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Abstract Variational-hemivariational inequalities refer to the inequality problems
where both convex and nonconvex functions are involved. In this paper, we consider
the numerical solution of a family of stationary variational-hemivariational inequal-
ities by the finite element method. For a variational-hemivariational inequality of
a general form, we prove convergence of numerical solutions. For some particu-
lar variational-hemivariational inequalities, we provide error estimates of numerical
solutions, which are of optimal order for the linear finite element method under appro-
priate solution regularity assumptions. Numerical results are reported on solving a
variational-hemivariational inequality modeling the contact between an elastic body
and a foundation with the linear finite element, illustrating the theoretically predicted
optimal first order convergence and providing their mechanical interpretations.

Mathematics Subject Classification 65N30 - 65N15 - 74M10 - 74M15

1 Introduction

Variational-hemivariational inequalities are inequality problems where both con-
vex and nonconvex functions are involved. They were introduced in the pioneering
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work [19], and were further studied in [18,20]. Interest in variational-hemivariational
inequalities arises in the study of various problems in mechanics and engineering
applications. Their study requires arguments of Convex Analysis, including proper-
ties of the subdifferential of a convex function, and arguments of Nonsmooth Analysis,
including properties of the subdifferential in the sense of Clarke, defined for locally
Lipschitz functions which may be nonconvex.

Recently, a new variational-hemivariational inequality is studied in [9]. The inequal-
ity involves two nonlinear operators and two nondifferentiable functionals, of which
at least one is convex. Solution existence, uniqueness and data continuous dependence
are shown. Moreover, the finite element method is studied for solving the inequality
problem. For the first time in the literature, an optimal order error estimate is derived
for the linear element solution of a hemivariational inequality under appropriate solu-
tion regularity assumptions. A more general variational-hemivariational inequality
is analyzed in [17]. There, the existence and uniqueness of the solution are proved,
together with a result on the continuous dependence of the solution on the data. The
variational-hemivariational inequalities studied in [9, 1 7] are motivated by applications
in Contact Mechanics.

The purpose of this paper is to consider numerical approximations of stationary
variational-hemivariational inequality problems by the finite element method, sub-
stantially extending the relevant result found in [9]. We note that in the comprehensive
reference [12] on numerical analysis of hemivariational inequalities, only convergence
of the numerical schemes is discussed and there are no error estimates. Although there
have been various attempts to derive error estimates on numerical methods for solving
hemivariational inequalities, optimal order error estimates were derived in [9] for the
first time in the literature. For the general variational-hemivariational inequality studied
in [17], we show the convergence of the numerical solution. Then, for some particular
variational-hemivariational inequalities, we also derive error estimates, which are of
optimal order for the linear elements. We provide numerical examples to illustrate
the performance of the numerical method, including numerical convergence orders.
One of the numerical examples also serves the purpose of showing the transition from
variational inequalities to hemivariational inequalities.

The rest of the paper is organized as follows. In Sect. 2 we review some preliminary
material needed later on in the study of variational-hemivariational inequalities, and
recall an existence and uniqueness result for the general variational-hemivariational
inequality from [17]. In Sect. 3 we introduce numerical methods for solving various
variational-hemivariational inequalities, prove convergence and derive error estimates
wherever feasible. In Sect. 4 we introduce several contact problems, in which the
material behavior is modeled with a nonlinear elastic constitutive law and the contact
conditions are in a subdifferential form. We list the assumptions on the data and
use the abstract result in [17] to prove the unique weak solvability to the problem. In
addition, we apply our results in Sect. 3 in the numerical analysis of the contact model.
Finally, in Sect. 5 we present numerical simulations which represent an evidence of
our error estimates and convergence results. The simulations illustrate the transition
from the variational to the hemivariational case and give rise to interesting mechanical
interpretations.
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2 Preliminaries

All linear spaces in this paper are real. For a normed space X we denote by || - || x
its norm, by X™* its topological dual, and by (-, -) xxx x the duality pairing of X and
X*. When no confusion may arise, we simply write (-, -) instead of (-, -) x+x x. Weak
convergence is indicated by the symbol —. For two normed spaces X and Y, L(X, Y)
denotes the space of all linear continuous operators from X to Y.

We recall that an operator A: X — X* is pseudomonotone if it is bounded and
u, — u in X together with lim sup (Au,, u, — u)x+xx < 0 imply

(Au,u — v)x+xx < liminf (Au,, u, —v)xyxx YveX.

A function ¢: K C X — R is lower semicontinuous (l.s.c.), if for any sequence
{xn} C K and any x € K, x, — x in X implies ¢(x) < liminf ¢(x,). For a convex
function ¢, the set

dp(x) = {x* € X* | p(v) — p(x) = (x*, v = X)xsxx Vv € X}

is called the subdifferential of ¢ at x € X. If 5<p(x) is non-empty, an element x* €
590(x) is called a subgradient of ¢ at x.

Lety: X — Rbealocally Lipschitz function. The generalized (Clarke) directional
derivative of i at x € X in the direction v € X is defined by

YO (x; v) := lim sup Yy +Av) = ¥(y) .
y—x, A0 A

The Clarke subdifferential of ¥ at x is a subset of the dual space X* given by

oy @ i={¢ e X1 ¥000) = € )xex Yo e X |
We have the formula ([6]).

¥O(x; v) = max {{¢, v) | ¢ € Y (x)}. @2.1)

More details on the properties of the subdifferential mappings can be found in the
books [8,21] in the convex case, and in the books [6,7,16,18] in the Clarke sense.
We turn now to the study of variational-hemivariational inequalities. Let X, X, X ;
be normed spaces, K C X and K, C X,. Given operators A: X — X", y, : X —
Xy, vj: X — X, and functionals ¢ : K, x K, — R, j: X; — R, we consider the
following problem.
PROBLEM (P) Find an element u € K such that

(Au, v—u)+@(Ypu, V) —@(Volt, You)+j(vjus yjo—yu) > (f,v—u) Vv eK.
(2.2)
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In the particular case where ¢ = 0, Problem (P) is reduced to a stationary hemi-
variational inequality. Numerical analysis of the stationary hemivariational inequality
is performed in [10].

For the study of Problem (P), we introduce the following assumptions on the data.

(A1) X is areflexive Banach space, and K is a closed and convex subset of X with
0eKk.

(A2) X, is a Banach space, K, is a closed and convex subset of X, Ky, D y,(K),
and y, € L(X, X,): for a constant ¢, > 0,

Ivpvllx, < collvlix YveX. (2.3)

(A3) X;is aBanach space and y; € L(X, X;): for a constant ¢; > 0,
lyjvllx; <cjlvlx YveX. 2.4)
(Ag) A: X — X*ispseudomonotone and there exists a constant m 4 > 0 such that
(Avi — Avy, v1 — v2) = mallvr — w2ll} Yvivs € X. 2.5)

(As) ¢: Ky x K, — Riis such that ¢(z, -): K, — R is convex and Ls.c. on K,
for all z € Ky, and there exists a constant , > 0 such that

(21, 24) — (21, 23) + ¢(22, 23) — @(22, 24)
<ayllz1 — z22llx, llz3 — zallx, Yz1,22,23,24 € K. (2.6)

(A¢) j: Xj — Ris locally Lipschitz, and there are constants cy, ¢1, @ > 0 such
that

I§1lxs = co+erllzllx;, YzeX;, V& e€dj, 2.7

P -+ f@in —w) sejla -l Ya.neX;  @8)

(A7)
awcé + a./ci < my. 2.9)

(Ag)
feXx* (2.10)

Note that in the statement of Problem (P) the function ¢(u, -) is assumed to be
convex whereas the function j is locally Lipschitz and is, in general, nonconvex. For
this reason, we refer to the inequality (2.2) as a variational-hemivariational inequal-
ity. Moreover, note that Problem (P) contains as particular cases, various problems
considered in the literature. We comment that the spaces X, and X ; are introduced
to facilitate error analysis of numerical solutions of Problem (P) in later sections.
For applications in Contact Mechanics, the functionals ¢(-, -) and j(-) are integrals
over the contact boundary I"3. In such a situation, X, and X; can be chosen to be
L2(T'3; RY) and/or L2(T3).
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The assumption (2.9) is a smallness assumption, which is a variant of a similar
condition in [17], due to the use of the spaces X, and X ; in the problem setting. By
slightly modifying the proof in [17], we have the following existence and uniqueness
result.

Theorem 2.1 Under assumption (A1)—(Ag), Problem (P) has a unique solution u €
K.

Note that for a locally Lipschitz function j: X; — R, the inequality (2.8) is
equivalent to

(61— &2.21 = 2)xixx; = —ojllzn — 20k, Yu e X VE€dj@). i =12
(2.11)
known as the relaxed monotonicity condition (cf. [16] and the references therein).
In addition, if j: X; — R is a convex function, then (2.8) or (2.11), equivalently,
are satisfied with a; = 0, due to the monotonicity of the (convex) subdifferential.
Since 0 € K, we derive the following relations from (2.5), (2.7) and (2.11), for some
constant c:

(Av, V)xixx > malvl% —clvllx YveX, (2.12)

(€, 2)xexx; = —ajllzlk, —collzllx;, ¥YzeX;, V& e€dj). (2.13)

3 Numerical approximations

In this section, we consider numerical schemes for solving Problem (P). We keep
assumptions (A1)—(Ag) so that Problem (P) has a unique solution u € K.

Let X* C X be a finite dimensional subspace with 4 > 0 denoting a spatial
discretization parameter. Let K" = X" N K. Then K" is a closed and convex subset
of X" and 0 € K". We consider the following Galerkin approximation of Problem

(P).

PROBLEM (P") Find an element u" € K" such that

(Aul " —uPy + oy, v 0"y — @(ru” vy + 0 (vjuls v — yjuh)
> (f, 0" —uty v e K" (3.1
The arguments of the proof of Theorem 2.1 can be applied in the setting of the finite
dimensional space X h and we know that under assumptions (A1)—(Ag), Problem (Ph)
has a unique solution u” € K".

Proposition 3.1 For some constant M > 0, |u"||x < MV h > 0.

Proof We let v = 0in (3.1) to get
(Au", u"y < @(ypu”, 0) — @(ypu”, you™y + 0" —y;u"y + (£, u").  (3.2)
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For any z € Ky, take 71 = z3 = z and z5 = z4 = 0 in (2.6),
@(z,0) —p(z,2) < th)IIZII%(q, —¢(0,2) + (0, 0). (3.3)
Use the lower bound ([1, p. 433])
¢(0,2) = c3 +csllzllx, Vze Ky
for some constants ¢3 and c4, not necessarily positive. Then from (3.3), we have
02,00 —9(z,2) < agllzly, +c(lzllx, +1). (3.4)
Write z; = z and take zo = 0 in (2.8),
'@ =2 < ajlizlly, — 00 2).
Further, use (2.7) to get
J°@ =2 = ajlzly, + collzllx;- (3.5)
Use (2.12), (3.4), (3.5), (2.3) and (2.4) in (3.2) to obtain
(ma —aged —oye?) 11 < e (1 lx +1).

Since m4 — a¢c2 — o ¢2 > 0, we deduce from the above inequality that llu|lx is

uniformly bounded with respect to /. O

The uniform boundedness of the numerical solutions will be useful in error analysis
of the numerical method.

The focus of this section is error analysis for the numerical solution defined by
Problem (Ph). We will assume, in addition, the following.

(Ag) A : X — X*is Lipschitz continuous, i.e. for some constant L4 > 0,
|[Au — Av||xx < Lallu —vllx Yu,veX. 3.6)

Note that under conditions (3.6) and (2.5), the operator A is pseudomonotone ([26,
Proposition 27.6]).

(A10) Forfixedz € Ky, ¢(z, -) is Lipschitz continuous: for some function Ly, : K, —
Ry,

lp(z, 21) —9(z, 22)| < Ly(2) lz1 — 22llx, Vz1,22 € K. 3.7
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Finally, we assume {K"} approximates K in the following sense:
VveK,EIvheKh such that v — v in X ash — 0. 3.8)

All the additional assumptions are valid for a wide variety of contact conditions, cf.
Sect. 4.

3.1 Convergence

We begin with an application of (2.5) with v; = u and v, = u" to obtain, for any
vt e Kh,
malu —u"% < (Au— Au" u —0") + (Au " — u)
+ (Au,u —u"y + (Au”, u ="y, (3.9)
From (2.2) with v = u” € K,
") < oypu, vpu") — o (vpu, vpu)
+ sy = i) = (fou = ). (3.10)

(Au,u —u

From (3.1),

(Au u — 0"y < (yu, you") — p(you”, you)
+ j0us o =yl = (f 0" —uh). (3.11)

Using (3.10) and (3.11) in (3.9), we have
malu —u"% < (Au— Au" u— ") + RQ") + 1,0") + ;oM. (3.12)
where

ROWM) = (Au, v — ) + (i, you™) — 9(ypu, ypu)

+ 0 jus " = yju) = (foo" ), (3.13)
oMy = 0 (yput, you™) + o(rpu”, vpu") — o (rpu, v — @(ypu®, you™, (3.14)
1"y = 0 vjus yju = yju) + O uls v — vy = O jus vt =y (3.15)

Notice that for ¢ > 0 arbitrarily small, there is a constant ¢ depending on ¢ such that

h h h h
(Au—Au",u —v") < Lallu —u” | xllu —v"[Ix

<ellu—ulIx +clu—0"%.
We further deduce from (3.12) that

(ma —e) llu—u"% < cllu—v"1% + RO") + 1,0") + 1; ™). (3.16)
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Let us bound the terms I(p(vh) and /; (v™). By (2.6), we have

h h h h
Io(v") < apllypu — you'llx, veu™ — vpv'llx,

2 hy2 h h
< aped (Il = I + e = e = 0" 1)

Thus,
I,w") < (ozwcé—i-a) N — w13 + ¢ flu — "% (3.17)

for another constant ¢ depending on ¢ > 0. We will apply the subadditivity of the
generalized directional derivative:

P@Ga+2) <@+ %) Yo, e X
Using
Py —yiuhy < Ol viu =y + s vt — v,
we have
L") < [jo(yju; yiu" —yjuw)+ s yiu — yjuh)]

+ [Pt vt = v = @y =y ] Gas)

By (2.8),
Py =y + O yiu = yiu"y < ajllyu — v 1%
by (2.7),
[Pt vt = v | = (co+erllyutlly, ) lvju = v,
|0 v = | < (co + exllvull,) v = vio®lx;.

Thus, from (3.18), we have

1;w" < ajllyju —yju Iy, +cllyju —yio'llx; (3.19)

for some constant ¢ > 0 independent of /2, where we used the fact that ||yjuh lx; is
uniformly bounded (cf. Proposition 3.1). Combine (3.16), (3.17), and (3.19),

(mA —oc(pcé _O{fC§ —28) |lu —uh||§(

<clu— "% +clyju—y'lx, + RO,
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; 2 2 - a2
Since ayc,, +ajc; < ma, we can choose & = (ma — aycy

- ajcﬁ)/4 > ( and get
e — a1 < el = "1 + yju =yl + ROM]| ot e kP (3.20)
The residual term (3.13) can be bounded as follows:

RO = [IAullx: + Ly o o + (co +erllyjullx;) ¢ + 1 £ ]l = o 1x.

Thus, from (3.20), we have two constants c1, co > 0, depending on the data of the
problem and the solution, such that

e —uP 1% < crllu =" 1% +callu —v"[x Vo' € K" (3.21)

By (3.8), we can choose a sequence {v”} C K" that converges to u. From (3.21), we
then conclude the convergence

||u—uh||x—>0 ash — 0.

Note that while (3.21) implies the convergence of the numerical method, it does
not lead to optimal convergence order for error estimation.

3.2 Error estimation for the particular case K = X

In the special case K = X, we have K" = X" and the original problem (2.2) and its
approximation (3.1) become

(Au, v —u) + @(Ypu, vpv) — ¢ (Ypu, you)
+ 0w viv—yju) = (fiv—u) YveX (3.22)

and

(Au", o —uy + p(yu™, you™) — o(yu”, you™)
+ /0l yp =yl = (f0h —uy vl e XM (3.23)

We replace v by 2u — v in (3.22),

(Au, u —v) + @(Ypu, 2vpu — y,v) — @(Vplt, Yplt)
+ /0 us yju — yjv) = (f,u —v) YveX.

Thus,

(Au, v" —u) < o(ypu, 271 — yu") — @(ypit, yyu)
+ jo(yju; yju— ijh) —(fiu— vh) Vol e X",
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Using this inequality in (3.12), we have

malu—u"|% < (Au— Au",u —o") + I,0") + ;M. (3.24)

where
I WM):i=1, (01 + p(ypu, 2ypu — ypv") + @(ypu. vpu") — 20 (ypu, you), (3.25)
fj(vh):=j0(yju; yjuh —yju) + jO(yju; yju— ijh) + jo(yjuh; ijh - yjuh). (3.26)

Recall that /,, (v") is defined in (3.14) and it is bounded in (3.17). We use (3.7) to find

OWYptt, 271 — ") + @ (ypu, ypu™)
—29(Vptt, Yout) <2 Lo(yptt) vpu — vo0" |1 x, -

This implies, combined with (3.17), that
To") = (apel + ) lu—u" e lu=v" 1342 L (rgt0) Ivpu =yt 1x,. (327)
Applying the inequality
JOiu"s ypot =iy < Gt viu — yiuy + Ol v — v,
we have
L") < [jo(yju; yju" —yju) + O yju - Vj“h)]
+ [jO(Vju; yiu — "y + jO syt — J/ju)] .
This is similar to (3.18) and we have the following analogue of (3.19):
LM <ajcillu—u 1% +cllyju — vl (3.28)
Combining (3.24), (3.27) and (3.28), we get
mall = "1 = 14w = Au = 0" x + (el +ajed +e) lu— a3

+cllu — "% + 2 Ly (ypu) lypu — vv"llx,

+cllyju—yivtilx;.

Using the smallness assumption (2.9) and the Lipschitz condition (3.6), we deduce
from the above inequality that
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lu —u"I%
< (Il = 0" + g = ypv*lx, + llyju = vio"lx,) Vo' e X"
(3.29)

This is a basis for deriving error estimates.

4 Error analysis for contact problems

We illustrate applications of the framework developed in Section 3 on convergence and
error estimation for numerical solutions of a number of static contact problems with
elastic materials. Let Q2 be the reference configuration of the elastic body, assumed
to be an open, bounded, connected set in R4 (d = 2, 3). The boundary I' = 9Q is
assumed Lipschitz continuous and is partitioned into three disjoint and measurable
parts 'y, I'; and I'3 such that meas (I'1) > 0. The body is in equilibrium under the
action of a total body force of density f in €2 and a surface traction of density f,
on Iy, is fixed on I'1, and is in contact on I'3 with a foundation. Different contact
conditions lead to different contact problems, as discussed below.

We use S? for the space of second order symmetric tensors on R?, and use “-” and
|| - || for the canonical inner product and the Euclidean norm on the spaces R? and S“.
We denoteby u: Q@ — R? and o :  — S? the displacement field and the stress field,
respectively. In addition, we use e(u) to denote the linearized strain tensor. Let v be
the unit outward normal vector, defined a.e. on I". For a vector field v, we use v,:=v - v
and v;:=v — v, v for the normal and tangential components of v on I". Similarly, for
the stress field o, its normal and tangential components on the boundary are defined
as oy,:=(ov)-vand o;:=0v —o,v, respectively. Then for the contact problems under
consideration, we have the elastic constitutive law

@

o =Fe(u) in 2, “4.1)

the equilibrium equation
Dive + f, =0 in L, “4.2)

the displacement boundary condition
u=0 only, 4.3)
and the traction boundary condition
ov=f, onls. “4.4)
The relations (4.1)—(4.4) will be supplemented by a set of boundary conditions on I'3.
Note that in (4.1)—(4.4) and at various places below, we do not indicate explicitly
the dependence of various functions on the spatial variable x € Q U T. In (4.1),

F:Q xS? — §%is the elasticity operator and is assumed to have the following
properties:
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(a) there exists Lz > 0 such that for all e, &; € Sd, ae. x € Q,
[F(x,e1) — F(x, &)l < Lrler —e2;

(b) there exists m # > 0 such that for all ¢, & € 9 ae.x € Q,
(F(x,€1) = F(x,€2)) - (61 — €2) = mr |le1 — &2]|*;

(c) F(-, &) is measurable on Q2 for all ¢ € s4;

(d) F(x,0) =0fora.e.x € Q.

4.5)

To study the contact problems, we need some function spaces. For the stress and
strain fields, we use the space Q = L2(§2; Sd), which is a Hilbert space with the
canonical inner product

(o,r)Q:zfﬂa,-j(x) Tj(x)dx, o,7T€ (.

Here and below we use the summation convention upon the repeated index. The
associated norm on the space Q is denoted by || - || ¢. The displacement fields will be
sought in the space

V= iv:(vi) eHl(Q;Rd) | v=0a.e.0nF1}

or its subset. Since meas (I';) > 0, it is known that V is a Hilbert space with the inner
product

(u,v)y :=/ e(m)-e(v)dx, u,veV
Q

and the associated norm || - ||y. For v € H'(Q; R?) we use the same symbol v for the
trace of v on I'. By the Sobolev trace theorem we have

Ivll2ryraey < llyIHIvlly Yo eV,

[lv |l being the norm of the trace operator y: V — L2(3; RY).

We consider several choices of the boundary conditions on the contact boundary
I'3, leading to different contact problems which are examples of Problem (P) or its
special cases.

4.1 Frictional contact with normal compliance and unilateral constraint

The first set of contact boundary conditions is ([17])

uy < g, oy +&, <0, (uy,—g)(oy+6,)=0, & €9j,(uy) onT}j, (4.6)

Ut ifu, #£0 onT;. “.7)

locll < Fyp(uy), —0 = Fp(uy)
llae |l

@ Springer



Numerical analysis of stationary... 575

Here g > 0, 9j, is the Clarke subdifferential of a function j,, and the friction bound
F}, is a non-negatively valued function. The condition (4.6) models the contact with
a foundation made of a rigid body covered by a layer made of elastic material, say
asperities. The relation u,, < g restricts the allowed penetration, where g represents
the thickness of the elastic layer. When there is penetration, as long as the normal
displacement does not reach the bound g, the contact is described with a multivalued
normal compliance condition —o, = &, € dj,(u,). Thus, the unknown &, may be
interpreted as the opposite of the normal stress on the contact surface. Examples of
normal compliance contact conditions in the subdifferential form —oy, € 9j,(u,) can
be found in [16]. To conclude, the contact condition (4.6) represents a combination
of the Signorini contact condition (which models the contact with a rigid foundation)
and the normal compliance condition (which models the contact with a deformable
foundation). Details on the normal compliance and Signorini contact conditions can
be found in [11,16,22,24]. The contact is assumed to be frictional and is described
with a version of Coulomb’s law of dry friction, (4.7). The friction bound F} may
depend on the normal displacement u,, cf. [23] for explanation. We note that when
the friction bound F, is zero, the contact boundary condition (4.7) reduces to

o; =0 onIj. 4.8)

Thus, the frictionless contact can be viewed as a limiting special case of the general
contact condition (4.7).
On the potential function j,: I's x R — R, we assume

(a) ju(-, r) is measurable on I'3 for all » € R and there
exists ¢ € L?(I"3) such that j, (-, 2(-)) € L' (I'3);

(b) jy(x, ) is locally Lipschitz on R for a.e. x € I's;

(©) |9ju(x,7r)| <co+ci|r| forae. x € I's, 4.9)
for all » € R with ¢g, ¢; > 0;

) jox,risre =) + jox, ras 11 —12) < ajlri — 2
forae.x € I'3, all 71, € Rwithej, > 0.

On the penetration bound g: I'3 — R and the friction bound F: I's x R — R, we
assume

g€ L*T3), g(x)>0 ae.onlj, (4.10)

(a) there exists L, > 0 such that
[Fp(x,r1) — Fp(x,r)| < Lplri —r2| Yri,rneR, ae x €I's;

(b) Fp(-, r) is measurable on I'3, for all r € R; @.10)
(¢) Fp(x,r) =0forr <0, Fp(x,r) >0forr >0, a.e.x € I'3.
On the densities of body forces and surface tractions we assume
foe LX(uRY),  f, e L* (I RY). (4.12)
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Define f € V* by

(fsv)vexy = (fo, Vp2uray + (f2, V) 2ryrey YV EV. (4.13)

Corresponding to the constraint #,, < g on '3 in (4.6), we introduce a subset of the
space V:

U={wveV| v <gonlji}. (4.14)

By a standard approach (cf. [11,16]), the following weak formulation of the first
contact problem can be derived.
PROBLEM (Py). Find a displacement field u € U such that

(F(e(m)), e(v —u))o +/ Fy(uy) (v |l — lluc])) dT

I3

+/ j\(;)(u\J;vv_uv)dFZ(fsv—u)v*xv Yvel. (4.15)
I3

To apply the theory presented in the previous sections, we let X = V, K = U,
Xy =K, = L*(T3; Rd) with y,, the trace operator from V to X, X; = L?(I'3) with
yjv =v, forv e V, and

A:V = V* (Au,v) :/ Feu) - -e(w)dx foru,veV,
Q
Q: LZ(F3; Rd) X L2(F3; Rd) — R,

@&, ) =/F Fy(€) In.|ldT for &, n e L*(T'3; RY),
3

ji L*(T3) > R, j(€)=/ Jo(€)dT for & € L*(T),

I'3

fevry, (f,v)=/9f0-vdx+ g fr-vdx forveV.
3

Observe that hypothesis (4.5) implies that the operator A satisfies condition (2.5)
with m4 = mz as well as condition (3.6). Moreover, hypothesis (4.11) implies that
¢ satisfies (2.6) with o, = L, as well as condition (3.7). Next, hypothesis (4.9)(a)
guarantees that the function j is well defined, and hypotheses (4.9)(b) and (c) imply
that (2.7) holds (cf. [16, Theorem 3.47]). Condition (2.8) is a consequence of the
relation

jO(E;n)S/F 7o, £(x); n(x)dT V&, e LA(3),
3

combined with the hypothesis (4.9)(d) and is satisfied with o; = «,. Under the
assumption (4.10), it is easy to see that the set (4.14) is a nonempty, closed, convex
set in V. In addition, (2.10) is valid from the definition (4.13) and assumption (4.12).
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Let A1,y > 0 be the smallest eigenvalue of the eigenvalue problem

ueVv, f e(u)-e(v)dx = A/ uvdll VvelV,
Q )

and let A1,y > 0 be the smallest eigenvalue of the eigenvalue problem
ueVv, / e(u)-e(v)dx = A/ uyv,dl’ YveV.
Q I3

Then we may take

Y =V
Co=ALy s Cj=hyy-

Applying Theorem 2.1, we know that under the assumptions (4.5), (4.9)—(4.12), and
Lpb)uﬂ, +aj|}kfv{v <mg, (4.16)
Problem (P;) has a unique solution u € U.

We now consider the finite element method of solving Problem (Py). For simplicity,
assume €2 is a polygonal/polyhedral domain and express the three parts of the boundary,
I'x, 1 <k < 3, as unions of closed flat components with disjoint interiors:

Tr=Uk Ty 1<k<3.
Let {7"} be a regular family of partitions of Q into triangles/tetrahedrons that are
compatible with the partition of the boundary 92 into I'x ;, 1 <i < i}, 1 <k <3,in
the sense that if the intersection of one side/face of an element with one set I'x ; has a

positive measure with respect to I' ;, then the side/face lies entirely in I'x ;. Construct
the linear element space corresponding to 7":

vh = {vh € CE@:RY) | vy e Py (T, T € T", v =0 on I‘l},

and the related finite element subset U” = V" N U. Assume g is a concave function.
Then

Ul = {vh evh | vf)’ < g at node points on F3}.

Note that 0 € U". Define the following numerical method for Problem (Py).
PROBLEM (P;I‘). Find a displacement field u" € U" such that

(Flew). e —uo+ [ Fotul (1921 Jul) ar
3

+/ GOt o —ulydr = (f, " —ulyyey VO e UM (417)
I'3
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For an error analysis, we assume
ue H (S RY, ove L*(3;RY. (4.18)
Note that for many application problems, ov € L*(T'3;R?) follows from u €
H 2(Q; Rd); e.g., this is the case where the material is linearly elastic with suitably
smooth coefficients, or where the elasticity operator F depends on x smoothly. We

apply (3.20) to derive an error estimate. For this purpose, we need to bound the residual
term defined in (3.13):

RO = (Fetw). e ~w)o+ [ Fotw) (102) = Jucl) dr

I3

+/ GOy v —uy)dU — (f 0" —u)yeny.
I3

We follow the procedure found in [11]. Take v = u + w with w in the subset UofU
defined by

0:={wec°°(§;Rd) | w=00nF1UF3},
and derive from (4.15) that

(Fe(m)),e(w))g = (f, wyy+xy YweU.
Therefore,

Div F(e(u)) + fo =0 in €, (4.19)
ov=f, onls. (4.20)

Then multiply (4.19) by v — u with v € U, integrate over €2, and integrate by parts,
/ ov-(v —u)dl' — / F(e(u))-e(v—u)dx —+—/ for(v—u)dx =0,
aQ Q Q
ie.,
/ Fem))-e(v—u)dx = (f,v—u)yxy —I—/ ov-(v—u)drl. (4.21)
Q

I3

Thus,
hy _ h h -0 . h
RN = [ v =+ Foan) (1041 = fuel) + 520003 o = )|
]

and then,
|[R@M| = cllu = 0"l 2 (4.22)
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Finally, from (3.20), we derive the inequality
lu —u"|3 <c <||u — "3 + - vh||L2(r3)d) v e UM (4.23)
Under additional solution regularity assumption
ulr,, € H* (M3 3R, 1<i <is, (4.24)
we have the optimal order error bound
lu —u"y <ch. (4.25)

We comment that similar results hold for the frictionless version of the model, i.e.,
where the friction condition (4.7) is replaced by (4.8). Then the problem is to solve
the inequality (4.15) without the term

f Fy(uy) (lvell — lle ) T
I3

The condition (4.16) reduces to
—1
j A,y <mF.

The inequality (4.23) and the error bound (4.25) still hold for the linear finite element
solution.

4.2 Frictional contact with normal compliance

Instead of (4.6)—(4.7), the following contact boundary conditions were considered in

[9]:

. u .
— o0, €jy(uy), ool < Fp(uy), —0, = Fy(u,)—— ifu; #0 onT;,

llu|l

(4.26)
where the potential function j, is assumed to satisfy (4.9), whereas the friction bound
F}, is assumed to satisfy (4.11). Note that in contrast with the contact boundary condi-
tion (4.6) which involves a unilateral constraint on the displacement field, the contact
condition in (4.26) does not involve such a restriction. It can be viewed as a limiting
case of the (4.6) when g — oco. The weak formulation of the corresponding contact
problem is the following.

PROBLEM (P»). Find a displacement field uw € V such that

(F(em)),e(v —u))o +fr Fy(uy) (lvcll — fluc|) dl
3

+/ j\?(uv§vv_uv)dr2 (f,v—u)ysxy YveYV. 4.27)
I3
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This problem and its numerical approximations were studied in [9], where the
functional j, was assumed to be Lipschitz continuous. We can apply the theory
developed in Sect. 3 for error analysis of numerical solutions of Problem (P5), with
Xy = L?(I'3; RY) and X;= L2(I'3), without the need of assuming j, to be Lipschitz
continuous.

4.3 Frictionless contact with normal compliance
The frictionless version of the contact boundary conditions (4.26) are
— oy, € 0jy(uy), ;=0 onIj. (4.28)

These conditions can be obtained from (4.26) when the friction bound vanishes, i.e.
when F;, = 0. Such a condition represents an idealization of the process, since even
completely lubricated surfaces generate shear resistance to tangential motion. The
weak formulation of the corresponding contact problem is the following.

PROBLEM (P3). Find a displacement field u € V such that

(F(e(u)),s(v—u))Q+/ jl?(uu; vy—uy)dl > (f,v—u)y+xy VveV. (429
r

3

Note that, in contrast with the inequality (4.27) which involves both a convex and a
nonconvex function, the inequality (4.29) is governed by a nonconvex function only;
it is an example of a pure hemivariational inequality. In applying the theory of Sect. 3
in the study of this inequality, we choose X ; = L*(I'3) and there is no Xy

4.4 Frictionless contact with subdifferential boundary conditions and unilateral
constraint

We turn now to a new model of frictionless contact described with two subdiferential
boundary conditions, associated with a unilateral constraint for the normal displace-
ment field. The boundary conditions are formulated as follows:

oy =0, +0ol +o), —o) €dp,(uy), —op € djy(uy),
u, < g, 02<0, oXu,—g)=0, onls, (4.30)
o: =0 onTj. 4.31)

Here g is a prescribed bound, ¢, and j, are given functions, and 5(,0,), dj, denote the
convex subdifferential of ¢, and the Clarke subdifferential of j,, respectively. A rele-
vant example of the contact condition which can be cast in the general subdifferential
framework (4.30) follows.

Example 4.1 We adopt assumptions (a)—(e) below in which equalities and inequalities
hold on the contact surface I'3.
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(a) The foundation is made of a rigid body covered by a layer of soft material, say
asperities. Therefore, the penetration is restricted, i.e.

u, <g, (4.32)

where g > 0 represents the thickness of the soft layer. We consider the nonhomo-
geneous case, i.e., g is allowed to be a function of the spatial variable x € I'.
(b) The normal stress has an additive decomposition of the form

oy =0l +of, (4.33)

where the term o.P describes the reaction of the soft layer and o.f describes the
reaction of the rigid body.
(c) The part ovD has, in turn, an additive decomposition of the form

ol =o! +02, (4.34)

v

where
—ol =qyuy), —ol=p,w). (4.35)

Here ¢, and p, are continuous positive functions, vanishing for a negative argu-
ment. Moreover, g, is an increasing function and p,, is allowed to be nonmonotone.
Equalities (4.34), (4.35) show that the function GUD follows a normal compliance
contact condition of the form

— 0 = qu(wy) + py(uy). (4.36)
(d) The part crvR satisfies the Signorini condition in a form with a gap function, i.e.
of <0, ofw,—g =0. (4.37)

The contact conditions (4.35) can be expressed in terms of the subdifferential oper-
ators. Introduce functions ¢, : R — Rand j, : R — R by

pu(r) = /rqu(S)ds, Jv(r) = /r pv(s)ds VreR. (4.38)
0 0

Then, as explained in [16,24] we have 5<p(r) = {qv(r)}, 0,j(r) = {pv(r)} for all
r € R. Thus, (4.35) leads to a subdifferential condition of the form

—0o! €dp, ),  —o2 € dju). (4.39)
Denote af = 03. Then, gathering relations (4.33), (4.34), (4.39), (4.32) and (4.37)
we obtain that u, and o, satisfy the contact condition (4.30). We conclude that the

contact model based on assumptions (4.32)—(4.37) can be cast in this abstract subdif-
ferential setting, as claimed. O
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Note that various examples of contact conditions can be considered in the form
(4.30), some of them involving multivalued functions. For this reason, we proceed our
analysis by considering the contact conditions in the general form (4.30). There, the
function j, is assumed to satisfy (4.9) and ¢, : '3 x R — R satisfies the following
conditions:

(a) ¢y (-, r) is measurable on I'3 for all » € R and there

exists ¢ € L*(I'3) such that ¢, (-, 2(-)) € L1(I'3).
(b) ¢y(x, -) is convex on R for a.e. x € I's. (4.40)
©) lpv(x, 1) —@u(x,12)| < Ly, (x) |r] —r| forallx € I's,

ri,r2 € R, with Ly, € L3(T3).

By a standard procedure, we derive the following variational formulation of the
problem (4.1)—(4.4), (4.30), (4.31).
PROBLEM (P4). Find a displacement field u € U such that

/J:(e(u))-s(v—u)dx
Q
+/ goU(vv)dr—/ %(uu>dr+/ J9Guy; vy — uy) dT”
I's I3 I3

sz()'(v—u)der fa-(w—w)dl YveU. (4.41)
Q I

Corresponding to this problem, the inequality (2.6) holds with oy, = 0. Assume
now that the smallness condition

My < mF (4.42)

holds. Then, the unique solvability of Problem (P4) follows from arguments similar
to those used to prove the unique solvability of Problem (Py).

The results in Sect. 3 apply in the study the numerical approximation of the contact
problems (P»)—(P4) as was done for the contact problem (Py) earlier in the section. In
particular, under the solution regularity assumptions (4.18) and (4.24), we have the
optimal order error bound (4.25).

5 Numerical simulations

In this section we report numerical simulation results. We focus on Problems (P;)
and (P») and, for Problem (P{) we restrict to the frictionless case. The frictional
case of Problem (P;) does not cause additional difficulties, neither theoretically nor
computationally.

The numerical algorithm used here is described in [2-5], and it is based on an
iterative procedure which leads to a sequence of convex programming problems. For
each “convexification” iteration, the value of the normal compliance function is fixed
to a given value depending on the normal displacement solution u, found in the
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previous iteration. Then, the resulting nonsmooth convex iterative problems are solved
by classical numerical methods. Furthermore, the frictional contact conditions are
treated by using a numerical approach based on the combination of the penalized
method and the augmented Lagrangian method. We consider additional fictitious nodes
for the Lagrange multiplier in the initial mesh. The construction of these nodes depends
on the contact elements used for the geometrical discretization of the interface I'3. In
the examples presented below, the discretization is based on “node-to-rigid” contact
element, which is composed of one node of I'3 and one Lagrange multiplier node.
For more details on the discretization step and Computational Contact Mechanics, we
refer the reader to [13-15,25].

5.1 Physical setting and values of parameters

Let 2= (0,L) x (0, L) c R? with L > 0 and
'y = {0} x[0,LDU{L} x[0,L]), ' =1[0, L] x {L}, I's =[0, L] x {0}.

The domain €2 represents the cross section of a three-dimensional elastic body sub-
jected to the action of tractions in such a way that the plane stress hypothesis is valid.
The body is clamped on I'; and, therefore, the displacement field vanishes there. Ver-
tical tractions act on I';. No body forces are assumed to act on the body during the
process. The body is in contact with an obstacle on I'3. The contact conditions used
correspond both to Problems (P1) and (P») and will be described below. The material
response is governed by a linear constitutive law defined by the elasticity tensor F
given by

Ex

F0i = Ao =20

E . 2
(r11+7:22)8ij+m77,‘j, 1<i,j<2 VteS~

Here, E and « are Young’s modulus and Poisson’s ratio of the material and ;; denotes
the Kronecker delta. For the computation below, we use the following data:

L=1m, E =70GPa, « =0.3,
fo=1(0,00GPa, f,=(0,—4)GPam onTI5.

For the numerical simulation we use linear finite elements on uniform triangulations
of the domain 2. The contact boundary I'3 is divided in 1/ & parts, & being the spatial
discretization parameter. The numerical solutions presented below correspond to the
case h = 1/64 where the spatial domain is discretized into 16384 elements for a total
number of degrees of freedom equal to 16770. They have been obtained by using a
specific finite element library implemented in Fortran called MODULEF. Details on
this library, could be found to https://www.rocq.inria.fr/modulef/english.html.
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5.2 Numerical simulations for problem (Py)

We consider a particular version of Problem (P;), in which the contact conditions are
given by

uy =g, ovt+ky(uy) =0, (uy —g)(oy+ky(uy) =0 onls, (5.1
0:=0 onTs. (5.2)

Here k, : R — Ris a given function to be described below. These conditions indicate
that the contact is frictionless; it follows a normal compliance condition as far as
the penetration is less than the bound g and, when this bound is reached, it follows
a unilateral constraint. The behavior of the foundation is an elastic-rigid one and
corresponds to an obstacle made of a hard material covered by a layer composed of a
soft material, say asperities, with thickness g, as depicted in Figure 1.

For the numerical simulations we choose g = 0.02 m. In addition, we choose

ky(r) =« (,Br+ + p(r)) , rekR, 5.3)
where
0 ifr <0,
o(r) = r if r € [0,0.01], (5.4)

0.02—-r ifr € (0.01,0.02],
r—0.02 ifr > 0.02.

Here and below r* represents the positive part of r, i.e. rT = max{r, 0}, > 0 and
B > 0 are stiffness coefficients of the foundation.

o

oyl

g ¢ \
Asperities

5

Rigid Obstacle

Fig. 1 Reference configuration of the two-dimensional body
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Let j, : R — R be the function defined by

() = /r ky(s)ds Yr eR. 5.9
0

Then, 9j,(r) = {k,(r)} for all » € R which imply that the boundary conditions
(5.1)—(5.2) are of the form (4.6)—(4.7) with Fj, = 0.

Obviously, &, is Lipschitz continuous. Moreover, it is easy to see that the function
Ju satisfies assumptions (4.9)(a)—(c). Noting that

201 m) =ko(r)ra Vri,m eR, (5.6)
the condition (4.9)(d) is equivalent to the inequality
(ko (1) — ky(r2)) (r2 — 1) < @ju(r1 —r2)* ¥ri,r2 € R with some oy, > 0,

and s thus also equivalent to the statement that the function R > r +— o, 7 +k,(r) € R
is nondecreasing for some «j, > 0. This monotonicity property is obviously satisfied
with «j, = a. It follows from above that condition (4.9)(d) holds, too.

We conclude from above that the choice (5.3)—(5.4) leads to a model of contact
for which the weak formulation is given by the variational-hemivariational inequality
(4.15) which, in our particular case Fj, = 0, becomes

uel, / F(e(u)) - e(v —u)dx +/ 3o, vy —uy)dr
Q I3

Z/fo-(v—u)dx+/ fr-(w—u)dx Yvel. 5.7
Q I3

Note also that this inequality has a unique solution, provided that « is small enough.
Moreover, using (5.6) we deduce that the corresponding version of Problem (P;) can
be written, in an equivalent form as follows: find # such that

uelU, /]—"(e(u))~e(v—u)dx+/ ky(uy)(vy — uy)dl
Q I'3

E/fo-(v—u)dx—i-/ fr-(v—u)dx Yvel. (5.8)
Q T3

We examine in what follows the feature of the inequalities (5.7) and (5.8) in relation
to the values of the parameter S.

If B > 1, then k,, is a continuous increasing function and, therefore, j, is a convex
function. Moreover, it can be proved that u is a solution of the inequality (5.8) if and
only if
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ueu, / Flew)) - (v — u)dx + / Lo (us) — ju(un)]dT
Q I's

Z/fo-(v—u)dx+/ fr-(v—u)dx Vvel. 5.9
Q I3

Since j, is a convex function, the inequality (5.9) is a purely variational inequality.
It follows from here that inequalities (5.7) and (5.8) are, in fact, purely variational
inequalities.

Next, if 0 < B8 < 1, then k, is not a monotone function and, therefore, j, is not
convex. This implies that in this case inequalities (5.7) and (5.8) are hemivariational
inequalities.

We conclude that our contact model leads to a variational formulation (5.8) whose
intrinsic nature depends on the value of the parameter 8. For § > 1, the function k,
is increasing and from (5.1) it follows that we have the case of a monotone normal
compliance contact condition with unilateral constraint. In contrast, for 0 < g < 1
the function k,, is not increasing and using (5.1), we have the case of a so-called non-
monotone normal compliance contact condition with unilateral constraint. Our aim
in what follows is to perform simulations in the two cases above and to provide the
corresponding mechanical interpretations.

5.2.1 The monotone case

In Fig. 2 we plot the deformed configuration as well as the interface forces on I'3, for
a = 40 while in Fig. 3 we plot that for « = 10. In both cases we take § = 2 which
guarantees that we are in the monotone case.

We observe that all nodes in Fig. 2 are in status of normal compliance, i.e. 0 <
u, < 0.02. Moreover, the interface forces increase with respect to the penetration. This
numerical result corresponds with the theoretic one. Indeed, in this case there is no con-
tact with the rigid foundation, the normal stress reduces to its component provided by
the normal compliance condition and, therefore —o, = k, (u,). Since k,, is an increas-
ing function we deduce that the magnitude of o, is increasing with the penetration.

In Fig. 3 part of the nodes are in status of normal compliance (i.e. 0 < u, < 0.02)
and part of them are in unilateral contact (i.e. u,, = 0.02). This situation arises since the
stiffness of the deformable foundation considered in Fig. 3 is « = 10 which is lower
than the one used in Fig. 2, where @ = 40. As a result, there is a complete flattening
of the asperities in the center of the contact boundary. Moreover, the interface forces
increase with respect to the penetration and this agrees with the theory, since we are in
the monotone case. In addition, we note that the interface forces are more important
on the unilateral contact zone since the component o3 of the stress is active there.

5.2.2 The nonmonotone case
In Fig. 4 we plot the deformed configuration as well as the interface forces on I'3 for

o = 150 and B = 0.5 while in Fig. 5 that for « = 40 and § = 0.5. Here we are in the
nonmonotone case, since 8 < 1.
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Fig. 2 Problem (Py): deformed
mesh and interface forces for a
normal compliance case for
oa=40and B =2

Fig.3 Problem (Py): deformed
mesh and interface forces for a
normal compliance and
unilateral constraint case for
oa=10and B =2

Observe that in Fig. 4 all nodes are in status of normal compliance, i.e. 0 < u, <
0.02. Nevertheless for part of the nodes we have 0 < u,, < 0.01 and for the other part
we have 0.01 < u,, < 0.02. We note that for 0 < u, < 0.01 the normal forces are
increasing with respect to the penetration and for 0.01 < u,, < 0.02 they decrease.
This behaviour represent the softening property of the deformable layer. It arises since
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Fig.4 Problem (Py): deformed
mesh and interface forces for a
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there —oy, = ky, (1,) and k,, is an increasing function on [0, 0.01], and it is decreasing
on [0.01, 0.02].

In Fig. 5 for part of the nodes we have 0 < u,, < 0.01, for other part we have
0.01 < u, < 0.02 and, finally, for the remainder part we have u#, = 0.02. We note
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Fig. 6 Problem (Py): deformed
mesh and interface forces for a
normal compliance and
unilateral constraint case for
a=40and B =0

Al N

Table 1 Problem (Py): relative
errors in energy norm for contact

with normal compliance and Relativeerror ~ 0.187  0.0891  0.0433  0.0213  0.0105
unilateral constraint

1/4 1/8 1/16 1/32 1/64

that for 0 < u,, < 0.01 the normal forces are increasing with respect to the penetration
and for 0.01 < u,, < 0.02 they decrease. Moreover, the interface forces increase when
u, = 0.02 since, there, the component o3 of the stress is active.

Finally, in Fig. 6 we present our numerical results in the case « = 40 and 8 = 0. In
this case, the non-monotonicity reaches its peak and, therefore, the average iterations
number of the “convexification” procedure to solve the problem is larger than that
needed in the previous cases. Note that the value of o, on the contact boundary
decreases when 0.01 < u,, < 0.02 and converges to zero for a node located in the
transition area between the normal compliance zone and the unilateral constraint zone.

5.2.3 Numerical solution errors

We report relative numerical solution errors in the energy norm ||#er — u| g /et | E
in Table 1 and Fig. 7, where the energy norm is defined by

Iolle = (F(e(), e(w)) g’

which is equivalent to the norm ||v|y. Since the true solution u is not available,
we use instead the numerical solution corresponding to a fine discretization of €2
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0,0156 0,0313 0,0625 0,125 0,25
h

Fig. 7 Problem (Pp): relative errors in energy norm for contact with normal compliance and unilateral
constraint

with 4 = 1/256 as the “reference” solution us in computing the solution errors.
This fine discretization corresponds to a problem with 132,098 degrees of freedom,
131,072 elements and is computed in 2462 CPU time (expressed in seconds) on an
IBM computer equipped with Intel Dual core processors (Model 5148, 2.33 GHz).
The curve of the relative numerical solution errors is asymptotically linear, which is
consistent with the theoretically predicted optimal linear convergence of the numerical
solution established in Sect. 4.

5.3 Numerical simulations for problem (P3)

In this problem, the contact is frictional with normal compliance. The foundation
reacts elastically. A representative numerical simulation result is shown in Fig. 8 for
the problem with the choice

Jv(r) = /o ky(s)ds, ky(r) =a(Br® +p(r), Fp(r) = phky(r)

and o = 150, 8 = 0, 5, © = 1. Note that this corresponds to a nonmonotone normal
compliance associated with the classical Coulomb’s law of dry friction with the friction
coefficient . The normal stress is not aligned along the normal direction due to the
frictional contact.

Numerical solution errors We report relative numerical solution errors in the energy
norm in Table 2 and Fig. 9. Again, we use the numerical solution with 7 = 1/256 as
the “reference” solution u.f in computing the solution errors. This fine discretization
for the “reference” solution u.r corresponds to a problem with 132,098 degrees of
freedom, 131,072 elements and is computed in 5700 CPU time (expressed in seconds)
on an IBM computer equipped with Intel Dual core processors (Model 5148, 2.33
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Fig. 8 Problem (Py): deformed
mesh and interface forces for a
normal compliance case with
friction for @ = 150 and
B=05

Table 2 Problem (P5): relative

h 1/4 1/8 1/16 1/32 1/64
errors in energy norm for a / / / / /
normal compliance case with Relativeerror 0212 0.104  0.0519  0.0261  0.0128
friction

0.25FT ‘ T L T L T T ™
0,125 4

53
= ooesf- 4
= | ]
f 0,03131- <
0,0156]- 4

| L Il L L Il L L Il L L Il
0,0156 0,0313 0,0625 0,125 0.25
h

Fig. 9 Problem (P;): relative errors in energy norm for frictional contact with normal compliance

GHz). The curve of the relative numerical solution errors is asymptotically linear,
which is consistent with the theoretically predicted optimal linear convergence of the
numerical solution established in Sect. 4.
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