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A new class of fractional differential
hemivariational inequalities with application
to an incompressible Navier—Stokes system
coupled with a fractional diffusion equation

S. D. Zeng, S. Migérski, and W. Han

Abstract. This paper is devoted to the study of a new and complicated
dynamical system, called a fractional differential hemivariational inequality,
which consists of a quasilinear evolution equation involving the fractional
Caputo derivative operator and a coupled generalized parabolic hemivaria-
tional inequality. Under certain general assumptions, existence and regular-
ity of a mild solution to the dynamical system are established by employing
a surjectivity result for weakly—weakly upper semicontinuous multivalued
mappings, and a feedback iterative technique together with a temporally
semi-discrete approach through the backward Euler difference scheme with
quasi-uniform time-steps. To illustrate the applicability of the abstract
results, we consider a nonstationary and incompressible Navier—Stokes sys-
tem supplemented by a fractional reaction—diffusion equation, which is
studied as a fractional hemivariational inequality.

Keywords: fractional differential hemivariational inequality, Clarke sub-
gradient, Cp-semigroup, existence, Navier—Stokes system.

§ 1. Introduction

In 2008, Pang—Stewart [1| introduced and systematically studied a new kind
of coupled dynamical systems on finite-dimensional spaces, called differential vari-
ational inequalities (DVIs, for short), which are formulated as a combination of
(partial) differential equations and time-dependent variational inequalities. It was
shown that DVIs can serve as a powerful and useful mathematical tool to model
and solve a variety of problems in engineering areas, such as dynamic vehicle
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routing problems, electrical circuits with ideal diodes, Coulomb frictional prob-
lems for bodies in contact, economical dynamics, dynamic traffic networks, and
so on. Since then, more and more researchers have been attracted to investigate
both theoretical and numerical aspects of DVIs as well as their applications in
economical dynamical systems and contact problems in mechanics. Let us men-
tion a few representative results in this area. Liu-Motreanu-Zeng [2|-[4] and
Liu-Migérski—Zeng [5] used the theory of semigroups, the Minty trick, the Filip-
pov implicit function lemma and fixed point theorems for condensing multivalued
operators to examine the existence of solutions and compactness of the solution
set to a class of mixed differential variational inequalities in Banach spaces. By
using Hamiltonian and Bellman’s principle of optimality, Chen—Wang [6] formu-
lated a dynamic Nash equilibrium problem of multiple players with shared con-
straints and dynamic decision processes (NEPSC, for short) as a differential vari-
ational inequality, and developed a regularized smoothing method to find a solu-
tion of dynamic NEPSC. Ke-Loi-Obukhovskii |7] introduced a new kind of frac-
tional differential variational inequalities, and proved the existence of a delay solu-
tion to the inequality problem via a fixed point argument. Gwinner [8] used
the monotonicity method of Browder and Minty, combined with the technique of
Mosco convergence, to deliver a stability result for a class of differential variational
inequalities. Employing topological methods from the theory of multivalued maps
and some versions of the method of guiding functions, Liu-Loi-Obukhovskii [9]
proved an existence theorem for periodic solutions of a global bifurcation prob-
lem described by a differential variational inequality in finite-dimensional spaces.
For other results on DVIs the reader is referred to [10]-[21] and the references
therein.

On the other hand, hemivariational inequalities were introduced by Panagioto-
poulos [22], [23] in early 1980s to study engineering problems involving nonsmooth,
nonmonotone and possibly multivalued constitutive relations and boundary con-
ditions for deformable bodies. Since multivalued and nonmonotone constitutive
laws appear often in applications, recently, Liu—Zeng—Motreanu [24] introduced the
new notion of a differential hemivariational inequality (DHVI, for short). DHVI
is a valuable and efficient mathematical modeling tool to explore the nonsmooth
contact problems in mechanics, semipermeability problems, abnormal diffusion phe-
nomena, etc. For example, Migérski-Zeng [25] used the idea of DHVIs to exam-
ine a dynamic adhesive viscoelastic contact problem with friction and nonlinear
Kelvin—Voigt viscoelastic constitutive law. More recently, Zeng—Liu—Migoérski [26|
combined the Rothe method with the surjectivity of multivalued pseudomonotone
operators and properties of the Clarke generalized subgradient to establish the exis-
tence of solutions to a class of fractional differential hemivariational inequalities in
Banach spaces, and applied their abstract results to study a frictional quasistatic
contact problem for viscoelastic materials with adhesion. For more details on these
topics, we refer to [27]-[35] and the references therein.

Let a € (0,1) be fixed, H a Hilbert space with the inner product (-, -)g,
and F and V Banach spaces such that (V, H,V*) becomes an evolution triple of
spaces. Given zg € FE and wg € V', we formulate the following fractional differential
hemivariational inequality of parabolic—parabolic type.
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Problem 1.1. Find functions w: [0,7] — V and z: [0,7] — E such that

SDO2(t) = Sz(t) + g(t, 2(t), w(t)) for a.e. t € [0,T],
w € SOL(V, F, J,G)(z),
2(0) = 2o,

where §D¢ stands for the fractional derivative operator in the sense of Caputo (see
Definition 2.1) and SOL(V, F, J, G)(z) is the solution set of the generalized parabolic
hemivariational inequality: given a function z: [0,7] — E, find w: [0,7] — V such
that

(W'(8),0)r + (F(2(t), w(t)), v) + JO(2(t), yw(t);yw) = (G(t, 2(1),v)  (1.4)
for all v € V and a.e. t € [0,T], and
w(0) = w. (1.5)

Unlike the existing literature on differential hemivariational inequalities, in the
present paper, the subsystem (1.4) is of parabolic type rather than elliptic.

The goal of the present work is twofold. The first aim is to establish the existence
of a mild solution to Problem 1.1, based on a surjectivity result for weakly—weakly
upper semicontinuous multivalued mappings, and a feedback iterative technique
together with a temporally semi-discrete approach based on the backward Euler
difference scheme with quasi-uniform time-steps. The second aim of the paper
is to study, through our theoretical findings, a nonstationary and incompressible
Navier—Stokes system described by a fractional reaction-diffusion equation.

The rest of the paper is organized as follows. In Section 2 we survey prelim-
inary material needed later in the paper. In Section 3 we deliver an existence
theorem of mild solutions to Problem 1.1 by using a surjectivity theorem and
a feedback iterative approximation method. To illustrate the applicability of our
results, in Section 4 we investigate a nonstationary Navier—Stokes equation with
nonmonotone and multivalued frictional boundary condition driven by a fractional
reaction—diffusion equation.

§ 2. Mathematical background

In this section we review preliminary materials needed later in the paper. More
details can be found in [36]-[42].

Throughout the paper, the symbols “—” and “—” stand for the weak and the
strong convergences in various spaces, respectively. Let X be a Banach space with
its dual space X*. A single-valued mapping A: X — X™* is said to be weakly
continuous if Au,, — Auin X* as n — oo whenever the sequence {u,, } is such that
U, — u in X as n — oo for some v € X.

Definition 2.1. Let E be a Banach space, a € (0,1) and 0 < T' < 400.
(i) The Riemann-Liouville fractional integral of order a of f:[0,T7] — E is
defined by

oI% F(t) = ﬁ/o (t— )" f(s)ds for ae. t € [0,T],

where T' is the Gamma function, I'(ar) = [t te™" dt.
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(ii) The Caputo fractional derivative of order o of f:[0,7] — E is defined by

§DEf(t) = oI} f'(t) = 1 ) /t(t —8)"“f'(s)ds for a.e. t €[0,T].
0

Il —«

Let E be a reflexive Banach space and S: D(S) C E — E be the infinitesimal
generator of a Cp-semigroup {.7(t)}+>0 in E. Given two constants 0 < T' < 400
and o € (0,1), a function f: [0,7] x E — E and an element 2y € F, we say that
a function z € C([0,T]; E) is a mild solution to the following fractional Cauchy
problem (cf. e.g. [43])

§Dex(t) = Sz(t) + f(t,z(t)) for ae. t €[0,T],
x(0) = xo,

if
x(t) = E(t)xo + /0 (t—s)* L (t—s)f(s,2(s))ds forallte [0,T],

where &(t) and .# (t) are defined by

/ £a(0)Z(t0) do F(t) = a/oo 06, (0)7(t*0) dob, (2.1)
0
with

€o¢(9) (11/9 1— 1/a (e—l/a)’

r 1
wa () = _Z yrtgmen= 1%3111(717?04), 6 € (0,00).

It can be shown that &, (6) > 0 for 6 € (0, +o00) with [} &, (0) df =1 ([44] or [45],
p.4467). This means that £, is a probability density function on (0,c0). Besides
(|43], Remark 2.8),

* 5 [T s T +p)
/Oega(e)de_/o 0 Pn®)d0 = o o BE0.1]

For functions & and .%, we have the following result (|43], Lemma 2.9).

Lemma 2.2. Let S: D(S) C E — E be the infinitesimal generator of a Cp-semi-
group {7 (t)}i1>0 in a Banach space E such that ||.77(t )|| Mg for all t > 0, where
Mg > 0 is a constant. Then the functions & and % defined in (2.1) hcwe the
following properties.

(i) For any t > 0, &(t) and F(t) are both linear such that ||&(t)|| < Mg and
|Z ()] < Ms/T(a).

(i) {&(t) }i0 and {F(t)}i=0 are both strongly continuous.

(iii) For each t > 0, &(t) and F(t) are also compact provided that 7 (t) is
compact.

Next, we recall a convergence theorem ([41], Theorem 3.13), which provides
a powerful tool in the study of evolutionary inclusion problems.
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Theorem 2.3. Let 0 < T < oo and F: X — 2Y be an upper semicontinuous
multivalued mapping from a Hausdorff locally convex space X to the closed convex
subsets of a Banach space Y endowed with the weak topology. Let {x,} and {y,}
be sequences of functions such that
(i) ,: [0,T] — X and y,: [0,T] — Y are measurable functions for all n € N;
(i) for a.e. t € (0,T) and for every neighborhood N(0) of 0 in X x Y, there
exists an ng € N such that (x,(t),yn(t)) € Gr(F) + N(0) for all n = no;
(iii) there is a function z: [0,T] — X such that x,(t) — x(t) for a.e. t € (0,T);
(iv) yn € LY(0,T;Y) and y, —y weakly in L'(0,T;Y), for some y € L*(0,T;Y).
Then (x(t),y(t)) € Gr(F), i.e., y(t) € F(x(t)) for a.e. t € (0,T).
Let X be a Banach space. A function J: X — R is said to be locally Lipschitz

at u € X if there exist a neighborhood N(u) of u in X and a constant L, > 0,
depending on the neighborhood N (u), such that

|J(w) — J(v)| < Ly||lw —v||x for all w,v € N(u).

Definition 2.4 ([37]). Given a locally Lipschitz function J: X — R, we denote
by J%(u;v) the generalized directional derivative of J at the point u € X in the
direction v € X defined by

J%(u;v) = limsup J(w+Av) - J(w).

A—=01, w—u A

The generalized gradient of J: X — R at u € X is given by
0J(u) = {& € X* | J%(u;v) > (&,v) for all v € X}.

Basic properties of the generalized directional derivative and the generalized
subgradient are collected in the result below, see e.g. [41], Proposition 3.23.

Proposition 2.5. Assume that the function J: X — R is locally Lipschitz. Then
the following assertions hold.

(i) For every x € X, the function X > v — J%x;v) € R is positively homo-
geneous and subadditive, i.e., JO(x; \v) = ANJ°(x;v) for all X > 0, v € X and
JO(z;v1 +v2) < JV(w501) + JO (25 02) for all vi,ve € X

(ii) For every v € X we have J°(x;v) = max{{,v) | £ € dJ(x)}.

(iii) The function X x X > (u,v) — J°(u;v) € R is upper semicontinuous.

The next result is proved in [25|, Lemma 7.

Lemma 2.6. Let F and X be Banach spaces. Let J: E x X — R be such that

(i) for each z € E, the function u— J(z,u) is locally Lipschitz;

(ii) for each v € X, the function E x X > (y,u) — J°(y,u;v) € R is upper
semicontinuous.

Then the generalized gradient Ex X > (y,u) — 90J(y,u) C X* is upper semicon-
tinuous from E x X endowed with the norm topology to the subsets of X™* endowed
with the weak topology.
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Furthermore, we state a compactness result for an embedding between the
Bochner-Lebesgue spaces. Its proof can be found in [46], Proposition 2.8. Let
0<T < ooand I =][0,T]. Let us denote by x a finite partition of the interval I
such that [0,7] = U, 7;, where {n;}1<i<n is a family of disjoint subintervals
n; = (l;,7;). Let S be the family of all such partitions, X be a Banach space and
1 < ¢ < 0o. We introduce the function space BVY(0,7T; X) defined by

BVY(0,T; X) = {v: 0,7] = X

sup 3 [o(r) — ot < oc .

XEHX pex

The seminorm on the space BV?(0,T; X) is defined by

lollfvaorx) = sup > lo(r) —v(l)l[%  for all v € BVI(0,T; X).
XEA i ex

Suppose that 1 < p < 0o, 1 < ¢ < 00, and X, Z are Banach spaces such that
the embedding of X to Z is continuous. Put MP%(0,7T;X,Z) = LP(0,T;X) N
BVY(0,T; Z). Then the space MP4(0,T; X, Z) endowed with the norm

|| areaco,1:x,2) = vl Le0,7:x) + [[vl|BVe(o, 132y for all v e MP9(0,T; X, Z)

is a Banach space.

Proposition 2.7. Let 1 < p,q < 00, and let X CY C Z be Banach spaces such
that X 1s reflexive, the embedding X C Y is compact, and the embedding Y C Z
is continuous. Then any bounded set in the space MP9(0,T;X,Z) is relatively
compact in LP(0,T;Y).

We end the section by recalling a surjectivity result for weakly—weakly upper
semicontinuous multivalued mappings (see [47|, Theorem 8). This result will play
an important role for solvability analysis of the discrete approximate problem, see
Problem 3.3 in Section 3. Given a normed space X with dual X*, a multivalued
mapping F: X — 2% is said to be coercive if

lim inf  (u*,u) = oc.
ull x —oo [|u]|x u*eF(u)

Theorem 2.8. Let X be a reflexive Banach space with its dual X* and F: X — 2%
be a multivalued mapping with nonempty, bounded, closed, and conver values. If F
s coercive and upper semicontinuous from X endowed with the weak topology to
the subsets of X* endowed with the weak topology, then F' s surjective.

§ 3. Fractional differential hemivariational
inequalities of parabolic—parabolic type

This section is devoted to exploring an abstract dynamical system called a frac-
tional differential hemivariational inequality of parabolic—parabolic type, which
consists of a quasilinear evolution equation involving the fractional Caputo deriva-
tive operator coupled with a generalized parabolic hemivariational inequality. Our
goal is to establish the existence of a mild solution to the dynamical system. The
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proof method is based on a surjectivity result for weakly—weakly upper semicontin-
uous multivalued mappings, and a feedback iterative technique together with a tem-
porally semi-discrete approach based on the backward Euler difference with quasi-
uniform time-steps. It should be mentioned that the main results established in
this section provide not only the existence of a mild solution, but also an iterative
algorithm to obtain an approximation sequence for a mild solution.

The functional setting of the abstract dynamical system, Problem 1.1, is as
follows. Let V < H < V* be an evolution triple of spaces (or Gelfand triple
of spaces), i.e., (V,||-||v) is a reflexive and separable Banach space with its dual
space (V* || -|lv+) and (H, | - ||z) is a separable Hilbert space such that the embed-
ding of V' to H is continuous and V' is dense in H. In addition, we need two reflexive
Banach spaces (E, |- ||g), (X,|-]|x)- Also, we suppose that the embedding of V'
to H is compact, and the operator v: V — X is bounded, linear and compact. For
0 < T < 4o fixed, we denote by C([0,T]; E) the space of continuous functions
from [0, 7] into F, and introduce the following Bochner—Lebesgue spaces:

V= L*0,T;V), H .= L*(0,T; H), V* = L2(0,T; V™),
X :=L*0,T; X), X* = L*0,T; X*), £:=L1*0,T;E),
E* .= L*0,T; E*), W={ueV|v eV},

where v/ = Ou/0t stands for the time derivative of u, which is understood in the
sense of distributions. In what follows, we adopt the symbols (-,-), (-, )x*xx,
(-, Yyexy,and L(V; X) for the duality pairing between V* and V', that between X*
and X, that between V* and V, and the space of bounded linear operators from V'
to X, respectively. Weset LP(0,T")+ := {u € LP(0,T) | u(t) > 0 for a.e. t € (0,7)}.

For convenience, in the rest of the paper, we denote by C' > 0 a generic constant
whose value may change from line to line.

The mild solutions of Problem 1.1 are understood as follows.

Definition 3.1. A pair of functions (z,w) with z € C([0,T]; E) and w € W is
called a mild solution of Problem 1.1 if

z(t) = E(t)zo + /0 (t—8)* LF(t —s)g(s,2(s),w(s))ds forallte[0,T], (3.1

T T T
/ (W' (t), v(t)) 1 dt + / JO((t), yw(t); yolt)) dt + / (F(=(t), w()), v(t)) dt
0 0 0

T
>/ (Gt 2(8)), v(t) dt for all v €V,
0 (3.2)
w(0) = w, (3.3)
where {&(t) }1>0 and {Z (t) }+>0 are given in (2.1).

To explore the existence of a mild solution for Problem 1.1, we impose the
following assumptions.

Assumption H(S). S: D(S)C E — F is the infinitesimal generator of a Cp-semi-
group {7 (t)}+>0 in E such that () is compact for each ¢ > 0.



A new class of fractional differential hemivariational inequalities 333

Assumption H(F). The operator F': E x V — V* is such that
(i) for each y € E, u+ F(y,u) is weakly continuous;
(ii) one of the following conditions holds
(ii); there exists a constant ¢y > 0 such that

| F(y,u)||v+ < cp(l+||ul|y) for allu € V and y € E; (3.4)

(ii)y there exists a constant ¢z > 0 such that

IF(y, w)llve < cxllullv(t +[lull e o,r:m) (3.5)

for all w € VN L0, T;H) and all y € &, where F: &€ xV — V*
is the Nemytskii operator corresponding to F given by F(y,u)(t) =
F(y(t),u(t)) for all t € [0,T], u €V and y € &;

(iii) there are constants mp > 0, lp,dr > 0 and er € R such that
(F(y,u),u) =mpl|ull} —lp|ulf — dellullv + er forallueV and y € E;

(iv) for any sequences {u,} C VN L>*(0,7;H) and {y,} C & such that {u,} is
bounded in L*>(0,T; H), y, — y in £ for some y € &£, and w,, — u in V and H for
some u € V, we have F(yn, un) = F(y,u) in V*.

Assumption H(J). J: E x X — R has the following properties:

(i) for each y € F, the function X 3 w +— J(y,w) € R is locally Lipschitz;

(ii) for each y € E, w € X and & € 0J(y,w), we have ||{]|x+ < ¢y + dy||w| x
with ¢; > 0 and d; > 0;

(iii) for each v € X, the function £ x X > (y,u) — J°(y,u;v) € R is upper
semicontinuous;

(iv) there is a 6 € [1,2) such that JO(y,w; —w) < L + My||w||% for all y € E
and w € X with L; > 0 and M; > 0.

Assumption H(y). v: V — X is bounded, linear, and compact such that its
Nemytskii operator 7: V — X, defined by (Fw)(t) = y(w(t)) for all ¢ € [0,T] and
w €V, is compact from M?22(0,T;V,V*) to X.

Assumption H(G). G: [0,T] x E — V* is such that
(i) for each z € E, the function t — G(t, z) is measurable on [0, T;
(ii) for every t € [0, 7], the function z — G(t,2) € V* is continuous;
(iii) there exists a function pg € L?(0,T) such that ||G(¢, 2)||v+ < pg(t) for
all (t,z) € [0,T] x E.
Assumption H(g). g: [0,T7] x E x H — E is such that
(i) for each (z,w) € E x H, t— g(t, z,w) is measurable on [0,77;
(ii) for all z € F and a.e. t € [0, T, the function H > w + ¢(¢, z, w) is continuous;
(iii) there exists a function p, € LY/?(0,T) with 0 < 8 < « satisfying

MS”pg||L1/5(0,T)T(1+C)(1_ﬁ) <T(a)(1+¢)7

with ( = (o« —1)/(1 — B) and ||g(t, z1,w) — g(t, 22, w)|| g < pg(t)||z1 — 22|, for all
21,20 € E, w € H and a.e. t € [0,T], and for each bounded set D in H, we can
find a function ¢¥p € LY/#(0,T), such that ||g(t,0,w)||r < ¥p(t) for all w € D
and a.e. t € [0,T].
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Remark 3.2. An operator N: V' — V™ is said to be of generalized Navier—Stokes
type (see e.g. [48]) if N(v) = Av + BJv] for all v € V, where
(i) A € L(V;V*) is a symmetric operator satisfying
(Av,v) = aal|v||3 —Ballv]|3 for all v€V with some constants a4 > 0 and B4 > 0;
(ii) B: V xV — V* Blv| := B(v,v) is a bilinear continuous function such that
(B(u,v),v) =0 forall u,v eV, and B[-]: V — V* is weakly continuous.
Let p: Ry — (0,4+00) be a continuous function such that ¢, < u(s) < d, for
all s € Ry with two constants d, > ¢, > 0. It can be shown that the operator
F: ExV — V* defined by F(y,u) = u(e,|ly||r)Au + Blu] satisfies the hypoth-
esis H(F) with dp = ep = 0 and e, > 0, where A(-) + BJ[-] is a generalized
Navier—Stokes type operator; see Lemma 4.9 below.
Since {L(t)}+>0 is a Cp-semigroup, in what follows, let Mg > 0 be such that
1L ()| < Mg for all ¢ > 0. We are now in a position to invoke an iterative
approximation approach together with a temporally semi-discrete technique based

on the backward Euler difference with a variable time step length for Problem 1.1.
For n € N, we use the symbol 7,, to denote a partition of the time interval [0, 7T]:

To={0=t2 <t <... <t =T},

We write 7% = tF —tk=1 1 < k < n, for the lengths of the time subintervals. Note
that the quantity maxi<r<n Tﬁ represents the mesh-size of 7,,. We will assume the
sequence of time grids {7, } to be quasi-uniform.

Assumption H(7). The sequence of time grids {7} satisfies two conditions:

(1) max;<p<n 7F — 0 as n — oo;

(ii) there exists a constant ¢y > 0 such that maxj<r<p ™" <er ming <x<n 7% for
all n € N.

Given a sequence of time grids {7,}, we propose a feedback iterative approxi-
mated system corresponding to Problem 1.1 as follows.

Problem 3.3. Find sequences {w?}?_, C V, {¢¥}7_, C X*, and a function z, €
C([0,T); E) such that w® = wq, 2,(0) = 2o,

wF — wk1
e + F(zp(ti N, wk) +4*¢f =GF fork=1,...,n (3.6)
Tn

with &8 € 0J (2, (tE~1), ywk), and

zn(t) = éa(t)zo—i—/o (t—s)*"L.Z(t—5)g(s, 2n(5), wn(s)) ds for all t € [0,t%], (3.7)

for k =1,...,n, where the element G* and function t + w,,(¢) are defined by
G(O, Z()) if k= 1,
Gk=¢ 1 [t
F/t’:;Q G(s,zn(s))ds if k> 2, (3.8)
t—tF

k k k—
wn(t) = w, + Tk (wn - Wy 1)
n

for all t € (t*=1 t¥] and k = 1,...,n, respectively.
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The following lemma provides a basic result on the solvability of Problem 3.3.

Lemma 3.4. Let n € N be fized. Assume that H(S), H(F), H(J), H(G), H(g),
H(v) and H(T) are fulfilled. Then there exists an ng € N such that Problem 3.3
has at least one solution for all n > ng.

Proof. Let ng € N be a fixed integer such that ng > cylpT, and let n > ng. Since
nmingcp<n, 78 < T, we have max; <x<, 7% < e7T/n by the quasi-uniformity of 7,,.
Hence, for 1 < k < n,

For every fixed n > ng, we prove the result by induction on k.

First, for k = 1, GL = G(0,2). Let us introduce a set-valued mapping G :
V — 2V defined by

Gi(w) = Qw + F(zn(to), w) +~* 0J (25 (to),yw) for all w €V, (3.9)

n

where i: V. — H denotes the embedding operator from V to H with its dual
operator i*: H — V*. Observe that if we are able to show that G; is onto V*, then
there exist w € V and &L € 0J(z,(to),yw) satisfying (3.6) with k = 1. Hence, we
will apply the surjectivity result of Theorem 2.8 to G;. This requires verification of
all the assumptions stated in Theorem 2.8, i.e., G is a coercive and weakly—weakly
upper semicontinuous multivalued mapping with nonempty, bounded, closed, and
convex values in V*. By the hypotheses H(J) and [41], Proposition 3.23, (iv), we
know that for each w € V fixed, the set v* 9J(zg, yw) is nonempty, bounded, closed,
and convex in V*. Moreover, Lemma 2.6 shows that the multivalued mapping X >
x — 0J(zp,x) C X* is strongly—weakly upper semicontinuous. The latter combined
with the compactness of v and [49], Theorem 1.2.8, shows that w — v*0J(zg, yw)
is weakly-weakly upper semicontinuous. In addition, using the fact that i*i/7} is
a bounded and linear operator, we conclude from H(F) (i) that the mapping G,
is also weakly—weakly upper semicontinuous.

Next, we verify that Gy is coercive. Let w € V and w* € G;(w) be arbitrary.
Then there exists a £ € 0.J(zp, yw) such that

()
w* = —w+ F(z0,w) + ¢,
Tn

Thanks to H(F') (iii),

2
« w
ww) > VB ool el — delwlly + ex — (6 30)x0x. - (310)

n

By the Young inequality and H(J) (iv), it follows that

<€7'7w>X*><X Z —JO(ZO,VU); —WU) > —Ljy— MJHWUHg(

_ (My[y[I)T me

>-L;— M Nwll?, > —L
J gV [wlly, J = 5

lwlii,  (3.11)




336 S. D. Zeng, S. Migérski, and W. Han

where € = (mp/0)?/? and g = 2/(2 — ). Inserting (3.11) into (3.10) yields

(Myln]1)*

por (3.12)

(w0 > (77 =t )il + "5 ol delfwlly — Ly -
Since n > ng, 1/7,}& > [p and G is coercive.

Hence all the hypotheses of Theorem 2.8 are verified. Applying this result, we
infer that there exist elements wl € V and ¢! € X* with €L € 0.J(2,(to),yw?) such
that (3.6) holds for k = 1. Moreover, the function w,, given by (3.8) is well defined
on [0,¢}] and belongs to C([0,tL]; V) C L?(0,tL; V).

Consider the integral equation (3.7) for k¥ = 1. Following the arguments in
the proof of [43|, Theorem 3.1, we know that there exists a unique function z, €
C([0,tL]; E) such that (3.7) holds for k = 1.

Now, we assume that there exist z, € C([0,t57!; E), wl,wl, ..., wk~t € V

n

and &L €2 ... ¢k=1 € X* such that (3.6) and (3.7) hold with k& — 1. The integral
1

ﬁki_Q G(s,zn(s)) ds is well defined. As in the case k = 1, we can verify that the

multivalued mapping Gi given by

-

Gk (w) = Yl F(zn(tE=1) w) + 4" 0T (2, (tF71), yw)  for all w € V

k
Tn

is surjective. Hence, there exist elements w® € V and ¢¥ € X* with ¢F €

OJ (2, (tE=1), ywk) such that (3.6) is satisfied. We see that w, € C([0,tk]; E) C
L2(0,t%; V). Applying [43], Theorem 3.1, again, we have the existence of a unique
function z, € C([0,tk]; E) satisfying (3.7). This completes the proof of the lemma.

Next, we provide a priori bounds for the solutions to the feedback iterative

approximate system, Problem 3.3.

Lemma 3.5. Let ny € N be such that nq > 2c3cerT, where

82 Mylly]19)® " 2
c3 = max —F+|€F|+LJ+M,ZF , e = E , Q= —".
mpg ng 0 2—10

(3.13)
Under the hypotheses of Lemma 3.4, there exists a constant C' > 0 such that the
following bounds hold for each n > max{ng,ny}:

k
< .
max |wplle < C, (3.14)
D lwh —wiEH < C (3.15)
k=1
> o hlwily < C. (3.16)
k=1

Proof. Let us suppose that €8 € X* with ¢% € 9.J(z,(tF~1), yw”) and (3.6) holds.
We act on (3.6) by the test function w” to get

ko k-1

w w _
< = Tk = ’wfb) + <F(Zn(tfz 1)7w’§) - Glrfwwi{» + <£§77(w1’z>>X*XX = 0.
n H
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Taking into account the hypothesis H(F') (iii) and the equality (w,w — v)g =
(Il — 013 + [ — v]3)/2 for w, v € H, we have
1 _ _
o7 Ulwnllzr = lws ™ Iz + lwy, = wi ™ Iz + mellwgl = Lellws 7

wk|lv.

—dpllwh|lv +er + (€5 (W) x+xx < ||GE v+

It follows from this inequality along with the growth condition H(.J) (iv) and (3.11)
with w = w¥ that

IGEIE. |, mr
= [ il et Vo e 1%
F

1 _ _
> o (lwnlli = lwn™ 5 + lwn — wn ™ 5) + mellwilly = e llwy |
n

[\

8d%  mp -
= S T b e O (el s — )
3mF

8

1 _ _
> o (ol = lwn™ 7 + lwn — w7 + =g~ lwpll5
n
8d (M l]1%)
—1 A — I, —
okl = SoE 4 ep - £, - 21

Hence,

e k k2
27—n +C3Tn(1+ ||wnHH)
mpg

k k— k k— kMFE | &k
> w7 — w17 + [lwh —wh= 5 + 7 THwnIIQv,

where c3 > 0 is defined in (3.13). We sum up these inequalities over k from 1 to ¢
with 1 < i < n to obtain

7

7
lwnliF = llwnllf + D llws —wi ™ 5 + == > mllwnly
k=1 k=1

5 i i i
IR (<11 Sy b B S
Bz k=1 k=1

and

A 7

; ; k k— mpg k., k

(1= cari)lfwnllfy + Y ok —wh=" 1% + 55> wh il
k=1 k=1

2 7 7 1—1
< Y MG+ es DT+ ea Y mhlleh -+ bl
P k—1 k=1
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By making use of the condition H(G) (iii), the form of G,, and the Holder inequality,

k—1

k ty 2
k sz 2 L = T—n </ G , Zn «d )
Tl Grllv =12 \ 2 |G (s, 2n(5))|lv= ds

n

tkfl

,Tk: tﬁ71 2 Tk k
— 2
< (7_7]?111)2 </tk_2 pG(S> ds) < 7},{11 /t’“—Q pg(S) ds.

n n

Then recall H(7) (ii) to obtain

tk71

2. < CT/k: . pa(s)?ds. (3.17)
.

n

7a Gl

Thus,

2
|

2 < 2+ [T 2¢+T||G(0,
— N HIGER- < T [ pa(s)?ds+ =L 16O, 20)llv- me > 0.
mpg 1 m

F Jo mpg

Note that 22:1 7k < T. Therefore, we have

n

i 7
(1= cami) [l + D llwh —wh= I + 55 > rkwh
k=1

k=1
1—1
<mg+esT+cg 3 7E k| + llwol 3 (3.18)
k=1

Since n > ni, we have 1 — C37‘7i > 1/2. By the discrete version of the Gronwall
inequality ([50], Lemma 7.25), the inequality (3.14) holds. The estimates (3.15)
and (3.16) are consequences of (3.14) and (3.18). This completes the proof.

For every fixed n € N, we introduce piecewise constant interpolating functions
Wy, &, and G, by
k
wk, e (t_1,ti],
T () = 4 (tk—1,tk]
Wo, t= 07

En(t) =€F for t € (ty_1,tx] and G, (t) = G¥ for t € (ty_1,tx].
The following lemma provides a prior: bounds for these functions.

Lemma 3.6. Keep the assumptions of Lemma 3.4. Then the following bounds

hold:

lwn |l o,m:m) < C, (3.19)

W] o< 0,71y < C, (3.20)

[@nlly < C, (3.21)

Jwallv < C, (3.22)

1§nllax < C, (3.23)

[wy,[[v- < C, (3.24)

||| ar2.20,73v,v+) < C, (3.25)

where C' > 0 is independent of n.
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Proof. Obviously, for each n € N, w,, belongs to C([0,T]; H). For any t € [0,T],

there is a k between 1 and n such that ¢ € (t*=1 ¢¥]. Using the boundedness of the

sequence {||wk|| g }7_, (see (3.14)), we get
(th — 1)

lwn @l < llwplle + =5y

n

—wk g
< Nwkll g+ [Jwk — wi= g < 2)wh]lg + [wi™ g < C

for all t € (t*=1,¢*], k = 1,...,n. This leads to the bound (3.19). Moreover, the
bound (3.20) is a consequence of (3.14). By the equality

T ot n
= [ 1wl ds =3 [ Il ds = 30kl
k=1"Y1n k=1

and (3.16), we obtain (3.21). Concerning the function w,,, we have

T n tk
fwnlly = [ lwn@lfds =3 [ (o)1 ds
0 k=1 tn_
_i t s—th o k
_k:—1 tn ! 14
n tﬁ k 2
t — s _
<230 [ (bl + () ok - kR ) as
k=1"1n n

k _
w,, + k (wn__u% 1)
Tn
n

n
<2 T (kI + 2(lwply + wk M IT)) < 10w flwhlIF + 10]|wolF-
k=1 k=1

So, (3.16) implies the bound (3.22). In addition, we deduce from H(J) (ii), that

T nodk n
lealie = [ lenoEeds =3 [ In(o)lds = SOkt
k=1""n k=1

n n n
<DLy + Myllywillx)? <205 ) mi +2M3 1P Y millwplf3
k=1 k=1 k=1

The latter combined with (3.16) guarantees the validity of (3.23). In addition,
we observe that (3.6) can be formulated as follows:

Wi (8) + F(2n (60 (1)), 0n (1)) + 7" En(t) = Gn(t) (3.26)
for a.e. t € [0,T], where the function d,,: [0,7] — [0,7] is defined by
Sn(t) =th=1 forte [th=1 th) and k=1,2,...,n. (3.27)

Given any v € V, we multiply the equality (3.26) by v(¢) and integrate the resulting
equality over [0,7] to get

(Gry V)ysxv — (F(20(00), W0 ), V)vexy — (Ens T0) ax xx = (Wi, 0) 3 = (Wi, 0)y= <,
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where 7: V — X is the Nemytskii operator of v defined by (Fw)(t) = yw(t) for
all t € [0,T]. This results in

lwnllve < IGallve + 1F(2n(0n), Wn) by + [1VI111€n 1 2 (3.28)
The bound (3.17) turns out to be

n th n
IGally- =3 [ 16 ds = S iGEl
k=1"1n k=1

< erllpallzo,r) + TIG(0, 20) I3+ (3.29)
If H(F) (ii); holds, i.e., (3.4) is satisfied, then we see from (3.21) that

2
Vo

| (20 (60), W)

T
2 = / 1F (o (5 (£)), T ()13 dt
T
< / L+ [T (D)) dt < 23T + 28 a3
0

The latter together with (3.23), (3.28) and (3.29) shows the validity of (3.24). Fur-
ther, when H(F) (ii)2 is satisfied, namely, (3.5) holds, we use (3.20), (3.21), (3.28)
and (3.29) to conclude that the estimate (3.24) holds.

In view of (3.21), to prove the boundedness of w,, in M%2(0,T;V, V*), it remains
to examine the boundedness of {@, } in BV?(0,T; V*). For the BV?(0,T; V*)-semi-
norm of w,,, write

— 2 . o m’fL—l m’fjl—l 2
HwnHBV2(O,T;V*) = Z”U’n - Wn Hv*’

k=1
where the equality is attained at a partition whose vertices are located at the grid
. : 0,1 My—1 0 M, 0 _ M, _
intervals indexed by m,,,m.,...,my, ,m,,» with m,; =1 and m,"» = n. Hence,
we have
My, k k—1
— 2 . my—1  mpT -1 2
||wnHBv2(o,T;v*) = E :Hwn Wn }v*
k=1
M, m;,
k k—1 Z j—1 j—22
< (mn - my ) ||wn — Wy | 1%
k=1 j=mp 1
k
M, My, i—1 i—2 112
B N wd—1 — i
< (mF —mF™1) max 7! TI || m——
n n n n
1<I<n — ) Ve
k=1 j=m, ~+1
n k—1 k—2 |2
l k|| Wn — Wy 112
<nmax 7, » T, - < erT||wy, ||« -
1<I<n TN v

Therefore, from (3.24), we derive the bound (3.25). This completes the proof of
the lemma.

We end the section with an examination of critical convergence theorem for
the functions {w,}, {w,}, {£,} and {z,}, and to reveal that the limit point
of {(zn,wy,)} is also a mild solution of Problem 1.1.



A new class of fractional differential hemivariational inequalities 341

Theorem 3.7. Assume H(S), H(F), H(J), H(G), H(g), H(v) and H(T). Then,
there exist (w,&,z) € W x X* x C([0,T]; E), and a subsequence of indices such
that for this subsequence (still denoted by n) we have

W, = w nV and W, = w weakly-« in L°°(0,T; H), (3.30)
wy, =~ w iV, (3.31)
wy, = w' in V*, (3.32)
wy, = w in W, (3.33)
wy, = w i H, (3.34)
£, € in X7, (3.35)
zn — 2z in C([0,T]; E). (3.36)

Moreover, (z,w) € C([0,T]; E) x W is a solution to the problem (3.1)—(3.3).

Proof. By (3.20) and (3.21), we are able to find an element w € VN L>°(0,7; H) and
a subsequence of {w,}, still denoted by {w,}, such that (3.30) holds. Moreover,
the boundedness of {w,} in V enables us to assume that w,, — w in V for some
w € V. We claim that w = w. Indeed, note that

n t’:L
2 dt=Y /t 1@ (t) — wal?)]
k=1""n

2

dt
V*

2
2, dt

T
1@ — wa 3. = / [@at) — wn(®)]

tTL
/ )2

th
-

k k—1
Wy, — Wy

n’?
2 (Tmax)2
n

~
Ve 3

k
n Wy, w

k

L
k‘)3 5
3 V-

|

=
3 (
k=1

k
Tn

We use (3.24) to see that w, —w,, — 0in V*. On the other hand, the facts (3.30) and
wy, — w in V imply that w,, — w, — w —w in V. The continuity of the embedding
of V to V* shows that w,, —w,, = w—w in V*. Combining this with the convergence
Wy, —w, — 0 in V* proves the claim. So w = w, and consequently (3.31) is satisfied.

Thanks to (3.24), by passing to a subsequence if necessary, we find a function
w* € V* such that w/, = w* in V*. Using [42], Proposition 23.19, (3.31), and the
continuity of the embedding of V to H, we have w* = w’, which means that
the convergence (3.32) holds. Obviously, the convergence relations (3.31) and (3.32)
guarantee the result (3.33). Since the embedding of V' to H is compact, so is the
embedding of W to H. Hence, (3.34) follows directly from (3.33). In addition,
by (3.23), we may suppose that there exist £ € X* and a subsequence of {£,}, still
denoted by {&,}, such that the convergence (3.35) holds.

Let us prove the convergence (3.36). Since the embedding of W to C([0,T]; H)
is continuous, w € C([0,T]; H). Arguing as in the proof of [43]|, Theorem 3.1,
we deduce from the hypothesis H(g) (iii) that there exists a unique mild solution
z € C([0,T]; E) to the following fractional evolution equation:

§D¢2(t) = Sz(t) + g(t, z(t),w(t)) for ae. t €[0,T],
2(0) = zo,
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which means that z satisfies the integral equation
t
2(t) = &(t)zo + / (t—8)* L7 (t —8)g(s,2(s),w(s))ds foralltec[0,T]. (3.37)
0
Since both {&(t)} and {.% (¢)} are bounded, we see from H(g) (iii) that

lzn(t) = 2D & < —/0 (t =) lg(s, za(s), wn(s)) — g(s, 2(s), w(s)) | & ds

M t -

<75 / (t = )7 g(5, 20(5), wn(s)) — (5. 2(5), wn(s)) | ds
4 % / (t — 5)° (5, (), wn(5)) — g(s, 2(5), w(s)) |  ds
Ms t a—l —z(s s+r

\@/0 (t = )72 py(5) [ 2n(5) — 2(5) || ds + ra(2),

where the function 7, : [0,7] — R is defined by

ro(t) = Ms / (t—5)*"Y|g(s, 2(s), wn(s))—g(s, 2(s),w(s))|| g ds for all te|0,T].

L) Jo
It follows from the Holder inequality that

/ (b= 5" py(s) ds < (/ pp()8 ds)ﬁ( / (i s><ds)1_ﬁ

||109HLl/ﬁ(()’T)T(l"'C)(l—,B)
S g

(3.38)

and

rn<t><%(/Otu—s%ds)l_ﬁ(/tug<s,z<s>,wn<s>> 905, 2(s), <>>||”ﬁds)ﬁ

<1Tir+z“)1 B(/ lg(s, 2(5), wn(s)) = g(s, 2(s), w(s ))Ilwds)ﬁ
(3.39)

for all t € [0, T, where ¢ := (a—1)/(1 — ) > —1 since 0 < 8 < . Hence, we have

MSHpg ||L1//3(() T)T(1+C)(1_B) )
b ’ sup zn(8) — z(s
[ N+ qrr )Gy 1 el

< s (T2 ([ ot ) g, 0wl i)
(3.40)

for all ¢ € [0, 7]. We see from (3.19) that

D:<U{wn ) <U{w ) (3.41)

t€[0,T] t€[0,T]
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is a bounded set in H. Note that

lg(s, 2(s), wn(s)) = g(s, 2(s), w(s))| & < llg(s, 2(s), wals)) = g(s, 0, wn(s))| &
+1lg(s, 0, wn ()2 + lg(s, 0, w(s)) = g(s, 2(s), w(s))ll e + llg(s, 0, w(s))ll
< 2pg(0)]12(s)[ 2 + 29D (s)

for all s € [0, 7. So the function s — ||g(s, z(s), w,(s)) — g(s, z(s),w(s))||r belongs
to L'/#(0,T) (see the hypothesis H(g) (iii)). Since w, — w in H, by passing to
a subsequence if necessary, we have w,, (t) — w(t) in H for a.e. t € (0,T) as n — oo.
Then apply the Lebesgue dominated convergence theorem to obtain

lim / lg(, 2(7), wa (7)) — g7, 2(r), w(r) | P dr

n—oo

- / lim [lg(r, 2(r), wa (7)) = g(r.2(r) w(E)|E dr =0 (3.42)

n—oo

for all ¢ € [0,7]. Passing to the limit as n — oo in (3.40) and using (3.42), we
obtain the convergence (3.36).
For any t € [0, 7], we have [0,,(t) — t| < maxi<r<n 7. Thus,

sup |0,(t) —t| =0 asn — oo, (3.43)
t€[0,T]

where we have applied the condition H(7)(i). Therefore, for each t € [0, 7],

Sn (t)
120 (0n(t)) — 2(t) |2 < ‘ /0 (6 (t) = 8)* 7 F (8u(t) — )g(s, 2n(5), wn(s)) ds

- [ = E = gl 2(0).w(s)) ds

E

+H®@(t)20—<g}(5 ())Z()HE L1+L2+L3+L4+L5+L6,
(3.44)

where Lq,..., Lg are defined by
Ly = [|&(t)z0 — &(dn(t)) 20l E,

On(t)—e
Lo [ 6t = 9" IZ(6n(0) = 5) = F(t = gl (s)wa ()1 .

5n (1) .
Ly := / = 8)* [ F (0n(t) — ) = F(t = 5)lg(s, 2n(s), wn(s))| & ds,
on(t)—e
on (t)
Ly:= /O = 8)* 7 = (t = 5) T F(t = 5)g(s, 2n(s), wn(s)) || ds,
5n(t)
Ls = /O = 8) T HF (t = 9)[g(s, 2n(s), wals)) — g(s, 2(s), w(s))]l| ds,

Lo:= /nm VBt — 8)g(s, 2(s), w(s)) |z ds,
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respectively, and 0 < ¢ < §,,(t). Since & is continuous, we have
Ly =& (t)zg — &(0n(t))20l|lg — 0 asn — oo. (3.45)
It follows from the condition H(g) (iii) that
19(s, zn(s), wn(s))ll2 < llg(s; 2n(s), wn(s)) — g(s,0,wn(s))| & + [lg(s,0,wn(s))|| &
< pg(s)llzn(s)lle +¥p(s),

where D C H is given in (3.41). This together with (3.36) yields that the sequence
{lg(-,zn(-);wn(-))||£} is bounded in L'/#(0,T). Let ms > 0 be such that
1g( 20 () wn(-))|lL1/e 0y < ma for all n € N. We apply the Holder inequal-
ity again to deduce that

O (t)—e
/O (B () — 5)° g5 2n(5), wn(s)]| s ds

5, (1S — gl 1A
<(ME) It s e

S (£)CFL — SN TP TCHL — GNP
< < — :
< 1+¢ ) " ( 1+¢ ) "

Recall that .#(t) is compact for all ¢ > 0. Then we know from Lemma 2.2 that
F(t) is continuous in the uniform operator topology, and so

Ly< sup  |[|F(0n(t) —5) = F(t - )]

s€[0,8,, (t)—¢]

On(t)—e
x / (5a(t) — )2 195, 2n(5), wn(s)) | 2 ds

< sup  [[F(0n(t) —s) — F(t—9)|

s€[0,0, (t)—¢]
T+ _ G\ 15
<T) m3 — 0 asn — oo and € — 0. (3.46)

We put Mgz = Mg/T'(«). Then

5n(t)
Lo= [ (600 =" I (al6) = 5) = F(t = s)la(s,20(6),wnls))] s

n(t)—e
S+l
¢+1

1-8
<2Mg< ) m3 — 0 asn — oo and € — 0, (3.47)

and

n (t)
Ly = /0 [0 (t) = 8)* 7" = (t = 8)* TN F(t — 5)g(s, 2u(5), wa(s)) | £ ds
67L(t)
< M@/O [(0n(t) = 8)* 7" = (t = 8)*Mlpg(s)ll2n(s)ll e + ¥p(5)] ds

5n (t)
<My [0 =) = (= ) g (s + ()] d
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where the first equality is obtained by using the fact that 6, (t) < ¢ for all ¢ € [0, T7,
and my > 0 is independent of n (see (3.36)). We put

() = {(6n(t)—s)°‘_ if s € 10,0, (t)],

0 otherwise,

o(s) = {(t—s)a— if s € (0,6, ()],

0 otherwise.

Then we have
5n
Ly < Mﬁ/o [(6(t) — )7 = (£ — 5)* [pg(s)ma + ¥p(s)] ds

= M5 [ [pals) = au(SNlps(mi -+ ()] ds.

It follows from the convergence (3.43) that g, (s) — pn(s) — 0 as n — oo for a.e.
s € [0,t]. So applying the Lebesgue dominated convergence theorem, we find

n—oo n—oo

lim Ly < lim My /O D (5) — an(5)][pg(s)ma + o (s)] ds
=5 [ a(s) — an(@lpp(ema + p(elas =0, (3.45)
0
For the term Ls, we obtain

On (t)
Ls < My/O (t =) llg (s, zn(s), wn(s)) = g(s, 2(s), w(s))]| g ds

M (87 — (£ = 0n (1)) 1)1 "
h (C+1)F

< M = (= bu(1) )7
h (C+1)t?

The convergence relations (3.34), (3.36) and the Lebesgue dominated convergence
theorem guarantee that

M C+1 _ (4 — ¢+1y1-5
lim Ly < lim 7 (t (t = on(t))")
n—00 n—o00 << + 1)1—,8

T B
X (/O Ilg(s. zn(5), wn(s)) — g(s, 2(s), w(s))] [ ” dS) =0. (3.49)
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Also,
t— 6, ()t
Lg < <%) Mg|g(-,2(-),w(-))llL/emr — 0 asn— oo.
(3.50)
Taking (3.44)—(3.50) into account, we have
|20 (00 () — 2(t)[|[e = 0 asn — oo (3.51)

for all t € [0,7]. It remains to prove that (z,w) € C([0,T]; E) x W is a mild
solution of Problem 1.1. First, we consider the term with (,,. Note that

k—1 k—1

%/ttn G(s,zn(s))ds — %/ttn G(s,2(s)) ds

n 7/272 n 7/272

V*
1

< [ 16 zl) - Gl 2Dl d
n t

k—
n

< sup ||G(s,2,(8)) — G(s, z(9))]|v,

s€[0,T]

and we apply the hypothesis H(G), the convergence (3.36) and [51]|, Lemma 3.3,
to deduce

G, — G(-,2(+)) in V" (3.52)
Next, we shall show that

F(on(8n), @) — Flz,w) in V*. (3.53)

Since {w,} C VN L>(0,T;H) and {2,(6,)} C & are such that {w,} is bounded
in L>(0,T;H), 2,(0,) — z in & (see (3.51)) and w,, — w in V and H, we can
apply the condition H(F') (iv) to obtain the convergence (3.53). It follows from the
convergence (3.32) that

(Wl v) = (W, v)pexy — (W, 0)pexy = (W', v)y (3.54)

for all v € V. Therefore, combining (3.35) and (3.52)—(3.54), we obtain
T T T
| @ owmde [ Feow0) 0w |60, 00) xo
0 0 0
T
- /O (G(t, 2(2)), v(b)) dt. (3.55)

w(0) = w, (3.56)
for all v € V and

z(t) = &(t)z0 + /0 (t —8)* L (t — s)g(s,2(s),w(s))ds forallt € [0,T]. (3.57)

Evidently, if we can verify that (t) € 0J(2(t),yw(t)) for a.e. t € [0,T], then
(z,w) € C([0,T];E) x W is a solution to the problem (3.1)—(3.3). According
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to H(v), Proposition 2.7, and (3.25), the sequence {7w,} is relatively compact
in X. Moreover, it follows from the convergence (3.30) that

YW, > Fw in X asn — o0. (3.58)

Hence, at least along a subsequence, we have vw, (t) — ~vw(t) in X as n — oo,
for a.e. t € [0,7]. Since z, — z in C([0,T]; E), one has z,(t) — z(t) in E for
all t € [0,7]. Using Theorem 2.3, Lemma 2.6 and (3.58), we conclude that £(t) €
0J(2(t),yw(t)) for a.e. t € [0,T]. Finally, it follows from the definition of the Clarke
subgradient that

T T
| €0 o@ixeex e [P0 00 vo0) .
0 0
The latter combined with (3.55)—(3.57) shows that (z,w) € C([0,T]; E) x W is
a solution to the problem (3.1)—(3.3). This completes the proof.

§ 4. Incompressible Navier—Stokes equations
coupled with fractional diffusion equations

To illustrate the applicability of the theoretical results established in Section 3,
we will study a nonstationary incompressible Navier—Stokes system involving a frac-
tional diffusion equation. The system will be formulated as a fractional hemi-
variational inequality.

We consider an incompressible fluid flow in a bounded, open, and connected
domain  in R?, d = 2,3, with a C' boundary I" = 92 expressed as ' =T« UTp
for some disjoint relatively open sets I'c, I'p such that meas(I'p) > 0. Given any
T € (0,00), we put @ = Q x (0,7), ¥ =T x (0,7), ¥p = I'p x (0,7, and
Yo =Te x (0,T). Let S? be the set of real symmetric matrices of dimension d.

The symbols “-”7 and “:” stand for the inner products in R? and S¢ which are
given by £ -m = &§n; and T : 0 = 745045, respectively. The corresponding norms
are denoted by ||-||ge and ||-||se. The basic notation needed in this section is

provided in Table 1. In the definitions of divergence operators, the index that
follows a comma represents the partial derivative with respect to the corresponding
component of the space variable x.

It is well known that the nonstationary flow of a viscous incompressible fluid is
modeled by the following Navier—Stokes equations with divergence-free condition
(or solenoidal condition)

811,(8::,& — pAu(x,t)
+(u(z,t) - V)u(z,t) + Vr(x,t) = f(x,t) in Q,
V- u(t) = in Q,

where o represents the kinematic viscosity coefficient. In many studies of the
Navier—Stokes equations, p is taken to be a constant. In this paper, we allow p
to depend on the concentration of some chemical solution or chemical substances.
Denoting the concentration field by y = y(¢, x), we consider a kinematic viscosity
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Table 1. Nomenclature

Symbol Description

v = (1) unit outward normal vector on I

xcQ=QUI | position vector

they range between 1 and d; the summation convention

indices 1, 7, k, [ .o .
» J> 15 over repeated indices is used

u = u(x,1t) velocity field of the fluid
m=m(x,t) pressure of the fluid
y =y(x,t) concentration of a chemical solution or a chemical substance

f(y) = f(=,t,y) | external force field

Div divergence operator for tensor-valued functions, Div.S = (S;;,;)
div divergence operator for vector-valued functions, divu = (u;;)
o total stress tensor of the fluid
Uy = U -V normal component of the velocity field w on I’
Ur = U — UV tangential component of the velocity field w on I’
S, = (Sv)-v normal component of the extra stress tensor field S on I

S: = Sv — S,v | tangential component of the extra stress tensor field S on I

symmetric part of the velocity gradient of the fluid

D) D(u) = (Vu + (Vu))/2
Vr Vr = (0r/0%i)i=1,....d
V-u Vou=divu =% du;/dx;
(v-V)u (v-V)u= (Zj'lzl Ujaui/amj)i:L...,d

coefficient of the form wu(||ly(t)|/z2()/[€?]). The constraint V - u(t) = 0 reflects the
fact that the viscous fluid is incompressible. The expression (u(t)-V)u(t) represents
the convective term. The functions m and f are the pressure field and the density
of external volume forces, respectively. In most references on the Navier—Stokes
equations, f is a given function of « and t only. We consider the case when the
density function f depends on the concentration field y = y(¢, ). In other words,
we will study the following Navier—Stokes equations for a viscous incompressible
fluid:

Ou(x, 1) ly()] 22

o (e

Fu(z,t) - V)ule, t) + Vr(z,t) = f(z,t,y(t) i Q, (4.1)
V-u(t)=0 in Q.

Next, we turn our attention to boundary conditions for the system (4.1). On
the part I'p of the boundary, we assume that the fluid is adhered to the wall.
In mathematical terms, this refers to the homogeneous Dirichlet condition for the
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velocity field uw on I'p,
u(t)=0 on Xp. (4.2)

On the part I'c of the boundary, we consider the no-flux condition, i.e., the normal
component of the velocity field w vanishes on I'c:

u,(t) =0 on X¢. (4.3)

The total stress tensor for the incompressible fluid is given by ¢ = —nl + S
in Q, where I € S? is the identity matrix and the vector-valued function S:
Qx (0,T) xS — S? denotes the viscous (or extra) response of the total stress ten-
sor o. We consider a general constitutive law by allowing the viscous stress tensor S
to depend on the concentration field y(t),

S = 2M<%)D(U) in Q.

Regarding the tangential direction on I', we focus on the general multivalued and
non-monotone boundary condition of the form

—5-(t) € 0jr (2, y(1), u-(t)) on X, (4.4)

where 07, stands for the generalized gradient in the sense of Clarke of a given
function j, which is locally Lipschitz with respect to the last variable. From the
mechanical viewpoint, the boundary condition (4.4) can be regarded as a general-
ized multivalued and non-monotone frictional law, and the energy potential func-
tion j, is considered to depend on the concentration field y(t, ). This friction law
for the fluid is reasonable since in the process of industrial production, the con-
centration of a chemical solution or a chemical substance will directly affect the
friction of the fluid on (a part of) the boundary. The initial velocity of the fluid is
prescribed by uy, i.e.,

u(0) =ug in Q. (4.5)

In the model under consideration, a chemical reaction-diffusion effect is involved
in the incompressible fluid flow. On one hand, the underlying stochastic process for
subdiffusion and superdiffusion is usually given by continuous-time random walk
and Lévy process, respectively, and the corresponding macroscopic model for the
probability density function of the particle appearing at certain time instance ¢ and
location x is given by a diffusion model with a fractional-order derivative in time
or in space. On the other hand, we also consider the case when the velocity of the
motion of the fluid will result in a rate change of the reaction—diffusion process.
Thus, we use a fractional reaction-diffusion equation to describe the evolution of
the concentration field (see [52|, Sections 4 and 5, and [53], [54]):

6Dgy(t) — kAy = h(z, t,y(t), u(t)) in Q, (4.6)

where a € (0, 1) is given and k£ > 0 denotes the diffusion coefficient; for convenience,
we take kK = 1. The initial concentration of a chemical substance is given by

y(0) =y in Q. (4.7)
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The boundary condition for the concentration field y is

() _
o = 0 onX. (4.8)

Summarizing the relations (4.1)—(4.8), we have the following initial-boundary
value problem for the coupled system of the nonstationary Navier—Stokes equations
and a fractional reaction—diffusion equation.

Problem 4.1. Find a velocity field w: Q x [0,T] — R?, a pressure field 7: Q x
[0,7] — R, and a concentration field y: © x [0,7] — R such that

o) _, (WOl

Z ) () + (ule) - Vpult) + V() = flo (1) in

V-u(t)=0 in Q,

)
(4.10)
u(t)=0 on Xp, (4.11)
uy(t) =0 on X¢, (4.12)
—8-(t) € 9j7(w,y(t), u-(t)) on Xc, (4.13)
u(0) =ug in £, (4.14)
and
SDoy(t) — Ay = h(x,t,y(t),u(t)) in Q, (4.15)
Bg_l(/t) =0 on, (4.16)
y(0) =yo in Q. (4.17)

In the study of Problem 4.1, we impose the following conditions.

Condition H(f). f: Q x [0,T] x R — R? is such that
(i) for each r € R, the function (x,t) — f(z,t,r) belongs to L?(Q2 x (0,T));
(i) for a.e. (z,t) € Qx(0,T), the function R > r — f(x,t,7) € R? is continuous;
(iii) there exists a function ¢y € L?(Q2x [0, 7))+ such that || f(z,t,7)||ge < cf(z, 1)
for all (x,t,7) € Q x [0,T] x R.

Condition H(j;). jr: I'c x R x R? — R is such that
(i) j- (-, 7, &) is measurable on I'¢ for all (1, &) € RxR? and j,(-,0,0) € L*(T'¢);
(ii) j, (7, - ) is locally Lipschitz continuous on R? for all » € R and a.e. ¢ € '¢;
(iii) there exists c¢;, > 0 such that ||0j,(x,r,&)||ge < ¢, (1 + ||&||ga) for all
(r,€) € R x R? and a.e. € I'¢;
(iv) either j,(x,r,-) or —j (@, r, ) is regular for a.e. ¢ € I'c and all r € R;
(v) (r,&) — j9(x, r, & n) is upper semicontinuous for all n € R? and a.e. ¢ € T'¢,
where ;¥ denotes the Clarke directional derivative of &€ + j,(x,7,&) in direction n;
(vi) there exist 6§ € [1,2), d;. > 0 and e;, > 0 such that jo(z,7,& —€) <
d;, +ej, €)% for ae. @ € T, all 7 € R and all € € R%.



A new class of fractional differential hemivariational inequalities 351

Condition H(h). h: Q x [0,T] x R x R? — R is such that

(i) for all (r,€) € R x R? the function (x,t) — h(zx,t,r,£) is measurable on
Q x[0,7T];

(ii) there exists a function ¢ € Li/ﬁ(O,T) with 8 € (0, «) such that

el /oo THFOP < T(a)(1+¢) 7
with ¢ = (o —1)/(1 — B), & — h(=x,t,7,€) is continuous on R?, and
|h($,t,7"1,£) - h(.’]},t, 7‘2,€)| < Qo(t)|741 - T’2|

for all 71,7 € R, € € RY ae. (z,t) € Q x [0,T7;
(iii) there exist ¢, € L*(Q)y and dj, € L*(0,T), such that |h(x,t,0,£)| <
cn(x) + dp(t)]|€]|ga for all € € R and a.e. (z,t) € Q x [0,T).

Condition H(p). p: Ry — (0,400) is continuous and ¢, < pu(s) < d, for all
s € R4 with constants 0 < ¢, < d,,.

To present a variational formulation of Problem 4.1, we need function spaces

_ 1 d _ 72 d
VT (Q,R)’ ok (Q,R),

where

U={ucC®QRY)|V-u=0inQ,u=0o0nTp, u, =0onTIc},
K={uecC®QRY) |V-u=0inQ, u, =0on I}

It is well known that V' with the standard norm || || 51 (q;re) is a separable and
reflexive Banach space. The Korn inequality ||| g1 qre) < ¢ D(w)||p2(q;re) for
all w € V with some constant ¢ > 0, shows that the norm | - ||y defined by ||u||y =
D () 12 (0;ra) for u € V, is equivalent to the norm [Jul|. In the following, we adopt
|- |lv as the norm in the space V, and the duality pairing between V* and V is
defined by (u,v)v-xv = [, D(u) : D(v)dx for w,v € V. Moreover, the space H,
equipped with the norm ||ul|lg = [|u|/12(re) for w € H, is a separable Hilbert
space. We have V. C H ~ H* C V*, and the embedding of V to H is dense,
continuous, and compact. This means that (V, H,V*) forms an evolution triple of
spaces.

To derive the variational formulation of Problem 4.1, we assume that the problem
has a sufficiently smooth solution (w,7,y). Let v € V, t € [0,T]. A standard
procedure based on (4.9)—(4.14) gives

Ou(t) / (Hy(t)HL2(Q))
—2 vdx + —=—— = |Vu(t) : Vodz
o Ot QM 12 Q

+ /1“0 j?(m,y(t),u,(t);vr) dI' + /Q((u(t) . V)u(t)) -vdx

> / f(t,y(t))-vdxe forallveV and ae. t € [0,7T]. (4.18)
Q
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Let E = L?(Q). We introduce an operator S: D(S) C E — E and a function g:
[0,T7] x E x H— E by

Su = Au for all u € D(S), (4.19)
g(t,y,v)(x) = h(x,t,y(x),v(x)) in Q (4.20)

for all t € [0,T], y € E and v € H, where the domain D(S) of S is defined by
2 2,2 dy
D(S):{yeH (Q) =W=2(Q) ‘ a—y—OonF}

With the above notation, the reaction-diffusion system (4.15)—(4.17) can be refor-
mulated as

{OCDf‘y(t) = Sy(t) + g(t, y(t),u(t)) forae. te[0,T], (4.21)

y(0) = vo.

Remark 4.2. Since Q is a C! domain, by [55], Theorem 4.2.2, the operator S:
D(S) C E — E defined in (4.19) is the generator of a Cy-semigroup {.7(t)}+>0 of
contractions on E, i.e. ||Z(t)|| < 1 for all ¢ > 0, and for each ¢ > 0 the operator
S (t) is compact.

Next, let Z = H'=%(Q;R?) for any § € (0,1/2). We need the following operators:
the embedding operator v1: V' — Z; the trace operator vo: Z — H1/2_5(FC; R%);
the embedding operator v3: H'/27%(T'¢;RY) — L?*(T¢;R?); the trace operator
v:V — L*(T¢; RY) defined by v = 73 0 v5 0 71.

Remark 4.3. The embedding operator v;: V — Z is compact, and both v5: Z —
H'Y27%(T¢;RY) and v3: HY/?79(I'¢;RY) — L?(T'¢; R?) are continuous. Thus, the
trace operator y: V — L?(I'¢; R%) := X is also compact.

Combining (4.14), (4.17), (4.18), and (4.21), we arrive at the following variational
formulation of Problem 4.1.

Problem 4.4. Find a velocity field u: Q x [0,7] — R% and a concentration field
y: Q% [0,7] — R such that

8u(t)'vdm+ <||y !IL2(9>>/V Vo da

o Ot Q|
[ ey, w50 ar ¢ JXCOREORTE
/ f (t,y(t)) -vdx for all v € V and for a.e. t € [0,7], (4.22)
= Uy,

S’Df‘y( ) = Sy(t) + g(t, y(t), u(t)) fora.e. te[0,T],
3/(0) = Yo.

\
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Definition 4.5. A pair of functions (y,u) with y € C([0,T]; E) and w € W is
called a mild solution of Problem 4.4 if

y(t) = &(t)yo + /0 (t—8)* L (t —s)g(s,y(s),u(s))ds for all t € [0,T],

= [ (@) Vyuth) -ole) dmar + / /y w(1); 0+ (1)) dT di

/ / f(t,y(t)) -v(t)dedt forallveV, (4.23)

and u(0) = uo.
To prove solvability of Problem 4.4, we introduce an intermediate problem.
Problem 4.6. Find functions w: [0,7] — V and y: [0,7] — E such that
) + (Fy(t), u(t), v) + JO(y(t), yu(t); yv)
G(t,y(t)),v) for allv €V and a.e. t € [0,T],
u(0) = uo,
§D¢y(t) = Sy(t) + g(t,y(t),u(t)) for ae. t €[0,T],
(4(0) = wo,

In Problem 4.6, the operators G: [0,7] x E — V*, F: ExV — V* and the
function J: E x X — R are given by

G(t,y) = f(t,y) forye E andt € [0,T], (4.24)
(F(y,u),v) = a(y,u,v) + b(u,u,v) foru,veVandyeckFE, (4.25)
J(y,w) = / Jr(x,y(x),w(x),)dl' fory € E and w € X. (4.26)
Ie

Here, the forms a: ExV xV - Rand b: V xV x V — R are defined by

a(y,uw,v) = (“M;g‘(ﬂ)) / Vu : Vvdez, u,veV, yeE,

b(u,v,w):/((u-V)v)-wdac, u,v,w e V.
Q

Based on Remark 4.2 and Definition 4.5, we now define the notion of a mild
solution to Problem 4.6.

Definition 4.7. A pair of functions (y,u) with y € C([0,T]; E) and w € W is
called a mild solution to Problem 4.6 if

y(t) = E(tyo + / (t— $)* L F (t — 8)g(s, y(s), u(s)) ds
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for all ¢t € [0, 7],
T T
/0 (! (1), 0(6)) + (F(y(8), w(t)), w(t))) di + / Ty (t), vult); w(t)) di
T
> [ (Gtey), o) di (4.27)
0

for all v € V and u(0) = uy.

In the proof of existence of a mild solution to Problem 4.6, we need some prop-
erties of the functions F', GG, J, and g.

Lemma 4.8. Under the hypothesis H(h), the function g defined in (4.20) satisfies
the hypothesis H(g).

Proof. Hypotheses H(h) (i) and (ii) imply directly that for each (y,v) € E x H
the function ¢ — ¢(¢,y, v) is measurable on [0, 7] and the function v — g(t,y,v) is
continuous. Hence conditions H(g) (i) and (ii) hold. Let y1,y2 € F and v € V be
arbitrary. Let D be a bounded subset of H. It follows from H (k) (ii) and (iii) that

1/2
gty 0) — g(t, v, v) 1 = ( LR —h(w,t,y2<w>,v<w>>|2dw)

1/2
< ( / w(t)2|y1($)—yz(93)|2dw) < o®llvr — il
and

1/2
lo(t.0.0)1z < [ (en@) + (0 o(@)l)” dz

<V2 (/Q(ch(:v)2 +dn(t)°]|v()]|a) df’?) "

<V2(llenllz2) + du@lvlli) < V2 (llenllzz() + dn(t)Mp),
where Mp > 0 is such that | D|| g < Mp. Therefore, H(g) (iii) holds with functions
pg = and op(-) = V2 (|lenllr2() + dn(-)Mp). The lemma is proved.
Lemma 4.9. The operator F': E xV — V* defined by (4.25) satisfies H(F).

Proof. The continuity of p (see the hypothesis H(u)) implies that y— a(y, u,v) is
continuous. Thanks to H(u), we know that the function w — a(y,w,v) is linear
and bounded for all (y,v) € E x V, and is thus weakly continuous. The functional

un—>b(u,u,v):/9((u-V)'u,) ‘vdz

is weakly continuous too; see [56], Proposition 2.6. Hence, H(F') (i) holds.
Let u € V. Using the Poincaré inequality and the relation

2/QD(u) :D(v)dx = /QV'U, : Vo de, (4.28)
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we can find a constant ¢y > 0 such that

lyllz2(o
Fowlv-= s (Faao< s o UEO ) july ol
veV, ||lv]v=1 veV, ||v|lv=1 ‘ |
+ sup 1wl La@ray [ V|| L2 (uraxa) V]| L2 o;re)

veV, ||vl|V:1
< 2dy|[ullv + collullLa(ora) | VUl L2 (@ raxa). (4.29)

In deriving (4.29), we used the Holder inequality, the Sobolev embedding theorem
and the hypothesis H(u). From (4.29) together with the Korn and Cauchy—Schwarz
inequalities, we find the existence of a constant ¢y > 0 such that ||F(y, w)||v+ < cpX
(1+]|u||?) for all w € V. Thus, for any w € VNL>(0,T; H), it follows from (4.29)
that

17 () v < ( / er(Jlu(®)ly + ||u<t>r|v||u<t>||H>2dt)

1/2

1/2

< Voo ( / (a3 + )3 u(t)3) dt)

< V2 [lully +Vv2e [Jully|ul o 0,75y = crllullv(1+ |||l Lo o,7:8))

for some ¢; > 0. Hence, H(F') (ii)2 is proved with cx = v/2¢;.
Next, for any u € U, the Green formula yields that

b(u,u,u) / Z wiug iu, da

1,j=1

/Zul( )’ldw——%/ﬂv uZu dx + = /UVZU dl = 0,

1,7=1

where the last equality follows from the facts that V-4 =0in Q, u =0 on I'p
and u, = 0 on I'c. Since the mapping u — [, ((u-V)u)u dx is continuous and the
embedding U C V is dense, we have

b(u,u,u) =0 forallueV.

This result combined with (4.28) and the hypothesis H(u) implies H (F') (iii) with
mp = 2c, and lp = dp = ep = 0.

Let {u,} € VN L>®(0,T;H) and {z,} C & be such that {u,} is bounded
in L>(0,T;H), z, — zin & for some z € &, and u,, — uw in V and H for some
u € V. Note that

T

T
a(Zn(t) up(t),v(t)) dt — / a(Z(t),U<t>,'v(t))dt‘
0
(”Z” |f|2||L2(Q)> M(” (‘)yzf(m>‘/ﬂ||V’u,n(t)||Rdxd||V’U(t)HRdxdd:cdt

/ <||?J|||§L;|(Q))/Q(Vun(t)—Vu(t)):V'v(t)dm.
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We use the continuity of p and apply the Lebesgue dominated convergence theorem
to find

T T
/ a(zn(t), un(t), v(2)) dt — / a(=(8), u(t), v(t)) dt,
0 0

because V 3 w — a(y,w,v) € R is a bounded and linear function for all (y,v) €
E x V. Moreover, as in Ahmed [57], we have

/0 b(tn (1), un (), v(t)) dt — /0 b(u(t), u(t), v(t)) dt.

Therefore, we conclude that F(z,,u,) — F(y,u) in V*, which completes the proof.
Lemma 4.10. The function J: E x X — R defined by (4.26) satisfies H(J).

Proof. Since j,(-,7,v) is measurable on I'¢ for all (r,v) € RxR? with j,(-,0,0) €
LY(T'¢), and j,(x,7,-) is locally Lipschitz on RY for all r € R and a.e. € I'¢, it
follows from [41], Theorem 3.47 (i), that H(J) (i) holds.

By the definition of J (see (4.26)) and [41], Theorem 3.47 (v), we know that for
any &€ € 0.J(y,w), there exists an n € L?(I'c; R?) such that

(é,v)x*xx:/ n(x) - v.(x)dl' for all v e X.
Te

The growth condition H(j,) (iii) ensures that

(€ vhxecx| < [ 65,1+ (@) o) o) e dT

Ie

< ¢j, (Vmeas(I'c) + |w]x)|v] x.

Thus, H(J) (ii) is satisfied with oy = ¢;_/meas(I'c¢) and B = ¢;._.

By H(j,) (iv), without loss of generality, we may assume that j.(x,r,-) is regular
for all € R and a.e. « € I'¢, since the proof is similar in the case when —j.(x,r, ")
is regular for all » € R and a.e. * € I'c. Invoking [41], Theorem 3.47 (viii), we
deduce that J(y, ) is regular for all y € E and

0 w:v) = (. y(x), w(x) vz
J°(y,w; v) /Qm y(@), w(z)r; v(w),) T
- /Q Jo (@, (@), w (@) v(@)2) T = J'(y,w; ). (4.30)

Let {(yn,wn)} € E x X be such that y, — y in £ and w,, — w in X as
n — oo. We may assume, by passing to a subsequence if necessary, that
yn(x) = y(x) and w,(x) - w(x) as n — oo for a.e. ¢ € I'c. The growth condi-
tion H(j.)(ili) guarantees that there exists a function h, € L! (I¢) such that
159(, yn (x), wp () v(2),)| < hy(x) for a.e. * € T'c. Hence, by the Fatou
lemma (e.g. [41], Theorem 1.64), the hypothesis H(j,) (v), and (4.30), we have
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forall v € X,

n—oo n— oo

lhnsupaﬂVyn,ungtﬂ==1hnsupn/aj?(w,yn(w),uniﬂﬂT;v(w)T)dF
Q

< / limsup j2(, yn (@), wn (@) r; v(@), ) dT
Q

n—oo

< [ Re(@)w@)iv(@),) dr = 1. wio),
By the hypothesis H(j,) (vi) and [41], Theorem 3.47 (iv), we get
Pwi-w) < [ Pay@) w@);-we@),) d
NG}

< / (dj. + e 1w (@), ||%) dT < cs + dyw]
ING,

for all y € F and w € X with some ¢; > 0 and d; > 0, where the last inequality
is obtained by applying the Holder inequality. So, H(J) (iv) is verified.

Lemma 4.11. The function G: [0,T] x E — V* defined by (4.24) satisfies the
hypothesis H(G).

Proof. Condition H(G) (i) is a consequence of the hypothesis H(f) (i). The con-
tinuity of r — f(x,t,r) implies that for all t € [0,7], the function y — G(t,y) is
continuous, i.e., H(G) (ii) is valid. We use the condition H(f) (iii) to find

1G(t,y)]

Ve = /Q 1f (,t, y())|[fa do < /ch($7t)2dw =lles (- )72

for a.e. t € [0,T] and all y € E. Therefore, H(G) (iii) is verified by taking pg :=
Cfy/ |Q|

Finally, we provide an existence result for a mild solution to Problem 4.1.

Theorem 4.12. Assume H(f), H(j;), H(h), H(n), yo € E, and uy € V. Then
Problem 4.1 has at least one mild solution.

Proof. We apply Theorem 3.7 to prove this result. Let us examine all the assump-
tions stated in Theorem 3.7. It follows from Lemmas 4.8—4.11 that functions g, F,
J and G satisfy conditions H(g), H(F), H(J), H(G), respectively. Remark 4.2
indicates that S satisfies H(S) with Mg = 1. It remains to show that H(7)
holds. By Remark 4.3, we see that ~ is linear, bounded and compact. Let {u,}
be a bounded sequence in M?%2(0,T;V,V*). Thanks to Proposition 2.7, {u,} is
relatively compact in L2(0,T; H'~°(€; R?)) due to the compactness of the embed-
ding of M?2(0,T;V,V*) to L?(0,T; H'=°(;R%)), where § € (0,1/2) is given
in Remark 4.3. Passing to a subsequence if necessary, we may assume that 7, w,, —
Fyw in L2(0,T; HY/2T9(Q;R%)) for some w € L?(0,T; H/?T9(Q;RY)), where 7, :
V — L2(0,T; H'/?19(;R?)) is the Nemytskii operator corresponding to ;. Com-
bining this with the continuity of v and 3 (see Remark 4.3), we conclude that
Ju, — Ju in X. Hence, H(~) holds.
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Consequently, all conditions of Theorem 3.7 are verified. Applying that theorem,
we know that there exists a pair of functions (y,u) € C([0,T]; E) x W which solves
Problem 4.6. Moreover, the inequality

J°(y, w;v) < / i@, y(®), w(x);v(x),)dl forally € B, wv,weX
ING’

implies that (y,u) € C([0,T]; E) x W is also a mild solution to Problem 4.4.
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