NH,

Computer methods

E—fi@ in applied
;gb mechanics and

engineering
ELSEVIER Comput. Methods Appl. Mech. Engrg. 171 (1999) 327-340

Convergence analysis of discrete approximations of problems in
hardening plasticity

Weimin Han®*, B. Daya Reddy®"'

*Department of Mathematics, University of lowa, lowa City, IA 52242, USA
"Department of Mathematics and Applied Mathematics, University of Cape Town, 7700 Rondenbosch, South Africa

Received 1 April 1998; revised 18 May 1998

Abstract

The initial boundary value problem of quasistatic elastoplasticity is considered here as a variational inequality and equation in the
displacement and stress. A variational inequality for the stress only may be obtained by eliminating the displacement. Semidiscrete
approximations of the stress problem and fully discrete finite element approxirnations of the full problem are considered under assumptions
of minimum regularity of the solution. It is shown that the resulting families of approximations converge to the solution of the original
problem. © 1999 Elsevier Science S.A. All rights reserved.

1. Introduction

Computational elastoplasticity is, at the present time, at a mature stage of development, and there is general
agreement that most relevant computational issues have been settled, particularly in the regime of the
infinitesimal theory. Thus, there exist at the present time, well-established procedures for obtaining solutions by
means of finite element approximations, and a variety of algorithms exist for integration of the initial value
problem. A comprehensive overview of the status quo, for both the infinitesimal and finite strain situations, may
be found in the monograph by Simo and Hughes [7].

The mathematical theory of elastoplasticity has also seen some significant developments during the past two
decades. The existence theory for the small strain perfectly plastic problem has been settled, with a number of
authors contributing to the achievement of this goal; see, for example, the works of Anzellotti and Luckhaus [1]
and Matthies [6].

Well-posedness of the initial boundary value problem of hardening elastoplasticity may be established within
the framework of Sobolev spaces. The work by Han and Reddy [3] gives a comprehensive account of existence
and uniqueness, convergence of semi- and fully discrete finite element approximations, as well as the
convergence of some algorithms, for the case of hardening materials, and for infinitesimal strains. In that work
the authors show that the initial boundary value problem of elastoplasticity may be formulated in two alternative
variational forms, each being an evolutionary variational inequality. The two formulations arise from the use of
the flow law in two forms: either in the form that uses the dissipation function, or in the more conventional
form, which makes use of the yield function. These are referred to in that work as the primal and dual forms of
the problem, respectively.

It is the dual problem that is of interest here; this is essentially a weak form of the equilibrium equation and
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normality law (see the next section). The principal unknown variables are the displacement u and generalized
stress 3. Let £2 C R” be the initial configuration of the elastoplastic body. It has been shown in [3] that, under
assumptions that are given in detail in Section 2, the problem has a unique solution u,%) with ue€
HYO, T; [H' (D)) and 3 €H'(0, T; [L*(12)]**"). However, convergence of semi- and fully discrete finite
element approximations has been established in [3] under the additional assumption that e
W0, T, [L*(D)]*") and w€W"™(0, T; [H*(2)]?). The aim of this contribution is to establish the
convergence of various discrete approximations, under the conditions of minimal regularity. We notice that in
[5], convergence is proved for a fully discrete approximation for the dual problem with a linear isotropic
hardening material. Our convergence analysis is given for more general hardening plastic materials.

The rest of this work is organized as follows. In Section 2 we formulate the variational problem and also
summarize a number of results that will be subsequently required. Section 3 is devoted to a convergence
analysis of time-discrete schemes of the stress problem, that is, the problem obtained when the displacement is
eliminated as a variable. These approximations are based on a generalized midpoint rule. Finally, in Section 4
we consider fully discrete approximations of the full problem, and verify convergence under conditions of
minimal regularity.

2. Formulation of the problem
2.1. Function spaces

Let 2 C R“ be a nonempty open bounded set with a Lipschitz boundary. We will use the standard Lebesgue
space L2({2) and Sobolev spaces H*({2), k=1, and Hy(42). For a normed space V, we denote its topological
dual by V'. The Cartesian product V X W of two normed spaces V and W is the space of all the ordered pairs
(v,w) forveVand we W, and

@, willysew = olly + Wl -

We will also need some vector-valued function spaces. For a normed space V and a positive number 7, the space
C™([0, T ; V), m =0, consists of all continuous functions u from [0, T] to V that have continuous derivatives up
to and including those of order m. Let

C*([0,TL.V) = m C™([0,T]; V).
m=0

For 1 =< p < the space L”(0, T; V) consists of all measurable functions u from [0, T] to V for which

T 1/p
“““u’m,r;v) E(fo ”u(t)”f, dt) < oo,

This is a Banach space with the norm [|uf|, . 7.x,» provided that the members are understood to represent
equivalence classes of functions which are equal a.e. on (0, T'). Vector-valued Sobolev spaces H O, T: V), k=0,
are defined similarly.

We will need the following inequality

f
Hv(t)—v(s>llvsf lWll, YveEH' O, T;V), O0ss<:<T.

Here, v denotes the time derivative of v. The continuous embedding property
H'(0,T:V)> (0, T V)

assures that for any v EH'(0,T; V), the value vl,zo in V is well-defined.
Finally, we record a density result, a proof of which is found in [4].

THEOREM 2.1. Assume (2 has a Lipschitz continuous boundary 042, I,k=0. Then, the space
C7([0, T); C*(£2)) is dense in H'(0, T; H'({2)).
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2.2, Description of the problem

Consider the initial boundary value problem for quasistatic behavior of an elastoplastic body which occupies a
bounded domain 2 CR” (d=<3 for practical applications) with Lipschitz boundary I. We assume that
deformations are sufficiently small to warrant adoption of the small strain assumption. The plastic behavior of
the material is assumed to be describable within the classical framework of a convex. elastic domain coupled
with the normality law. The yield surface, which is the boundary of the elastic domain, need not be smooth,
however. The material is assumed to undergo kinematic or isotropic hardening, or a combination of both, and
the features of hardening behavior are captured through the introduction of a set of scalar and/or tensorial
internal variables, denoted coliectively here by an m-dimensional vector £.

Suppose that the system is initially at rest, and that it is initially undeformed and unstressed. A time-
dependent field of body force f(x, r) is given, with f(x, 0) = 0. Then, the problem is governed by the following
set of equations in {2:

the equilibrium equation

dive+f=0, 2.
the additive decomposition of strain
€E=etp, 2.2)

and the strain—displacement relation
1
€w) =75 (W + (Ww)'). (2.3)

Here, o is the stress tensor, € is the strain tensor, u the displacement vector, p = p(£) the plastic strain tensor
and e the elastic strain. All the tensors encountered here are symmetric. The plastic deformation is assumed to
be incompressible so that

d
trp=0 or EIp,.,.———O. (2.4)
For simplicity, and with littie loss in generality, we take the boundary condition to be the homogeneous
Dirichlet condition
u=0 onl, (2.5)
while the initial conditions are assumed to be
ux,0)=0 and ox,0=0. (2.6)

A complete description of the problem requires that a set of constitutive equations be added to (2.1)—(2.6). We
have a linear relation between the stress and the elastic strain e = €(u) — p:

o =Clem)—p) (2.7)

where C is the elasticity modulus. We also introduce a stress-like variable y conjugate to the internal variable £,
which is defined by

xX=—H¢ (2.8)

for some hardening modulus H. We call the ordered pairs 3 = (0, x) and P = ( p. &) the generalized stress and
generalized plastic strain. The relationship between ¢ and x in a thermodynamic context is discussed in [3].
The generalized stress takes values only in a closed convex set K; the interior of X contains the origin and is
called the elastic region, while its boundary is known as the yield surface. The yield surface may be represented
by the level set of a continuous convex function ¢ called the yield function, with K then being defined by

K={3EM™ XR": $3)<0}. (2.9)

dxd .
Here and elsewhere, M denotes the space of d X d symmetric second-order tensors or matrices.
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P & Nk(%)

Fig. 1. The yield surface and normality law, in generalized stress space.

The evolution of the generalized plastic strains is governed by the normality law, which takes the form
P=(p, £ EN(D). (2.10)

Here, Ny(Z)={M :M - (T — 3)<0 VT €K} denotes the normal cone to K at 3 (see Fig. 1).
An alternative way of describing the flow law is by using the support function of K, defined by

D(P)=sup{T-P:T EK}. .11

The function D is non-negative and may take on the value +oc. Then from the theory of convex analysis, the
flow law (2.10) is equivalent to the relation (cf. [3])

3 e€iDP), (2.12)
where aD(P) = {(o, x)} denotes the subdifferential of D at P, defined by

Dig. m=D@, é)+o - (g-P)+x-(n—£& Ygn. (2.13)

In the context of plasticity, the function D is a measure of the rate of irreversible or plastic work, and is known
as the dissipation function.

Two possible variational formulations of the initial boundary value problem for elastoplasticity may be
obtained from the set of equations summarized here: one, which we refer to as the primal formulation, is based
on the flow law in the form (2.12), while the other is based on the dual form (2.10) of this law, and is therefore
referred to as the dual formulation. We focus on the dual formulation in this work. The unknown variables are
the generalized stress 3 = (o, x) and displacement u. The space V of displacements is defined by

V=[H,(D)", (2.14)
the space of stresses by

S ={7=()axa: 7 = 7 7, EL*UDY, (2.15)
and the space M of conjugate forces by

M={p=(p): W EL*UD), j=1,...,m}. (2.16)
Further, we set

T=8XM.

This space is endowed with the inner products induced by the natural inner products on S and M.
Admissible generalized stresses are those that belong to the set K pointwise. We accordingly define the
convex subset
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P={T=(r, W) ET : (v(x), u(x)) EK ae. in }.
2.3. Properties of the material parameters

The elasticity tensor C has the symmetry properties
Ciirr = Giirt = Coai » (2.17)
and we assume that
Ciu EL™(D) (2.18)
and that € is pointwise stable: there exists a constant C, >0 such that
Cout @), 8u=Colll? VEEM™, ae in 2. (2.19)

The compliance tensor C ' has the same symmetry properties as €, and is also pointwise stable in the sense that
a constant C, > 0 exists such that

Cow 0L = Colll? VEeM™, ae in Q. (2.20)
The hardening modulus H, viewed as a linear operator from R™ into itself, is assumed to possess the symmetry
property

E-HA=A-HE, (2.21)
and it is further assumed that

H,EL™({2) (2.22)
and that a constant H > 0 exists such that

E-HE=H|E)P forall EER™, ae.in . (2.23)

The inverse H ~' of the hardening modulus possesses the same properties as H': it is a symmetric operator whose
matrix representation has uniformly bounded components. Furthermore, there exists a constant H' >0 such that

X—H”xBH’I,ﬂZ for all yER™, ae.in 2. (2.24)
2.4. The variational formulations

We now introduce the bilinear forms

a:SXSoR, a(a,-r)=fn¢rzc“rdx, (2.25)
h:VXS-R, b(v,*r)=—f €®): 7dx, (2.26)
n
c:MXM-SR, c(x,p)=fﬂx-H"pdx, (2.27)
and
A:TXT SR, AC. T)=a(a, )+ c(x, p) (2.28)

for 3 = (o, x) and T = (7, ). Here, C ' is the compliance tensor, which is inverse to the elasticity tensor C in
the sense that

C'[Cel=€ and C[C 'o]l=0

for all symmetric matrices or second-order tensors € and o
We will also need the linear functional
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In:VoR, d@),v)y= #fn Jt)-vdx. (2.29)
We are now in a position to define the variational problem
PROBLEM DUAL. Given [€H'(0,T;V’), I0)=0, find @ 3)=@, o x):[0,TI>VXP with
w(0), 2(0)) = (0, 0), such that for almost all t € (0, T),

bw, ot)) =, v) VvEV, (2.30)

A, T— 30) + biit), r— o) =0 VT=(r wW)EP. (2.31)

Problem DUAL is easily obtained from the governing equations (2.1)—(2.10) (see [3]).
Introducing the space

Pt)={T = (v, ®) € P : b, 7) = {I(t), v) Vv EV},
we can eliminate the variable #(¢) from Problem DUAL to obtain the following stress problem.
PROBLEM STRESS. Given [EH'(0,T: V"), I(0) =0, find 3 = (@, X): [0, T]— 2 with 2(0) = 0, such that for
almost all r € (0, T), 2(r) € P(r) and

A, T-30)=0 VT =(xu)€Pq). (2.32)

It has been shown in [3] that A(-, -) is continuous and J-elliptic, that is, there exist positive constants «, and 3,
such that

A, T)| < || 3| T, forall 3, TET,
AT, TY=B|T|> foral TET,

(2.33)

and that the problem STRESS has a unique solution 3 € H'(0,T; J) under the following assumption,
commonly known as the safe load condition.

ASSUMPTION 2.2. For any X, = (0, x,) € P, and for any o, € S, there exists x, € M such that |x,| < c|a,)
for some constant ¢ >0 independent of %, and o,, and such that 3, + X, € P, with X, = (@,, x,).

With the following additional assumption, the problem DUAL is shown in [3] to have a unique solution
W, 2YEH'(0,T;V X T).

ASSUMPTION 2.3. For any ¥ €K, and any k €0, 1), we have k3 €K and
inf dist(x3(x), 9K)>0.
xen

Both of these assumptions are easily verified for materials undergoing combined linear kinematic and isotropic
hardening, or lincar kinematic or isotropic hardening only.

The next result plays an important role in the analysis of well-posedness, as well as in the convergence
analysis to be presented here.

PROPOSITION 2.4. Let Vand S be two Hilbert spaces. Let b : V X § — R be a continuous bilinear form. Define
two bounded linear operators B: S —V' and B':V — S’ by

b(v,s)={(Bs,v)=(B'v,s) forvEV,sES.

Then, the following statements are equivalent:
(a) the bilinear form b(-, -) satisfies the Babuska—Brezzi condition

b, s
sup |—(——)~l.>/c0||v”v Yvev;

0#sES “5”3
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(b) the operator B is an isomorphism from (Ker B)" onto V', where
KerB={s€S:bv,s)=0VUvEV};
(c) the operator B' is an isomorphism from V onto (Ker B)®, where
(KerBY’={f€S' :{f5)=0VsEKerB}.
It has been shown in [3] that
wp 2@

sup
onses N7l
for some constant 8, >0, and for V and S as defined in (2.14) and (2.15). Thus, the equivalent statements in

Proposition 2.4 hold for the bilinear form (2.28).
The following elementary result will be used repeatedly:

= Bllll, Yvev (2.34)

a,b,x=0 and x’'<ar+b = x’<da’+2b. (2.35)

3. Time-discrete approximations of the stress problem
3.1. A family of generalized mid-point schemes

We partition the time interval [0, T] into N equal parts, and let k = T/N denote the stepsize. The partition
points are £, = nk, n=0,1,...,N. Let 6 be a real parameter. A family of generalized mid-point time-discrete
approximations of the problem STRESS is then given by the following.

PROBLEM STRESS, ,. Find a sequence {Zﬁ = (af,, xﬁ)}:':() C J with Eﬁ =0, such that for n=12,...,N,
2:—1“} = 62:; +(1 - 0)2:(,,1 S @n_|+9, and

AQZLT-54 . )=0 YTEP _,,, 3.1
where AXY = 3% — ¥* - the constraint set P, .e is defined by

B o =P )= {T=( W EP b, T)=,_,,,). V) VUEV}.
It has been shown in [3] that for 8 € [$, 1], the problem STRESS «.s admits a unique solution, which satisfies the

inequality

N-1 N 2
Ogl'fij‘N ”2(%) - 22”2«7 = C( 2] HEj.o(z) - Ej-+1.9(2 )Hg + l‘EN,G(E )“7 +k E ”52((/) - 2(’,--”0)”57)
- j= i=1

N
+ck gl IIBE(Z,') - E'(tj—hue)“ 7”E, po )”7 s (3.2)

where
E, (3)=021)+ (1 - B)Z(t,,ﬂ) =20, 1) 3.3)

It is also shown in [3] that when @ & [}, 1], the scheme is divergent. So from now on, we will always assume
oe(3, 1]

The inequality (3.2) is the basis for optimal order error estimates when the solution is assumed to be
sufficiently smooth. However, for the case in which one assumes only the minimum degree of regularity under
which well-posedness is proved, that is, (u, 3)EH'(0, TV X T ), (3.2) is not useful for convergence analysis.
We accordingly modify the estimate (3.2).

We set e, = 3(z,) — )::; then since 6 €[4, 1], we have

1 2
A(en - en*l’ 0en + (1 - 0)en—1) ?E (”en”j - ”en—]“;) i (34)
where [[T||, =V/A(T, T) defines a norm on J which is equivalent to the norm T .
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On the other hand, with A3(t,) = 3(t,) — 3 (t,_,) and AY, = 3%~ 3*_ we have
A, —e,_,.0e, +(1—8), )
= AAX(,). Oe, + (1 —Be,_,) — A(AY", Be, + (1 — Qe _,)
= AAZ@,), Oe, + (1~ 0)e,_) ~ AAZ,, 3, .0)~ 2, .0) — AAZE, (2)).
Setting T = 3(t,_,,,) in (3.1), we have
~AAY Z(t, 110) = 0149 <O,
Thus
Ae,—e,_ . 0e,+(1— 8, )<ANAZ(,), 0, +(1—8e,_)— AAZLE, (2))
= AAZ(Q,), 0, + (1 —0)e,_ )+ Ade, . E, ()~ AAZ, E, (2))
(3.5)

Now, for any t+ €1, =1[r,_,,¢,], from Proposition 2.4 we have the existence of a unique 7;(r) € (Ker B)" such
that

b, () = () —1,_,. 0} YDEV
and
]]75(t)”5 <l - ln-—l+8“V' .

Here, and in what follows, a subscript 6 indicates that the quantity is associated with a difference. By
Assumption 2.2, we can find u,(t) € M such that Ty(f) = (75(1), p,(1)) € P(r) and

ITs0ll 7 < ety — 1, olly- - (3.6)
Set T(t) = 3% _, ., + T;(). Obviously, T(r) € P(t). We take T =T(r) in (2.32) to obtain

A, T+ 3% ., ~30)=0,
that is,

A(3), G, + (1 — B)e,_,) < A(3(D), T,(0) + A3(), 63(,) + (1 — N3¢, )~ ().

By integrating this relation over I, we obtain
AAZ(t,), Be,+ (1 — B)e,_ )< f A(X(@), Ts(1)) dr + fl AZW), 03¢)+ (1~ 6)3(, )~ @) dr,
lﬂ n
which may be used in (3.5) to yield

Ale,—e,_ .0, +(1—0e,_ )< fl A0, Ty() dr + fl A1), 21, ) — (1)) dt
+A(le,  E, (2)). ” 3.7
Henceforth, to simplify the writing, we introduce the moduli of continuity
w () = sup{lis) — iO)ly. : 0< s, 0 < T, |t — s|< &}, (3.8)
() = sup{|Z(s) - T@))| ; : 05, 1 <T |1 — 5| <k} (3.9)

Note that lEHl((), T;Vyand I EH 1(0, T, J) are uniformly continuous with respect to t € [0, T]. Hence,
@,({) >0 and w(¥)—>0 as k—0.
Combining (3.4) and (3.7), we now have
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leallz = lle,—lls < (@ + @ (3) f I¥0) dt +24¢e, — e, -1, E, (2D
Applying this inequality recursively and recalling that e, = 0, we see that
“en”i < c(w () + (X)) fo ”E(t)”g dr + 2}; Ale;—e;_,, E}G(z))

= )+ (D) [ IBON dr + 2006, B, (20 +2 2 Ale, B i3) =B, o5,

Since |||, is an equivalent norm on J, with

M= max e,

Oo<sn=N

we then have

.

N—-1
M=c{@0 + oCZlorat " + c{IIEN,e(E)IIg + 2 B, o)~ B, ofE )Ilg} - (3.10)

n=1

N—1
W <0 + NS rr, (Bl + S 18,3~ £,y o3)

Now, using the inequality (2.35), we obtain

By Theorem 2.1, for any £>0 we have JecC *([0, T); 9) such that
D (3.11)

Furthermore, it is easy to see that

N—-1
g+ 2 E o) —E, o5

n=1

IEy o(Z)

N—-1 _ _ T . s
<[ 10l bt S i3~ By @l e [ 130 -0, o

From [4] we also have the estimate

N-1
21 ||En,l9(2) - En+l,9(2 )“ﬂ = Ck"j”L'(O,T;F/') .
Making use of all these results, from (3.10) we finally obtain the following.

THEOREM 3.1. Let 3 € H'(0,T; J) be the solution of the problem STRESS. Then, for the solution {3*}"_,
of the discrete problem STRESS, ,, the following error estimate holds:

ognast ”2([/1) - 2:”7 = C{(wk(l) + wk(z))IISIIL'(O,T:.‘f)}l/Z
+ C{Hsl'L‘(rN,‘,rN;ﬂ) + k”S”L‘(o,T;ﬁ‘) + HE - E”L‘(O,T:ﬂ)} > (3.12)
in particular,

max [X@,)- X%

70 ask—0.
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4. Fully discrete approximations of the dual problem

We now discuss a family of fully discrete approximations to the problem DUAL.

The fully discrete schemes discussed here can also be viewed as mixed approximations to the stress problem
STRESS, the term ‘mixed’ here referring to the fact that a Lagrange multiplier is introduced as a result of the
constraint associated with the bilinear form b(:, ).

To begin with, we assume that a uniform partition of the time interval [0, T] into N sub-intervals is given,
with step size k = T/N. We assume further that a finite element mesh of the spatial domain {2 is constructed in
the usual way, with the mesh size defined by 4 = max h,, where hy is the diameter of element K, a general
element of the triangulation. The finite element subspace V" consists of piecewise linear functions in
V= [H(',(.())]", while S" and M" are defined to be subspaces of S and M, respectively, comprising piecewise
constants. We set I = 5" X M", and

Pr={T"=G" pWHET" : T"W)EK ae. in 12}.

Again, the parameter 6 € [1, 1], and we set & W= (f™ — £ )/k. Then, the family of fully discrete schemes
for the problem DUAL is

PROBLEM DUAL,,. Find W™, Z™)y={w", I} cv"x @' with (wg', 35 =0, such that for n=
1,...,N,

b', o, )=, ) 0" Yo' ev”, (4.1)

A,GBEH T = 3% ) +bw .t — o )=0 VT =" p)E P (4.2)

Here, as before. we use the notation 3% ., = 63" +(1-9)X" . We also use w'* ,EV" to denote an
approximation of the velocity w(f)=u(:) at t=1, ., The bilinear form A,(,-): TXT >R is the
approximation to A(-, -), defined by

A,,(E,T):LO':C;'de+jn,\/-H;1ydx 4.3)

in which the approximate moduli C ;' and H, ' are piecewise constant approximations of C “"and H™'. They
may be defined to be the average values of C ' and H ™' on elements, for example. The approximations C, :
and H, ' are assumed to satisfy the material properties enjoyed by C ' and H ', with the constants independent
of h, and so A, (-, ) inherits the properties (2.33) of continuity and T-ellipticity possessed by A(:, -), with the
constants independent of h. We assume ¢"(C, H) = max{|C; ' — Cll,« o IH," — H||, =} —0 as h —0.

It is shown in [3] that under suitable assumptions, the discrete problem DUAL,, has a solution. We introduce
the projection operator I": 7 — J", which is orthogonal with respect to the inner product defined by the
bilinear form A, (-, -); that is, for T € 7, I "T is the unique element in 9 " such that

AT -IM'T,TH=0 VT'€T". (4.4)
From the expression (4.3) we see that the projection has the form II'T = (7}, p}), with 'r': € 5" and u'l' eM

being orthogonal projections of = and g onto §* and M" in the inner products defined by the bilinear forms
a,(-, -y and ¢,(-, ), respectively, where

a,,(O',f):La':C;‘rdx,

ch(x’ﬂ)szX'H;lﬂdX'.

We will use the same symbol IT" also to denote these two orthogonal projections; that is, we will write
IT"T = (IT"z, IT" w). The following result is proved in [3].
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LEMMA 4.1. The orthogonal projections IT S 5S8" and I" M —>M" are plecewise averaging operators;
that is, for T= (7, W) € I,

1
s, = 7(x) dx, mul, = Teas®) fK px)dx, for any element K . (4.5)

1
Ee—a_s(l(_) f K
Consequently, by the convexity of the set P, if T € P, then II"T € P". Also, we have

", M'r—7)=0 Vv'eVv' res. (4.6)
Denote by |||, the norm induced by the discrete bilinear form A,(:, *); that is,

||T”h =A,(T, T)l/z .

By the assumptions made on C, "and H ;1, the norm |||, is equivalent to |||, with the equivalence constants
independent of A.

Lete,=3(,)— 2% :k, n=0,1,...,N, denote the approximation error, with ¢, =0, and

M — oAy le.lls -

Since 6 €[4, 1], we have
A,(Be,, e, +(1— = (e - :
h n? en ( G)en*l ) = 2k (“en”h “en*l”h) . (47)

To derive an upper bound, we write

A,(Be,. 0, +(1— 8, )=A,0e, E, (2)+A,03, 3, .~ 2" ) (4.8)

where E, (%) is defined in (3.3). Hence
1 2
—Z_k (”en”h - ||en—l“i) = Ah(aen’ Enﬂ(z)) + Ah(sen’ z(tn*l+6) - Zﬁl:l+8) . (49)
We now examine the second term on the right-hand side of (4.9).
Ah(sen’ E(tnml ro) ~ E:k-wa) = Ah(sznv Z(tn—lw) - Z:k—l vo)” Ah(ﬁfﬁkv E(tn-l —o) T 2251*9)
=A,033,, —E, (3) + A,(83,,0e, + (1 — O)e,_,)
- Ah(SEﬁk, th(tnﬂw) - Z:l:lw) - Ah(SZ:k, Z(tnqw)
—IT"3, ... (4.10)
Now, take T" = IT"3(t,_,.,) € P" in (4.2) to obtain
~ABE T'E6, )~ E L y<bwi ot ) oL,
Setting =1r,_,., and v =" in (2.30), and subtracting (4.1) from the resulting equation, we find that
b, ot,_ . ,)— o' ,)=0 Yo' EV", (4.11)

Next, applying (4.6), we have

b(w:k—w—e’ Hh‘r(tn—|+9) - o'hk—lw) = b(w:k—Hm Hho'(tn—we) —o, ,,)=0.

Therefore,
—A,QR3M, T3¢, .~ 3™, . )=0. (4.12)

Because I7" is the orthogonal projection onto " in the inner product induced by the bilinear form A, (-, -), we
have

AR 3¢, -3¢, . ,)=0. (4.13)
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Using (4.12) and (4.13) in (4.10), we see that
A,Be,, X, . )~ 3" L I<A,RE,—E (Z)+A,03, 0e,+(1—08e,_,). (4.14)

Now, we take T= 2% :’iHB € P in (2.31) and integrate the inequality over I, = [¢, _,,,] to obtain

f A, XM, — ) de +J bw(r), o't ., — a@)dt =0,
III ,H
which can be rewritten, after being divided by £, as

1 )
A, (33, b, + (1= Ble, ) <7 f ACZ(0), 02¢,) + (1 - )3, _,) — Z@) dt

1
+7 f bw(), ot |, — @) dr. (4.15)
1

n

Combining (4.9), (4.14) and (4.15), we obtain
1
oz lells = lle, 12y = A, (Be,,. E, (2)) + A,(35,, —E, ,(3))
1 . 1 .
+ ;J’ A, (2(), 6e, + (1 — ), _,)dt — -k‘f A(2(t), 0e,+ (1 - 0)e,_,)dt
1, 1,
1 .
+ ;j A(2(r), 62(t,) + (1 - 0)2(,_,) — 2(t) dr
Iﬂ
1 hk
+ % bw(t), o, ., — o) dr.
l”
Now, multiplying the inequality by k and rearranging some terms, we get
1 . .
T e ~le D= Aute, —e, 1 B0+ | AGO.E, (0~ [ 4,505, 0
+f A, (30), Be, + (1 — 0)e,H)dt—f A1), e, + (1 — B)e,_,)dr
In ’,,
+ fl A (30), 2, ,,,)~ Z(@©)dt + fl bw(t), ot |, .~ o) dr .
Using the quantities ¢"(C, H) and ®,(2) defined before, we then derive from the above inequality

el eyl <24, — e, B, 20+ eckc. ) | 130

T dt(”En.a(Z)”.v +M+ (Uk(z))

+ fl bw(t), otk ., — o(t)) dt . (4.16)

Next, we estimate the last term in (4.16). From (4.1) and (2.30), we have

"), ot,_,,)— o . )=0 Yv'®ev

and so
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fl bowa), o, o) dr= f bw ) O e O, At f O, 0,1 p) — o) dr
< fl bw(t) — v (), o L, - alt, ) dt + colo) fl [w@ll, dr
= f bw(t) = v" (1), 8o, — o(t,) + (1 = 6)(0,_, — ot ) dt
+ f bw(t) = v" (1), E, (@) dt + co,(@) f @l dr
<c f ” W) =o' 0ll, e, - o,)s + o, -, — o, s +IE, o))

+ cwk(a')J: w)l, de

<c f[ w() — v @), deM + IE, Z)s) + car(a) fl [w@)ll, dr .

Applying the inequality recursively, and using the fact that e, = 0" we have
e <22 Aue; — e, E, (X))
j=1

+ cct(C, H) jo B0l dr( max |E, (D, + M + 0 (2))

S0 [ o = ool ar + caon [ wol o

=24, E, EN+2 2 Ay, E o)~ E;,, f(2))

Jj=1

+e(max, IE, ()l

+cc"(C, H) f( ) 13w, de( max [, (2] +M + 0(X))

+ e mas, I ol +00) [~ o'l dt + car@n [ ol o

Therefore,

N-1
M*< CM(”EN_H(E )“7 + E ”En.ﬁ(z) - En+],0(2)“.7 + Ch('C’ H)HSHL‘(O.T;YT) + HW - vh”L '(o,r;v)>

n=1

+ Cch(C’ H)HE”L ‘((),T;.v/")(omax “En()(z)

=pn<sN

gt wk(z))'
te onax, IE, o2 7w — vh“L'(O‘T;V) + ka(a-)Hu}”L'((),T;V) .

Next, apply the inequality (2.35) to obtain

N—-1
M= c(llEN,,xz) 5% 2B, o2) = Byt oDl + €N 1, + e vhllmm)

+o{"C DI, o 1.5, max [E, o) 5 + w(2))
1/2

+ Ogaé‘,v ”En‘e(z)”.?”w - vh”L‘(O.T;V) + wk(o')”w”L'(O,T;)}

Since v" €L'(0, T; V") is arbitrary, we then get the estimate
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N-—1
s L, =c( Iy (D + S 1,5, D,

+ Ch(C, H)”Z.‘“LI(Q'T;g) + inf ”W - Uh“L](O‘T:V))

vheL 0,1V

+ ofe" €2, 0.5, max I, (2] 5 + @ (2Y)

+ max_|[E, o(2)ll 5 inf Iw — vh”L'(O.T:V) + “’k("')““}“L‘(0.7‘;‘/)}”2 : (4.17)
O=n=N vherlomvh

Now for any &> 0, by Theorem 2.1, there exists w € L*0, T; (H*(2))?) such that
[Iw —W”Lz(OAT:V) <.
Furthermore, by a standard result in finite element interpolation theory (cf. e.g. [2]),

inf ) — v" @Olly < AlWO g2 -

vinev

Then
. i\“f . Iw — Uh”L‘(O‘T:V) <|w _W”L‘(O,T;V) + . i‘nf' .\ lw — vh“L‘(o, T, V)
oheL1 0,1V vheL0.7:vh)

=ce+t Ch”W“LI(O‘T;(HZ(”))d) .

The other terms on the right-hand side of (4.17) can be estimated as in the case of the time-discrete schemes in
the previous section. Recalling also that |||, is a norm equivalent to ||, with the equivalence constants
independent of h, we have the following result.

THEOREM 4.2. Let (u,3)EH'(0,T;V X T) be the solution to the problem DUAL. Then, the discrete
solution of the problem DUAL,, converges:

hk
Orsnnast “2(1") B 2”

0 ask h—>0.
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