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Abstract. In this paper we analyze nonconforming finite element methods for solving a fourth
order elliptic variational inequality of the second kind arising in a plate frictional contact problem.
The variational inequality involves a nondifferentiable term due to the frictional contact. Opti-
mal order error estimates are derived for both continuous and discontinuous nonconforming finite
elements.
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1. Introduction. Variational inequalities form an important family of nonlinear
boundary value or initial-boundary value problems. Interest in variational inequalities
originates in applications from mechanics and physics. A partial list of the applica-
tions that lead to variational inequalities include the following: contact mechanics,
non-Newtonian fluid flows such as Bingham fluids, obstacle problems, optimal control,
plasticity, Stefan problems, unilateral problems, and so on. An early comprehensive
reference on the topic is [8], where many problems in mechanics and physics are formu-
lated and studied in the framework of variational inequalities. More recent references
on the mathematical analysis of variational inequalities include [1, 10, 20, 22, 23].
Comprehensive references concerning the numerical analysis of variational inequali-
ties, especially those arising in mechanical problems, include [12, 13, 14, 15, 16, 17, 19].
These references focus on numerical analysis for variational inequalities involving sec-
ond order differential operators. Numerical study of fourth order variational inequal-
ities is also available from some of these references; e.g., a duality approach based on
conforming finite elements is analyzed in [16].

Nonconforming finite element methods are a natural choice in employing finite
element methods for solving fourth order boundary value problems since the smooth-
ness requirement on finite element functions is weakened. An early reference on the
mathematical analysis of nonconforming finite element methods for the plate bending
problem is [21]. Application of nonconforming finite element methods is not limited
to fourth order problems; they offer more efficient solution algorithms for numerous
other problems (cf. [3, p. 208]). Convergence and error estimation of nonconform-
ing finite element methods are more involved compared to that of conforming finite
element methods. A patch test was proposed and is widely used by engineers for con-
vergence analysis of nonconforming finite element methods (cf. [2, 18]). However, it
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1684 WEIMIN HAN AND LIE-HENG WANG

is shown in [26] that the patch test is neither a necessary nor a sufficient condition for
convergence. One finds in [26] a rigorous necessary and sufficient condition for con-
vergence of nonconforming finite element solutions to variational equations of some
boundary value problems. Some further developments along this line can be found
in [25, 30], where convergence conditions are studied which are easier to examine. A
summary account of nonconforming finite element methods can be found in [5] or,
more recently, in [6]. In particular, in these latter references, one can find some dis-
cussions of the four nonconforming finite elements mentioned later in this paper: the
continuous nonconforming elements of the Zienkiewicz triangle and Adini’s rectangle,
and the discontinuous nonconforming elements of Morley’s triangle and the Fraeijs
De Veubeke triangle.

In this paper, we derive error estimates for continuous and discontinuous noncon-
forming finite elements in solving a fourth order elliptic variational inequality of the
second kind. A variational inequality of the second kind is featured by the presence
of nondifferentiable terms in the formulation. Variational inequalities of the second
kind are commonly seen in frictional contact problems. In this paper we adopt a
plate frictional contact problem as our model fourth order variational inequality of
the second kind for error analysis of nonconforming finite element methods; the ideas
and results reported here can be extended to nonconforming finite element methods
for other fourth order elliptic variational inequalities of the second kind. Literature
on nonconforming finite element methods for fourth order variational inequalities is
rather small at the moment. The only papers on this topic we know of are [27, 28, 29].
Note that in these papers the variational inequalities being approximated are of the
first kind; i.e., they are imposed over convex sets, and no nondifferentiable terms
are involved. To analyze nonconforming finite elements for fourth order variational
inequalities of the second kind, we need to employ new techniques.

The paper is organized as follows. In section 2, we introduce the plate contact
problem and show some properties for the solution of the problem. In section 3, we
present an abstract result for nonconforming methods that will be used in deriving
error estimates later in the paper. Sections 4 and 5 are devoted to error estimation
of continuous and discontinuous nonconforming finite element methods for the plate
contact problem, respectively.

2. The plate contact problem. Consider a thin flat plate Ω × (−d/2, d/2),
where Ω ⊂ R

2, d > 0 is the thickness of the plate and is assumed to be small.
Assume the three-dimensional material is isotropic, linearly elastic with Poisson’s
ratio ν ∈ (0, 1/2) and Young’s modulus E > 0. The plate is subject to a normal force
of density D0f(x) with the stiffness coefficient of the plate

D0 =
E d3

12 (1− ν2)
.

Denote by u = u(x), x ∈ Ω, the vertical deflection of the plate. Let the boundary
Γ = ∂Ω of the plate be decomposed into three mutually disjoint parts: Γ = Γ1∪Γ2∪Γ3

such that Γ1, Γ2, and Γ3 are relatively open, Γ1 ∩ Γ3 = ∅, and meas (Γ1) > 0. The
boundary is assumed to be Lipschitz continuous, and the unit outward normal vector
is denoted by n = (n1, n2)

T . The tangential vector is τ = (τ1, τ2)
T with τ1 = −n2,

τ2 = n1. Both n and τ exist a.e. on Γ. Assume the plate is clamped on Γ1:

u =
∂u

∂n
= 0 on Γ1,
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1685

is free on Γ2:

M(u) = N(u) = 0 on Γ2,

and is in frictional contact with a rigid foundation on Γ3. Here,

M(u) = −∆u+ (1− ν) ∂ττu,

N(u) = ∂n∆u+ (1− ν) ∂τ (∂nτu).

Notice that for a smooth function u, M(u) and N(u) are defined a.e. on Γ. The
quantity M(u) can be interpreted as the tangential moment, while −N(u) represents
a force. Here and throughout the paper, we use the following notations:

∂11u =
∂2u

∂x2
1

, ∂12u =
∂2u

∂x1∂x2
, ∂nu =

∂u

∂n
, ∂τu =

∂u

∂τ
, · · · .

Introduce the function space

V = { v ∈ H2(Ω) | v = ∂nv = 0 on Γ1 }.(2.1)

Over the space V , we define a bilinear form

a(u, v) =

∫
Ω

[
∆u∆v + (1− ν) (2 ∂12u ∂12v − ∂11u ∂22v − ∂22u ∂11v)

]
dx,(2.2)

and a functional

j(v) =

∫
Γ3

g |v| ds,(2.3)

where g is given. For the data of the problem, we assume

f ∈ L2(Ω), g ∈ L2(Γ3), g > 0 a.e. on Γ3.(2.4)

We will use the notation

(f, v) =

∫
Ω

f v dx.

The plate frictional contact problem is defined through a minimal energy principle:

u ∈ V, J(u) = inf
v∈V

J(v),

where

J(v) =
1

2
a(v, v) + j(v)− (f, v).

The quantity D0J(v) is the total energy, and j(v) is the contribution from the fric-
tional contact. It is easy to show that the minimization problem is equivalent to the
following variational inequality.

Problem 2.1. Find u ∈ V such that

a(u, v − u) + j(v)− j(u) ≥ (f, v − u) ∀ v ∈ V.(2.5)
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1686 WEIMIN HAN AND LIE-HENG WANG

Wellposedness of Problem 2.1 follows from a standard argument.
Theorem 2.2. Problem 2.1 has a unique solution.
Proof. Since meas (Γ1) > 0, the bilinear form is coercive on V :

a(v, v) ≥ α ‖v‖2
V ∀ v ∈ V.

We also observe that over the space V , a(·, ·) is continuous, j(·) is continuous and
convex, and f defines a linear continuous functional. Thus Problem 2.1 is an elliptic
variational inequality of the second kind and has a unique solution (cf. [12]).

To obtain the corresponding strong form of the boundary value problem, we
assume the solution u is smooth (say, u ∈ C4(Ω)). For any v ∈ H2(Ω), we have∫

Ω

∆2u v dx =

∫
Ω

∆u∆v dx+

∫
Γ

∂n∆u v ds−
∫

Γ

∆u ∂nv ds.(2.6)

It is easy to verify the equality∫
Ω

(2 ∂12u ∂12v − ∂11u ∂22v − ∂22u ∂11v) dx =

∫
Γ

(−∂ττu ∂nv + ∂nτu ∂τv) ds.

If the boundary Γ is smooth, we further have∫
Ω

(2 ∂12u ∂12v − ∂11u ∂22v − ∂22u ∂11v) dx = −
∫

Γ

(∂ττu ∂nv + ∂τ (∂nτu) v) ds.(2.7)

Then from (2.6) we have

a(u, v) =

∫
Ω

∆2u v dx−
∫

Γ

N(u) v ds−
∫

Γ

M(u) ∂nv ds ∀ v ∈ H2(Ω).(2.8)

Using this relation in the variational inequality (2.5), we can follow a standard argu-
ment (cf., e.g., [8, 19]) to conclude that u satisfies the relations

∆2u = f in Ω,(2.9)

u =
∂u

∂n
= 0 on Γ1,(2.10)

M(u) = N(u) = 0 on Γ2,(2.11)

M(u) = 0, |N(u)| ≤ g,
|N(u)| < g =⇒ u = 0,
|N(u)| = g =⇒ u = λN(u) for some λ ≥ 0


 on Γ3.(2.12)

This is the strong form of the plate contact problem studied in [8]. We comment that
g > 0 can be interpreted as the frictional bound.

When the boundary Γ is only piecewise smooth, the right-hand side of the relation
(2.7) needs to be replaced by

∑
P

(
∂nτu(P−)− ∂nτu(P+)

)
v(P )−

∫
Γ

(∂ττu ∂nv + ∂τ (∂nτu) v) ds,

where P is any corner point on the boundary and ∂nτu(P−) and ∂nτu(P+) are the left
and right limiting values of ∂nτu at P along Γ directed counterclockwise. Then the
relations (2.9)–(2.12) are to be supplemented with continuity conditions of the form

∂nτu(P−) = ∂nτu(P+).
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1687

Such conditions can be interpreted as “corner force conditions” (cf. [7]).
The main purpose of the paper is to analyze nonconforming finite element methods

for Problem 2.1. For this, we need a characterization of the solution of Problem 2.1,
following an idea found in [13]. Let

Λ = {µ ∈ L∞(Γ3) | |µ| ≤ 1 a.e. on Γ3 }.
Theorem 2.3. A function u is a solution of Problem 2.1 if and only if there

exists λ ∈ Λ such that

a(u, v) +

∫
Γ3

g λ v ds = (f, v) ∀ v ∈ V,(2.13)

λu = |u| a.e. on Γ3.(2.14)

Proof. Suppose u is a solution of Problem 2.1. By taking v = 0 and 2u in (2.5),
we obtain

a(u, u) + j(u) = (f, u).(2.15)

Then, from (2.5),

a(u, v) + j(v) ≥ (f, v) ∀ v ∈ V.(2.16)

It is easy to see that (2.5) is equivalent to (2.15) and (2.16). From (2.16), we get

(f, v)− a(u, v) ≤ j(v) ∀ v ∈ V.

Replacing v by −v in this inequality, we obtain

(f, v)− a(u, v) ≥ −j(v) ∀ v ∈ V.

Therefore,

|(f, v)− a(u, v)| ≤ j(v) ∀ v ∈ V.(2.17)

Let γ be the trace operator defined on V and denote HΓ3 = γ(V )|Γ3 with the norm

‖v‖HΓ3
= inf{ ‖w‖V | w ∈ V, w|Γ3 = v }.

Then, from (2.17), we see that HΓ3 � v �→ (f, v)− a(u, v) defines a linear mapping on
HΓ3 ; here, we use the same symbol v for a function from V with the trace v on Γ3.
Thus "(v) = (f, v)− a(u, v) is a linear mapping on HΓ3 and, from (2.17),

|"(v)| ≤
∫

Γ3

g |v| ds ∀ v ∈ HΓ3 .

Obviously, HΓ3 ⊂ L1(Γ3). By the Hahn–Banach theorem, the linear functional " can
be the extended to the space L1(Γ3), and we have the existence of λ ∈ Λ such that

"(v) =

∫
Γ3

g λ v ds ∀ v ∈ L1(Γ3).

Therefore, (2.13) holds. Using (2.15), we then have∫
Γ3

g (λu− |u|) ds = 0.
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1688 WEIMIN HAN AND LIE-HENG WANG

Since |λ| ≤ 1 a.e. on Γ3, we have the relation (2.14).
Proof of the converse statement is easy and is hence omitted.
By comparing (2.8) with (2.13) and using the equality boundary conditions of the

solution u, we find that

g λ = N(u) on Γ3.

Thus, the “Lagrange multiplier” λ can be interpreted as a scaled shearing force.
Note that the relations (2.9)–(2.12) are valid only if the solution u ∈ V of Problem

2.1 is smooth, e.g., u ∈ C4(Ω). Consequently, these relations cannot be used in error
analysis. In finite element error analysis, we need a reasonable solution regularity
stronger than u ∈ V . Such a regularity result for Problem 2.1 does not seem to be
available in the current literature. In this paper, we will assume

u ∈ H3(Ω).(2.18)

Now let us derive some relations for the solution u ∈ V of Problem 2.1. In (2.13),
we let v ∈ C∞

0 (Ω) to obtain

∆2u = f in the sense of distributions.

Since f ∈ L2(Ω), we actually have

∆2u = f in L2(Ω),(2.19)

and then also

∆2u = f a.e. in Ω.(2.20)

Since ∆2u ∈ L2(Ω) and u ∈ H3(Ω), we can define ∂n∆u ∈ H−1/2(Γ) by the relation
(cf., e.g., [11])

〈∂n∆u, v〉1/2,Γ =
∫

Ω

[
∆2u v +∇(∆u) · ∇v

]
dx ∀ v ∈ H1(Ω).(2.21)

For the bilinear form (2.2), we then have

a(u, v) =

∫
Ω

∆2u v dx− 〈∂n∆u, v〉1/2,Γ +
∫

Γ

∆u ∂nv ds

+ (1− ν)

∫
Γ

(−∂ττu ∂nv + ∂nτu ∂τv) ds

= (f, v)−
∫

Γ

M(u) ∂nv ds− 〈∂n∆u, v〉1/2,Γ + (1− ν)

∫
Γ

∂nτu ∂τv ds.

Thus by (2.13) we have

−
∫

Γ

M(u) ∂nv ds− 〈∂n∆u, v〉1/2,Γ + (1− ν)

∫
Γ

∂nτu ∂τv ds+

∫
Γ3

g λ v ds = 0 ∀ v ∈ V.

(2.22)

By a standard procedure (cf. [8]), it can then be established that

M(u) = 0 a.e. on Γ2 ∪ Γ3.(2.23)
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1689

Then from (2.22) we obtain

−〈∂n∆u, v〉1/2,Γ + (1− ν)

∫
Γ

∂nτu ∂τv ds+

∫
Γ3

g λ v ds = 0 ∀ v ∈ V.(2.24)

Now the closure of V in H1(Ω) is

H1
Γ1
(Ω) = { v ∈ H1(Ω) | v = 0 a.e. on Γ1 }.

Denote

H̃1
Γ1
(Ω) = { v ∈ H1

Γ1
(Ω) | ∂τv ∈ L2(Γ) }.

Then from (2.24) we conclude that

−〈∂n∆u, v〉1/2,Γ + (1− ν)

∫
Γ

∂nτu ∂τv ds+

∫
Γ3

g λ v ds = 0 ∀ v ∈ H̃1
Γ1
(Ω).(2.25)

3. An abstract error estimate. Let {Th}h be a family of finite element parti-
tions of the domain Ω. Here h → 0+ is a discretization parameter. A typical element
in Th is denoted by T . Let {Vh}h be a family of corresponding finite element spaces
used to approximate the space V . We consider the case of nonconforming approxi-
mation. Thus, in general, Vh �⊂ V . Then the discrete approximation problem is the
following.

Problem 3.1. Find u ∈ Vh such that

ah(uh, vh − uh) + j(vh)− j(uh) ≥ (f, vh − uh) ∀ vh ∈ Vh,(3.1)

where the discrete bilinear form is

ah(u, v) =
∑
T∈Th

∫
T

[
∆u∆v + (1− ν) (2 ∂12u ∂12v − ∂11u ∂22v − ∂22u ∂11v)

]
dx.(3.2)

Assume

‖vh‖h =
{ ∑

T∈Th

|vh|22,T
}1/2

, vh ∈ Vh,

is a norm on Vh. Then the bilinear form (3.2) is coercive on Vh. Obviously, ah(·, ·) is
continuous:

|ah(u, v)| ≤ M ‖uh‖h‖vh‖h ∀uh, vh ∈ V + Vh.

We also observe that j(·) is continuous and convex on Vh, and f defines a linear
continuous functional on Vh. Therefore, Problem 3.1 has a unique solution.

The following abstract error estimate is inspired by Falk’s work [9] and the work
of Brezzi, Hager, and Raviart [4]. It plays an important role in error analysis for the
approximation of the variational inequality and can be viewed as an extension of the
Strang lemma (cf. [5]) for variational equations to variational inequalities.

Theorem 3.2. For the solutions of the Problems 2.1 and 3.1, we have the in-
equality

‖u− uh‖2
h ≤ c inf

vh∈Vh

{‖u− vh‖2
h +Rh(vh, uh)

}
,(3.3)
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1690 WEIMIN HAN AND LIE-HENG WANG

where

Rh(vh, uh) = ah(u, vh − uh) + j(vh)− j(uh)− (f, vh − uh)(3.4)

is a discrete residual.
Proof. For any vh ∈ Vh, we have

α ‖uh − vh‖2
h ≤ ah(uh − vh, uh − vh)

= ah(u− vh, uh − vh) + ah(uh − u, uh − vh)

≤ M ‖u− vh‖h‖uh − vh‖h + ah(uh, uh − vh)− ah(u, uh − vh)

≤ M ‖u− vh‖h‖uh − vh‖h +Rh(vh, uh),

where in the last step we used the defining inequality (3.1). Using the inequality

M ‖u− vh‖h‖uh − vh‖h ≤ α

2
‖uh − vh‖2

h +
M2

2α
‖u− vh‖2

h

we obtain

‖uh − vh‖2
h ≤ c

{‖u− vh‖2
h +Rh(vh, uh)}.

Now the relation (3.3) follows from

‖u− uh‖h ≤ ‖u− vh‖h + ‖u− vh‖h
and the arbitrariness of vh ∈ Vh.

4. Continuous nonconforming finite element approximation. We con-
sider some continuous nonconforming plate elements in this section. Let {Th}h be a
family of regular triangulation of Ω, and let {Vh}h ⊂ C0(Ω) be a corresponding family
of nonconforming finite element subspaces of V . We assume∣∣∣∑

T

∫
∂T

w ∂nvh ds
∣∣∣ ≤ c h ‖w‖1,Ω‖vh‖h ∀ vh ∈ Vh,(4.1)

and the finite element interpolation error estimate

‖w −Πhw‖h ≤ c h ‖w‖3,Ω ∀w ∈ V ∩H3(Ω).(4.2)

Here Πhw ∈ Vh denotes the finite element interpolant of w.
Theorem 4.1. Assume (2.18), (4.1), and (4.2). Then we have the error estimate

‖u− uh‖h ≤ c h (‖u‖3,Ω + h1/4‖g‖0,Γ3).(4.3)

Proof. Let us first estimate the terms involved in the residual Rh(vh, uh). We
have

ah(u, uh − vh) =
∑
T

∫
T

{
∆u∆(uh − vh) + (1− ν) (2 ∂12u ∂12(uh − vh)

(4.4)

− ∂11u ∂22(uh − vh)− ∂22u ∂11(uh − vh))
}
ds

= −
∑
T

∫
T

∇(∆u) · ∇(uh − vh) dx+
∑
T

∫
∂T

∆u ∂n(uh − vh) ds

+ (1− ν)
∑
T

∫
∂T

{− ∂ττu ∂n(uh − vh) + ∂nτu ∂τ (uh − vh)
}
ds.
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1691

Since Vh ⊂ C(Ω), we have uh, vh ∈ H1(Ω) and

−
∑
T

∫
T

∇(∆u) · ∇(uh − vh) dx = −
∫

Ω

∇(∆u) · ∇(uh − vh) dx

(4.5)

=

∫
Ω

∆2u (uh − vh) dx− 〈∂n∆u, uh − vh〉1/2,Γ.

Then

(f, uh − vh)− ah(u, uh − vh)

= −
∑
T

∫
∂T

[
∆u− (1− ν) ∂ττu

]
∂n(uh − vh) ds+ 〈∂n∆u, uh − vh〉1/2,Γ

− (1− ν)
∑
T

∫
∂T

∂nτu ∂τ (uh − vh) ds

= −
∑
T

∫
∂T

M(u) ∂n(uh − vh) ds− (1− ν)
∑
T

∑
γ⊂∂T
γ �⊂Γ

∫
γ

∂nτu ∂τ (uh − vh) ds

− (1− ν)
∑
T

∑
γ⊂∂T
γ⊂Γ

∫
γ

∂nτu ∂τ (uh − vh) ds+ 〈∂n∆u, uh − vh〉1/2,Γ.

Since uh, vh ∈ C(Ω), we have

∑
T

∑
γ⊂∂T
γ �⊂Γ

∫
γ

∂nτu ∂τ (uh − vh) ds = 0.

Thus,

(f, uh − vh)− ah(u, uh − vh) = −
∑
T

∫
∂T

M(u) ∂n(uh − vh) ds+ 〈∂n∆u, uh − vh〉1/2,Γ

− (1− ν)

∫
Γ

∂nτu ∂τ (uh − vh) ds.

Using the relation (2.25), we obtain

(f, uh − vh)− ah(u, uh − vh) = −
∑
T

∫
∂T

M(u) ∂n(uh − vh) ds−
∫

Γ3

g λ (uh − vh) ds.

(4.6)

Then

Rh(vh, uh) =

∫
Γ3

g (|vh| − λ vh − |uh|+ λuh) ds−
∑
T

∫
∂T

M(u) ∂n(uh − vh) ds.

(4.7)

The last term on the right-hand side of (4.7) is estimated by (4.1):∣∣∣∣∣
∑
T

∫
∂T

M(u) ∂n(vh − uh) ds

∣∣∣∣∣ ≤ c h ‖u‖3,Ω‖vh − uh‖h.
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1692 WEIMIN HAN AND LIE-HENG WANG

We now estimate the first term on the right-hand side of (4.7). Since |λ| ≤ 1 a.e. on
Γ3, ∫

Γ3

g (|vh| − λ vh − |uh|+ λuh) ds ≤
∫

Γ3

g (|vh| − λ vh) ds.

In the following, we choose vh = Πhu. We have∫
Γ3

g (|Πhu| − λΠhu) ds =

∫
Γ3

g (|Πhu| − |u| − λ (Πhu− u)) ds

≤ 2

∫
Γ3

g |u−Πhu| ds

≤ 2 ‖g‖0,Γ3‖u−Πhu‖0,Γ3 .

From [26], for any element side γ ⊂ Γ3, denoting T the element that has the side γ,
we have

‖u−Πhu‖0,γ ≤ c
(
h−1‖u−Πhu‖2

0,T + h |u−Πhu|21,T
)1/2

≤ c
(
h−1h6|u|23,T + hh4|u|23,T

)1/2
≤ c h5/2|u|3,T .

Thus,

‖u−Πhu‖0,Γ3
=


 ∑

γ⊂Γ3

‖u−Πhu‖2
0,γ




1/2

≤ c h5/2


 ∑

T :∂T∩Γ3 	=∅
|u|23,T




1/2

≤ c h5/2|u|3,Ω.
Summarizing, we have the bound

Rh(Πhu, uh) ≤ c h ‖u‖3,Ω‖Πhu− uh‖h + c h5/2‖g‖0,Γ3‖u‖3,Ω.

So, from (3.3),

‖u− uh‖2
h ≤ c {‖u−Πhu‖2

h + h ‖u‖3,Ω‖Πhu− uh‖h + h5/2‖g‖0,Γ3
‖u‖3,Ω}.

The term ‖Πhu−uh‖h is bounded by ‖Πhu−u‖h+‖u−uh‖h. Using the interpolation
error estimate (4.2), we then obtain the error estimate (4.3).

One example of a continuous nonconforming finite element is the Zienkiewicz
triangle. Assume Ω is such that it is possible to split it into triangles with all sides
parallel to three fixed directions. This property is valid if Ω is the union of rectangles
with sides parallel to two fixed directions and right triangles with two sides parallel
to the two fixed directions. Let {Th} be a regular family of partitions of Ω into such
triangles. Then the Zienkiewicz triangle consists of piecewise incomplete polynomials
of degree less than or equal to 3. On each triangle, the polynomial is determined by
its values and the values of its two first order derivatives at the three vertices; for
details, cf. [5]. For this element, we have (4.1) and (4.2) (cf. [24]).
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1693

Another example is Adini’s rectangle. Assume Ω ⊂ R
2 can be partitioned into

rectangles (e.g., if Ω is the union of rectangles with sides parallel to two fixed direc-
tions). Let {Th}h be a regular family of partitions of Ω into rectangles with sides
parallel to the coordinate axes. Then Adini’s rectangle is defined as a piecewise poly-
nomial corresponding to the partition Th such that, on each element, it is a polynomial
from the space P3(R

2) + [x3
1x2, x1x

3
2], with the values of function and of the two first

partial derivatives with respect to x1 and x2 at the four vertices of the element as the
finite element parameters. For the vertices on Γ1, the parameters are taken to be zero
for Vh. Then, from [26], we have (4.1) and (4.2).

We conclude that for both the Zienkiewicz triangle and Adini’s rectangle, the
optimal order error estimate (4.3) holds.

5. Discontinuous nonconforming finite element approximation. In this
section, we consider discontinuous nonconforming finite element approximations of
the plate contact problem. Let {Vh}h �⊂ C0(Ω) be a family of nonconforming finite
element subspaces of V corresponding to a regular family {Th}h of triangulations of
Ω such that the finite element functions are continuous at the vertices of the corre-
sponding triangulation. We still assume (4.1) and (4.2).

Theorem 5.1. Assume (2.18), (4.1), and (4.2). Also assume the finite element
functions are continuous at the vertices of the corresponding triangulation. Then we
have the error estimate

‖u− uh‖h ≤ c h
{‖u‖3,Ω + h1/4‖g‖0,Γ3 + h ‖f‖0,Ω

}
.(5.1)

Proof. Since Vh �⊂ C(Ω) implies Vh �⊂ H1(Ω), we must modify the expression
(4.5) as follows. Denote wh = uh − vh and let w

I
h be the continuous piecewise linear

interpolant of wh. Since w
I
h ∈ C(Ω), wI

h ∈ H1(Ω). First we write

−
∑
T

∫
T

∇(∆u) · ∇(uh − vh) dx = −
∑
T

∫
T

∇(∆u) · ∇wh dx

= −
∑
T

∫
T

∇(∆u) · ∇wI
h dx

−
∑
T

∫
T

∇(∆u) · ∇(wh − wI
h) dx

=

∫
Ω

∆2uwI
h dx− 〈∂n∆u,wI

h〉1/2,Γ

−
∑
T

∫
T

∇(∆u) · ∇(wh − wI
h) dx.

Then

ah(u, uh − vh) =

∫
Ω

∆2uwI
h dx− 〈∂n∆u,wI

h〉1/2,Γ −
∑
T

∫
T

∇(∆u) · ∇(wh − wI
h) dx

+
∑
T

∫
∂T

∆u ∂nwhds+ (1− ν)
∑
T

∫
∂T

(−∂ττu ∂nwh + ∂nτu ∂τwh) ds.
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1694 WEIMIN HAN AND LIE-HENG WANG

Use the relation (2.20),

ah(u, uh − vh) = (f, w
I
h)− 〈∂n∆u,wI

h〉1/2,Γ +
∑
T

∫
∂T

{
∆u− (1− ν) ∂ττu

}
∂nwh ds

+ (1− ν)
∑
T

∫
∂T

∂nτu∂τwh ds−
∑
T

∫
T

∇(∆u) · ∇(wh − wI
h) dx.

Hence,

(f, uh − vh)− ah(u, uh − vh)

= (f, wh − wI
h) +

∑
T

∫
T

∇(∆u) · ∇(wh − wI
h) dx+ 〈∂n∆u,wI

h〉1/2,Γ

−
∑
T

∫
∂T

M(u) ∂nwh ds− (1− ν)
∑
T

∫
∂T

∂nτu ∂τwh ds.

Now∑
T

∫
∂T

∂nτu ∂τwh ds =
∑
T

∫
∂T

∂nτu ∂τw
I
h ds+

∑
T

∫
∂T

∂nτu ∂τ (wh − wI
h) ds.

For each side γ of the elements, define a piecewise constant projection operator P γ
0 :

L1(γ)→ R by

P γ
0 (v) =

1

|γ|
∫
γ

v ds.

Since ∫
γ

∂τ (wh − wI
h) ds = 0,

we have∑
T

∫
∂T

∂nτu ∂τ (wh − wI
h) ds =

∑
T

∑
γ⊂∂T

∫
γ

∂nτu ∂τ (wh − wI
h) ds

=
∑
T

∑
γ⊂∂T

∫
γ

(∂nτu− P γ
0 (∂nτu)) ∂τ (wh − wI

h) ds

≤ c h |u|3,Ω‖wh‖h.

Using the fact wI
h ∈ C(Ω) we have

∑
T

∫
∂T

∂nτu ∂τw
I
h ds =

∑
γ⊂Γ

∫
γ

∂nτu ∂τw
I
h ds.

Also,

(f, wh − wI
h) ≤ ‖f‖0,Ω‖wh − wI

h‖0,Ω ≤ c h2‖f‖0,Ω‖wh‖h
and ∑

T

∫
T

∇(∆u) · ∇(wh − wI
h) ≤

∑
T

|u|3,T |wh − wI
h|1,T ≤ c h |u|3,Ω‖wh‖h.
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NONCONFORMING FE FOR A PLATE CONTACT PROBLEM 1695

Using the estimate (4.1), we have

(f, uh − vh)− ah(u, uh − vh) ≤ c h (|u|3,Ω + h ‖f‖0,Ω) ‖wh‖h + 〈∂n∆u,wI
h〉1/2,Γ

− (1− ν)

∫
Γ

∂nτu ∂τw
I
h ds.

By (2.25), we then obtain

(f, uh − vh)− ah(u, uh − vh) ≤ c h (|u|3,Ω + h ‖f‖0,Ω) ‖wh‖h +
∫

Γ3

g λwI
h ds.

Thus, for the residual term defined in (3.4), we have

Rh(vh, uh) ≤
∫

Γ3

g (|vh| − |uh|+ λwI
h) ds+ c h (|u|3,Ω + h ‖f‖0,Ω) ‖wh‖h(5.2)

=

∫
Γ3

g (|vh| − |uh|+ λwh) ds+

∫
Γ3

g λ (wI
h − wh) ds

+ c h (|u|3,Ω + h ‖f‖0,Ω) ‖wh‖h.
The second term on the right is bounded as follows:∫

Γ3

g λ (wI
h − wh) ds ≤

∑
γ⊂Γ3

∫
γ

g |wh − wI
h| ds

≤ ‖g‖0,Γ3


 ∑

γ⊂Γ3

‖wh − wI
h‖2

0,γ




1/2

≤ c ‖g‖0,Γ3


 ∑

∂T∩Γ3 	=∅

[
h−1‖wh − wI

h‖2
0,T + h |wh − wI

h|21,T
]

1/2

≤ c ‖g‖0,Γ3h
3/2


 ∑

T :∂T∩Γ3 	=∅
|wh|22,T




1/2

≤ c h3/2‖g‖0,Γ3‖wh‖h.
The first term

∫
Γ3

g (|vh| − |uh|+ λwh) ds can be handled similarly as in the proof of

Theorem 4.1. So, with vh = Πhu in (5.2), we have the bound

Rh(Πhu, uh) ≤ c (h3/2‖g‖0,Γ3 + h |u|3,Ω + h2‖f‖0,Ω) ‖Πhu− uh‖h(5.3)

+ c h5/2‖g‖0,Γ3‖u‖3,Ω.

Now, by (3.3), we have

‖u− uh‖2
h ≤ c (‖u−Πhu‖2

h + (h
3/2‖g‖0,Γ3

+ h |u|3,Ω + h2‖f‖0,Ω) ‖Πhu− uh‖h
+ h5/2‖g‖0,Γ3‖u‖3,Ω),

from which we can derive the error estimate (5.1) as in the proof of Theorem
4.1.

As examples of discontinuous nonconforming finite element spaces for the plate
contact problem, we mention Morley’s triangle and the Fraeijs De Veubeke triangle.
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1696 WEIMIN HAN AND LIE-HENG WANG

Assume Ω is a polygonal domain and let {Th} be a regular family of partitions of Ω
into triangles. For Morley’s triangle, on each element, the finite element function is
quadratic and is uniquely determined by the function values at the three vertices and
the normal derivative at the three midside nodes. For the Fraeijs De Veubeke triangle,
on each element, the finite element function is cubic and is uniquely determined by
the function values at the three vertices and at the center and the normal derivative
at the Gaussian points of second order on each side. From their constructions, we see
that for both Morley’s triangle and the Fraeijs De Veubeke triangle, the finite element
functions are continuous at the vertices of the corresponding triangulation. For both
elements, (4.1) and (4.2) are valid (cf. [26]).

We conclude that for both Morley’s triangle and the Fraeijs De Veubeke triangle,
the optimal order error estimate (5.1) holds.
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