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Abstract

This paper is devoted to numerical analysis of general finite element approximations to stationary variational-
hemivariational inequalities with or without constraints. The focus is on convergence under minimal solution regularity
and error estimation under suitable solution regularity assumptions that cover both internal and external approximations
of the stationary variational-hemivariational inequalities. A framework is developed for general variational-hemivariational
inequalities, including a convergence result and a Céa type inequality. It is illustrated how to derive optimal order error
estimates for linear finite element solutions of sample problems from contact mechanics.
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I. Introduction

Since the early 1980s, hemivariational inequalities have been introduced, analyzed and applied to a variety
of engineering problems involving non-monotone and possibly multi-valued constitutive or interface laws for
deformable bodies. Studies of hemivariational inequalities can be found in the comprehensive references [1-7].
The book by Haslinger et al. [3] is devoted to the finite element approximations of hemivariational inequalities,
where convergence of the numerical methods is discussed. In recent years, efforts have been made to derive
error estimates. In particular, in the work by Han et al. [8], a variational-hemivariational inequality is discussed
theoretically and numerically, and an optimal order error estimate is derived for the linear finite element solution
of a hemivariational or variational-hemivariational inequality under appropriate solution regularity assumptions.
This is the first paper in the literature where an optimal order error estimate has been proven for a finite element
method to solve a hemivariational or variational-hemivariational inequality. In the work by Barboteu et al. [9],
numerical analysis is performed for solving a hyperbolic hemivariational inequality arising in dynamic frictional
contact, and an optimal order error estimate with respect to both the spatial mesh-size and the temporal step-
size is derived for linear finite element solutions of the problem (see also the work by Bartosz [10]). In the work
by Han et al. [11], error analysis is presented for internal numerical approximations of general hemivariational
inequalities, whereas in the work by Han et al. [12], error analysis is given for internal numerical approximations
of more general variational-hemivariational inequalities. In a recent paper [13], convergence and error analysis
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for both internal and external approximations of elliptic hemivariational inequalities are considered. The pur-
pose of this paper is to consider numerical approximations of stationary variational-hemivariational inequality
problems by the finite element method, extending the relevant results reported [8, 11-13].

Variational-hemivariational inequalities are inequality problems where both convex and non-convex func-
tions are involved. Interest in variational-hemivariational inequalities arises in the study of various problems
in mechanics and engineering applications. They were first studied by Naniewicz and Panagiotopoulos [6,7].
Recently, a new variational-hemivariational inequality has been studied, including its numerical approxima-
tions, in the work by Han et al. [8], and a more general variational-hemivariational inequality is analyzed by
Migorski et al. [14]. Solution existence and uniqueness have been proved, together with a result on the con-
tinuous dependence of the solution on the data. The variational-hemivariational inequalities studied by Han et
al. [8] and Migorski et al. [14] are motivated by applications in contact mechanics. For the general variational-
hemivariational inequality studied by Migoérski et al. [14], we show the convergence of numerical solutions
by internal or external approximation schemes under a minimal solution regularity condition, and provide Céa
type inequalities which are the starting point for error estimation. Then, for some variational-hemivariational
arising in contact mechanics, we derive the optimal order error estimates for the linear finite element solutions
by applying Céa type inequalities.

Here is a brief description of the remaining sections. In Section 2 we review some basic notions
needed in the study of variational-hemivariational inequalities. In Section 3, we introduce a general
variational-hemivariational inequality. In Section 4 we describe numerical methods for solving the variational-
hemivariational inequalities. The methods are allowed to be internal or external approximations. We prove
convergence of the numerical solutions under the minimal solution regularity available from the existence
and uniqueness result. We then present some preliminary results as the starting point for derivation of error
estimates. Results on variational-hemivariational inequalities automatically reduce to corresponding ones on
hemivariational inequalities, with simplified conditions. In Section 5 we introduce several contact problems and
present sample optimal order error estimates for the linear finite element solutions of the contact problems by
applying the results from Section 4.

2. Basic notions

Only real spaces are used in this paper. For a normed space X, we denote by || - ||x its norm, by X™* its topo-
logical dual, and by (-, -) y+xx the duality pairing of X and X*. When no confusion may arise, we simply write
(-, -) instead of (-, -) x+»x. Weak convergence is indicated by the symbol —. The space of all linear continuous
operators from one normed space X to another normed space Y is denoted by £(X, 7).

An operator 4: X — X* is said to be pseudomonotone if it is bounded and u, — u in X together with
lim sup (Au,, u, — u) x+xx < 0 imply

(Au,u — V) yryx < liminf (Au,,u, — v)ysxx VYveX.

The operator 4 is said to be radially continuous if the function ¢ +— (4(u + ¢v), v) is continuous on [0, 1] for any
u,v € X. A function ¢: K C X — R is said to be lower semicontinuous (LSC) if for any sequence {x,} C K
and any x € K, x, — x in X implies ¢(x) < liminf¢(x,). For a convex function ¢, the set

Jop) == {x* € X" | 9(v) = 9(x) = (", = x)xxx Vv € X

is called the subdifferential of ¢ atx € X. If 5go(x) is non-empty, any element x* € 5(p(x) is called a subgradient
of ¢ at x.

Assume ¥ : X — R is locally Lipschitz continuous. The generalized (16) directional derivative of v at
x € X in the direction v € X is defined by

W00 ) = lim sup LE T = V0D

y—=>x,200 A

The generalized subdifferential of ¢ at x is a subset of the dual space X* given by
P (x) = {¢ € X* | Y (55v) = (£, V)yexx YV EX ).

Details on properties of convex functions can be found in the work by Ekeland and Temam [15], whereas that
of the subdifferential in the Clarke sense can be found in books [4, 6, 16, 17].
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3. A general variational-hemivariational inequality

First, we introduce the problem. Let X, X,, X; be normed spaces and K C X. Let there be given operators
A: X - X"y, : X - X,, y; : X — X, and functionals ¢: X, x X, — R, j: X; — R that are assumed to be
locally Lipschitz. We state the variational-hemivariational inequality as follows.

Problem (P). Find an element u € K such that
(Au,v —u) + @(Ypit, Vo) — @(Vpil, Yytt) )
—i—jo(yju; yiv—vyu) = (f,v—u) Vvek.
In the study of Problem (P), we will make the following assumptions.

1.  (4)). X is a reflexive Banach space, K C X is closed and convex with 0 € K.
(A42). X, is a Banach space and y,, € £(X, X,,): for a constant ¢, > 0

”V(pV”X(p =< C(p”V”X VvelX. (2)
3. (43).X; is a Banach space and y; € £(X, X)): for a constant ¢; > 0
lyvilx < ¢lvilx YvelX. 3)

4. (A44). A: X — X* is pseudomonotone, radially continuous, and strictly monotone, i.e. for a constant
my >0
(Avi — Avy,vi — W) = myllvi —wlly Vv, € X. 4)

5. (ds). With K, := y,(K), ¢: K, x K, — Ris such that ¢(z, -): K, — Ris convex and LSC forall z € K,
and for a constant o, > 0

9(z1,24) — ¢(21,23) + ¢(22,23) — ¢(22,24) ®)
< ayllzr — z2llx, llz3 — zallx, Vz1,22,23,24 € K.

6. (de)j: X; — Ris locally Lipschitz, and for some constants cg, ¢y, a; > 0

10j@)llxr < co+cllzlly, VzelX, (6)
PGz —21)+ @5z — 2) < ajllz) — Zz||§(j Vzi,25 € X, (7
7. (47) , ,
AyC,y + iy < my. (8)
8. (dg)
fex )

Since K is a non-empty, closed and convex set in X, the set K, introduced in (4s) is non-empty, closed and
convex in X,. Note that in the statement of Problem (P) the function ¢(z, -) is assumed to be convex for any
z € X, whereas the function j is locally Lipschitz and, in general, non-convex. Thus, equation (1) represents
a variational-hemivariational inequality. The spaces X, and X; are introduced to facilitate error analysis of
numerical solutions of Problem (P). For applications in contact mechanics, the functionals ¢(-,-) and j(-) are
integrals over the contact boundary I'3. In such a situation, X, and X; can be chosen to be L*(T"3)? and/or L*(T').
For a locally Lipschitz function j: X; — R, the inequality given by equation (7) is equivalent to

(3j(z1) = 0j(z2),21 = 22)xpwyy =~ 21 = 20y, V21,22 €X;, (10)

known as a relaxed monotonicity condition. Note that if j: X; — R is convex, equation (10) is satisfied with
a; = 0. Since 0 € K, we derive the following relations from equations (4), (6) and (10)

(Av, Vixecx = mallvlz —clvly VveXx, (11)

(@(2), 2)xr x5 = —0ylizlly, — collzlly Vz € X, (12)
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for some constant ¢. The smallness assumption given by equation (8) is a variant of a similar condition used by
Migorski et al. [14], so modified as to reflect the use of the spaces X, and X; in the problem setting. By slightly
modifying the proof in the work by Migoérski et al. [14], we have the following existence and uniqueness result.

Theorem 1 Under assumptions (A,) to (Ag), Problem (P) has a unique solution u € K.

Problem (P) contains as particular cases, various problems considered in the literature. In general, the inclu-
sion u € K represents a constraint on the solution #. When K = V, we have the special case of an unconstrained
problem

ueVv, (Au,v —u) + @(Vyut, Yov) — (Yl Yyput) (13)
+j0(yju; yiv—vyu) = (f,v—u) VYvel.
When ¢(y,u, y,v) is a function of the argument y,,v only, the two problems given by equations (1) and (13) have
the forms
uek, (Au,v—u)+@(ypv) = o(vou) +/ (v vy — yu) = (f,v—u) VveK,
weV, (du,y—u)+opy) — o(vw) +/ (s vy — yu) = (f,v—u) Yvev,

respectively. In the case where j = 0, the above problems become variational inequalities and they have been
studied extensively in the literature. When ¢ = 0, we have a “pure” hemivariational inequality from equation

(D).
Problem (P)’. Find an element u € K such that
(Au,v — u) —I—jo(yju;ij—yju)z(f,v—u) VveKk. (14)

Under the assumptions (4), (43), (44) and (4e) to (4g) (with c, = 0 in equation (8)), Problem (P)’ has a unique
solution. Internal approximation methods for solving Problem (P)’ are studied in the work by Han et al. [11],
whereas internal approximation methods for solving Problem (P) are studied in the work by Han et al. [12]. The
focus of this paper is to provide numerical analysis of Problem (P) that also covers external approximations.
In the work by Han [13], numerical analysis of both internal and external approximations is conducted on the
particular case of Problem (P)’. In this paper, we extend the results of Han [13] to the more general problem of
variational-hemivariational inequalities.

The following result is similar to Minty’s lemma for variational inequalities (cf. [18, pp. 435]), and it is
useful in convergence analysis of numerical solutions.

Theorem 2 Assume K C X is convex, A: X — X* is monotone and radially continuous, and for all z € K,,
@(z,-) is convex on K,. Then u € K is a solution of Problem (P) if and only if it satisfies

(Av,v — u) + o(¥put, Ypv) — @(Vylt, Yytt) (15)
+j0(yju;ij— yu) > (f,v—u) Vvek.
Proof. By the monotonicity of 4, the following inequality holds
(Av,v —u) > (Au,v —u) VYu,velX. (16)
It is then obvious that a solution of Problem (P) satisfies equation (15).
Now assume u € K satisfies equation (15). Since K is convex, for any v € K and any ¢ € [0, 1], we can
replace v by u + ¢ (v — u) in equation (15) to obtain
A+t —u),v—u) + Ve, Youu + 1 (Vv — Vi) — @(Vyl, V) (17
+ tjo(yju; yiv —yiu) = t(f,v—u).
Note that
Vit Yot 1 (Vv = ¥ytt)) < 19(Vpit, Ypv) + (1 = D) @(yyt, ).
We deduce from equation (17) that for z € (0, 1)
(A A+t (v =), v —u) + ity Vpv) = @(Volts Vytd) + 1 (vjus vy — yjue)
> <fa V- M)

Letting ¢ — 0+ in the above inequality, we recover the inequality given by equation (1). ]
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4. Numerical approximations

We then turn to numerical methods for solving Problem (P). We keep assumptions (4) to (4g) so that Problem
(P) has a unique solution u € K.

Let X" C X be a finite dimensional subspace with # > 0 being a spatial discretization parameter. Let K"
be a closed and convex subset of X” and 0 € K. Since K” is not necessarily a subset of K, the function ¢ may
not be defined on y,, (KM x Yo(K ). Thus, we introduce an assumption which does not present any restriction in
applications.

(A9) (-, -) s the restriction of a function ¢g(-,-): X, x X, — R to K, x K, and ¢y(z, -) is convex and LSC
for all z € X,,. Moreover, equation (5) extends to X,,, with a possibly different constant «,,

Po(z1,24) — @o(z1,23) + @o(22,23) — @o(22,24) (18)
< apllzy — 22llx, lz3 — zallx, Vz1,22,23,24 € X,

Then, the Galerkin approximation of Problem (P) is the following.

Problem (P"). Find an element u" € K" such that

<A”h, V' — uh> + 900(V<p”ha thvh) - QDO(Vzpuha V(p”h) (19)
+j0(yjuh; ijh — yjuh) > (fV ="y vV e KM

The approximation is external if K" ¢ K, and is internal if K C K. The internal approximation with the choice
K" = X" N K is considered in the work by Han et al. [12], and that for Problem (P)’ is considered in the work
by Han et al. [11].

We can apply the arguments of the proof of Theorem 1 in the setting of the finite dimensional space X", and
to conclude that under assumptions (4,) to (49), Problem (P”) has a unique solution «” € K”. In the convergence
analysis of the numerical solutions, the following uniform boundedness property will be useful.

Proposition 1 For some constant M > 0, ||u"||x < MV h > 0.
Proof. We let v' = 0 in equation (19) to get
(Au" "y < @o(ypu”,0) — oyt ypu) + j (vl ) + ( f, ul). (20)
For any z € K, take z; = z3 = z and z, = z4 = 0 in equation (5)
002, 0) — 90(2,2) < @ l1zl1%, — ¢0(0,2) + o(0, 0). 21)
Use the lower bound [18, pp. 433]
9(0,2z) > c3 +callzllx, VzelX,
for some constants c3 and ¢4, not necessarily positive. Then from equation (21), we have
90(2,0) — 90(z,2) < @iz, + < (lzlx, +1). (22)
Write z; = z and take z; = 0 in equation (7)
7(z-2) < glizl13, —/°(0;2).

Further, use equation (6) to get
7z =2) < gllzl13, + collzllx;- (23)

Use equations (11), (22), (23), (2) and (3) in equation (20) to obtain

2 2 h2 h
(ma = a2 — it 11 < e (Il + 1)
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Since m4 — a(pcé — ajc? > 0, we deduce from the above inequality that ||u” ||y is uniformly bounded with respect
to 4. ' ]

The rest of this section is devoted to convergence and error analysis for the numerical solution of Problem
g y
(P"). We list below some additional conditions to be assumed later on:

1. (4i). p: X — X, and y;: X — X, are compact operators.
2. (A11). po(, -) is continuous with respect to its second argument.
3. (d412). {K"}, approximates K in the following sense

V' € K" and V' — vin X imply v € K; (24)
Vv e K, 3V € K" such that V! — vin X ash — 0. (25)

4.  (A413). The operator A: X — X* is Lipschitz continuous, i.e. for some constant L, > 0
|[Au — Av||x+ < Lyllu —v|lx VYu,velX. (26)

We comment that the conditions given by equations (26) and (4) combined imply that the operator 4 is pseu-
domonotone [19, Proposition 27.6]. In applications to contact mechanics (cf. Section 5), y,, and y; are trace
operators from an H'(2)-based space to L?(I'3)-based spaces, the assumption (4¢) is automatically valid, and
the assumptions (41;) and (4,3) are usually trivially satisfied. Moreover, the assumption (4,,) holds true for
common choices of K" based on finite elements [20].

4.1. Convergence

In this subsection, we prove the convergence of the numerical solutions under the minimal solution regularity
u € K available from Theorem 1.

Theorem 3 Assume (Ay) to (A12). Then
W' —>u inXash— 0. 27)

Proof. The proof consists of two steps. First we show weak convergence of the numerical solutions. According
to Theorem 2, the solution " € K" of Problem (P") is characterized by the inequality

(Avha V- Uh) + (PO(Vgauha thvh) - (pO(th”h: V(puh) (28)
+j0(yjuh; ijh — yjuh) > (f, Vi — uh) v e K.
Note that {1} is bounded in X by Proposition 1. Since X is reflexive and the operators Yo: X — X, and
yj: X — X; are compact, there exists a subsequence (!} C {u"} and an element w € X such that

’ . / . 4 .
" —~ win X, y(puh — Yowin X, yjuh — yywinX;.

By the assumption given by equation (24), we know that w € K.
Fix an arbitrary element v € K. By the assumption given by equation (25), we can find a sequence v* € K"
such that V' — vin X as /' — 0. Then, as /' — 0

A Av, (Avh,,vh/ — uh,) — (Av,v —w),

jo()/jw; yjv — yjw) > lim supjo()/juh ; ijh — yjuh ),

(for ="y = (fov—w).
From equation (18) with z; = y,w, 2, = z4 = ywuh/ and z3 = y(pvh/, we have

oVt v V") — Go(votd” , vt ) < o(vyw, YoV ) — @o(pw, yoii") (29)

/4 4 n
+Ol<p||)/(pw_)/<pu ||X¢||V<pv — Yol ”X(p-
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Use this inequality in equation (28) with z = #’

(Avh 5 Vh - uh )+ ‘/’O(Vrpwa thvh ) — (PO(ngJWa V(p”h ) (30)
+ agllyew — vt lx, 1oV — vot" l1x,
+ 0l sy =y = (V= ).

Note that ||y, W — Yo u || , 18 bounded whereas ||y,w — v, u” || x, —> 0. Thus, taking the upper limit in equation
(30)as &' — 0, we find

(Av,v — W) + @o(VeW, Vo¥) — QoYW Vo) + 1 (yw; v — yw) = (f,v — w).

This inequality holds for any v € K. Applying Theorem 2, we see that w is actually the solution u of Problem
(P). So u” — u in X. Since the limit « does not depend on the subsequence {1"'}, the entire family of numerical
solutions converges weakly to u, i.e. equation (27) holds.

Next, we show the strong convergence u" — u in X as h — 0. By the assumption given by equation (25),
there exists a sequence {#"}, @" € K", such that 7" — u in X as h — 0. Applying equation (4)

myllu — "% < (Au — Au",u — u").

So

myllu — "% < (Au,u —u"y — (A", 7" — u"y — (Ad",u — ).

From equation (19), we have
_<Auh: ﬁh - uh> =< wo(unh, V(pah) - (PO(Vgouh: thuh)
+ sy =yl — (f . — ),

Similar to equation (29), we have

2ot v, ") — oyt vor") < @o(yytts voit") — @o(vit, yvou')

+agllypu — voullx, Iy — vou'llx, .
Combining the above three inequalities, we have
mallu— "% < (Au,u —u") — (Au",u — ") (31)
+ @0(Vptt, V') — @0Vt vyt

h —h h
+ apllveu — vou'llx, lvett” — vou'llx,

+ sy — ) — (f 0 — ).
Recall assumption (41;). Then, as 4 — 0

§00(V<pua thﬁh) g (pO(una th“)a
Po(Vpt, Ypil") = @o(Vylt, Yyii).

Also notice that || — u"||x — 0 and I Vpu — you|| x, — 0. Consequently, from equation (31)

limsup [lu — |3 < 0.
h—0

h

This implies the strong convergence " — u« in X. g
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4.2. Error estimation

We now turn to the derivation of error estimates. In this subsection, we assume (4) to (49) and (4;3). Letv € K
and V' € K" be arbitrary. By equation (4) with v; = « and v, = u”

mallu — "3 < (Au — Ad",u — u"),

which is rewritten as

myllu — uh||§( < (Au — A" u — vh) + (Au,vh —u) + (Au,v — uh) 32)
+ (Au,u — v) + (Auh,uh — vh).
Applying equation (1)
(Au,u —v) < §00(V<p“a V(pV) - (PO(th”, V(p”)
+j0()/ju; yiv —yiu) — (f,v—u).
Applying equation (19)

(A”h; u — Vh) =< ‘PO(V(p“ha V(pvh) - (/’O(unha V(p“h)
+ syt — 'y — (fV =),

Using these inequalities in equation (32), after some rearrangement of the terms, we have

mallu — w3 < (Au — AuP,u — V') + RO u) + R, u) + 1,07 + (v, V), (33)
where
Ru(V7 W) = (Auz vV — W) + (pO(Vgoua y(pv) - goo()/gﬂua y¢w) (34)
+ 2 (s vy — yw) — (fov — w),
[ga(Vh) = (pO(Vw”a V(puh) + (pO(Vw”ha V(pvh) (35)
— @o(Vpity YV — @o(ypu, youl"),
L,V o= 2 (us vy — yu) + (vl v — vl (36)

= s " = ) = s vy — ).
Let us bound the first and the last two terms on the right-hand side of equation (33). First
(Au — A, u = V") < Lllu = u|lxllu —v"|1x.
Thus, for any ¢ > 0 arbitrarily small
(Au— AuP u ="y < ellu—u" I3 +cllu—V'1% @7
for some constant ¢ depending on ¢. By equation (18), we have
L") < agllypu = vou i, lvpu” = vpV'lx,
< ayc, (Il — "I} + llu — o llxllu—V"|x) .

Thus
L") < (apc, + ) lu — |13 +cllu —V'1I% (38)

for another constant ¢ depending on ¢ > 0. Applying the subadditivity of the generalized directional derivative

L@z 4+ 2) <2z2)+0(z2) Yzz,2 € X,
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we have

P s vy — viu) < v vy — yu) + 2 (vus vy — yu)

] 7] J — ] 7] J ] 7] ]
Py — vy < Pl sy — v+ (vds v — ).
Thus
L) < sy — v = (v v — vu)
+j0(yju; yjuh — yju) —i—jo(yjuh; yiu — yjuh).

By equation (7)

-0 . h -0 h. h hy2

J (s v =y + 7 (s viu — y) < egllyiu — v |l
Moreover

| PGy v = yw)| < (co + arllyadllx) Iy — vully,
| s v — )| < (co + erllyully) vy — yully,.

Combining the above four inequalities and using the fact that || yjuh |lx; is uniformly bounded (cf. Proposition 1),
we find that

L") < allyu — v I3, + ¢y — vy, (39)

for some constant ¢ > 0 independent of /4. Using equations (37), (38) and (39) in equation (33), we have

2 2 2 2 h
(mA—a(pc(p—ozjc_*j —28) lu—u'lly <cllu—V'y+cllyu—ylx

+ ROV, u) + Ry (v, "),

2

: 2 2 _
Recall the smallness assumption, opC, + oy < my. We then choose ¢ = (my — oyC,y —

the inequality

oz_,-cf)/4 > 0 and get

lu ="l < ¢ inf [l =1 + llyu = vy + R0%,0)] + ¢ inf Ru(v, ).

We summarize the result in the form of a theorem.

Theorem 4 Assume (A4,) to (Ay) and (413). Then for the solution u of Problem (P) and the solution u" of Problem
(P, we have the Céa type inequality

) 2
=l < ¢ jnf, [Ju =Vl + g = 1+ R, 0] o
vie
+ cinf R, (v, u")'.
vek

We remark that in the literature on error analysis of numerical solutions of variational inequalities, it is standard
that the Céa type inequalities involve square root of approximation error of the solution in certain norms due to
the inequality form of the problems; cf. [21-23].

To proceed further, we need to bound the residual term given by equation (34) and this depends on the
problem to be solved. We illustrate this point in Section 5 in the context of a contact problem.

In the special case where K = X, we have K" = X". Then the approximation is always internal. The error
analysis in the work by Han et al. [12] applies, and we have the following Céa type inequality

lu =l < e inf (=1 + vpu = vVl + v = v ) (41)
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5. Error analysis for sample contact problems

In this section, we show how to derive error estimates for numerical solutions of several static contact problems
by applying the theoretical results developed in Section 4. The physical setting of a contact problem is as
follows: the reference configuration of an elastic body is an open, bounded, connected set @ C R? (d = 2 or 3
in applications) with a Lipschitz boundary I' = 92 partitioned into three disjoint and measurable parts I'y, I,
and I'; such that meas (I';) > 0. The body is in equilibrium under the action of a volume force of density f/, in
2 and a surface traction of density £, on I'; it is fixed on I'; and is in contact on I'; with a foundation.

Let us introduce some notation useful in the description of the contact problems. We use the symbol S¢ to
denote the space of second order symmetric tensors on R, and *“” and “| - ||’ denote the canonical inner product
and norm on the spaces R? and S?. We use u: Q — R? for the displacement, &(u) := (Vu + (Vu)" ) /2 for the
linearized strain tensor, and o :  — S for the stress field. Let v be the unit outward normal vector, which is
defined a.e. on I'. For a vector field v, v, := v - v and v, := v — v, v are the normal and tangential components
of v on I'. For the stress field o, 0, := (o0v) - v and 6, := ov — 0, v are its normal and tangential components
on the boundary. For the stress and strain fields, we will use the Hilbert space Q = L?(2; S¥) with the canonical
inner product

(0,7)p = / 0j(x) Ti(x)dx, o,T €.
Q
The displacement will be sought in the space
V={v=)eH (@R |v=0ae onT}

or its subset. Since meas (I';) > 0, by Korn’s inequality, V" is a Hilbert space with the inner product
(u,v)y := / e(u)-e(v)ydx, u,vel.
Q
We will use the same symbol v for the trace of a function v € H'(Q;RY) on T.

5.1. A normal compliance frictional contact problem with a unilateral constraint

The equations and conditions for this contact problem are

o =Fe(u) in<, (42)
Dive +f, =0 in<, (43)
u=0 only, (44)
ov=f, only, (45)

supplemented by the following contact conditions [14]

u, <g 0, +& <0, (u,—g)(o, +46)=0, &, €9j(u,) onTj, (46)
u,
||Gt|| = Fb(uv)a —0¢ = Fb(uv) ”u_T” lf”r 7& 0 on F3- (47)
T

In these equations and conditions, equation (42) is the elastic constitutive law, equation (43) represents the
equilibrium equation, equation (44) is the displacement boundary condition and equation (45) describes the
traction boundary condition. In equation (42), F: Q x SY — S7 is the elasticity operator and is assumed to
have the following properties:

(a) there exists Lz > 0 such that for all &1, &, € 9, ae.x € Q,
[ F(x,e1) — F(x,e2)| < Lrlle) — &xll;

(b) there exists m# > 0 such that for all 1,&, € S, ae.x € Q,
(F(x,e1) — F(x,82)) - (61 — &2) = my ||le) — &2]1%;

(c) F(-, &) is measurable on Q for all € € S¢;

(d) F(x,0) =0 fora.e. x € Q.

(48)
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On the densities of the body force and the surface traction, we assume
fo e F(BRY),  f, e A(Ty;RY). (49)

Define f € V* by
(f, V) VExV = (fo, v)Lz(Q;R‘/) + (fz, v)LZ(Fz;Rd) VveV. (50)

In the normal contact condition given by equation (46), the relation u, < g restricts the allowed penetration,
where g represents the thickness of the elastic layer. We assume g: I'; — R satisfies

gel*(I';), g(x)>0 ae. onls. (51)

The contact condition given by equation (46) represents a combination of the Signorini contact condition for
contact with a rigid foundation and the normal compliance condition for contact with a deformable foundation.
Details on the normal compliance and Signorini contact conditions can be found in previous works [4, 22, 24].
The tangential contact condition given by equation (47) describes a version of Coulomb’s law of dry friction.
The friction bound F, may depend on the normal displacement u, [25]. We assume the potential function
Jv: T's x R — R and the friction bound F: I's; x R — R, have the properties:

(a) j, (-, ) is measurable on I'; for all » € R and there
exists e € L?(I'3) such that j, (-, &(-)) € L'(T'3);
(b) ju(x, -) is locally Lipschitz on R for a.e. x € I's;
(©) 19j,(x,7)| < Ty +cy|r| forae.x € '3 Vr € R with ¢y, ¢; > 0;
(d) o, ri5m — 1) + 0%, r2sr — 12) < @ I — 1
fora.e.x € I'5, all r;, 7, € R with o, = 0.
(a) there exists Lg, > 0 such that
[Fy(x,71) — Fp(x,r2)| < Lp,lri —r2| Vr,r eR, ae xels;
(b) Fp(-,7) is measurable on I';, forall » € R;
(c) Fp(x,r) =0forr <0, Fyp(x,7) > 0forr >0, a.e. x € I'3.

(52)

(53)

The displacement will be sought from the following subset of the space V

U={veV] v, <gonTl;}.
By a standard approach (cf. [4, 22]), the following weak formulation of the first contact problem can be derived.
Problem (P)). Find a displacement field u € U such that

(Fle(w)). (v — u)o + / Folu) (w2l =l ) dT (54)

I'3

+/ jg(uv;vv _uu)dr = <f:v_u>V*><V VveU.
I3

We can apply the results of the previous section in the numerical analysis of Problem (P;). Let X =V, K = U,
X, = L*(T'3)? with Y, the trace operator from V' to X, X; = L*(T"3) with yv =v, forv € V. Then, o, = Lp,
and o; = o;,. Applying Theorem 1, we know that Problem (P;) has a unique solution # € U under the stated
assumptions, and equation (8) takes the form

LFbkl_}, + aju)n_uly < mg, (55)

where A1 > 0 is the smallest eigenvalue of the eigenvalue problem

ueVl, / e(u)e(v)dx = k/ uvdll Vvel,
Q

I3
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and A, > 0 is the smallest eigenvalue of the eigenvalue problem
uev, / e(u)-e(v)dx = A/ uv,dl YvelV.
Q I's

Let us use the finite element method to solve Problem (P;). For brevity, assume €2 is a polygonal/polyhedral
domain and express the three parts of the boundary, I'y, 1 < k < 3, as unions of closed flat components with
disjoint interiors

Ty =Uf Ty, 1<k<3.

Let {7"} be a regular family of partitions of € into triangles/tetrahedrons that are compatible with the partition
of the boundary 92 into I'y;, | < i < i, | < k < 3, in the sense that if the intersection of one side/face of
an element with one set I';; has a positive measure with respect to I';;, then the side/face lies entirely in I'y,.
Construct the linear element space corresponding to 7"

vh={ec@! |V|r eP(T), TeT" vV =00nT,},
and the related finite element subset
Ut = {vh e V" | V! < g at node points on s} .

Note that 0 € U”" and in general U" ¢ U unless g is concave. Then the finite element method for Problem (P;)
is the following.

Problem (P’l’). Find a displacement field u" € U" such that

(Fle), e — )y + / Fol) (W] = 1"])) dT (56)

I3
+ /F jg(ufj;vlh} — uﬁ)dF > (f, W — uh)V*XV vv' e U
3
For error analysis, we begin with a simplified version of the Céa type inequality derived from equation (40) in
the abstract framework.
Theorem 5 Assume the solution regularity
uc H (Q)Y, ovels). (57)

Then for the solution u € U of Problem (Py) and the solution u" € U" of Problem (P’l’), we have the Céa type
inequality

h . h n1/2 . hil/2
— < — + — 4+ —
”u u ||V =c vhlgUh <I|u v ||V ||u v ||L2(F3)d) c ‘}25 ”V u I|L2(r3)d' (58)

Proof. For the contact problem (P), the residual term defined in equation (34) is

Ry(v,w) = (F(e(u)), e(v —w))o +/ FyQu,) (Ivell = llwe[)) dT

I's

+/ jg(”vﬂ’v —wy)dl — (f,v — w)psyuy.
I3

We follow a procedure described in detail in the work by Han and Sofonea [22], so as to bound the residual. We

let v = u + w in equation (54), where the arbitrary function w € U is such that w € C>®(Q)? and w = 0 on
['; UT'3. Then we have the identity

(F(e(@)),eW)o = {f,W)rxr-
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From this identity we can deduce that

DivF(e(w))+f, =0 in, (59)
ov=f, onl,. (60)

We multiply the equation (59) by v — w with v, w € V, integrate over 2, and perform an integration by parts to
obtain

/ av-(v—w)dF—/]:(s(u))-e(v—w)dx—i—/fo-(v—w)dx:O.
IQ Q Q

Using the homogeneous Dirichlet boundary condition of v —w on 'y and the traction boundary condition given
by equation (60) on I',, we further have

(Fe).ev =g = (fov = whvewr + [ vy wydr. (61)
'3
Therefore
R,(v,w) = / [ov-(v = w) + Fo(u,) (Ive [l — Ibwe 1) +70u; vy — wy)] dT .
I3

Then

IRu(v,w)| < cllv— w20y (62)
Now the inequality given by equation (58) follows from equation (40). O

Regarding the solution regularity equation (57), we comment that for many application problems, ov €
L*(T"3)? follows from u € H*(2)?. Next, we present one sample error estimate.

Theorem 6 Assume the solution regularity equation (57). Additionally, assume U3 is a flat component of the
boundary 92 and
ulr, € HA(I'3;RY),  glr, € HA(TS). (63)

Then for the solution u € U of Problem (Py) and the solution u" € U" of Problem (P"), we have the optimal
order error bound
lu — ||y < ch. (64)

Proof. We apply equation (58). The first part on the right side of equation (58) is bounded by
¢ (Il = 0wy + 1w — Tl L)

where I[1"u € U’ is the finite element interpolant of u. By the standard finite element interpolation error bounds
[18, 26, 27], we have

lu — TPully < chllullpqus
e — 1wl 2y < ¢ B 0l g2y

The second part on the right side of equation (58) is treated as in the work by Han [13] and is omitted here.
Putting these bounds together, we get the error estimate given by equation (64). OJ

5.2. A frictional contact problem with normal compliance

For this contact problem, the equations and conditions given by equations (42) to (45) are supplemented by the
following contact conditions [8]

—0, € 3, (uy), wwsn%x-wﬁﬁwmfﬁﬂm¢ooMk (65)
u;

The potential function j, is assumed to satisfy equation (52), whereas the friction bound F is assumed to satisfy
equation (53).
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The contact condition in equation (65) does not involve the unilateral constraint and it can be viewed as a
limiting case of the condition given by equation (46) as g — 00. The weak formulation of the corresponding
contact problem is the following.

Problem (P,). Find a displacement field u € V such that

(ﬂammw—mm+/fwmwww4mmﬂ

I's
+/ jg(uv;vv —uv)dF = (f,V—ll>V*><V Vvel.
I3

Since Problem (P;) is posed over a space, error analysis of numerical methods for Problem (P;) is simpler than
that for Problem (P;). In particular, the counterpart of equation (58) in Theorem 5 reduces to

Jhe LA(T3)?

=ty < e inf (="l + =150 ) (66)

Then, under the solution regularity assumptions, equation (57) and
ulry, € HA(T35RY),  glry, € HA(T3y), 1 <i<is,

the optimal order error bound equation (64) holds for the linear finite element solutions of Problem (P,) and
the proof is simpler in the sense that it follows directly from equation (66) and the standard finite element
interpolation error estimates.

5.3. A unilateral contact problem with a frictionless subdifferential boundary condition

Here, the equations and conditions given by equations (42) to (45) are supplemented by the following contact
conditions

oy =0l +ol+o), —oledpu), —oledju), (67)
u, <g, o, <0, o)(u,—g) =0, onTs,
o, =0 on I's. (68)

We refer the reader to the work by Han et al. [12] for a mechanical interpretation of the condition given by
equation (67). Assume j,: I's x R — R satisfies equation (52), and assume ¢, : I'3 x R — R satisfies the
following conditions:

(a) ¢, (-, ) is measurable on I'; for all » € R and there
exists € € L?(I'3) such that ¢, (-,2(-)) € L'(T'3); (69)
(b) ¢u(x, -) is convex on R for a.e. x € I's.

The weak formulation of the corresponding contact problem is the following.

Problem (Ps). Find a displacement field u € U such that

/ Fle(w) - (v — uydx + / [0v(v) — ou(u)] dT + / vy — uy)dr
Q 'z '

>(f,v—u)yxy Yvel.

Error analysis of numerical methods for Problem (P3;) can be done similar to that of Problem (P;). The
counterpart of equation (58) in Theorem 5 is

1/2
LX(T3)

h . h h - hy /2
— < — — —
=l < ¢ inf (=l 4+l =il ) + ¢ inf v = 125
Then, under the assumptions stated in Theorem 6, the optimal order error bound equation (64) holds also for

the linear finite element solutions of Problem (P5).
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