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The Best Constant in a Trace Inequality in H*

Weimin Han

Department of Mathematics
University of Maryland
College Park, MD 20742

ABSTRACT

The best possible constant in the trace inequality
o - ””Hle(rl) < ”V”H%?(o) +k- ”””i?(n)’ Vv e HY(Q)

is shown to be given by a quantity in terms of the sslution of an elliptic boundary
value problem, where,  C R" is a Lipschitz domain, I'; is a measurable subset
of 9, and k > 0 is fixed.

Trace inequality in the form:
¢ flollzsaay S IVollTa) + k- Iollioy,  Yve HY(Q) (1)

has been extensively studied, where, @ C R" is a Lipschitz domain, k > 0 is a
fixed constant. The best possible constant ¢ can be determined by solving an
associated eigenvalue problem. Various estimates on ¢ are available, cf. [3] and

references therein.
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In this paper, we consider a different kind of trace inequality:
Co- HUHZLl(rl) < ”V”Wm(n) k- ”vHi?(Q)v Vuve HI(Q) (2)

where, I'; is a measurable subset of Q. It turns out that the determination of
the best possible constant ¢g in the inequality (2) ‘s much simpler than that of
¢ in (1). We will shcw that ¢y can be obtained by a quantity in terms of the

solution of an associated elliptic boundary value problem.

Note that, if v vanishes on a positive measure subset of J{2, then we may
drop the second term k Hvl\ig(m on the right hand side of the inequality (2).
In this case, the best constant in the modified inequality can be obtained by
a quantity in terms of the solution of a mixed boundary value problem for the
Laplace equation in § (cf. {2]).

The organization of the paper is as follows. First we prove that there is
a nonzero function w = H(f) such that both sides of the inequality (2) are
equal. Next, we formally derive a boundary value problem for u. Then, we give
an expression for ¢g in terms of the solution u of the boundary value problem.

Finally, we examine ¢ one-dimensional example.

Obviously, ¢g can be rewritten as

o = inf ||Vv %,2(9) + k- H?)H%?(Q) (3)
veH(Q) ol Zs ey

Lemma. There exists a 0 # u € H*(Q), such that:

IV ull?zq + k- [lull
o = L) - ) (4)

HUHLJ(rl)
Proof. We choose a sequence {u,} C H'(£), such that:

| Vun|Laay + & - lualliz@) = 1 (5)
||unH212(1,]) — ¢ as n — oo. (6)

From the boundedness of {u,} in H'(Q), and the compactness of the embedding

H‘l(Q) c LYT,),
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we obtain a subsequence {un,} and u € H'(Q), such that:
Up, — U weakly in H!(Q), (7)
Uy

L, U strongly in L*(Ty). (8)

Thus,
IVullizo) + k- full72eq) < hkfgiogf{llvum 72y + K - lencllzzey } = 1,

HullZsr,y = Jm lunellZa(r,) = 1/co.

Therefore,
IVulll20) + & - lfullfz(q,

“UH%l(rl)

S Co. (9)

However, by (3), the above inequality is an equality.

Now we formally derive a boundary value problem for u. Forany v € H(Q),

we consider a real variable function:

ft) = Vu + “’HQU(Q) + k- fju+ t”H(ZL?(n)’ (10)

llu+ thQLI(rl)

which attains its minimum at 0. For the time being, we assume u is such a

“nice” nonnegative function that f is differentiable at ¢t = 0, and

ull?, ull2,
f’(0)=~*‘2_2—“‘{-/9(VUVv+kuv)- IVellzzqo) + k- il (”)/F p} =0.

HUHLl(rl) HUHLI(n)
(11)
Hence, if we normalize u so that:
17 ullF 20y + * - NullZeo) = lulloe,) (12)
then u is the solution of:
~Au+ku=20 in €,
Ou .
_((;—TZ =1 on Il, (13)
ou

5;:0 onfz,
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where, T'y = 8Q\TI'1, which is empty if T, = 09.
Obviously, the sclution u of (13) satisfies (12). Therefore, the best constant
would be:

¢ = (Vull}zq) + 5 HUH%,?(SQ

“U”%l(rl)
= H“Hle(rl)

-1
= (IVulliaq) + % - lullzz@y) -

The main result of the paper is:

Theorem. Let u be the solution of the elliptic boundary value problem (13).

Then, the best constant cg is given by:
¢ = “u”Z}(rly (14)

or,

co = (|VullZagy + k- ulleay) ™ (15)

Proof. For any v € H1(Q), we have (cf. [1]):

Vv, ifv>0,
Vo] = {o, it v =0, (16)
—-Vv, ifv<0.
Hence, |v] € H*(£2), and:
IVIellzae) € V20 (17)

Now,

HUHLl(FJ):/B —aﬁlvl

qQ On

= / VuV|v| + kulv|
Q

1/2 1/2

{HV\UWL?(Q) +k HUH2L2(Q)}
1/2

< {iVullizaa) + kllulizz) )
< (1/veo) {lIVullzaay + klfvllizce) )

i.e.,
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o - H”qu(r‘l) < “V”H2L2(Q) +k- HUHQL?(Q)-

The proof of the Theorem is completed.

Let us examine & one-dimensional trace inequality.

767

Example. Consider the best possible constant of the inequality:

co [ollaryy SNVVlliaoy + k- olZe0y, Yo e HY(O,D).

If I'y = 092 = {0} U {I}, then the problem (13) is:

—u" +ku=0 1in(0,])
u(ly=1
u'(0) = ~

the solution of which is

ch(\/;r - \/El,'Z)

N AN AT
Hence,
1 VE |Vl
O T+ Ju(0)] 7“1(7)’

and we have the optimal inequality:

—Cth(fZ) {lv(D) 1+|v(0)|} <HIVollzon + k- 1ol 220,0

If I'y = {{}, then Ty, = {0}, and the problem (13) is:

—u" +ku=0 in (0,{)

u'(l) =1
u'(0) =0
with the solution:
ch(Vkz)

U= T D

Vo e HY0,1).
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Hence,

co = Ju(D)]7t = VEth(VED),

and we have the optimal inequality:

Vith(VED) oD < IVollbe@n + k- lolie0n, Vo€ HY(0,0).

Remark. For a general domain in RV, it is usually impossible to have an
analytic expression for the solution of the problem (13). In such a case, one
may solve (13) numerically, and obtain a numerical value of the best possible

constant.
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