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Abstract— We study phase reduction for noisy oscillator
models by deriving a reduced order stochastic differential
equation describing the phase evolution using the first and
second order Phase Response Curves (PRCs). We discuss direct
methods and ordinary differential equations for computing
these PRCs, and derive approximate first and second moments
of the time period of the oscillator models in terms of functions
of the PRCs. We illustrate the theoretical results on a noisy
Hopf bifurcation normal form, on a noisy Van der Pol oscillator,
and on a noisy bursting neuron model.

I. INTRODUCTION

Oscillator models are fundamental in modeling systems
with rhythmic behavior, including systems in ecology, neu-
roscience, and engineering [1-7/]. Phase Response Curves
(PRCs) provide fundamental information about how these
oscillator models perform in a neighborhood of a stable
limit cycle and facilitate a reduction of a high dimensional
model to a one-dimensional phase model. Furthermore, when
multiple oscillator models interact with each other, such
one-dimensional reduced models enable the development of
coupled oscillator models that use only the phase information
and relative timing of their limit cycles.

PRC theory is typically developed for small deterministic
perturbations around the stable limit cycle and in such cases
it is sufficient to consider only the first order effects of the
perturbation on the limit cycle. In this paper, we consider
stochastic perturbations to the limit cycle and develop a
stochastic phase reduced model.

The idea of phase reduction goes back at least to [8]
and has been expanded and formalized in subsequent works,
including [1, 9, [10]. The references [11-13] provide a good
tutorial introduction to the topic.

Phase reduction for noisy oscillators has also received
some attention. Moehlis [14] considers oscillators under
small noise and studies mitigation techniques to reduce the
effect of noise on the time periods of the oscillators. The
small noise assumption implies that the second order terms
in the Ito expansion can be discarded. Here, we relax this
assumption and towards this end use the notion of second
order phase response curves, which was introduced in [15].
Teramae et al. [16l [17]] consider a setup very similar to that
studied in the present paper. However, their computations
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rely on the Stratonovich interpretation of stochastic differen-
tial equations, which leads to different reduced order models
than those derived below using the Ito interpretation.

Bonnin [18] considers a system similar to the one studied
here and analyzes the amplitude deviation and phase dynam-
ics. The effect of noise on oscillators has also been analyzed
in [3} 4] and references therein. Compared with these works,
we provide complementary techniques that illuminate phase
reduction from a PRC perspective.

In this paper, we consider stochastic perturbations to the
limit cycle and develop a stochastic phase reduced model.
Towards this end, we use the notion of second order phase
response curves. We show how the reduced system can be
used to determine distributions and moments of the noisy
oscillators’ time periods. We also derive series expansion
approximations to the first and second moments of the time
periods of the oscillator models. We illustrate the techniques
developed with three oscillator models, the noisy Hopf
bifurcation normal form, the noisy Van der Pol oscillator
and a noisy bursting neuron model.

The remainder of the paper is organized as follows. In
Section [[I, we recall some background on PRCs and phase
reduction. In Section [[II, we derive the phase reduced model
for noisy oscillators. In Section[[V]we develop computational
techniques to determine second order PRCs. We discuss
computation of distributions and moments of the time period
in Section [V] and finally conclude in Section [VI}

II. BACKGROUND
A. Phase Reduction for Oscillators

In this section we first review the phase reduction tech-
nique for oscillators. Consider the autonomous system

z=F(zx), zeR", n>2 (D

with an asymptotically stable hyperbolic limit cycle a7 (t) of
period 1" and frequency w = 2% The phase of an oscillator,
denoted by 6(t), is the time that has elapsed as its state
moves around the limit cycle x7 (¢), starting from an arbitrary
reference point # on the cycle, called relative phase. The
phase, defined by 0(t) = wt +6 (mod 27), reduces the
dynamics of to the following scalar phase equation

0(t) = w, 2

where 6§ denotes ¢

7+ Note that there is a one to one
correspondence between phase 6 and each point  on the
limit cycle «”(t). This correspondence defines the following

phase map [10, [L1]] on the basin of attraction of =7 (¢):

d(x(t) =0() =wt+0, xeca, 3)



with dynamics
d(z(t) = VO(x)-& = VO(x)-F

where - denotes the inner product.

We now consider the effect of small perturbations to the
dynamics of (1), which no longer leave x”(t) invariant. To
this end, we first generalize the definition of the phase map
to a neighborhood of x”(t). Since x"(t) is asymptotically
stable, for any point y in the basin of attraction of x7(¢),
there exists an « € a7 (¢) such that as t — oo, | X (¢, x) —
X(t,y)|| — 0, where X (-, ) is the unique solution of
with initial condition @, and || - || is an arbitrary norm in
R™. The set of all such points y is called the isochron of x.
For any = € 7, all the points on the isochron of x have
the same phase as x, i.e.,  can be extended to the basin of
attraction of x” as follows:

B(y) == () = 0,

Note that the isochron of « is a level set of ®(x).
Now consider with a small perturbation

z=F(x)+eG(x,...), xR
Then, using (@), we have
d(xz(t)=VP- &=V - (F+eG)=w+eVD-G. (6)

Therefore, by definition of the phase map, the dynamics of
(3) can be reduced to the following phase equation

0=w+eVP-G.

(x)=w, ez, @

Vy € isochron of x.

0<exl. (5

The gradient of the phase map, V®, which is called the phase
response curve (PRC) and captures changes in the phase per
unit perturbation for small perturbations, plays an important
role in reducing the system (3). In what follows we review
two important methods to compute PRCs.

B. Computation of Phase Response Curves

The PRC, denoted by Z(), is defined by the gradient
of the phase map V®(x) at the point on the limit cycle
associated with phase 6. The PRC can be computed using a
direct method in which a perturbation is introduced at each
point of the limit cycle and the resulting change in phase is
recorded,

oP 1
ox; (@) = }1—% r

(@(a; +71) — <I>(ac)) , xzex,
) (7)
where % is the i-th coordinate vector.

Alternatively, the adjoint method can be used that solves
the following ODE in reverse time [6} [19]

d

5 Ve (1) = ~DF'(27(t))Ve(2™(t)), ()

with constraint
Vo(x27(0)) - F(xz7(0)) = w, 9)

where DF " denotes the transpose of the Jacobian of F'.
Note that due to the negative sign in front of —DF", the
stability of the adjoint equation (B) is the opposite of the
stability of the limit cycle. Hence, the adjoint equation needs
to be solved in reverse time.

III. PHASE REDUCTION FOR NOISY OSCILLATORS

We now focus on the effect of noise in the dynamics
of equation (I) on its phase reduction. Consider (I) with
additive white noise

dx = F(x)dt + o B(x)dW (t), (10)

where B(x) € R™*" is the input matrix, ¢ < 1 is a constant
determining the variability of noise, and dW (¢) is a standard
n-dimensional Weiner process increment.

Before we discuss the phase reduction of noisy oscillators,
we first introduce the second order PRC, denoted by H(0)
and defined by the Hessian of the phase map V2®(x) at the
point on the limit cycle associated with phase 6.

Proposition 1 (Phase reduction of noisy oscillators):
For the noisy oscillator with an asymptotically stable
limit cycle in the absence of noise, the dynamics of the
phase in a neighborhood of the limit cycle is

0.2
o = (w + 7tr(B(wv(t))T15{(9)1?;(:,;7@))))dt
+0Z(0)" B(x(t)dW (t), (11)

where tr(-) is the trace operator.
Proof: We apply the Ito formula [20, Theorem 4.16]
to the phase map ®(x(t)) to obtain

d® = Vo - F(x)dt + oV - B(z)dW (t)
+ YP(@)dt + oB@)aw (1) Vo)
)

2
x (F(x)dt + oB(z)dW (t))
o2
= (er?trace( (z)"V2®(z)B(z ))> dt

+0oVe(z) - B(x)dW (1),
which yields the desired result similarly to [20, Theorem
4.16]. [ ]
Remark 1: If B(x) is the identity, (IT) reduces to

i=1

Example 1: (Phase reduction of noisy Hopf bifurcation
normal form.) We consider the normal form of a supercritical
Hopf bifurcation with additive noise:

dx, = (’ugjl — Wry — (l’? + x%)xl)dt + UdWl(t)7

(13)
(wx1 + prs — (23 + 23)22)dt + odWa(2).

d{,CQ =
Recall that, without noise, the dynamics of yields a
circular limit cycle centered at the origin with radius /x and
frequency w. Furthermore, given the phase 6 on the limit cy-
cle, the associated point (z7,z3) = (\/cos(d), /usin(6)).
Equivalently, § = ®(z],z3) = tan~!(z]/z]). It follows
immediately that

1 [ —sin(0)
o 1 g (SIEO;;Q) >7005(20) .
= < —cos(20) —sin(26) ) '



Therefore, using equation (I2)), the phase reduction for the
noisy Hopf bifurcation normal form (I3} is

(2
df = wdt + —dW(t). 15
wdt + 2 (t) (15)

]

IV. COMPUTATION OF SECOND ORDER PHASE
RESPONSE CURVES

Similar to the PRC, the second order PRC, denoted by
H(6) = V2®(x), can be computed using a direct method as
follows.

%P 1/09 4 0P
H;;(0) = ——— = lim — | 57— ) — o — .
)= g @) =i+ (57 @+ - 57 (@)

Alternatively, the second order PRC solves the following
ODE in reverse time

H(#) = -V*F(Z(0)®I)—-DF"H(#)— H(#)DF, (16)

where all the arguments (z7(t)) from V2F and DF are
dropped; V2F = [V?F; ---V2F,] is an n x n? matrix and
represents the Hessian matrix of the vector field F', ® is the
Kronecker product and I is the n x n identity matrix. The
initial condition is determined by the following constraint

FT(@(0)H(6)F(27(0)) = — (FTDFT) (27(0)) Z(6).
a7
Proposition 2 (Computing the second order PRC):
Consider system (I) with an asymptotically stable limit
cycle 7 (t) and its corresponding phase map ®. Let VZ®
be the Hessian matrix of the phase map ®. Then V2@
solves (T6) with constraint (I7). O
A proof of Proposition [2] can be found in [15 Section 2].
Remark 2: The following choices of initial conditions for
V® and V2® guarantee the constraints given in (9) and (I7),
respectively:

Vo(x” =—— F(x" ,
2 vy — y
VZo(27(0)) = 2 FTF) “/(O))(DF + DF ") (x7(0)).

Remark 3: In what follows, we vectorize [21] equa-
tion (T6) and combine the corresponding equations of the
PRC and the second order PRC. Let H, = vec(V2®) be the
vectorization of V2®. Then

dz

o= —-DF'"Z,
dZ” = (I®DF'" +DF'" ® I)H, )
—(I®V*F)vec(Z® 1),
= -(I®DF'" +DF'" ® I)H,
— (2" @ I ® Ivec(V*F),

with constraints
FT(27(0))Z(0) = w,
(FT @ FT)(27(0))H,(0) = (FTDFTZ) (x7(0)),

where the following vectorization equalities are used for
arbitrary matrices A, B, and C:

vec(AB) = (I ® A)vec(B) = (B' ® I)vec(A),
vec(ABC) = (CT ® A)vec(B).

Here I is an identity matrix of the appropriate size.

Remark 4: Due to the negative sign in the right hand side
of (I6), or equivalently (T8), its stability is the opposite of
the stability of the limit cycle. Hence, the equation needs to
be solved in reverse time.

Example 2: (Hopf bifurcation normal form.) For the
Hopf bifurcation dynamics with o = 0, it can be verified
that the matrix H derived in (I4) satisfies (I6).

Example 3: (Van der Pol oscillator.) We now consider the
van der Pol oscillator with additive white noise

1
dxy = (;r;l — gx? — x2> dt + odW1(t) (19a)

dIQ == 171dt+O'dW2(t) (19b)
Fig. shows the PRC and the second order PRC for
dynamics (I9) with ¢ = 0. These 2-component PRCs are
computed by numerically solving (8] with initial conditions
discussed in Remark

Second order PRC

Fig. 1: PRC (left) and 2nd order PRC (right) for the Van der Pol oscillator.

Example 4: (Bursting neuron model.) This bursting neu-
ron model, containing a system of 3 ODEs, was developed
for an insect central pattern generator (CPG) [22, 23]. It
describes the dynamics of trans-membrane cell voltages and
slow and fast ionic gates, as follows:

Co=—{Ica+ Ik +Ixs+1Ir} + L,
Y

m= @) [Meo(v) — m), 20)
D= 0 Weo (V) — W
w = Tw(’U)[ OO( ) ]a

where the ionic currents are of the following forms

Ica(v) = goaneo(v)(v — Eca),
Ix(v,m) = gxg m (v— Eg),
Ixs(v,w) = grsw (v — Exs),
Ir(v) = gr(v— Ep).

The steady state gating variables associated with ion channels



and their time scales take the forms

- 1
moo('U) = 414—6_2]61((”_”}() 5
1
Woo (V) = 1+ e—2kxs(v—vks) ’
1
Noo(V) =

1 + e—2kca(v—vca) ’

and

Tm (v) = sech(0.5 ki (v — vk)),
Tw (V) = sech(0.5 kx (v — vk g)).

CPGs are neural networks responsible for rhythmic behav-
iors such as breathing and walking. Therefore, the model’s
parameters, specified in Table [l are chosen such that equa-
tion (20) possesses an attracting hyperbolic limit cycle. As
shown in Fig. [2] the limit cycle contains a burst of spikes,
followed by a quiescent phase at low voltage with m =~ 0.

Iezt  gca 9x Jrxs gL PEca Ex  FExs EL

3565 44 9.0 0.5 2.0 120 -80 -80 -60

kca kx kks vce vk vks C 7« 0
0.056 0.1 0.8 -1.2 2 -26 1.2 50 0.027

TABLE I: The constant parameters in the bursting neuron model.

02
025 o5

0.15 0.1
0.1
0.05 m
w

Fig. 2: A limit cycle of the bursting neuron model , in (v, m,w) space.
The parameters are specified in Table

In [23| 124] a system of 6 weakly coupled bursting neuron
models like (20) were employed to study locomotion patterns
in insects. Using phase reduction techniques and the Averag-
ing Theorem, the 24 bursting neuron equations were reduced
to a system of 6 coupled phase equations in which the PRC
played a crucial role (see (6)). To reduce a system of 24
noisy bursting neuron equations, one also needs to compute
the second order PRC which we will do below. Note that we
will postpone the derivation of the 6 coupled phase equations
of noisy coupled bursting neuron models to future works.

In Fig. 3] the voltage and the first entries of the PRC
and the second order PRC of the bursting neuron model are
shown. We show only the first entries because perturbations
to a bursting neuron such as equation (20) enter from
other neurons via the external current .., so only the first
entries of the PRC Z and the second-order PRC H appear
in the phase equations. These are computed by solving
equations (8) and (T6) in reverse time with initial conditions
given in Remark [2]

T L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o
w

V ‘ ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

2nd order PRC

=

Fig. 3: The voltage and first entry of PRC and second order PRC of the
bursting neuron model (20) are shown.

V. TIME-PERIOD OF NOISY OSCILLATORS

In this section, we focus on leveraging the phase reduction
of a noisy oscillator towards computation of various statis-
tical properties of the time period of the noisy limit cycle.
Towards this end, we recall that one period of the noisy limit
cycle can be interpreted as the first passage/hitting time of
the phase variable 6 evolving according to equation (TT)) with
absorbing boundary at # = 27 and initial condition at § = 0.
Let the first passage time of the stochastic process 6(t) with
respect to boundary 27 be defined by

T(0p) =inf{r >0]0(r) =2m, 6(0) =6}

Then, the time period T' = T (0).

We now discuss computation of the distribution of the
time period of a noisy oscillator. For the first passage time
defined in (ZI) and initial condition 6(0) = 6y, let G(fy, 1)
be defined by

G (b, t) = P(T > t0(0) = 6p).

2L

For simplicity of exposition, in the following we assume that

B(x) = diag(p, ..., 0n). Let
1 n 1 n
1(0) = 5 ;/Bfﬂii(eo), and ¢(00) = 5 ;ﬂfzi(eoﬂ

(22)
It is known [25] Section 5.5.1] that G is the solution to the
following Fokker-Planck equation
oG oG 0?G
e (w+ UQH(QO))TGO + UQC(HO)TQS7
with initial condition G(6y, 0) = 1, for each 6y € (—km, 27),
and boundary conditions G(27,t) = G(—km,t) = 0, where
k — oo. Note that two boundary conditions are required to
solve the above Fokker-Planck equation, hence an absorbing
boundary is assumed at § = —oc.
While the distribution of the time period contains all
its statistical information, solution of the partial differential

(23)



equation (23) can be tedious. Sometimes we are interested
only in computation of certain moments of the time period.
The moments of the passage/hitting time can be computed
by solving an ordinary differential equation (ODE) instead
of equation (23). Let M,, = E[7"] be the n-th moment of
the time period. Then, it is known [25, Section 5.5.1] that
M, is the solution to the following ODE

9 dM, d*M,,
(w+ o°II(6p)) T P
with boundary conditions M,,(27) = 0 and M,,(—kn) =0,
k — oo, and using the fact that M, = 1.

We now compute approximate first and second moments
of the time period.

Proposition 3 (Approximate Moments of Time Period):
For the noisy oscillator and the associated reduced
model with B(z) = diag(B1,..-,53n), the following
statements hold

" 1+02¢(00) = —nM,_1(0y), (24)

i) The mean time period is

o (a)da + o(c?);

ii) the second moment of the time period is

2 27
4”'2 - 21/ (21 — a)(a)da

w w3

20, 27 2
= do — 22
v 7 ((ayda AR

The functlons II() and ¢ ( ) are defined in equation (22).
Proposition [3] is proved in the appendix.

Example 5: (Time period of the noisy Hopf bifurcation
normal form.) Recall that the phase reduction of a noisy
Hopf bifurcation normal form (T3)) is a diffusion equation
with constant drift and diffusion terms (I3). The first hitting
time properties of this equation are well studied [25, 26],
and its time-period satisfies a Wald distribution.

[ 27 (2w — wt)?
p(t) = o238 P <_ 202t ’

The mean and variance of the time period are
2

E[T?] =

E[T] = %” Var[T] = 257"

Remark 5: The first hitting time 0% equation (13)
with respect to a single fixed threshold has been successfully
used to model interval timing behavior [27], which studies
how humans perceive time-interval lengths. The connection
with noisy oscillators provides a normative account to such
models. Similar investigations with bursting neurons could
produce more biophysically-grounded models. We intend to
investigate this in future work.

Example 6: (Time period of noisy Van der Pol oscillator.)
We now study the time-period of the noisy Van der Pol
oscillator (19). In Fig. we compare the above analytic
approximations to the mean and second moment of the
time period derived via Proposition [3] with Monte Carlo
simulations performed on the dynamics of equation
and averaged over 5000 samples. It can be seen that the

a)dadé + o(a?).

approximations in Proposition [3 are fairly accurate for the
range of o shown here.
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Fig. 4: Comparison of time period statistics obtained using 5000 Monte
Carlo simulations of the noisy Van der Pol oscillator with analytic approx-
imations derived in Proposition

VI. CONCLUSIONS

We studied phase reduction of noisy oscillator dynamics.
We leveraged the first and second order PRCs to derive a
scalar stochastic differential equation that describes phase
evolution in oscillator models. We discussed the direct
method and ODEs for computing the PRCs. We also dis-
cussed computation of the distribution and moments of noisy
oscillators’ time periods, deriving analytic approximations to
the first and second moments of these time periods in terms
of functions of their PRCs.

Future directions for investigation include design of con-
trol protocols to minimize the influence of noise on the
oscillator time period statistics. Another interesting direction
is to extend the proposed methodology to coupled oscillators
and to study the influence of the second order PRC on their
synchronization.
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APPENDIX

PROOF OF PROPOSITION[3]

We start by establishing the first statement. Let M (6y) =
To(0o) + 0Ty (00) + 0®T5(0p) + o(c?). Then, from equation

(24), we have
dT dT: dT:
2 0 1 2 2
(w+o 1’[(90))(dt9 +o Wy +o 0 )+
d?T, d?T d>T
2 0 1 2 2 2y
J§(90)<d02 +0d02 +o d98)+0(0)_ 1.
Collecting ¢* terms, for i € {0,1,2}:
dTi 0
wdfé)):*l:}TO:*Z()ﬁ*Cl
dT dT
. il S T, —
wdeo 0 = wdeo 0= 1T Cco
dTy dTy d?T,
I1(6y 0)) ——’ =
(%) g, + g, T %) gz =0
dT, 10 b
w2 = (00) = T = —/ a)da + cs3.
d90 w
Therefore,
0
M1(90)2—£+ H(90)+c1 +oco+ o0 C3+0( )



where T1(6;) = foeo I(a)da.
Using the boundary condition M;(27) = 0, we get

2 1 -
c1 = £7 Cy = 07 and C3 = —fQH(Qﬂ').
w w
Therefore,
27 — 6 o2 . .
Mi(fo) = =2 — T (fi(2m) — Ti(60)) + o(0?)
21 — 6y o [T 9
- A II(a)da + o(c?).
Thus
2 2 2T
E[T] = M1(0) = o7 H(a)do + o(a?).

We now establish the second statement. Let My(6y) =
50(90) + 051 (90) + 0252(60) + 0(0’2). Then,

),

9 d2SQ )
62

H(a)da) +

dSo

dd,
d*S

7 a7

:_2(271'—90 o

dS,
% iy
d? Sl
doa te

2 2m

(w+ 0211(90))(

o(c?).

w w? Jg,

Following the same steps as in the proof of statement (i), we
obtain

90 A7y 202 -

M>(0o) = =2 L2 Fﬂl(eo)
— 2 (00) + 2013 (60) + Ka() + olo?).
where I (6) = 090(27r — a)I(a)de, Ty(0)) =

2" C(a)da, T15(00) = [o° f27

integration constant.
Using the boundary condition Ms(27) = 0, we get

II(«)dadé and Ks(o) is the

2
KQ(O’) = % — QLH1(27T) + 271_[2(271') — 271_[3(277)
Therefore,
2(00) = (27:}%00) 253 (27r — a)l(a)da
) 27
+w% e )da—— / a)dade + o(0?).
Thus
2 27
E[T?] = M5(0) = % 253 / (21 — a)TI(a)do
2 27
+2L C()af— / a)dadé + o(o?).
0

[1]

[2]

[3]

[4]

[5]
[6]
[7]
[8]
[9]
[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

REFERENCES

A. T. Winfree, The Geometry of Biological Time, vol. 12. Springer
Science & Business Media, 2001.

F. C. Hoppensteadt and E. M. Izhikevich, Weakly Connected Neural
Networks, vol. 126. Springer Science & Business Media, 2012.

A. Demir, A. Mehrotra, and J. Roychowdhury, “Phase noise in oscil-
lators: A unifying theory and numerical methods for characterization,”
IEEE Transactions on Circuits and Systemsl: Fundamental Theory and
Applications, vol. 47, no. 5, p. 655, 2000.

A. Hajimiri and T. H. Lee, “A general theory of phase noise in
electrical oscillators,” IEEE Journal of Solid-State Circuits, vol. 33,
no. 2, pp. 179-194, 1998.

A. Goldbeter, “Computational approaches to cellular rhythms,” Nature,
vol. 420, no. 6912, p. 238, 2002.

G. B. Ermentrout and D. H. Terman, Mathematical Foundations of
Neuroscience, vol. 35. Springer Science & Business Media, 2010.

Y. Kuramoto, Chemical Oscillations, Waves, and Turbulence. Courier
Corporation, 2003.

I. Malkin, Methods of Poincaré and Liapunov in the Theory of
Nonlinear Oscillations. Moscow: Gostexizdat, 1949.

A. Winfree, “Patterns of phase compromise in biological cycles,”
Journal of Mathematical Biology, vol. 1, no. 1, pp. 73-93, 1974.

J. Guckenheimer, “Isochrons and phaseless sets,” Journal of Mathe-
matical Biology, vol. 1, no. 3, pp. 259-273, 1975.

N. W. Schultheiss, A. A. Prinz, and R. J. Butera, Phase Response
Curves in Neuroscience: Theory, Experiment, and Analysis. Springer
Science & Business Media, 2011.

P. Sacre and R. Sepulchre, “Sensitivity analysis of oscillator models
in the space of phase-response curves: Oscillators as open systems,”
IEEE Control Systems Magazine, vol. 34, no. 2, pp. 50-74, 2014.

E. Brown, J. Moehlis, and P. Holmes, “On the phase reduction and
response dynamics of neural oscillator populations,” Neural Compu-
tation, vol. 16, no. 4, pp. 673-715, 2004.

J. Moehlis, “Improving the precision of noisy oscillators,” Physica D:
Nonlinear Phenomena, vol. 272, pp. 8-17, 2014.

D. Wilson and B. Ermentrout, “Greater accuracy and broadened
applicability of phase reduction using isostable coordinates,” Journal
of Mathematical Biology, vol. 76, no. 1-2, pp. 37-66, 2018.

J.-N. Teramae and D. Tanaka, “Robustness of the noise-induced phase
synchronization in a general class of limit cycle oscillators,” Physical
Review Letters, vol. 93, no. 20, p. 204103, 2004.

J.-N. Teramae, H. Nakao, and G. B. Ermentrout, “Stochastic phase
reduction for a general class of noisy limit cycle oscillators,” Physical
Review Letters, vol. 102, no. 19, p. 194102, 2009.

M. Bonnin, “Amplitude and phase dynamics of noisy oscillators,”
International Journal of Circuit Theory and Applications, vol. 45,
no. 5, pp. 636-659, 2017.

M. A. Schwemmer and T. J. Lewis, “The theory of weakly coupled
oscillators,” in Phase Response Curves in Neuroscience, pp. 3-31,
Springer, 2012.

T. Bjork, Arbitrage Theory in Continuous Time.
Press, 2009.

H. D. Macedo and J. N. Oliveira, “Typing linear algebra: A biproduct-
oriented approach,” Science of Computer Programming, vol. 78,
no. 11, pp. 2160-2191, 2013.

R. M. Ghigliazza and P. Holmes, “Minimal models of bursting
neurons: How multiple currents, conductances, and timescales affect
bifurcation diagrams,” SIAM Journal on Applied Dynamical Systems,
vol. 3, no. 4, pp. 636-670, 2004.

R. M. Ghigliazza and P. Holmes, “A minimal model of a central pattern
generator and motoneurons for insect locomotion,” SIAM Journal on
Applied Dynamical Systems, vol. 3, no. 4, pp. 671-700, 2004.

Z. Aminzare, V. Srivastava, and P. Holmes, “Gait transitions in a phase
oscillator model of an insect central pattern generator,” SIAM Journal
on Applied Dynamical Systems, vol. 17, no. 1, pp. 626-671, 2018.
C. Gardiner, Stochastic Methods: A Handbook for the Natural and
Social Sciences. Springer, fourth ed., 2009.

V. Srivastava, P. Holmes, and P. Simen, “Explicit moments of deci-
sion times for single- and double-threshold drift-diffusion processes,”
Journal of Mathematical Psychology, vol. 75, no. 2016, pp. 96-109,
2016. Special Issue in Honor of R. Duncan Luce.

P. Simen, F. Balci, L. deSousa, J. D. Cohen, and P. Holmes, “A model
of interval timing by neural integration,” Journal of Neuroscience,
vol. 31, no. 25, pp. 9238-9253, 2011.

Oxford University



	Introduction
	Background
	Phase Reduction for Oscillators
	Computation of Phase Response Curves

	Phase Reduction for Noisy Oscillators
	Computation of Second Order Phase Response Curves
	Time-period of noisy oscillators
	Conclusions
	Appendix

