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This is the first in a series of papers on minimal-energy splines. The paper is devoted to plane minimal-
energy splines with angle constraints. We first consider minimal-energy spline segments, then general
minimal-energy spline curves. We formulate problems for minimal-energy spline segments and curves,
prove the existence of solutions, justify the Lagrange multiplier rules, and obtain some nice properties (¢.g.,
the infinite smoothness). Finally, we report our computational experience on minimal-energy splines.

1. Introduction

According to Bernoulli-Euler theory [8], the differential equation of a bent elastica
describing the resistance of the elastica to bending can be obtained by minimizing the
strain energy of the elastica—which is proportional to the integral of the square of the
curvature taken along the elastica. We shall call a curve a minimal-energy spline,
if the curve considered to be a bent elastica minimizes the strain energy. When the
deformation of an elastica is small, one may drop the high-order term for the
curvature, and obtain the celebrated cubic spline.

We emphasize the role played by the length in defining a minimai-energy spline. We
quote the following statement from Birkhoff and de Boor [1] (x denoting the
curvature): curiously, an absolute minimum to {«*ds does not exist except in the
trivial case of a straight line; this is because one can construct large loops joining given
endpoints with given endslopes, of length 2zr and curvature ¥ = O(1/r), for arbitrar-
ily large r—hence with {x2ds less than any preassigned positive number.

The minimal-energy spline has been considered by others under different names. In
Lee and Forsythe [7], many interesting relations are obtained for non-linear spline
curves through a formal calculus of variations. Malcolm [9] implements an algorithm
for computing non-linear spline functions. Jerome [6], and Fisher and Jerome [3]
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provide the mathematical basis for non-linear spline curves. In particular, in [6], the
existence of a non-linear spline curve is proved, which has never been done before.
In [3], the Lagrange multiplier relations and C® regularity for a non-linear spline
curve are proved. In Golomb and Jerome [5], using the Lagrange multiplier relations,
extremal interpolations are defined and studied in much detail.

Our minimal-energy splines in this paper are different from those in papers listed
above in two respects. We have angle constraints at end points, and a prescribed
length for the spline. These constraints make the constraint set of a minimal-energy
spline problem more rigid than those considered before. Hence, we use new tools to
get theoretical results. We focus our attention on constrained minimization problems
for the study of minimal-energy splines. This will allow us to generalize naturally the
results in this paper to other kinds of minimal-energy splines with different constraint
settings, in particular, the boundary conditions considered in the papers listed above
will be special cases in our forthcoming papers. Another advantage is that we are able
to obtain efficient algorithms to compute minimal-energy splines numerically.

Our plan: in this series of papers, we try to supply minimal-energy splines with
various constraints with a profound mathematical basis, find nice properties of the
splines, and report our computational experience on splines. In the first paper of the
series, we study the plane minimal-energy splines with angle constraints thoroughly.
In the forthcoming papers, we shall study plane minimal-energy splines with other
kinds of boundary conditions and space minimal-energy spline curves.

This paper is organized as follows. In section 2, we study plane minimal-energy
spline segments with angle constraints. In section 3, we study general plane minimal-
energy splines with angle constraints. In section 4, we state some results on the
computation of minimal-energy splines with angle constraints, and provide the graphs
of some minimal-energy splines.

2. Minimal-energy spline segments

2.1. Formulation of the problem and the existence of a solution

First, we form the problem for a minimal-energy spline segment.

Given two points P, = (x,,y,), P, =(x,,y,) on the plane, «,,a,€eR, and a
positive number I, we are interested in finding a curve that is of length I, connects P,
and P,, has direction angles a, at P,, a, at P,, such that the curve minimizes the
energy:

1
I 3K(s)*ds, @.1)
o
where k(s) is the curvature of the curve.

In the following, we use f’ as the derivative of a function f(s) with respect to
the arc-length parameter s. Since on an arc-length parametrized curve

{(x(s), y(sNIO< s <},

x'(s)> +y(s)> =1, 22
there is a function 6(s) such that on the curve:
x'(s) = cosé(s), 2.3)

y'(s) = sinf(s). (24)
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Obviously, 6(s) may be interpreted as the tangent direction angle of the curve at the
point (x(s), y(s)). We obtain (x(s), y(s)) through:

x(s)=x,; + J‘s cos 8(s)ds, (2.5)
[¢]

Ys) = ys + f " sinf(s)ds, 26)
0

and the curvature through:
k(s) = 0'(s). 2.7
Thus, we give the following definition.

Definition 2.1. A plane curve {(x*(s), y*(s)}|0 < s < l} is said to be a minimal-energy
spline segment of length |, passing through P, = (x,, y,) with direction angle o, and
P, = (x,, y,) with direction angle a,, if

x*(s)=x, + r cos0*(s)ds, (2.8)
V]

y*(s)=y, + j sin6*(s)ds, (29)
0

where 0*€ H(P,, P,; a,, a5; 1) is such that:
E(0*) =inf{E(0)|0€ H(P,, P,; 2y, a5; 1)} (2.10)

with the energy:
1
E®) = f 10'(s)*ds (2.11)
o
and the constraint set:

H(P, Py;a;,0,;1) = {BGHI(O, DI16(0) = a;, 6(1) = aj,

1 1
J cosf(s)ds = x, — xl,J sinf(s)ds =y, — y, } (2.12)

0o ]

Remark. In [5], the representation (2.8, 2.9) is called a normal representation.
Let us state some conditions on the input data to guarantee the non-emptiness of
the constraint set.

Lemma 2.2. H(P,, P,; a,,a,;1) # & iff either of the following holds:
12> (x; —x1)2 + (y2 — y1)%, (2.13)

12 =(x; — x,)* + (y2 — y1)% o, = ay and sina, = (y, — yy)/lcosa; = (x; — x;)/L.
2.19)
Proof. Assume H(P,, P;a,,05; 1) # &.
Since the distance between P, and P, is \/[(xz —x,)? + (y3 — y1)*], we have the
inequality:

122 (x; — %)+ (¥, — y1)> (2.15)
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If I2=(x; — x,)® + (¥, — y,)?, then H(P,, P;;a,, a,;l) contains exactly one ele-
ment 6 = o, thus we must have:

) - Xy — X
a4, =0 and  sina, =22 cosq, =22 %1
1 2 1 I 1 1

(2.16)

’

Therefore either (2.13) or (2.14) holds.

Conversely, if (2.14) holds, then 6 = a, is an element of H(P,, P,; o, a,;1). Now
assume (2.13), let us show H(P,,P,;a,,0,1)# J. We take a curve
{(x(s), 7(s)), 0 < s < )}, with

x(s) = x, + r cosO(s)ds,

0

y(s) =y, +I sinf(s)ds,
1]
x(D=x, 3=y,
8 is of class C*,0(0) = a,, 0(]) = a,,
I<l

Let 5o€(0, ). We define a function 6(s) on [0, 1] as follows:

6(s) 0 <5< s,
o) 0(s) + 4m(s — so)/(1 = 1), So <5< so+ (I =1)/2,
§)= _ - —- —
0(so) + 4n — 4n(s —so)/(1—=1), so+(I—1)/2<s5<so+1—-1,
O(s — 1+ 1), so+1—-I<s<l
Then 8e H(0, 1), 8(0) = 8(0) = «,, 8(1) = 6(1) = «,.
Note that
fso+(—-D/2 so+1—T
cosf(s)ds = J _ cosB(s)ds = 0.
JSo so+(I—1)/2
We have

rl o so+(1-T)/2
cos0(s)ds=f cos0(s)ds+J‘ cosf(s)ds

vo o S0

so+1-T i
+ J cosO(s)ds + j _cosf(s)ds

so+(1-1)/2 so+1-1

*so 1

= cosf(s)ds + J. _cos(7(s — 1+ Dds

JO so+i—1
"So _ T -
= cosf(s)ds + Jl cosf(s)ds
JO S0
rT _
= | cosf(s)ds
J0
= JE(I—) - X

=x2—x1.
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Similarly,
]
J. sind(s}ds = y, — y,.
0
Hence 0e H(Py, P,; a, a,; 1), that is H(P,, P;a,,0,; 1) # . O

From now on, we assume (2.13) or (2.14), thus the constraint set is non-empty. We
are going to give an existence result of a minimal-energy spline segment.

Theorem 2.3. Under the assumptions (2.13) or (2.14), there isa 6* e H(P,, P;; a,, o,; 1),
such that

E(0*) = inf{ E(8)|0€ H(P,, Py; a,, a5; 1)}. .17

Proof. Denote E = inf{E(6)|0€ H(P,, Py;0,,0a,;1)}. Then there is a sequence
{6,} = H(Py, P,; &y, a,; 1), such that E(6,) - E. Thus, {6,} is a bounded sequence in
L2(0, 1). Since

S

0,(s) =0a, + J 0,(s)ds,

0
we have
10,1l L20,0y < Cley| + 100l L200.19)s

that is {6,} is a bounded sequence in L*(0, I). Therefore, {6,} is a bounded sequence
in H'(0,1). So we can find a subsequence {0, } < {6,} and 6* € H'(0, 1), such that:

6,, — 0* weakly in H'(0, I), (2.18)
0, — 6*in C([0, I]). (2.19)
We shall prove
0*e H(Py, Py; 0y, 0,; 1) (2.20)
and
E(6*)=LE. (2.21)
First we prove (2.20).
Since

an(o) = al’ enk(l) = a29

! 1
j cosf, (s)ds = x; — x4, J sinf, (s)ds =y, — y;,
0 0

by (2.19), we have

0*(0) = lim 6, (0) = 2, (2.22)
k= o

0*(l) = tim 6, (1) = «,, (2.23)
k=

1 (]
J cos0*(s)ds = lim j cosf, (s)ds = x, — x,, (2.24)

0 k- Jo
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1 (]
j sinf*(s)ds = lim J sinf, (s)ds =y, — y;. (2.25)

0 k~wo Jo

Thus, 6*€ H(P;, P,; oy, %;; ).
Now we prove (2.21). We write:

(! ] 1
192 ds = j 19%(s)[0% (s) — 6.,(s)1ds + f 19%(5)8, (s)ds.  (2.26)
JO 0 0
By (2.18),
i
0% (s)[6*'(s) — 6,,(s)]ds >0 as k— co. (2.27)
JO

By Schwarz’s inequality,

1
L 10%(5)8,,.(5)ds| < /[E(0*)1/[E(8,)]. (2.28)
Thus, let k - oo in (2.26), we obtain
E(6*) < lim E(6, ) = E. (2.29)
k-

On the other hand, since 8*e H(P,, P,; a,, «,; 1), we must have
E(6*)= E. (2.30)
Therefore, E(0*) = E. a

In general, a solution 6* of (2.10) is not unique, hence a minimal-energy spline
segment is not unique. For example, let P, = (0,0), P, =(1,0), a; =, = 0,1 > 1. If
0*(s)is a solution of (2.10), then the function — 8*(s)is a solution of (2.10) as well and
9* # — 9*. What kind of assumption on the input data will make a solution of (2.10)
unique is an open question.

2.2. Lagrange multipliers

In this section, we justify the Lagrange multiplier rule for the constrained minimiz-
ation problem (2.10).

Definition 2.4. If X, Y are Banach spaces, a mapping G:D(G)< X - Y is called a
submersion at uye D(G) if:

(i) G is continuously Frechet-differentiable in a neighbourhood of u,.
(i) G'(ug): X —= Y is surjective, i.e. R(G'(uy)) = Y.
(ili) The null space N(G'(uo)) splits X, i.e. there exists a continuous projection
operator of X on N(G'(ug)).

We shall use the following theorem of Ljusternik ([10]):
Theorem 2.5. Let X, Y be two Banach spaces, U = X anopenset, F:U - R, G:U - Y.
Consider the constrained-minimum problem:

Finduge M = {ue U|G(u) = 0}, such that F (u,) = inf{F (u)|lue M}. (2.31)
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Assume:

(i) F is Frechet-differentiable at u,,.
(ii) G is a submersion at uy.

Then:

(1) Necessary condition: if ug is a solution of the problem (3.1), then there exists a
A e Y* such that:

F'(ug)k — A(G'(ug)}k) =0, VkeX.

(2) Sufficient condition: u, is a local strict minimum point of (3.1), if
(a) F and G are n-times continuously Frechet-differentiable in a neighbourhood of
Uy, with an even integer n > 2,
(b) there exist ¢ > 0 and Ae Y* such that:

FOuk™ — A(GMug)k") =0, r=1,...,n—1,
F™(uo)h" — A(G™(uo)h™) = cllh|\",
for all ke X, he X such that G'(ug)h = 0.

To apply Theorem 2.5 to prove the existence of Lagrange multipliers for the
problem (2.10), we make the change of variable:

w(s) = 0(s) — L(s) (2.32)

where

L(s)=a1<1 —;)+a2;.

Then, weﬁ(Pl, P,;0,0;))iff 6e H(P,, P,; ay, a,; 1), where:

ﬁ(PlaPZsOa 0; I) = {(DEH(‘)(O, l)

f’ cos[w(s) + L(s)]ds = x, — x4,

(4]

0

1
J sin[w(s) + L(s)]ds =y, — yl}, (2.33)
and, the minimization problem (2.10) is equivalent to the following.
Find w*e H(P,, P,;0,0; l), such that
F(w*) = inf{ F (w)|we H(P,, P,;0,0; 1)} (2.34)

where .
F(w)=E(w+ L)= f Hw'(s) + L'(s)]?ds. (2.35)

0

Now, we take U = X = H}(0, l), with the inner product
1
(¢, ¥) = j ¢’y ds;
o

Y = R?, with the usual Euclidean inner product,

(jé cos[w(s) + L(s)]ds — (x, — x;)

G(w) = 1. >
fosin[o(s) + L(s)1ds — (y; — ;)

Then the constraint set H(P;, P,;0,0;1) = {we X|G(w) = 0}.
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Lemma 2.6, F is Frechet-differentiable at any we X.

Proof. From the definition of a Frechet-differentiation, we have:

]
CF (o) ¥ =j [@'(s) + L'(s)]¥'(s)ds, VyeX.
[+
Thus, F is Frechet-differentiable at w. 0

Lemma 2.7. G is a submersion at any we H(P,, P,;0,0;1).
Proof.

fo—sin(¢ + L)y ds

fo cos(¢ + L)y ds
Thus, G is continuously Frechet-differentiable on X.

(i) Since we H(P,, P,;0,0;1), » + L is not a constant. By the continuity of w,
there exist some 6 > 0,s,, s,€(0,1), such that I, =(s, — 8,5, + 8) < (0,]),
L=(s;—0,5,+8)<(0,),[nl,= &, and:

sinfw(t,) + L(t,)] sin[w(t;) + L(t3)]

cosfw(t;) + L(t;)] cos[w(ty) + L(ty)]

Define:

(s) = Is — s;1/0, if|s —s,] <9,
mAs)= 0, otherwise:

() <G'(d) > =< ) V. X,

#0, Vty,t,el,, Viy tael,.

Is — 5,1/, if|s—s,| <9,
0, otherwise.

n2(s) = {

Then n,,n,€X.

By the mean-value theorem, there exist ¢;,t,€l,, t5, t,€1,, such that:
'l

nsinfw(s) + L(s)]ds = J n.(s)sin[w(s) + L(s)]ds

JO 1,

= Jsin[w(t,) + L(t;)],
Pl

nycos[w(s) + L(s)}ds = j n.(s)cos[w(s) + L(s)]ds
0 I

= Jeos[w(t;) + L(t,)],
rl

n,sinfw(s) + L(s)]ds = f n,(s)sin[w(s) + L(s)]ds
0 I

= Jsin[w(t;) + L(t5)],

(1

nacosfw(s) + L(s)]ds = J

na(s)cos[w(s) + L(s)]ds
I

Jo
= Jcos[w(ty) + L(t,)],
where J = {, n,(s)ds = [, ,n,(s)ds = 5.
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Since

— Jsin[w(ty) + L(t,)] —Jsin[w(t;) + L(ty)]
Jeosfw(t,) + L(t,)] Jeos[w(t,) + L(t,)]

sin[w(t,) + L(t;)] sin[w(t;) + L(t;3)]
cos[w(t,) + L(t;)] cos[w(ty) + L(t,)]

— _J2

#0

we have

span{(G’(w), ’71 >v <G’((1)), r’2>} = Y
Therefore, R(G'(w)) = Y.
(iii) Since N(G'(w)) = {ne X|{G'(w),n) = 0} is closed in X, there exists a con-
tinuous projection operator of X on N(G'(w)).
Hence, G is a submersion at any we H(P,, P,;0, 0; ). O

Thus, for the problem (2.34), the assumptions of Theorem 2.5 hold.

Theorem 2.8. If w* is a solution of the problem (2.34), then there exist 4., A, € R, such
that

1
f {(w* + L)' — [A;sin(w* + L) + 2,cos(w* + L)y }ds = 0,
(1]

Ve HY(O, 1) (2.36)
or, in the sense of distribution,

w*" + A;sin{w* + L) + A,cos(w* + L) = 0.
Conversely, if o* e H(P,, P,; 0,0; 1) satisfies (2.36), and

V4 23) < (n/1)? (2.37)

then w* is a local strict minimum point of the problem (2.34).
To prove the theorem, we need the following:

Lemma 2.9. For any ye H{(0, ),

] I 2 M
j st<<—> J Y'2ds. (2.38)
0 n 0

Proof. We expand ¢ in a sine series:
® . nm
Y(s)~ Y a,sin TS
n=1

then

y'(s)~ Y a, 1113 cos?s.
n=1

By Parseval’s equality, we have:

1 ©
[ra-35a
2n=1

0

! 1 = (nn\?
12 —_ - 2.
Jpran=z (7
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Thus

(s () 5te(2) [

Proof of Theorem 2.8. We apply Theorem 2.5 to the problem (2.34).

Note that Y* = R2. From the necessary condition part of Theorem 2.5, we have the
existence of a

-2
= Y*
A ( /12)6 R

such that

0

J’(w*’ + L'YW'ds —(— 4, 4,;) (r [ —sin(w* + L)y ds,

0

T
f cos(w* + L)uﬁds) =0, VyelX,

0

that is (2.36) holds.

Now assume w* e H{(0, I) satisfies (2.36) with A,, 4, verifying (2.37). We apply the
sufficient condition part (for n = 2) of Theorem 2.5. F, G are twice continuously
Frechet-differentiable at any w e X, with

!
F'(w)oy = L ¢'Y'ds, Vo,yeX,

fLL = cos(w + L)]pwds

G (w)py = (jé [ —sin(w + L)]¢yds

>, Vo, peX.

Then, for any Y€ X,
F'(0*)y? — A(G"(0*)¥?)

rl 1

= l/ﬂds—(—hiz)(f [ — cos(w* + L)Jy2ds,

Jo 0

rl T
[ - sin(w* + L)]‘/’st)

JO

rl J

=| ¢'2ds + J‘ [ — A,cos(w* + L) + A,sin(w* + L)]yY*ds

Jo 0

(*1

\%

Y'2ds — /(A2 + 13 )f'l// ds
0

JO

> [1 _ (i)z J2 + A%)]m f '3 ds.
n 0

By Theorem 2.5, w* is a local strict minimum point of the problem (2.36). a

Back to the original problem (2.10), recalling the variable change (2.32) we made,
from Theorem 2.8, we obtain:
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Theorem 2.10. If 8* is a solution of the problem (2.10), then there exist 1, A, € R, such
that:

1
J [0*y' — (4,sin0* + A,cos0*)y]ds =0, VyeH.O,1]) (2.39)

0

or, in the sense of distribution,
0*" + A,sinf* + A,cos0* = 0.
Conversely, if 0* e H(P,, P,; a,, a,; 1) satisfies (2.39), and

2
JOI+3) < (%)
then 0% is a local strict minimum point of the problem (2.10).

2.3. Some basic properties of a minimal-energy spline segment

In this section we study the smoothness, geometric invariance and curvature
relationship of minimal-energy spline segments.

2.3.1. The smoothness. The smoothness of a minimal-energy spline segment is deter-
mined by the smoothness of a minimizer 6*. We show that 6*e C*([0,1]), so a
minimal-energy spline segment is infinitely smooth.

We need the following result, which is a special case of Theorem 8.13 in [4].

Lemma 2.11. Let e H'(0, 1) be a weak solution of the problem:

—0"(s)=f(s) in (0,1), 0(0)=a,, O()=a,. (2.40)
If fe H¥(0,1), k > 0O, then

8eH**2(0,1), and || 0 gxs20.y < (101 L2001y + [ f Moy + 121 ] + |22 1).

Let us apply the lemma to a minimizer * of problem (2.10).
By Theorem 2.10, 8* € H*(0, !) is a weak solution of (2.40) with

Sf(s) = A,sinf*(s) + A,cos0*(s).

Now 0*e H'(0,1) implies fe H!(0,[), thus by Lemma2.11, 8*c H3(0, ). By
Sobolev’s imbedding theorem, 8*e C2([0, L]). Hence, 6* satisfies the equation
pointwisely:

— 0%"(s) = A,sinf*(s) + A,c080*(s). (2.41)

Since the right-hand side is a CZ2([0,!]) function, we obtain from (2.41) that
0* e C*([0, I]). Once more using (2.41), we have 0* C8([0, !]). We continue this
procedure, and arrive at the conclusion: 6* e C* ([0, I]).

2.3.2. Translational and rotational invariance. From the first set of input data
{(x1, 1), (X3, ¥2); a1, @551} and the second set of input data {(Xy, §;), (X3, y;);
d,,d,; 1}, we formulate the following two problems.

(a) Find feH, such that

J(6) = infy ey J(¥) = Ll% Y'(s)*ds
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with

H= {lﬁEH‘(O, DIY(0) = a,, Y(l) = a,,

Jq cosy(s)ds = x, — x,, ‘r sing(s)ds =y, — yl}. (242)

0 0
Then define a curve {(x(s), y(s))|0 < s <1} through:

s

x(s)=x, + fs cosO(s)ds, y(s)=y, + J. sinf@(s)ds.
1]

]
(b) Find e H, such that

, -~

J(8) = infy 5 J(¥) = J o' (s)* ds
0

with

H= {n&eHl(o, DO = &, (1) = &,

]

1 -
f cosy(s)ds = %, — %,, f siny(s)ds =y, — ¥, } (2.43)

o 0
Then define a curve {(X(s), y(s))|0 < s < I} through:

s

Xs)=%, + j. cosf(s)ds, P(s)=P, + j sin f(s) ds.

(1} 0

Now assume the following relations between the two sets of input data:
1) _ cos psing \ [ x, L€
9./ \ —singcose /\ y, c;)’
Xy cos psing [ x, €
L )= . + ,
Y2 —singcosd /\ y, Cs

1 =o + @,

a2+¢,

Obviously, if e H is a solution of (a), then 6=0+ ¢>eﬁ is a solution of (b), and
vice versa. Thus we may take 6(s) = 6(s) + ¢, 0 < s < [. Therefore:

>

R>

&,

i

X(s)=2%, + f cos[6(s) + ¢1ds,

o

¥(s) =y, + L sin[6(s) + ¢1ds,

that is

()E(s)) N ( cos ¢ sin ¢) (x(s)) (q)
3)) "\ =singcoso )\ is)) T\, )
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2.3.3. Curvature relationships. By (2.41), a minimizer 8* of problem (2.10) satisfies
O* + i, sin 0% + 4, cos 8* = 0. (2.44)

Note that k¥ = 6*', x’ = cos 8%, and y’ = sin 0*. Integrating (2.44), we obtain the
linear curvature relation:

K= —Ay—ix—C (2.45)

where C is a constant.
Differentiating (2.44), we get

0% + A;(cos 8*)8*' — A,(sin 6*)8* = 0. (2.46)
Multiplying (2.44) by 8*' and integrating, we have
10%'2 — ] cos0* + A,sin8* =K (2.47)

where K is a constant.
Eliminating 4, and 4, from (2.46) and (2.47), we obtain

0*/!/ + %0*'3 = Ko*’, (2.48)
that is
KII + %KB — KK.. (2.49)

This relation was obtained by Birkhoff, Burchard and Thomas [2] under a certain
assumption.

3. Minimal-energy splines

3.1. Formulation of the problem and the existence of a solution

Given N + 1 points P, = (x;, y;),i =0, 1,. .., N,ay, aye R, and N positive numbers
I,i=1,..., N, we try to find a curve connecting P,, P, ..., Py, being of length
between P;_, and P; (i = 1,.. ., N), having direction angles a, at P, and oy at Py,
such that the energy function:

Jﬁ 1k(s)tds 3.1

0

is minimized, where k(s) is the curvature of the curve,

N
l= Z I,'.
i=1
Let us denote:
P=(P,,P,,..., Py);
|=(Il,...,lN);
i
L,=0, Li=21j, i=1,...,N.
i=1

Definition 3.1. A plane curve {(x*(s), y*(s5))|0 < s < I} is said to be a minimal-energy
spline of length 1, passing through P with length I; between P, and P,(i=1,...,N),
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having direction angles a, at Py and ay at Py, if:

X*(s) = xo + J cos 6*(s)ds, (3.2)

V() = yo + J " sin 6%(s)ds, (33)

where 0* € H(P; a,, ay; 1) is such that:
E(6*) = inf{E(0)|80e H(P; ay, ay; )} 3.9

with the energy function:

E(6) = J;: 10'(s)* ds, (3.5)
and the constraint set:
H(P; o, apy; 1) = {BEHI(O, D{6©0) = ag, 6(1) = ay, J.Li cosO(s)ds = x; — x;_,»
. Li-1
j.h_lsin()(s)ds=y,~—yi_1, i= 1,...,N}. (3.6)

As for the question when the constraint set is non-empty, we have
Lemma 3.2. Assume:

12> (6= %P+ (i —yi-1)% i=1...,N, (3.7
then H(P; ap, an; 1) # .

Proof. We take N — 1 real numbers ay,..., ay_,. By Lemma 2.2, under the
assumption (3.7), for each i, there is a function 6,(s) on [L;_,, L;], such that:

;e H'(Li-,, L)), (3.8)

0:(Li—1) =%y, 0:,(L;) = a;, (39
L; L

J cosf,(s)ds = x; — x; -y, j sin 0,(s)ds = y; — y;-;- (3.10)
Li-, Li-

Now we define a function on [0, ]
0(s) = 6,(s), ifse[L;_,L;), i=1,...,N.
By conditions (3.8, 3.9), we then have 8e H'(0, ). By (3.10), we obtain:
Le Li
J cosO(s)ds = x; — x;_,, J. sinf(s)ds = y; — y;_¢.

Li-1 Li-1

Hence, 0 H(P; ag, ay; ). 0

With a few obvious modifications of the proof of Theorem 2.3, we have the existence
of a minimal-energy spline:

Theorem 3.3. Under the assumption (3.7), there is a 0* € H(P; uy, ay; 1), such that
E(6*) = inf {E(0)|6e H(P; ap, ay; D} (3.11)
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In the remaining part of this section, we assume (3.7) holds.

3.2. Lagrange multipliers

Now let us use Theorem 2.5 to justify the Lagrange multiplier rule for the
constrained minimization problem (3.4). Again, we make the change of variable:

o(s) = 8(s) — L(s) (3.12)
where
L(s) = ao<1 - ;) + aN;. (3.13)

Then, 0e H(P; ay, ay; 1) iff we H(P; 0, 0; 1), where:

H(P;0,0;]) = {weHé(O, )]

L
j cosfw(s) + L(s)]ds = x; — x;_,,

Li-i
Li

f sin[fw(s) + L(s)]ds=y, — y;_;, i=1,.. N} (3.14)
Li-y

And, the constrained minimization problem (3.4) is equivalent to the following.
Find w* e H(P; 0, 0; 1), such that

F(w*) = inf{F(w)|lw e H(P;0,0;1)} (3.15)
where
1
Fl@)=E@+ L) = f ${o'(s) + L'(s)]*ds. (3.16)
0
We set

1
U = X = H{(0, 1), with the inner product (¢, §) = j ¢ Y ds;
0

Y = R?M, with the usual scalar product in R2¥;
G(®) = (G,(@)', . . ., Gy(w)")F,

1 cos[w(s) + L(s)]ds — (x; — x:—1)) -1 N

G(CD) — ( Li-a
' ii-,sinfo(s) + L(s)1ds — (y; — yi-y)

Then the constraint set H(P; 0, 0;1) = {we X|G(w) = 0}. Let us verify the assump-
tions of Theorem 2.5 for the problem (3.15).
F is Frechet-differentiable at any we X. Indeed, we have

!
(F(w)y) = f [w'(s) + L'(s)]¥'(s)ds, VyeX.
0

G is a submersion at any we H(P; 0, 0; 1), for:

(i) G is continuously Frechet-differentiable on X, with
(G (@), ¥> = (G YT, ..., {Gy($),¥>NT,

Li [
<G:(¢>,.//>=< £, [ Sm(4>+L>mds)’

=1,...,N, V$,yeX.
L_,cos(¢ + L)yds 24
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(ii) Recall the assumption (3.7). If w e H(P; 0, 0; 1), then « + L is not a constant on
[L;-,,L;], for each i. By the continuity of w, for each i, there is a
0;>0,5;1,8,26(L;—y, L), such that I | =(s;; — 0;, 5, + &;) =(Li~,, Ly),
Ly =1(s2—9:5:2 +‘6i) c(Li-, L), L 0] ;= J, and:

sinfaw(t; 1)+ L(¢;,,)] sinfo(t;3) + L(t;3)] £0
cosfaw(t; ) + L(t; ;)] cos[w(t; 4) + L(t;4)] ’

Vti.l’tf,ZEIi,l’ Vt‘-'3,t;'461,-'2.

Define two functions in X:

(5= I sallde Hls—sil<o,
M1 0, otherwise;

_VIs = si0l/0; ifls — 850 <6,
Mi,2(s) = {(), otherwise.

Then n,,n,€ X.
Note that f; n;,(s)ds=f; n;,(s)ds=05,>0. By the mean-value
theorem, there exist t; ;,t; ,€1; |, t; 3.t 4 €1; 5, such that:

det (CGi(®), 1,17, {Gi(@), 1,2 )

— det ( — {5 misinfo(s) + L(s)1ds — [{_ n; ;sin[o(s) + L(s)]ds )
_‘.ﬁ_. n:,1c0s[w(s) + L(s)]ds ﬁ-, 1;,2¢c08 [w(s) + L(s)]ds
_ det( — {1, mi1G)sinfw(s) + Ls)]ds — f, n; 2(s)sin[w(s) + L(s)1ds )
f1,mi.1G)cos[w(s) + L(s)1ds |y, n; 2(s)cos[w(s) + L(s)1ds
=d < —dsinfo(t; ) + L(t;y))]  —é;sinfe(t; 5) + L(ti.S)])
T bicoslotn) + L)l Sicos[et;a) + Liti)]
- 52 dct<5in[w(ti,1) + L(t; 1)) sinfol(t; 3) + L(t; 3)] )
‘ cos[w(t; ;) + L(t; ;)] cos[w(t;4) + L(t; 4)]
#0.
Noting that: (G}, n; > = (G}, n; ;> =0 for j # i, we then have:
span {{G' (), ;1 >, {G'(@), m; 2 >,i=1,...,N} =Y.
Hence, R(G'(w)) = Y.

(iii) Since N(G'(w)) = {ne X|(G'(w), n)> = 0} is closed in X, there exists a contin-
uous projection operator of X on N(G'(w)).

Therefore, we can apply Theorem 2.5 to the problem (3.15) and obtain the exist-
ence of

A = ( —A'l.l’ 11_2,. . ey —A.N’l, lN’z)Te Y* = RZN,
such that

L

1
J (@ + Lyds— ¥ (-i.-,nlf'”(f [ —sin(@* + L)1y ds,
o i=1

Li-,
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Jv‘i cos [(w* + L)W]Tds) =0, WeX (3.17)

Li-,

that is

f'(w*’ + L'W'ds — i (Jm‘ [4; ¢ sin(w* + L)y

0 i=1 Li-1
+ 4,5 cos(w* + L)Y] ds) =0, VeX. (3.18)

Back to the original problem (3.4), we then have:

Theorem 3.4. If 0* is a solution of the problem (3.4), then there exist 2N real numbers
A Aias i=1,..., N, such that

1 N L‘-
J 0% y'ds — (4,1 SIn 6* + A4, ycos0*)Yds =0, VyeHO,I).
1

0 = Li-a
(3.19)
From (3.19), we see that on each subinterval (L;_,, L;), 0* satisfies the equation:
0" + A sin8* + 4, ,cos0* =0, (3.20)

in the sense of distribution.

3.3. Smoothness of a minimal-energy spline

We study the smoothness of a minimal-energy spline. Since 8*e H'(0, 1), 6* is
continuous on {0, I]. Since 6* solves (3.20) on (L;_ , L;), by the same argument as that
in section 2, we have 0*e C*([L;_,,L;]),i=1,...,N. In (3.19), let us take ¢ as
follows:

{s — Li|/h, if|s— L] <h,
0, otherwise,

Yin(s) = {
and let h - 0+, we then have:

o¥(Li+)=6%(L;—), i=1,...,N—1,
that is 0* is continuously differentiable. In conclusion, we have

N
0*e C([0, I])r\’Ol C2([Li-y, L] (3.21)

A trivial consequence of the smoothness (3.21) is that * is a classical solution of the
equation (3.20)on (L;_,, L;),i=1,...,N.

4. Computation of minimal-energy splines
One may derive various algorithms to compute minimal-energy splines with angle

constraints on the basis of Definition 2.1 for spline segments and Definition 3.1 for
spline curves. We state a simple algorithm to solve the constrained minimization
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problem (2.10).

Let N be a positive integer. Denote h =I/N, s; =ih, 0 <i< N; I, =[s;,_4,s;],
1 £ i< N; and the discrete constraint set:
Bn€ H'(0, 1)16,(0) = ay, 8,(]) = a5,

Hy(Py, Pyay,0p50) =4 " :
WP Py, ag30) {6,, is a polynomial of degree one, on I;, 1 <i <N,

N h
Z E[COS Oh(s;— 1) + €08 O4(s;)] = x, — x4,

i=

N
)
i=1

Then we use the following problem to approximate the problem (2.10):
find 6% e H,(P,, P,; a,, a,; 1) such that
E(0%) = inf{ E(6,){6,€ Hy(Py, Py; a1, 053 1)} 4.2)

Under the assumption (2.13), we have the following statements concerning the
approximate problem (4.2).

(@) There exists hy > 0, such that for all he(0, hy], H,(Py, Py; 2y, %5;1) # &, and
{(4.2) has a solution 0.

(b) Each sequence {#}} contains a subsequence which converges to 6* in H!(0, /)
and in C°([0, I]), for a solution 6* of the problem (2.10).

-

LS R~

[sin Oy(si- 1) + sin O,(s)] =y, — ¥, } @.1)

A similar algorithm and the same convergence results can be stated for the
constrained minimization problem (3.4). The proof of these results will be published
elsewhere.

Numerical results for two families of minimal-energy spline segments and two
families of minimal-energy splines follow.

We compute a family of fixed-length closed minimal-energy spline segments with
the constraint sets H(P,, P,; a,,a,; 1), where P, =P, =(0,0), «, =0, a,e[n, 2xn],
and [ = n. The 11 closed minimal-energy spline segments of Table 1 are shown in
Figure 1. The solid curve corresponds to the case a, = 1.57. When a, = 27, the closed
minimal-energy spline is a circle.

Table 1. Closed minimal-energy spline segments

P, P, o, o, Length Energy
(0,00 (0,0 0.0 1.0% n 5.8340
0,00 (0,0 0.0 11ln T 5.2961
0,00 (0,0 0.0 1.2n T 4.8933
0,0 00 0.0 137 n 46254
0,0 (0,0 0.0 l.4n n 44911
0,0 (0,0 0.0 1.5% n 4.4881
0,0 (0,0 0.0 1.6n n 4.6129
0,0 (0,0 0.0 1.7x n 48611
0,0 (0,0 0.0 1.87 n 5.2269
0,00 (0,0 0.0 197 n 5.7035
0,0 (0,0 0.0 20=n n 6.2832
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P, =(0,0), P, =(0,0), «; =0, a,e[n, 2n], length = =

Fig. 1. Closed minimal-energy spline segments

Table 2. Open minimal-energy spline segments

P, P, oy o, Length Energy

(—1,0) (1,0) n/2 —n/2 0.75n 3.8612

(—-1,0) (1,0) n/2 —n/2 0.80x 2.7186

(-14,0) (1,0) n/2 —n/2 0857 2.1572

(-1,0) (1,0 n/2 —-n/2 0.90n 1.8504

(—-1,0) (1,0) /2 —-n/2 095n 1.6743

(—1,0 1,0) /2 —n/2 1.007 1.5708

(—L0) (1,0) n/2 —n/2 1.39x 1.4354

(-1,0) (1,0) n/2 —n/2 1.507 1.4347

(-1,0) (1,0) n/2 -n/2 2.00n 1.3899

(—-1,0) (1,0 n/2 —n/2 2.50n 1.2994

(-1,0) 1,0) n/2 —n/2 3.00n 1.1996

Table 3. Closed minimal-energy spline

P, P, P, Py P, %o oy L=L=1l=1 Energy
0,-1) (1,0 o1y (-1,0 @©-1) 00 2n 1.4994 44507
0,-1) (1,0 0,1 (-1,0 @O, -1 00 2n 1.5351 3.4301
0, -1 (1,0 ©o1n (-1,0 @©-1) 00 2n 1.5708 3.1416
0,-1 (1,0 o1n (-0 @©-1) 00 2n 1.7491 47859
0,-1) (1,0 o1 (-L,0 @©O -1 00 2n 1.8921 6.7961
0, -1 (1,0 ©1) (-1,0 (© -1 00 2n 22134 10.521

We also compute a family of open minimal-energy spline segments with the
constraint sets H(P,, P,; a,, a,; ), where P, =(—1,0), P, =(1,0), a, = 7/2, oy = — /2
and 1€[0.75%, 3.0n]. The 11 open minimal-energy spline segments of Table 2 are
shown in Figure 2. The solid curve corresponds to the case | = 1.39z. When | = =, the
open minimal-energy spline is a semi-circle.



370 E. D. Jou and W. Han

P, =(-1,0), P, =(1,0), a, = 0.5n, a, = —0.57, lengthe[0.757, 3n]

Fig. 2. Open minimal-energy spline segments

Po=(0,~1), P, =(1,0), P, =(0,1), P, =(—1,0), P, = (0, - 1)
oo =0, ay = 21, lengthe[1.91x, 2.82x]

Fig. 3. Closed minimal-energy spline

Now, we compute a family of five-point closed minimal-energy splines with the
constraint sets H(P,, P,, P,, Py, Py; oy, 2043 1), where P, = P, = (0, —1), P, =(1,0),
P, =(0,1), Py =(—1,0), 2y =0, a, = 2n and | = 45, s€ {1.4994, 1.5351, 0.57, 1.7493,
1.8921, 2.2134}. The six closed minimal-energy splines of Table 3 are shown in
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Py=(-1,0), P, =(0,1), P, =(1,0)
ag = 0.57, a, = —0.57, lengthe [1.91x, 3.59%]

Fig. 4. Open minimal-energy spline

Table 4. Open minimal-energy spline

P, P, P, . o, L=1 Energy
(-1,0 @©1) (1,0 n/2 —n/2 2.8203 7.0750
(-1,0 (0,1) (1,0 n/2 —~7/2 2.1063 4.7245
(-L,0 (O 1,0 /2 —n/2 1.9278 3.6397
(-1L,0 (0,1 (1,0 /2 —n/2 1.7493 2.3932
(-L,0 @O (1,0 n/2 —mn/2 1.5708 1.5708
(-1,00 @©1) (109 n/2 —n/2 1.4994 22254

Figure 3. The solid curve corresponds to the case I = 5.9976. When ! = 2, the closed
minimal-energy spline is a circle.

Finally, we compute a family of three-point open minimal-energy splines with the
constraint sets H(P,, P, P,;a,,a,;1), where P, =(—1,0), P, =(0,1), P, =(1,0),
ag =n/2, ¢, = —n/2,and | = 25, se€ {1.4994, 0.57, 1.7493, 1.9278, 2.1063, 2.8203}. The
six open minimal-energy splines of Table 4 are shown in Figure 4. The solid curve
corresponds to the case [ = 2.9988. When I = =, the open minimal-energy spline is a
semi-circle.
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