all counting bijections. We believe that Cantor used computable bijections in his study of
countable sets. We propose a conjecture that “every countable set has a computable count-
ing bijection.” Assuming this conjecture is true, “countable” is equivalent to “enumerable”
as well as to “computable” or “recognizable”, and any unrecognizable language serves as a
counterexample to the claim that “every subset of a countable set is countable.”



2 Equivalence of Recognizable and Enumerable

We will assume the basic concepts from theory of computation [14, 18]. Given a Turing
machine M, L(M), the language recognized by M, is said to be recognizable. 1f M halts
on every input, L(M) is decidable and M is a decider. A function f : N +— N, where N/
denotes the set of natural numbers, is computable if f can be computed by a Turing machine
M. This M is said to be an algorithm if M halts on every input, and in this case, f is total
computable (total and computable). We also call f : N — {0,1} (or f : ¥* — {0,1}) a
decision function, where ¥* is the set of finite-length strings built on alphabet . When a
set S is defined by a decision function p : N+ {0,1}, ie., S = {z € N | p(x) = 1}, the
complexity of p governs that of S. That is, we say S is computable if p is computable. If S is
a formal language, then S is computable iff (if and only if) S is recognizable; S is decidable
iff p is total computable. There is a bijection 7 : 3* — N and we use 7 to define a canonical
order (also called standard string order), denoted by <, over ¥*: For any z,y € ¥*, x < y
iff v(x) < v(y) (see Definition A.2 in the appendix). < is a well order of ¥*.

We will need a computing model called enumerator, which is a variant of Turing machine.
An enumerator is a Turing machine M with an attached printer [14]. M can use that printer
as an output device to print strings. The set E(M) of printed strings is the language
enumerated by M. The following result is known for enumerators [14, 18]:

Theorem 2.1 (a) If L = E(M), where M is an enumerator, then L is recognizable.
(b) If L is a recognizable formal language, there exists an enumerator M such that L = E(M)
and every printed string by M is unique.

For decidable languages, the following result is known [14, 18].

Theorem 2.2 A formal language L is decidable if and only if there exists an enumerator
M such that L = E(M) and the printed strings are increasing in the canonical order.

In combinatorics, mathematicians use a technique for proving that two sets X and Y of
combinatorial objects have equally many elements by finding a bijection f : X +— Y. This
technique, called bijective proof, is old and useful, and is mostly applied to finite sets as
a way of finding a formula for | X| if |Y| is easier to count [12]. Cantor used this popular
technique to define the countability of an infinite set.

Every bijection must be total, injective, and surjective. If it is not total, its inverse is
not surjective. If f : X — Y is a bijection, the following properties of f are desired in
countability study:

e Counting: X = N and we say f is a counting bijection of Y.
e Explicit: The definition of f does not depend on | X| or |Y].

e Computable: f can be computed by an effective method to obtain f(z) for any
r e X.



Counting bijections occur in countability proofs. If you want to show an infinite set is
countable, you must find a counting bijection for this set.

People in combinatorics often call the bijection used in a bijective proof an explicit
bijection [12]. Some people insist that all bijections in bijective proofs must be explicit. The
notion of explicit bijection is well understood and used in practice, but it does not seem to
have a formal definition. Here we define explicit bijection as a bijection that satisfies the
explicit property.

Since the computable property of bijections is much more important than the explicit
property, our discussion will focus on computable counting bijections.

Definition 2.3 A set S is said to be enumerable if either S is finite or S has a computable
counting bijection f : N +— S.

By this definition, S is enumerable iff S is countable and either S is finite or S has a
computable counting bijection.

Proposition 2.4 If S is countable but unenumerable, then there exists an uncomputable
bijection and every counting bijection of S is uncomputable.

Proof. Since S is unenumerable, S must be infinite. Since S is countable, there exists a
bijection f : N+~ S and f must be uncomputable. For any bijection g : N+ S, g must
be uncomputable, otherwise, S becomes enumerable. 0]

The existence of an uncomputable counting bijection is an open problem. If every count-
able set has a computable counting bijection, then “enumerable” is equivalent to “count-
able”.

The following two theorems show that a formal language is enumerable iff it is recogniz-
able.

Theorem 2.5 FEvery recognizable formal language is enumerable.

Proof. Suppose L is recognizable. The case when L is finite is trivial. If L is infinite, by
Theorem 2.1(b), we have an enumerator M such that L = F(M) and every printed string
by M is unique. E(M) is countable because the order in which the strings are printed by
M defines a computable bijection f : N +— E(M). That is, for n € N, we compute f(n) by
algorithm A(n) as follows:

Algorithm A(n): Let ¢ := 0 and simulate M. When a string x is printed by M,
check if ¢ = n. If yes, return x; otherwise ¢ := ¢+ 1 and continue the simulation.

Algorithm A(n) will terminate because E(M) is infinite and ¢, which records the number
of printed strings by M, will reach n eventually. A(n) can be modified as B(w) to compute
Y w) for w € E(M): Instead of checking ¢ = n, check if z = w and, if yes, return c. Since
both f and f~! are total functions, f is a bijection. Algorithm A(n) is the evidence that f
is computable. 0

Theorem 2.6 Fuvery enumerable formal language is recognizable.
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Proof. The case when formal language L is finite is trivial. If L is enumerable, then there
exists a computable bijection f : N+ L. We use f to design an enumerator M that prints
strings f(0), f(1), f(2), and so on. It is evident that E(M) = L. By Theorem2.1(a), L is

recognizable. O

The following theorem combines the above two theorems into one and extends the result
from formal languages to general sets.

Theorem 2.7 A set is enumerable iff it is computable.

Proof. Let S be any set. The case when S is finite is trivial and we assume S is infinite in
the proof.

If S is enumerable, then there exists a computable counting bijection f : N+ S. Since
f is total computable, there exists an algorithm to compute f. Hence, S can be represented
by the formal language {(f(0)), (f(1)), ...}, where (f(i)) is a finite-length string representing
f(@). By Theorem 2.6, S is recognizable, thus, computable.

When S is unenumerable, there are two cases to consider: S can be represented by a
formal language or not. If yes, then S is unrecognizable by Theorem 2.5, thus uncomputable.
If not, then S cannot be recognized by any Turing machine, thus uncomputable. 0

The above theorem provides an alternative way to show if a set is enumerable or not.
It is known that the collection of recognizable sets is closed under intersection (i.e., the
intersection of any two recognizable sets is recognizable). It implies that the intersection
of two enumerable sets is enumerable, thus countable. Consider the following encoding of
some decision problems:

o Gry = {{(M)| TM M is well-defined }
o Epy = {(M)| L(M)=0for TM M}
o Npy = {(M) | L(M) # 0 for TM M}
o Allpy = {(M)| L(M) = X* for TM M}

They are formal languages since (M) € ¥* for some alphabet ¥. Grys is the encoding
of all well-defined Turing machines. G, is decidable by the assumption that we have an
efficient decoder to check if (M) comes from a well-defined M. By Theorem 2.5, ¥* and
Gy are enumerable, hence countable.

Erne, Nras, and Allpy are the encoding of all Turing machines that accept, respec-
tively, nothing, something, and everything. N, is the complement of Erjy,. It is known
that Ny is recognizable and Er), is unrecognizable [14]. By Theorem 2.5, Nrj, is count-
able. By Theorem 2.6, E7); is unenumerable. Both Allpy, and its complement, Ally,,, are
unrecognizable, hence, unenumerable.

We say a counting bijection f : N'+— X is increasing if f(n) < f(n+1) for every n € N,
where < is a well order of X. The following proposition is important about countable sets.

Proposition 2.8 If X is countably infinite, then

1. X is decidable iff there exists a computable and increasing bijection f: N — X.
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2. X is computable iff there exists a computable bijection f : N — X.

3. X is uncomputable iff every bijection f : N — X is uncomputable.

Proof. By Theorem 2.7, X is computable iff X is enumerable. (3) comes from Proposi-
tion 2.4, although the existence of an uncomputable counting bijection is unknown. (2)
is logically equivalent to (3). For (1), by Theorem 2.2, X is decidable iff the elements of
X can be enumerated in increasing order. As in the proof of Theorem 2.5, this enumera-
tion defines an increasing and computable bijection. On the other hand, as in the proof
of Theorem 2.6, an increasing and computable bijection will produce an enumerator that
enumerates elements of X in increasing order. ([l

The above result shows that the properties of counting bijection f : N+ X is crucial to
dictate if X is decidable, computable, or uncomputable. In particular, if X is computable
but undecidable, then f must be computable but not increasing.

From Theorem 2.7, we also have the following result.

Corollary 2.9 Let S ={z € N'| p(z) = 1}.
1. S is decidable iff p(x) is total computable.
2. S is enumerable iff p(x) is computable.

3. S is unenumerable iff p(x) is uncomputable.

The above result shows that, when p(z) becomes hard to compute, S may become
unenumerable. Some people take for granted that p(x) is computable and arrive at the
conclusion that S is countable. Many formal languages are unrecognizable. By Theorem 2.6,
any unrecognizable language is unenumerable and defines an uncomputable decision function
(i.e., the characteristic function of this unenumerable set).

3 Some Unenumerable Sets

The assumption that a function f is computable is the same as saying “f can be computed
by a Turing machine” in the spirit of Church-Turing thesis. Turing et al.’s notion of “com-
putable” limits the scope of computable functions to the equivalent of integer functions.
When considering all bijections, we need to extend the notion of “computable” to functions
f A~ B, where A or B cannot be represented by >* for any alphabet ¥. We do so
by allowing Turing machines to accept input strings of infinite length. To facilitate the
discussion, we introduce the following definition.

Definition 3.1 An object x is finitely presentable if x can be represented by w € ¥* for a
chosen alphabet 3.

For instance, every natural number i € N is finitely presentable by a' for ¥ = {a}.
A Turing machine M is finitely presentable by (M). A recognizable language L is finitely
presentable also by (M) for some Turing machine M. ¥* is finitely presentable because



¥* is recognizable. N is finitely presentable because N can be represented by ¥*. On the
other hand, neither an arbitrary binary string s of infinite length nor an arbitrary subset
X C N is finitely presentable. If each member of a set is finitely presentable, the set itself
can be represented by a string which is the concatenation of its members separated by a
delimiter symbol. Thus, a formal language can be represented by a string whose length may
be infinite. Any function f : N +~ A can be represented by string f(0)#f(1)#f(2)#-- -,

where # is a delimiter symbol.

Proposition 3.2 If f: X — Y is a computable bijection and each member of Y 1is finitely
presentable, then each member of X is finitely presentable.

Proof. Use f(z) to represent z € X. O

The new notion of “computable” will cover f(z) =y when z is not finitely presentable
but can be represented by a string of infinite length. The computing device is a variant
of Turing machine. Let us call this variant of Turing machine a 3-tape Turing machine
that has three tapes: the input tape (read-only), the working tape (read and write), and
the output tape (write-only). A 3-tape Turing machine is equivalent to a standard Turing
machine because it is a multiple tape Turing machine [14].

Definition 3.3 A function f: X — Y is said to be computable with f(z) =y forx € X
and y € Y if there exists a 3-tape Turing machine M such that when the input tape of M
contains x, M produces y on the output tape.

In the above definition, if X =Y = ¥*, then the new notion of “computable” coincides
with the old notion, where x and y are finitely presentable for f(z) = y. If x € X is not
finitely presentable, then x can be represented by a string of infinite length and computed
by the same machine. In this case, the machine will not terminate. For instance, if s is a
binary string of infinite length, then the machine for computing f(s) = 0.s (a real number
between 0 and 1) will copy s from the input tape to the output tape and never terminate.
In general, a 3-tape machine will work like an online algorithm which can process its input
piece-by-piece in a serial fashion to produce (partial) output, without having to read the
entire input. To reason about inputs of infinite length, instead of an algorithmic approach,
we use formal tools such as mathematical induction.

Example 3.4 We can show that two uncountable sets P(P(X*)) and P(P(N)) have the
same size by using the bijection v : ¥* — A (Definition A.2). That is, we define g : P(X*) —
P(N) by g(X) = {v(z) | z € X} for any X € P(X*), and h : P(P(X*)) — P(P(N)) by
h(S) ={g(s) | s € S} for any S € P(P(X*)). Since 7 is a bijection, g and h are bijections
by an induction on the structure of sets. While X and S are not finitely presentable in
general, g and h are all computable, because X and S can be represented by strings of
infinite length and we can implement g and A by Turing machines. 0

From now on, when we say a bijection is computable, we use the extended notion of
“computable”. Once a set S is known to be enumerable, each member of S is finitely
presentable (Proposition 3.2), and we can compute S by a standard Turing machine. That
is, the 3-tape Turing machine is purely a theoretic analysis tool for enumerable sets.

In the following we will consider a set of integer functions and a set of formal languages.
The remaining of this section is devoted to the following result.
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Theorem 3.5 The following sets are unenumerable, hence uncomputable.
o p={f|f:Nw— Nis total }
e Dr={f|f:Nw—{0,1}is total }
o Fre ={f|f: N~ Nis total computable }
e Drc={f|f: N~ {0,1} is total computable }
e Dy ={L| L CX*is decidable }
e Dpy = {(M) | Turing machine M is a decider }

o Alpy = {(M) | Turing machine M is an algorithm }

By definition, Dpe C Dy C Fr and Dype C Fre C Fr. Dy, is the collection of decidable
languages. Dy, and Alry, are, respectively, the encoding of deciders and algorithms. There
is a surjective function f : Dpy — Dy by f((M)) = L(M) and f is not injective. The proof
of the above theorem is divided into several propositions and corollaries, and the major
proof tool is Cantor’s diagonal method.

Proposition 3.6 The set of all total computable decision functions, D¢, is unenumerable.

Proof. If Dr¢ is enumerable, then there exists a computable bijection h : N' — D7¢, and
we can compute f, = h(n). The function g(n) = 1 — f,(n) is total computable because
h and f, are total computable. Define g(n) = 1 — f,(n) for every n € N, then g € Drc
because ¢ is a total decision function. If g = f; for some f, € Dy, then g(k) # fi(k), a
contradiction coming from the assumption that D¢ is enumerable. Hence, Dye must be
unenumerable. O

The method used in the above proof is called the diagonal method, coming originally
from Cantor [2]. If we list the values of f;(j) in a table for ¢, € N/, then g is defined using
the values on the main diagonal of the table, i.e., f,(n).

Corollary 3.7 The set of all decidable languages, Dy, is unenumerable.

Proof. Because each L € Dy has its characteristic function in D¢ and vice versa, D¢ and
Dy, have the same size. That is, for every L € Dy, there exists a bijection f : Dy +— Dpc
with f(L) = L’s characteristic function. Dy, cannot be enumerable if Dy ¢ is unenumerable.

O

Corollary 3.8 The set of all total decision functions, Dy, is unenumerable.

Proof. The proof is analogous to that of Proposition 3.6. ([l

In literature, Dt is proved to be uncountable by the diagonal method. The proof goes
as follows: If Dp is countable, then there exists a bijection f : N — Dp and Dy =
{fo, f1, f2, ..}, where f; = f(i) for i € N. The rest of the proof is the same as that of
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Proposition 3.6 by defining g(n) = 1 — f,,(n) for every n € N. There is a problem in this
proof: To get f; = f(i), we need a computable f : N+ Dp; if f is uncomputable, we
cannot get f;. If f is computable, then the conclusion should be “Dr is unenumerable,” not
“De is uncountable.”

An alternative proof of Corollary 3.8 is to show that Dy and P(N') (the power set of
N) have the same size. That is, let g : P(N) — Dt be g(S) = “the characteristic function
of S € P(N)”, then g is a bijection. Since P(N) is uncountable, so is Dr. However,
to prove that P(N) is uncountable by the diagonal method, we still need a computable
bijection and P(N) should be unenumerable. Since g is computable, we still arrive at the
conclusion that Dyp is unenumerable. This problem exists in every proof using the diagonal
method. In other words, Cantor’s diagonal method can show only a set is unenumerable,
not uncountable. It enforces our belief that Cantor would have used computable bijections
in his diagonal method.

The above result on decision functions can be generalized to all total functions.

Corollary 3.9 The set of total integer functions, Fr, and the set of total computable integer
functions, Frc, are unenumerable.

Proof. The proof is analogous to that of Proposition 3.6, using g(n) = f.(n) + 1 instead of
g(n)=1— fu.(n). O

Let f : Dy — Dy be f((M)) = L(M), then f is surjective, but not injective. From
the unenumerability of Dy, we cannot conclude that Dyj; is unenumerable. Using a proof
like that of Proposition 3.6, we have the following result.

Proposition 3.10 The set of all deciders is unenumerable, hence, Dy is unrecognizable.

Proof. Assume D7), is enumerable with a computable bijection h : N' + Dpj; such that
h(i) = (M;) for each i € N. Using h and v (Definition A.2), we construct the following
Turing machine X:

X = “On input w € ¥*,
1. Compute i = y(w) and h(i) = (M;) € Dy
2. Simulate M; on w until M; halts. // M; is a decider
3. return 1 — M;(w).” // ie., X(w) =-M;(w)

Since every step of X stops, (X) € Dry. Let X = M, for some k € N. However,
X(wg) # Mg(wy), a contradiction to X = M. So, the assumption is wrong and Dryy is
unenumerable. By Theorem 2.5, Dp), is unrecognizable. U

The concept of countability has been studied from the viewpoint of space complexity
(from N to P(N)). It is also actually related to the time complexity of functions. From
the unenumerability of Dr), either any counting bijection of Dr); is uncomputable (a time
complexity issue) or Dy, is uncountable.

Assuming every countable set has a computable counting bijection, from Corollary 2.9,
Dy becomes uncountable because of the difficulty of deciding whether a Turing machine
is a decider or not. Indeed, D), is the encoding of this very decision problem and is
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unrecognizable. This view of countability will help us to understand why a subset of a
countable set can be uncountable. The uncountability of Drj, is counter-intuitive because
people believe that decision functions outnumber Turing machines. A conventional counting
argument goes as follows: Dr is uncountable but Gy (the set of Turing recognizers) is
countable. Hence, there are many decision functions of Dy that cannot be computed by
Turing machines. Now, assuming every countable set has a computable counting bijection,
we have an uncountable set Dy and Dpy; C Gy We may wonder if there exists a
bijection from D to Dry; and there is a decider for every decision function — we know
this is false because there are no Turing machines for uncomputable decision functions.
Nonetheless, the logic behind the conventional counting argument is weakened, and how to
compare |Drys| and |Dy| is an open problem.

Corollary 3.11 The set of all algorithms is unenumerable, hence, Alry; is unrecognizable.

Proof. The proof is analogous to that of Proposition 3.10, using g(n) = f,(n) + 1 instead of
g(n) =1 — f,(n) for the function computed by an algorithm. O

This result is also counter-intuitive because we know that the set of procedures is count-
able (each procedure can be stored in a text file, a binary string) and Al is a subset of
procedures. However, we do not have a Turing machine to tell if an arbitrary procedure
is an algorithm or not — this is the so-called uniform halting problem that asks if a Turing
machine halts on every input and is known uncomputable.

In summary, since every set in Theorem 3.5 is unenumerable, by Theorem 2.7, they are
uncomputable.

4 A Criterion for Being Enumerable

In mathematics, a poset (partial order set) is a pair (S, >), where S is a set and > is a
partial order of S, i.e., > is an antisymmetric, transitive, and reflexive relation on S. > is
totalif a > bor b > a for any a,b € S. > is well-founded if every subset of S has a minimal
element by >=. > is a well order if > is total and well-founded. > is dense if for any a,b € S,
if a > b, then there exists ¢ € S such that a = ¢ > b.

Definition 4.1 (a) Given a poset (S, >), = is said gap-finite if for any two elements a,b €
S, any sequence of distinct elements ordered by >= from a to b, i.e., a = ¢y > co--- = b, is
finite.

(b) = on S is a counting order of S if > is a gap-finite well order.

For example, > is a counting order for A/; > is not a counting order for Z, the set of
integers, because > is not well-founded on Z.

If we list AV by listing all even numbers before any odd number, then the order of this
listing is not gap-finite, as there are infinite many even numbers between 2 and 1.

Let > be the order on N’ x N such that (z1,y1) > (22,y2) if 21 > 29 and z7 # 25 or
1 = T9 and y; > yo (that is, > is a lexigographic order of N' x N). > is a well order on
N x N. However, > is not a counting order because it is not gap-finite. There exists an
infinite sequence between (0,0) and (1,0): (1,0) > --- > (0,2) > (0,1) > (0,0). Note that
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a dense order is never gap-finite, and > on N x N shows that the concepts of “gap-finite”
and “non-dense” are different because > on A x N is neither dense nor gap-finite.

Let = denote the subset relation on P(N): X = Y if and only if Y C X. It is known
that = is a well-founded partial order on P(N'). However, = is neither total nor gap-finite.

Proposition 4.2 If S has a counting order =, then every element of S can be listed one
by one in the increasing order of .

Proof. If b € S is never listed by > from a = min(S), the minimal element of S, then there
are an infinite number of elements between b and a ordered by >, a contradiction to >~ being
gap-finite. O

Cantor’s diagonal method is to show that the assumed counting order is not gap-finite
because some elements are left out of the order.

Proposition 4.3 If S is enumerable, then S has a computable counting order.

Proof. We consider the case when S is infinite as the finite case is trivial. If S is enumerable,
then there exists a computable bijection f: S — N and S = {ag, a1, ag, ...} with f(a;) = .
We use f to define »=: For any a,b € S, a = bif f(a) > f(b). Since > is a gap-finite well
order on NV, = is a gap-finite well order on S. Since f is computable, = is computable. [J

Given a poset (S, =), where = is a counting order, let us define operation deleteMin as
follows:

e deleteMin(S,): delete the minimal element of S from S and return this element.

We assume that there are no other operations that can change S.
Theorem 4.4 A set S is enumerable if and only if deleteMin(S, =) is an algorithm.

Proof. If S is enumerable, let S = {ag, a1, as, ...}, where a; = f(i) and f : N — S is a
computable bijection of S. By Proposition 4.3, S has a computable counting order, say >.
Since no operations can change S other than deleteMin, the first call of deleteMin will return
ap and S becomes {ay,as,...}; the second call of deleteMin will return a; and S becomes
{as, ...}, and so on. Thus, operation deleteMin(S, =) can be implemented easily as follows:
Use an integer variable ¢ to remember how many times deleteMin has been called. Initially
¢ := 0. deleteMin returns a. = f(c) and then increases ¢ by one. We have just described
how deleteMin was implemented by a simple algorithm.

On the other hand, if deleteMin(S, =) is an algorithm, then S can be enumerated by
repeatedly calling deleteMin. Since > is a counting order, every element of S will be returned
by deleteMin. Define g : N+ S by g(i) = “the element returned by the (i + 1) call of
deleteMin” , then g is a computable bijection. So, S is enumerable. ([l

The above theorem gives us a necessary and sufficient condition for a set S to be enu-
merable: Having an algorithm deleteMin with a counting order >. Every element of S can
be enumerated one by one from the smallest by the counting order >. Note that S can
be any enumerable set, not just a set of natural numbers. The enumerated elements are
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not necessarily in increasing order. For instance, the set Npj; (the complement of Ery)
is recognizable but undecidable, then Nrj; cannot be enumerated in increasing order (see
Theorem 2.2). The above theorem can also explain why uncomputable sets like Erjys (the
emptiness problem of Turing machines) are unenumerable, because these sets lack algorithm
deleteMin or a counting order. In S = {z € N'| p(x) = 1}, the high complexity of p(z) may
destroy the counting order of A/ and make no counting orders available for S, so S may lose
any counting order and become unenumerable.

Since an enumerable set is also countable, Theorem 4.4 provides a sufficient condition
for countable sets. Can we have a necessary and sufficient criterion for countable sets? It
looks unlikely, because an uncomputable bijection prohibits the existence of any procedure
like algorithm deleteMin.

5 Unproven Claims about Countable Sets

The claim that “every subset of N is countable” appears in many textbooks on set theory or
theory of computation [9, 10]. In a textbook on set theory [5] published in 1977, the author
simply wrote without proof that “Obviously every subset of a countable set is countable.”
In a textbook on theory of computation [13], the claim appears as Theorem 8.25. It also
appears in an influential textbook by Terence Tao [16] as shown below.

Proposition 8.1.5 of [16] Let X be an infinite subset of the natural numbers N'. Then there
exists a unique bijection f: N +— X which is increasing, in the sense that f(n+ 1) > f(n)
for allm € N. In particular, X has equal cardinality with N and is hence countable.

A proof sketch of the above proposition goes as follows [16]: Since < is a well order of
X, X has a minimal element under <, say ag = min(X). Let X, = X and, for i > 0,
X; = X;.1 — {a;_1}, where a; = min(X;), we obtain an increasing sequence

ag < a1 < az < ...

along with the sequence Xy, X1, Xs,.... Since X C N, X = {ag, a1, as,...}. Define f: N —
X by f(n) = a,, it is evident that f is a bijection and f(n+ 1) > f(n) (f is increasing).

Today computability theory is a mature field of mathematics, countability should be
placed in the context of computability. The proof of Proposition8.1.5 does not address
the property of f, which is vital to decide if X is decidable, computable, or uncomputable
(Proposition 2.8).

Proposition 5.1 Proposition 8.1.5 is invalid.

Proof. The proof of Proposition 8.1.5 does not address the computability of f, which is
vital to decide if X is decidable or not as stated in Proposition2.8. If X is decidable,
then f should be computable and increasing. Hence, there exists a Turing machine M that
computes f. However, when X is undecidable, we can still use M to compute f and arrive at
a contradiction that X is decidable. Moreover, when X is computable but undecidable, the
bijection f computed by M is still increasing. By Proposition 2.8, we need an non-increasing
f. Hence, Proposition8.1.5 is invalid. U
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The claim that “every subset of N is countable” has several equivalent statements.

Proposition 5.2 The following statements are logically equivalent:
1. Any subset of a countable set is countable.
2. Any subset of N is countable.
3. If there is an injective function from set S to N, then S is countable.

4. If there is a surjective function from N to S, then S is countable.

Proof. (1) = (2): N is countable.

(2) = (3): Let f: S+ N be injective and X = {f(z) | x € S}. Since X C N, X is
countable by (2). Note that f : S +— X is a bijection from S to X, that is, S and X have
the same size. So S must be countable.

(3) = (4): Let g : N +— S be surjective, then for every x € S, the set g7'(z) = {y |
g(y) = x} is not empty. Define f : S — N by f(x) = min(g~'(z)), then f is injective. By
(3), S is countable.

(4) = (1): Let X € S and S be countable. If X is finite, then X is countable. If X
is infinite, then S must be infinite and there exists a bijection h : N +— S. Let a be an
element of X. Define g : N — X by g(z) = h(x) if h(x) € X, otherwise g(x) = a. Then f
is surjective. By (4), S is countable. O

If every countable set has a computable counting bijections, the four statements in
the above proposition are all false. Many textbooks claim that they are true statements,
but their proofs are erroneous. If they are true, we may have an alternative definition of
“countable”: A set S is countable if there is an injective function from S to N. Some
textbooks use this definition [6]. This definition is much simpler than Cantor’s definition
because it does not care if S is finite or not and uses only injection, not bijection. This
definition would make the countability proof simpler for some sets. Why didn’t Cantor use
this simpler definition? Our guess is that Cantor did not think that the new definition was
equivalent to his.

When some subsets of a countable set are not countable, it is false to claim that SUT
and S — T are uncountable if S is uncountable and T is countable. For instance, let S be
the set of natural numbers representing Frj; (the emptiness problem of Turing machines)
and T'= N, then S is uncountable and S C T. However, both SUT =N and S —T =0
are countable.

Several textbooks also contain the following statement (see Theorem B of Chapter 1
[11]; also [15] p. 14): “Every infinite set contains an infinite countable subset.” Its proof
has the same error as that of Proposition8.1.5. It is a mission impossible to find an infinite
enumerable subset of Epj;.

Since “computable” is a desirable property of a counting bijection and we believe that
every countable set has a computable counting bijection, we propose the following conjec-
ture for all countable sets.

Counting Bijection Thesis: Fvery countable set has a computable counting bijection.
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To refute it, one must find a countable set that does not have any computable counting
bijection. If this thesis is true, the word “enumerable” in Theorems2.5, 2.6, 2.7, 3.5, and
4.4 can all be replaced by “countable”.

We believe that Cantor would have accepted this thesis as a true statement. In the days
of Cantor, the notion of “computable” was not formally defined. It is reasonable to guess
that Cantor used counting bijections as others, assuming these bijections are supported by
effective methods. Cantor used the verb “count” to indicate an operation is performed. If
a bijection is uncomputable, by Church-Turing thesis, no methods exist to compute this
bijection and no counting is possible. It is unimaginable to think that Cantor would have
wanted an inoperable counting method.

If the thesis is true, then any unrecognizable language L, e.g., Erys, is uncountable.
This result is counter-intuitive because L C X*. It is hard to believe that L is uncountable,
because by Cantor’s criterion, if L is uncountable, L is larger in size than ¥*. The common
belief is that a set is larger or equal in size than any of its subset. For finite sets A and B, if
A C B, then |A| < |B|. We known |N| = |€|, where & is the set of all even natural numbers
and £ C M. Now we must accept |L| > |X*| = |[N] albeit L C ¥*. In naive set theory,
allowing a set to be its own member will lead to a contradiction. Does |L| > |¥*| lead to
a contradiction in modern set theory? This is a topic for further research. We pose below
some open questions in set theory and computability theory. Assume S is uncountable and
T is countable.

1. Under what conditions S U T is countable or not?
2. Under what conditions S — T is countable or not?
3. Under what conditions 7' — S is countable or not?
4. If f: T +— S is surjective, is f computable or not?
5. If f: S+ T is surjective, is f computable or not?

6. If T'= S U X, under what conditions X is countable or not?
More open problems are given below:

1. Is the set of countable subsets of N countable or not?

2. Is the set of uncountable subsets of N countable or not?

3. Is there a countable set which has no computable counting bijections?
4. Is the set of computable functions countable or not?

5. Is the set of recognizable languages countable or not?

One of the sets in the first two questions must be uncountable because P(N) is uncount-
able. The third question concerns about the validity of the counting bijection thesis.
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6 Conclusion

We say a set S is enumerable if either S is finite or S has a computable counting bijection.
We showed that a formal language is recognizable iff it is enumerable. This equivalence
provides useful insights to set theory and computability theory. We introduced the concept
of counting order and procedure deleteMin to work with it. We showed that the existence
of deleteMin as an algorithm is a sufficient and necessary condition for an enumerable set.
We believe that every countable set has a computable counting bijection and took it as the
counting bijection thesis. We strongly believe that Cantor would have accepted this thesis
as a true statement. Assuming the thesis is true, a formal language is recognizable iff it
is countable. We proved that the set of deciders (or algorithms) is unenumerable, hence
uncountable if the counting bijection thesis is true. We showed that several statements
taught in colleges, such as “every subset of a countable set is countable”, lack valid proof.
These statements are false if the counting bijection thesis is true. We listed some open
questions for further research in set theory and computability theory.

The boundary between countable sets and uncountable sets was drawn by Georg Cantor
in 1891. The boundary between decidable sets and undecidable sets was drawn by Kurt
Godel in 1931. The boundary between computable sets and uncomputable sets was drawn
by Alan Turing et al. in the 1930s. Assuming the counting bijection thesis is true, then Can-
tor’s boundary of countable sets coincides with Turing et al.’s boundary of computable sets.
If we require a formal language to have an increasing and computable counting bijection,
then Cantor’s boundary coincides with Godel’s boundary of decidable sets (Proposition 2.8).
Unlike Godel, Church, and Turing, Cantor’s definition of “countable” provides only a nec-
essary property of a computable set, and Cantor did not provide a formal computing model
to support his definition. However, we should not ask too much from a man who lived six
decades earlier than the founding fathers of computer science. The findings of this paper
support that Cantor is not only a founding father of set theory, but also a founding father
of computer science.

Acknowledgment: The author thanks Jian Zhang and Tian Liu for providing helpful
comments on a preliminary version of this article.
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A Appendix: Basic Concepts

Definition A.1 Let N denotes the set of all natural numbers. A set S is countable if
either S is finite or there exists a bijection v : S — N, where r is a total injective and
surjective function. We will say r is the rank function of S and r(z) is the rank of x € S.
S 1s countably infinite if S is both countable and infinite, or equivalently, S and N have the
same size. S is uncountable if S is not countable.

Given a set ¥ = {ag, a1, ...,ax_1}, k > 0, of symbols, called alphabet, let 3* denote the
set of all strings of finite length built on the symbols from ¥. We show below that X* is
countable by defining a bijection v : ¥* — N.

Let 6 : ¥ +— N be 0(a;) =i for 0 < i < k — 1. The decimal value of s € ¥*, v(s), is
computed as follows: v(e) = 0 and v(za) = v(x) x k + 0(a), where z € ¥* and a € 3. If
|s| = n, there are (k™ — 1)/(k — 1) strings of ¥* whose length are less than n, and there
are v(s) strings of length n whose decimal values are less than v(s). Define v : ¥* — N by
v(s) = (k¥ —1)/(k — 1) 4+ v(s), then it is easy to check that v is a bijection and the inverse
of v, v~ 1, is well-defined: For any x € N, v7'(x) = s, where |s| = n = |logi(z + 1) and
v(s)=x— (K" —=1)/(k—1).

If we order the strings of X* by v, i.e., listing them as v~1(0), v~1(1), v~(2), and so on,
this order will choose (a) shorter length first; (b) smaller decimal value first for strings of the
same length. In this order, each s € ¥* is preceded by (k!*l —1)/(k — 1) strings whose length
is less than [s|, plus v(s) strings of length |s| and whose value is less than v(s). Hence, the
rank of s in this order is exactly v(s) = (kI*l —1)/(k — 1) 4+ v(s).

Definition A.2 Let v : ¥* — N be the rank function in the above discussion. The order
induced by v is called the canonical order of X* and is denoted by >.

Example A.3 Let ¥ = {a,b}, then the first few strings of ¥* are given below with =,
where a' denotes ¢ copies of a:

albla®|ab|ba|b®|a®]|a®|aba|ab®|ba®|bab|b%a|b® | a*|a®] ...
) [0[1][2]3|4]5[6][7|8[9 [10]11]12][13[14|15]16 ..

>* becomes binary strings if we replace a by 0 and b by 1, 0

>* plays a key role in theory of computation, and a formal language is any subset of >*.
The canonical order of ¥* is uniquely defined by the rank function v. Because of v, we will
speak of strings of ¥* and numbers of A indifferently. The power set of ¥*, P(X*), and the
power set of A/, P(N), have the same size, and they are among the first known uncountable
sets.

For a formal definition of Turing machines and their encoding (denoted by (M) € ¥* for
a Turing machine M), please see [14, 18]|. Each Turing machine M as a language recognizer
can also be viewed as a decision function M : ¥* — {0,1}: For any w € ¥*, M(w) =1
means “M accepts w”; M(w) = 0 means “M rejects w”; if M (w) is undefined, it means “M
loops on w”. If M(w) is a total function, that is, M does not loop on any w, M is called a
decider.
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Definition A.4 A formal language L is recognizable if there exists a Turing machine M
such that L = L(M) = {w € ¥* | M(w) = 1}. L(M) is the language recognized by M.
Moreover, L is decidable if L is recognized by a decider.

So, all formal languages are divided into three disjoint groups: (a) decidable, (b) recog-
nizable but undecidable, and (¢) unrecognizable. In literature, a recognizable language is
also called recursively enumerable, partially decidable, semi-decidable, computable, or solv-
able. A decidable language is also called recursive, total recognizable, or total computable.*

Every set S has a characteristic function p : S + {0, 1} such that = € S iff (if and only
if) p(x) = 1. When S is a subset of N or ¥*, p is said to be a decision function. Decision
functions are a subset of general functions on N or ¥*. We will accept Church—Turing
thesis (also known as computability thesis, or Church—Turing conjecture), which says that
if a function can be computed by any computing model, it can be computed by a Turing
machine. That is, a function f is computable if it can be computed by a Turing machine M
called procedure; f is total computable if M is an algorithm, which is a Turing machine and
halts on every input.

Let S = {z | p(z) = 1}. We say S is computable if p(x) is computable. So, if S is a
formal language, then S is recognizable iff S is computable. S and p(x) are total computable
or decidable if S has a decider or an algorithm. S and p(z) are uncomputable if they are not
computable.

domain distinction name of Turing machines
decidable decider
formal languages . -
recognizable recognizer
.. decidable decider
decision problems
computable procedure
. . total computable algorithm
integer functions
computable procedure

1Some researchers use “computable”[14] or “solvable” for “decidable”; and “partially computable” or
“partially solvable” for “recognizable”. We use the word “enumerable” differently.
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