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ON THE FINITE ELEMENT METHOD FOR MIXED VARIATIONAL
INEQUALITIES ARISING IN ELASTOPLASTICITY™
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Abstract. We analyze the finite-element method for a class of mixed variational inequalities
of the second kind, which arises in elastoplastic problems. An abstract variational inequality, of
which the elastoplastic problems are special cases, has been previously introduced and analyzed
[B. D. Reddy, Nonlinear Anal., 19 (1992), pp. 1071-1089], and existence and uniqueness results
for this problem have been given there. In this contribution the same approach is taken; that is,
finite-element approximations of the abstract variational inequality are analyzed, and the results are
then discussed in further detail in the context of the concrete problems. Results on convergence are
presented, as are error estimates. Regularization methods are commonly employed in variational
inequalities of this kind, in both theoretical and computational investigations. We derive a posteriori
error estimates which enable us to determine whether the solution of a regularized problem can be
taken as a sufficiently accurate approximation of the solution of the original problem.
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1. Introduction. Mixed finite-element approximations play a central role in a
variety of problems of continuum mechanics. Perhaps the most prominent example
concerns finite-element methods for problems with the constraint of incompressibility,
such as the Stokes or Navier—Stokes equations for viscous Newtonian fluids, and anal-
ogous problems in elasticity. There exists a large body of literature devoted to the
development of stable and convergent finite-element schemes for this class of prob-
lems; comprehensive surveys may be found in the monographs by Brezzi and Fortin
[7] and by Girault and Raviart [14].

Another popular mixed problem which arises particularly in the context of elastic-
ity is that obtained from the Hellinger—-Reissner variational principle. In this problem
it is not a constraint which produces a mixed or saddle-point problem; rather, such a
problem arises from the fact that both the stress and the displacement are treated as
unknown variables. Details of finite-element approximations of this class of problems
may be found in the work by Brezzi and Fortin [7], as well as in a number of pa-
pers devoted to this subject (see, for example, Johnson and Mercier [25], Arnold and
coworkers [1], [2], Arnold and Falk [3], Pitkdranta and Stenberg [29], and Stenberg
(38], [39]).

There is now a sizeable literature on the numerical approximation of variational
inequalities (see, for example, the works by Glowinski et al. [16] and by Hlavéacek et
al. [21]), which includes investigations of variational inequalities arising in plasticity.
Analyses of finite-element approximations of the elastoplastic problem have enjoyed
limited but steady attention, in contrast to the voluminous literature devoted to
computational and algorithmic aspects of this problem. Havner and Patel [19] and
Jiang [22] analysed approximations of the so-called rate problem; this is an elliptic
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variational inequality in which the primary unknowns are the velocity, rather than
the displacement, and the plastic multiplier. Reddy and Griffin [32] and Han [17]
have considered finite-element approximations of the holonomic or time-independent
problem which arises as a typical step when time discretization is introduced in the
full problem. These works are all displacement based. Mercier [26] and Oden and
Whiteman [27] have both studied finite-element approximations of versions of the
closely related Hencky problem of plasticity. Johnson [23] has considered a formulation
of the elastoplasticity problem in which stress is the primary variable and has derived
error estimates for the fully discrete (that is, time-and-space) problem (see also related
work by Hlavdéek [20] and a summary account in [21]).

With regard to work on mized variational problems in the form of variational
inequalities, little has appeared. Johnson [24] has considered fully discrete finite-
element approximations in the context of plasticity, and Brezzi et al. [9] have treated
finite-element approximations of the time-independent Hencky problem for elastoplas-
tic plates. Brezzi et al. [8] studied problems which arise in the context of the obstacle
problem for a membrane and the unilateral contact problem. The variational inequal-
ities in all these works arise as a result of the problems being posed on convex subsets;
that is, these are variational inequalities of the first kind.

In an earlier work, Reddy [30] has considered the problem of mixed variational
problems which take the form of variational inequalities. This work was motivated by
mixed variational problems which arise in elastoplasticity; these are mixed problems
either because of the constraint of plastic incompressibility or because the problem is
of Hellinger—Reissner type, so that the stress is treated explicitly along with the dis-
placement and plastic strain. Furthermore, the problems take the form of variational
inequalities of the second kind; that is, these are inequalities because of the presence
of a nondifferentiable functional. The issues of existence and uniqueness of solutions
to these problems have been addressed in [30].

The aim of this contribution is to return to that work and to consider finite-
element approximations. The problem is of some importance in engineering appli-
cations, and the particular model treated here forms the basis for one approach to
large-scale finite element codes for the simulation of elastoplastic behavior [12], [33].
The variational inequality considered in the present work is time independent and
arises typically either when time discretization is introduced into the time-dependent
problem or alternatively when the applied forces vary linearly with time—the problem
of proportional loading—so that the problem reduces to one which is time indepen-
dent. To place matters in proper perspective, it may be worth mentioning that the
problem considered here is a more general version of the Hencky problem, which has
been the subject of much investigation in recent times (see [40] and references therein),
and which differs from the present problem in that it applies to isotropically elastic,
perfectly plastic materials; neither of these restrictions are present in the problem
considered here.

While the problem treated here is motivated by applications in elastoplasticity,
there are clearly other areas in which it would be of interest, for example, problems
involving frictional contact [11]. Furthermore, as indicated earlier, a study of finite-
element approximations of mixed variational inequalities of the second kind, that is,
those involving a nondifferentiable functional, appears to be lacking.

This work is organized as follows. In §2 we give full details of the elastoplastic
problem. In §3, we present some of the mixed formulations for the elastoplastic
problems; these come about due to the constraint of plastic incompressibility and/or
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as a result of inclusion of the stress as a variable (the so-called Hellinger-Reissner
formulation, in the context of elasticity). These problems are special cases of an
abstract problem, which is then formulated in §4; the main results of [30], which
concern existence and uniqueness of solutions to these problems, are reviewed here
for use in subsequent sections.

We consider finite-element approximations for the abstract mixed variational in-
equality problem in §5. We prove some convergence results, together with error es-
timates. In §6 we apply the results of §5 to the elastoplastic problems formulated in
§4. We elaborate on the error estimates of finite-element approximations.

The main result on the solvability of the abstract mixed variational inequality is
proved in [30] by introducing a regularizing sequence. In applications, the regularizing
sequence technique is also used for numerical computations. A regularization method
depends on a small parameter € > 0, and convergence is obtained when & goes to 0.
However, as ¢ — 0, the conditioning of a regularized problem deteriorates. So there
is a tradeoff in the selection of the regularization parameter. Theoretically, to obtain
more accurate approximations, we need to use smaller values of €. On the other
hand, if € is too small, the numerical solution of the regularized problem cannot be
computed accurately. Thus, it is highly desirable to have a posteriori error estimates
that can provide computable error bounds once solutions of the regularized problems
have been found. We derive such a posteriori error estimates in §7.

2. The elastoplastic problem. We consider the problem of quasistatic be-
haviour of an elastoplastic body which occupies a bounded domain Q C R? with
Lipschitz boundary I'. The plastic behaviour of the material is assumed to be de-
scribable within the classical framework of a convex yield surface coupled with the
normality law. We adopt the equivalent form of the flow law in which the dissipa-
tion function, rather than the yield function, is employed. This formulation has been
studied in some detail both theoretically and computationally in the works [31], [33].

Full details of the formulation considered here are presented in [30]. As indicated
in that work, this formulation may be arrived at by approximating rates, for example,
by an Euler backward difference. The effect of this assumption would be that the rate
problem is approximated by a sequence of incremental problems, in the sense that
it is required to determine the response of the body to forces at time to + At, given
the complete state of the body at time tg. The boundary-value problem which we
consider arises in a typical time step.

Alternatively, the problem considered here arises when there is proportional load-
ing; that is, the applied forces vary linearly with time, so that a time discretization is
rendered unnecessary. This is in fact similar to the formulation adopted in [17], [32].

The elastoplastic material under consideration is assumed to undergo nonlinear
kinematic hardening; the nonlinear term takes the form of an exponential decay, and
is one which is in current use in numerical treatments of this class of problems (see,
for example, [36]). The assumption of a hardening material, apart from the fact that
it represents realistic material behaviour, serves also to allow for a complete analysis
within a Sobolev space framework, the special case of perfect plasticity requiring that
the displacements be sought in the space BD(2) of functions of bounded deformation
(see, for example, the text [40] and references therein).

Of special interest here is the classical assumption of no volume change accompa-
nying plastic deformation. This is an assumption which is conventionally accommo-
dated by expressing the yield condition in terms of the stress deviator. We treat this
constraint explicitly through the introduction of a Lagrange multiplier.
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Under these circumstances, the following equations govern the nroblem [30]:
1) the equilibrium equation

[ 3

1) dive +b=0;

2) o =C(e—p),
.3) x=oP —oP € 0D(p);

NN

(
(
(2) the constitutive equations
(
(

(3) the strain-displacement relation

1 T
(2.4) e(u) = 5 (Vu+(Vu)");
(4) and the condition of plastic incompressibility
(2.5) trp:=I-p=0

or prr = 0. Here and henceforth summation is implied on repeated indices, unless oth-
erwise stated. Equations (2.1)—(2.5) are required to hold on §2; we take the boundary
condition to be

(2.6) u=0onT.

In the above, o denotes the stress tensor, 0 := o — % (tro)I denotes the stress
) d

deviator, b is the body force, € is the strain tensor, u is the displacement vector, and
p is the plastic strain tensor. The subdifferential 0D of D is defined to be the set

0D(p) ={x € M*:D(q) > D(p) + x - (¢ —p) Vg€ M},

where M? is the set of all real symmetric d x d matrices, and x - ¢ = Xij%5;-
The quantity C is a fourth-order tensor of elastic coefficients, which has the
symmetry properties

(2.7) Cijrt = Cjint = Chusj,

and we assume that

(2.8) Cijr € L*(Q),

and that C is pointwise stable; that is, there exists a constant ¢y > 0 such that
(2.9) Cijra() CijCrt > €0GijGij, V¢ € M9, ace. in Q.

Equation (2.3) characterises nonlinear kinematic hardening, as mentioned earlier,
and this is represented by the term o appearing there. This term is the back stress,
which we assume to be given by

(2.10) oo(p) = h(|p|)p,

where h(-) is a scalar-valued hardening function (see, for example, [36]). The function
h(-) is assumed to be of the form

(2.11) h(a) = ho + hie™"®,
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where hg, hy, and v are scalars whose values depend on the material constitution.
Here v is a constant with

(2.12) v >0
furthermore, it is assumed that hg, hy € L>®(f2), and that
(2.13) ho(z) > mo >0, hi(z)>0, ae in§,

for some constant 19. We will also require the assumption that a constant 6 € (0,1)
exists such that

(2.14) hi(z) < Oho(z)e?, a.e. in Q;

this is a reasonable approximation for a wide range of materials. The consequences
of the approximations embodied in this hardening law are discussed in [30].

The function D : M? — [0, 00], which is known as the dissipation function, is a
gauge, that is,
(2.15) D(q) 20, D(0) =0,
(2.16) D is convex and positively homogeneous.

For realistic models of plasticity it is necessary to assume further that

(2.17) D(g) =0 ifandonlyif ¢=0,
(2.18) D is continuous,

and that

(2.19) D(q) < o0, for all ¢ € M.

The properties (2.15)-(2.19) ensure that D is a norm on M? Furthermore, the
properties of convexity and positive homogeneity imply that

|D(p) - D(g)| < D(p —q),
and since all norms on M¢ are equivalent, it follows that
(2.20) D is Lipschitz continuous on dom D.

REMARK 2.1. The property (2.20) is true under rather weak assumptions. Indeed,
let

9'D(p) = {x e M?: lim inf D(g) - lﬁépz;lg (g-p) _OO}.

One has &' D(p) C 8D(p). It is proved in [34] that for a proper, lower semicontinuous
function D, if |x| < k, x € 8'D(p) at any point p € M¢ where 8'D(p) exists, and if
D(pg) < 0o at some pg € M¢, then

D(p) < o0, Vpe M?,
D is Lipschitz continuous on M¢.
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The relationship between the dissipation function and the possibly more familiar
yield function may be summarised as follows (see [35, §15], for further details, and
(13] for a discussion and further developments in the context of plasticity).

LEMMA 2.2. Set

K={xeM% x q<D(q) forallqe M.

Then

(2.21) D(p) = sup x - p;
XEK

(2.22) K = dD(0);

(2.23) X € 0D(p) & p € Nk(x)-

The set K is convex and is referred to as the region of admissible (generalised)
stresses; its boundary is known as the yield surface. Here Nk (x) denotes the normal
cone to K at x.

The function D, by virtue of its properties as a gauge and the property (2.18),
admits a polar function f: M<¢ — [0, 0], defined by

X4
(2.24) fx) = S D)

This function is known in the present context as the canonical yield function. That
is, it is a gauge and also has the property

(2.25) fix)=0 ifandonlyif x=0.

It derives its name as a yield function from the fact that its level set at unity describes
K

(2.26) K={x:f(x) <1}
For x € K and x € dD(p),
(2.27) x-p=f(x)D(p).

We also observe from (2.25) and (2.26) that
(2.28) x €int K = Ng(x)={0} = f(x)<L

The polar function f is also a norm on M¢. Since all norms on M¢ are equivalent,
there then exists a constant ¢ > 0 such that

(2.29) x| <ef(x)<e, VxeK,

where | -| denotes the Euclidean norm on M?. Thus it follows in particular from (2.3)
and Lemma 2.2 that

(2.30) |(c —o0)’ | <c

Example. A simple and popular example is that corresponding to the von Mises
yield condition, for which

K ={xeM: |x| <k},
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D

where x = 0P — o}’ and k is a positive scalar; then

(2.31) D(q) = klg| = k\/3i; 5

and the canonical yield function is given by

fx) = %*l

3. The variational problems. As a prelude to presenting the variational for-
mulations of the elastoplastic problem of the last section, we define the spaces

V = [Hs ()%,
Q ={a=(qi) : ¢s; € L*(), ¢ji = qij}, and Qo= {g€Q:trqg=0},
where H}(Q) is the space of distributions which together with their first derivatives

are in L%(9), and whose traces on I' vanish. Both V and Q are Hilbert spaces with
inner products

(u,’U)v: %6.’13] dx and (p,q)QzAp-quszijqijdx,

and norms ||v||v = (v,v)Y2, ||g|lo = (g,¢)*/?. Furthermore, Qo is a closed subspace

of Q.
We define the product space V =V x @, which is a Hilbert space, with the inner
product

(ﬂa ﬁ)f/_ = (’LL, U)V + (pa Q)Q

and norm ||@l|y = (4, ﬂ)lv/z, where @ = (u,p) and ¥ = (v,q). We also define V§ =
V x Qo, a closed subspace of V. The topological dual of a Hilbert space X is denoted
by X*.

We define the operator A; : V — V* by
6D ()= [ (O D) (o) o)+ o) -d] do
= /Q [Cijrilei(w) — pij)(eri(v) — qr) + (00(p))i59i5) de,

the linear functional

1:V->R, (7 =/b'vdx
Q

and the functional

(3:2) i V=R @)= [ Dla@)ds,

where as before & = (u,p) and ¥ = (v,q). The functionals I(-) and j(-) are easily
shown to be bounded and, from the properties of D, j(-) is a convex, positively
homogeneous, nonnegative continuous functional. Note that, however, in general,
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7 is not differentiable. As with the dissipation function D, convexity and positive
homogeneity of j imply that

(3.3) 4 is Lipschitz continuous on V.

We remark also that the Lipschitz continuity of j is assured under weaker assumptions,
as implied by Remark 2.1.

The classical problem defined by (2.1)-(2.5) is formally equivalent [30] to the
following Problem P;.

Problem Py. Find @ = (u,p) € Vj such that

(A1%,7 - T) + §(@) — j@) — (,v-7) >0, V7€V,
We also have the following result.
THEOREM 3.1 (see [30]). Problem Py has a unique solution.
This result depends in particular on the fact that the operator A; is Lipschitz
continuous and strongly monotone. That is, there are constants ag, ®; > 0, such that

(3.4) [[A1T — A19]p < aslla ~ 3l
(3.5) (AT — A13,T — D) > ao|[u - |2,

forall w,7 € V.

The main concern here is not with variational inequalities of the form of Problem
P1, but rather with mized variational problems associated with P;. Two such mixed
variational problems are considered in [30]. The first is as follows.

Problem Py. Find @ = (u,p) € V and X € A such that

(3.6) { 2114(1;’5) ;73'"@(2)6‘1{’(@) +b1(T-u,A\) > (l,v—u), Vo=(v,q) €V,

where A = L2() and the bilinear form
(3.7) b1:V xA— R, bl('b',u)z—/utrqu.
Q

The second mixed variational inequality considered in [30] may be obtained by
extending to the case of elastoplastic materials the classical Hellinger—Reissner varia-
tional problem [7] for elasticity, and at the same time relaxing the constraint of plastic
incompressibility. Let E be the elastic compliance tensor, inverse to C. The tensor
E is bounded, symmetric, and pointwise stable, We set ¥ = Q, ¥ = ¥ x @, and for
7 = (0,p) and 7 = (7,q) in T define the operator A, by

*

(38) Ay T T (Ag&',?)=/Q[(Ea+p)-7'+(00(p)~o)~q] dz.

Define N =V x A, the new space of Lagrange multipliers, where A = L?(9), and the
bilinear form by : ¥ x N — R,

(3.9) bo(T,n) = —/Qr~e(v)dw~/ﬂytrqu, n = (v,u), 7= (1,9).

Problem P3. Find @ = (0,p) € £ and m = (u, ) € N such that

(45,7 = 5) +§(7) = j(3) + b2(T =7,m) 20, V7 =(r,q) €L,
(3.10) {b2(5,n)=(g,n), Vnz(v,u;e N,
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where the linear functional g : N — R is defined by (g,n) = [, b vdz.

There are many mixed finite-element methods in elasticity which take as a vari-
ational basis not the appropriate reduction of Problem Pj, which is (after setting
p = g = 0 throughout): find (o,u) € £ x V such that

(3.11) /Ea-7’d:c——/e(u)~7‘da:=0, VT es,
Q Q

(3.12) /e(v)-adw:/b~vdw, YveV,
Q Q

but instead the version of the Hellinger—Reissner formulation in which the differen-
tiability condition on the displacement is transferred to the stress. For this purpose
it is necessary to define the spaces

W = [L2(Q)]d and H = {T = (T,;j) L Tji = Tig, Tig S L2(Q), divr € W},

where div 7 is the vector with components d7;;/0x; (with summation implied on j).
The space W has the standard L2-product norm, while H is endowed with the norm

lI7l17r = {1715 + lldiv ][5

It is straightforward to derive the alternative Hellinger—Reissner formulation for elas-
ticity in the following form: find (o,u) € H x W such that

(3.13) /E(7~de+/u-div7da:=0, V1 eH,
Q Q

(3.14) /v-divodm:—/b-vdm, YveW.
Q Q

This problem has formed the basis of most investigations of mixed finite-element
methods for elasticity problems [1], [2], [25], [29], [38], [39], though the formulation
(3.11)—(3.12) is favoured in many engineering applications (see, for example, [28]). An
exception is the work [37], in which the abstract conditions for stability in the works
cited above are given an interesting mechanical interpretation. Numerical examples
are also given in [37].

The appropriate generalisation to elastoplasticity is as follows.

Problem Py. Find & = (0,p) € H=H x Q and m = (u,A) € L = W x A such
that

{ (20,7 = 7) +j(7) = j(&) +b3(T —7,m) 20, VT =(r,q) € H,

(3.15) bs(@,n) = (g,n), Vn=(v,p) €L,

where

(316) Ay T T, (Ap,7) = /Q (Eo +p) -7+ (00(p) — 0) - q] d,
and

(3.17) by (F,m) = /Q (vdivr — ptrq) dz.

Problems Py—P4 can be conveniently studied as special cases of an abstract mixed
variational inequality, which we now formulate.
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4. The abstract problem. Let ¥ and N be two Hilbert spaces, A an operator
from ¥ to its dual U*, b : ¥ x N — R a bilinear form, and j : ¥ — R a functional.
The bilinear form b is assumed to have the following two properties.

(i) b(,-) is bounded, so that there exist bounded linear operators B, BT defined
by

B : ¥V N* (BY,n)=b,n) and BT : N—¥*,  (BTn,¢) =b(p,n)
for all ¢y € ¥ and n € N. BT is thus the adjoint operator of B. The kernels of B and
BT are defined by

KerB={y € ¥ : By =0} and Ker BT = {ne N: B'n=0}.

(ii) There exists a constant § > 0 such that

b(p,m)
4.1
1) U Tl

—>—ﬁ ”n”N/KerBT, Vn € N.

The operator A is assumed to be Lipschitz continuous on ¥; that is, there exists a
constant «; > 0 such that

(42) 1A¢ — AYlle- < aull¢p —Yllw, Vo, 9 € V.
For any given ¢, € (Ker B)L, let A: ¥ — ¥* be the operator defined by
(4.3) Ax=A(x+¢1) forall x € KerB.

The operator A is required to be strongly monotone on Ker B; that is, there exists a
constant ag > 0 such that

(44) (Agp— A, ¢ —¥) > aollé — ¥lI§, V9 € KerB.
We assume also that
(4.5) j is convex, nonnegative, and continuous, but not differentiable.

REMARK 4.1. The assumption (4.4) replaces that of strong monotonicity of A on
Ker B, which was assumed in [30] (see (3.3) in that work). The strong monotonicity
of A on Ker B is an insufficient assumption, since it is readily established, as in the
analysis of the auziliary problem (3.8) in [30], that A is actually required to be strongly
monotone on the affine set ¢1 + Ker B. The assumption (4.4) guarantees this. Note
that the condition of strong monotonicity of A on U implies (4.4).

The mixed problems defined in §3 are all particular cases of the following general
problem.

Problem P. Given f € U* and g € N*, find (¢, m) € ¥ x N such that

(46) (Ad), ¢_¢)+](¢)'—J(¢)+b(¢_¢’m)Z(f) 1/)"(]5)» V'lp € \I/,
' b(¢,n) =(g,n), ¥Yn € N.

This problem is approached in [30] by introducing a regularized version of the prob-
lem, which reduces the inequality (4.6); to an equation. We introduce the family of
functionals j. : ¥ — R parametrized by € € (0,1] and with the following properties:
(4.7)  je is convex and differentiable, with Gateaux derivative j, : ¥ — ¥*;

(4.8)  j.(v) — j(¥) as € — 0, uniformly with respect to ¢ € U;

(49)  lFe@)lles <, Vype .
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The constant c is required to be independent of € and ¢ € ¥ .
The regularized problem then takes the following form.
Problem P.. Find ¢. € ¥ and m. € N such that

(4 10) <A¢€aw_¢€>+j6(w)”]E(¢6)+b(¢—¢6’m6) 2 (faw_¢€>’ V"pe \I,a
' b(¢e,n) = (g,n), VneN.

Since j. is differentiable, the inequality (4.10); reduces to a variational equation

(4.11) (Ade, ¥) + (G2(8e), ¥) + b(¥,me) = (f,4)), VY €T

Then we have the following theorem.

THEOREM 4.2. Assume that conditions (4.1)—(4.5) and (4.7)-(4.9) hold, and that
g € Im B, the range of B. Then

(a) there exists a unique solution (¢e,m.) € ¥ x (N/KerBT) to Problem P.;

(b) there exists a solution (¢, m) € ¥x N to Problem P. Furthermore, ¢ is unique,
and is the strong limit of ¢. as € — 0.

In [30], this theorem is proved for the case Ker B = {0}, and when the condition
(4.8) is replaced by the less general condition

0<je(¥) —j(¥) <cre, Vyel.

It follows readily from the proof in [30] that the result holds with the somewhat
more general assumptions (4.1) and (4.8). The weaker assumption (4.8), in particu-
lar, allows the possibility of treating more general types of yield conditions, such as
nonsmooth yield functions (see, for example, [5]).

In [30], it is shown that Problem P; satisfies the conditions of Theorem 4.2, that
it has a solution (u,p,\) € V x A, and that (u,p) is unique. It is also shown that
Problem Pj has a solution (o, p,u, A) € ¥ x N, with (o, p) being unique. Furthermore,
it may be proved that the Lagrange multiplier v is unique, though not the multiplier
A

To obtain similar results for Problem Py4, which was not treated in [30], we need to
show that A, is Lipschitz continuous on H = H x @ and that A, is strongly monotone
on Ker Bs, defined by
Ker B = {(T,q) €H: | v-divrdz =0, Vve W and / ptrqgdx =0, Yy € A}

Q Q
(4.12) ={(r,q) € H: divr =0and trg=0, ae. in Q}.

We also have to show that the Babuika—Brezzi condition holds. That is, that a
constant § > 0 exists such that

(4.13) sup b3(_7',n)
zer I 7l

2 B nllL/Ker BT -

The functional j is as in Problems Py and Pj, and its fulfilment of properties (4.7)-
(4.9) in the case of the von Mises condition has been established in [30].
Lipschitz continuity of A on H follows from the fact that

(4.14) (427 = Ag7,p) <c(llo =7 llo + 1P = qllQ) 7 lexe

as has been established in [30], and using also the fact that || o ||@<|| o ||g foro € H.
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Whereas Aj is strongly monotone on ¥ x ¥ (for Problem P3), it is not strongly
monotone on H = H X Q. Instead, we show that (4.4) holds. We have, given
&1 = (01,p1) € (Ker B3)*, with A7 = Ay(51 +7), and for &, 7 € Ker B,

(Ags — AgT,T —7) = (Ax(F + 7)) — A(T+51),5 —7)
- /Q{E(a —1) (0= 7) + oolp +p1) — o0lg + p)] - (p — @)} de

(4.15) >ao(lo-TI3+Ip—ql?)
=ao(lo-7lk+Ip-qld)
=ao |7 -7 %,

for some constant ay > 0. Here we have used the fact that dive = 0 and divr = 0,
since 7, T € Ker B3, and also the inequality

[00(q) = o0(r)] - (g = 7)
> [(Bho + he™1%)g = (Bho + hae™")r] - (g =) + (1 = O)holg — ri?

> (1-0)molg —rf?

(see also Lemma 2 in [30]).

Finally, it is straightforward to show [38] that the Babuska—Brezzi condition (4.13)
holds. Thus Problem P4 has a solution & € H, n = (u,A) € L, and  is unique. It
may furthermore be established that wu is unique.

For the convergence analysis of finite-element solutions later, we introduce a for-
mulation equivalent to (4.6). For this, we need the notion of the subdifferential
85 : ¥ — 2% defined by

9j(¢) = {¢" € V" : j(v) 2 j(¢) + (¢", 9 — @), Vi € T}.

We observe that the problem (4.6) is equivalent to the problem of finding ¢ € ¥,
m € N and ¢* € ¥* such that

{ (Ap,¥) + (6%, ¥) + b(yh,m) = (f,¥), Ve,
(4.16) b(¢,n) = (g,n), Vn€N,

¢* € 0j(¢).

REMARK 4.3. From the equivalent formulation (4.16), it is easily seen that if
¢* € U* is unique, then m € N is unique in N/KerBT. In the case when there is
no constraint, such a ¢* € U* is indeed unique (see [17, Prop. 4.2]). For the mized
problem P, however, the uniqueness of ¢* (and hence that of m € N/KerBT') depends
on both b and j. It is not difficult to see that we have uniqueness for ¢* if and only
if the following condition is satisfied:

If ¢* € 0j(¢), then 3j(¢p) does not contain elements

(417) Of the form ¢* + BTmO with mog € N/KerBT.

Usually, however, the condition (4.17) cannot be verified easily.
For a mechanical interpretation of the nonuniqueness of m, see [30].
REMARK 4.4. In the case of plasticity with the von Mises yield condition (see

(2.31) and (2.3)), we have ¥ =V =V x Q, and j is given by

i@ = /Q kgl dz
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where k is bounded, measurable, and nonnegative. Then (4.16)3 is equivalent to the
two conditions (with ¢* = (u*,p*)):

@18)  p@ =k B #0) A0 wmd PEI<E Fo)=0,
which hold a.e. in Q. Whereas we have uniqueness when p(z) # 0, Vz € Q, in general
we have no a priori control over the solution p, and p* fails to be unique. This is
easy to appreciate if it is observed, from (2.3), that p* is equivalent to the quantity
oP — oP(p) (= oP when p = 0), and (4.18)2 expresses the fact that this lies in the
set of admissible stresses, which on its own does not determine o or p* uniquely.
Note also that by application of the arguments leading to (2.29) we have uniform
boundedness of {p*}

(4.19) p*(z)] <k a.e. in .

REMARK 4.5. In certain other applications (cf. [15], [18]), ¥ = [H}(Q)]¢ or
[H3()]¢, and j is of the form
(4.20) i) = [ kIvlds

where k is bounded, measurable, and nonnegative. It can be proved that ¢* € 0j5(d) is
equivalent to the two conditions

V()
7]

Once again, the uniqueness of ¢* depends on the form of b (cf. the condition (4.17)
above). We still have uniform boundedness of {¢*}, though.

¢*(z) ifV(x) #0 and [¢"(z)] <k if Vé(z) =0.

5. Finite-element approximation of the abstract mixed variational in-
equality. To study finite-element approximations of the mixed problems of §3, we
first consider that of the abstract Problem P. Let ¥, € ¥ and N C N be finite-
dimensional subspaces, h > 0 being a discretization parameter. We assume that

lim inf - =0, Vyevu,
lim inf 1Y — ¥nllw YE
%%nzgfvhl|n~nh|lN=0, VYneN.

The finite-element approximation to the abstract Problem P is as follows.
Problem Py. Find ¢, € V), and my € N, such that

{ (Adn, Yn — on) + J(Wn) — §(dn) + b(WYn — dn,mn) = (fy Y — dn), Vion € ¥,
b(én,nn) = (g,nn), Ynp € Ni.

(5.1)

Let

Zn(g) = {&n € Un: b(En,nn) = (9,mn), YN € Np}
and introduce the discrete operators By, and B,T through the relation

b(h, ) = (Brbn,na) = (Binn,¥n), VYn € Up, Ynp € Np.
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The kernels of By, and B} are defined by

(5.2) Ker By, = {1/)}, € Wy : b(a/)h,nh) =0 Vnp € Nh},
(5.3) Ker Bf = {nn € Ny : b(¥hp,np) =0 Voo, € Uy}

For any given ¢y, € (KerBj)t, we will also require the operator Ay Uy — v
defined by

(5.4) Apxn = A(xn + ¢1n) for all x, € Ker By,

Applying Theorem 4.2 to Problem P, we have Theorem 5.1.
THEOREM 5.1. Assume that the conditions of Theorem 4.2 hold, with the excep-
tion that the condition (4.1) is replaced by its discrete counterpart

b(n, )

(5.5) sup ———— > knllnnlln/kerBrs  V7Tn € Niy  for some ky > 0,
V€Y ”d)h“‘l’ "

and the condition (4.4) is replaced by the condition that a constant ap > 0, independent
of h and independent of the function ¢1p used in defining Ay, in (5.4), exists such that

(5.6)  (Andn — Antn, dn — Wn) > aol|vn — dnll%  for all én, s € Ker By,

Then, if Zr(g) # 0, Problem Py, has a solution (¢p,mp) € Wy X Ny, ¢y being unique.
Furthermore, (¢n, mp) € ¥y, x Ny, is a solution of Problem Py if and only if there
exists a ¢;, € W;, such that

(Adn, ¥n) + (D5, ) + b, mn) = (f,n), Vibn € Uy,
(5.7) b(th,nh) = (g, nh), Vnh € Nh,
% € Oni(#n),

where
(5.8)  Onj(én) = {¢h, € U, : §(¥n) > 5(Pn) + (Dhs¥n — @n), Vb € Ur}.

To study the convergence of the finite-element solution, we first derive an error
estimate for ¢ — ¢,. We will denote a solution of (4.16) by {¢, $*,m}.

THEOREM 5.2. Assume the conditions of Theorems 4.2 and 5.1 hold. For any
&n € Uy, set

I(€h7¢, ¢*) = ](éh) _](¢) - (¢*»€h - ¢>

Then there is a constant ¢ > 0, independent of h, such that

(5.9) Io—enlla < c Lheigf(g) (16 = galo + 116, 6,692 + inf lim - nhuN] :
Proof. For any &, € Z(g),

(5.10) 6 — onlle <|lo —Enllw + llon — Enllw.

Now write ¢n = don + P14, Where ¢on € Ker By, d1n € Zn(g) N (KerBy)*, and define
Ap as in (5.4) by this ¢15. Observe that &, — ¢ € Ker Bp,. Thus, by property (5.6)
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we have

o ||n — Enlly = ao lldon — (€n — d10) 117
< (Andon — An(En — d1n), b1 — &n)
= (Agn — A, dn — &n)
= (Apn, dn — En) + (Ad — An, dn — En) + (Ad,En — n)-

We add the two inequalities
(Adn,En — ¢n) + 3 (€n) — 3(dn) = (f,&n — ¢n),
<A¢7¢h - ¢> +J(¢h) _](¢) +b(¢)h - ¢am) > (f’¢h - ¢>

to obtain

(Adn,&n — dn) + (A, dn — @) + j(6r) — §(¢) + b(¢n — d,m) > (f,én — ¢);

that is,

(Adh, dn — En) < (Ad, On — @) + 5(En) — §(B) + b(dn — ¢, m) — (f,én — @)
Hence
o llpn — Enlly < (Ad,En — @) + 3 (En) — 5(¢) + b(En — B,m) — (f,€n — @)
+ <A¢ - Aéha ¢h - §h> + b(¢h - gh’m)
= j(&n) — 3(¢) — (9", 6n — @)
+ (A¢ — A, b — &n) + b(dn — En,m — np)

for any ny € Ny, and so

ao ||on — &ll%

S (&n, ¢, 0")| + a1lld — Erllwllon — Enllw + 110]] [|@n — Enllw|lm — nall -
Thus

(5:11) llén —Enllw < ¢ [I6 = &l + [T(En,6,6")[Y2 + m = mallw] , ¥rn € No.

Combining (5.10) and (5.11), we get the desired error estimate. |

In the special case when Ker By, C Ker B, b(¢n — &n,m — np) = 0 in the proof
above. Then we have Proposition 5.3.

PROPOSITION 5.3. If we further assume that Ker By, C Ker B, then

l6 = gnllw <c _inf (ll6=Enllo +[1(En & 9"I2).

En€ZK(9)

The nature of the bound on the term |I(&p, ¢, ¢n)| will depend on the particular
form taken by the functional j. In elastoplasticity j is Lipschitz continuous (see (3.3)),
and so

(5.12) (&n, 6, ¢™)| < clldp — Enllw.

To bound infg, ez, (o) [l¢ — &nlly by the more standard approximation quantity
infy, cw, ||¢ — ¥n|lw, we need the following result ([7, p. 55]).
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LEMMA 5.4. Assume that the discrete inf-sup condition (5.5) holds; then

el
<({1+-— f - .
L o-gle < (1+D) ol

An obvious consequence of Theorem 5.2 and Lemma 5.4 is the following conver-

gence result for ¢p.
THEOREM 5.5. Under the assumptions of Theorem 5.2, if (5.12) holds and if

1
(5.13) ™ wnelfp l¢ —Ynlle =0 ash—0,

then
¢p — ¢in ¥ ash— 0.

If the pair {¥}, Np,} of finite-element spaces is such that kj, is bounded away from
0, independently of h, then the condition (5.13) is automatically satisfied. To have
convergence, however, we do not require kp to be bounded away from 0, as long as kp,
does not tend to 0 too fast (in the sense that (5.13) holds).

Now we consider the convergence of my. Here it is necessary to turn again to
the motivating problems for further information about the behaviour of the sequence
{¢}}. We identify ¥} with ¥), and view ¥} as a subspace of U*: for any ¢} € U7y,
we extend 9y from ¥} to U* by setting (¢5,v) = 0, Vi € ‘I/,f Now in Problems
Po-Py, ¢ is the ordered pair (up, pp) or (op,pr), and we find that, from the Lipschitz
continuity of D,

(5.14) ¢y € Onj(dn) = |lpillex <e¢, for a constant ¢ independent of h.
Hence,
(5.15) {¢}} is weakly precompact in ¥*.

Thus every subsequence of {¢}} contains a subsequence weakly converging in ¥*.
Using the discrete inf-sup condition (5.5), the relation (5.7), and the boundedness
of the sequence {¢}}, we find that

b(thn, mn)
k; m er S SUD e
rllmenllv/ker 57 = IId)hII\v
(5.16) T e

gt llwhuw {(£9m) — (Adn, ) — (S5, )}

<c (IfI+ lignlle + lIghlles) .

Since ¢p, — ¢ in U, {||¢n|lw} is uniformly bounded with respect to h. Thus, under
the Babuska—Brezzi condition [4], [6]

(5.17) kn > k1 >0,

we can modify my, by elements in Ker B,Cf, the modified multiplier being denoted once
again by my, such that {||mp||n} is uniformly bounded with respect to h. Therefore
we can find a subsequence {my } and an element /m € @, such that

(5.18) mp — m weakly in N, as h’ — 0.
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Since {¢}} is weakly precompact in ¥U*, we can find a further subsequence of the
subsequence {¢;}, }, still denoted by {¢}., }, and a ¢* € ¥*, such that

(5.19) ¢% — ¢* weakly in U*,

From (5.19), the strong convergence ¢, — ¢, the approximability of any ¢ € ¥ by
finite-element functions, and the continuity of j, we get

(5.20) ¢* € 95(¢).

Now fixing a finite-element test function ¥y, € Uy ¥y, taking the limit in the first
relation of (5.7) along the subsequence h’, and then approximating an arbitrary test
function ¥ € ¥ by 1, we obtain

(5.21) (Ad,¥) + (9", %) + b, 1) = (f,¥), Yy €T

From (5.20), (5.21), and Theorem 5.5, we then know that {¢, ¢*,7} is a solution
of (4.16); in other words, {¢,7} is a solution of Problem P.

So far, we have proved the following.

THEOREM 5.6. Under the assumptions of Theorem 5.5 together with the condition
(5.17), we have

mp — m  weakly in N,

where my is a suitably chosen solution of (5.1).

Usually, we can say more about the convergence of the multipliers of the discrete
problems for Problems Py—P,4. From the assumption that D is positively homogeneous
(cf. (2.16)), we find that

/Q D(an(a))de > | D(on(a))de -+ @hoan =p). Van € Qn

is equivalent to the two relations

(5.22) <p7,,ph>=/ﬂD(Ph($))d$ and <P2,qh>SLD(qh(w))dx, Van € Qn.

Here ¥, will be a product space of the form V), = X}, x Qp, where @}, is the space of
discrete plastic strains. Since D is a norm on M¢ (see §2) we have

/Q D(q(@)) dz < cllgllgrapene, V€ (LN,

so that

(5.23) lphll L@y < ¢, for a constant c independent of hA.

Indeed, if (5.23) is not true, we can find a subsequence {p}, } and a g € (L?(Q))4*¢
such that

”q“(Ll(Q))dxd =1 and (p;;/,q) — OQ0.

Let ITx g € Qn be the (L2(2))4*4-projection of g to Qu, then since (p},, g~/ q) = 0,
we have

(5.24) (ph, Il q) = (Phs, q) — o0
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On the other hand, since
||q - Hh/q“(Lz(Q))dxd —0 ash' — 0,

the sequence {II;/q} is bounded in (L*(2))4*?. But then from (5.22), we get
(P Mprq) < /QD(thQ(ﬂf))dx < c||Thqll(pr (@yyaxe < ¢

which contradicts (5.24).
We incorporate the property (5.23) of elastoplasticity solutions in a more general
assumption, namely, that

(5.25) {93} is precompact in ¥*.
Also assume
(5.26) KerBf' = {0},

as is the case for the applications in the next section. We can then further show that
myp, — m strongly in N, for a subsequence {my}. From now on, we will use {m} and
{¢}} to denote the convergent subsequences {my } and {¢}, }.

To prove the strong convergence of mp, we write

(5.27) I —mplln < || —nilln + [Inn — milln,  Vnn € Np.

By the condition (5.17),

1 b , -
”nh — mh”N S I Sup M.Lh).
k1 y.ew, llvnllw

Now we have
b(Yn, nh — mp) = b(¥n, M — mp) + b(Yr, np — M)
and so, from (4.16) with ¢* and m being replaced by ¢* and 77, and (5.7), we get
b(n, M~ mn) = —(Ad — Adn, ¥n) — (&" — &}, Yn).
Thus

lnn — mnlln < ',;1‘1' ¢SUP Hil)—i—llq_: {“<A¢ — Adn, Yn) — (B — by ¥n) + b(Wn, s — ﬁl)}

hE€EYhH

< [llg = dnlle + 16" = @ille- + i = malln ]
Combining this result with (5.27), we now have
(5:28) [[m—malln <c (|l¢ — ¢nllw + 16" = Bhlle- + I - nhIIN) ; Vnp € Np.

We summarize this result in the following theorem.
THEOREM 5.7. Under the assumptions made in Theorem 5.6, together with (5.25)
and (5.26), for a subsequence {ms},

mp, — m strongly in N.
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REMARK 5.8. Theorem 5.2 provides an error estimate for ¢ — ¢pn. To estimate
the convergence order, for some applications, it is inappropriate to use (5.12) to bound
|1(&n, ¢, ¢*)|. Such is the situation when ¥ = [L2()]? and j(¥) = [, k|¥|dz. One
needs to dig into the special structure of the finite-element space ¥y, and try to con-
struct an interpolant &, from the set Zp(g) in such a way that no loss in the order
of convergence is introduced. For some other applications, however, (5.12) readily
leads to an optimal error estimate. As an ezample, when ¥ = [HY(Q))® and the
nondifferentiable functional j is of the form (4.20), then I(&n, @, ¢*) becomes

I(En,6,6%) = (6n) — (6) - /Q kA~ V(6 — ¢) da

for some measurable vector function \ satisfying |A(z)] < 1 a.e. in Q. In this case,
the estimate

[(&n, @, ¢")| < clIV(& — D)) S cllén — dllw

does not cause loss in the order of convergence, and the optimal error estimate is

_ < inf el/2 inf _

o= snlo<c|, inf lo-Gl¥*+ inf, lm - mily
<c[ 14+ ——) inf i —wnlls >+ inf |lm —naln]-
- VEkn ) ¥rnevy npEN},

6. Application to the elastoplastic problems. We return now to the mixed
problems of §3, and apply the results of §5. We discuss in detail finite-element ap-
proximations of Problem P4 only, since the corresponding treatments for Problems
P4 and Pj3 follow in a similar way (and are in fact more straightforward).

The condition (4.17) takes a common form for all problems. Since in all cases

(6.1) i(@) = / D(p(x)) da,
Q
condition (4.17) states that there is no Ag € A/Ker B such that
(62) ¢ €0j(4) /Q ID(q) = D(p) — (0" + M) - (¢ —p)] dz>0 YgeQ.

By setting ¢ = 0 and ¢ = 2p, and by using the fact (see (2.27)) that p* - p = D(p), we
obtain the condition

(6.3) / Xotrp dz = 0.
Q

The inequality (6.2) takes a slightly different form in the elastic domain, which is
defined by Q¢ = {z € Q: p(z) = 0 a.e.}. From (6.2) it follows that

(6.4) D(q)dz > / p*-qdx +/ Aotr q dzx.
Qe. Qe e

It is not easy to verify that there is no A\g # 0 satisfying (6.3) and (6.4). On the other
hand, in the fully plastic case, that is, when Q¢ = (), it is a straightforward matter to
verify (4.17).
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Also common to all the example problems is the question of the existence of a
regularizing sequence j. satisfying (4.7)-(4.9). For the case of the von Mises yield
condition (see (2.31)) one may set

je(0) = /Q D.(q) de,

where

De(q) =k V/|g|* + €

or

DE( ) = { k‘q(fz/(zs&), if |(I|qS 518

for example. We recall also from (3.3) that j is Lipschitz continuous.

Going on now to finite-element approximations of Problem P, we will assume for
simplicity that the domain 2 is polygonal (resp., polyhedral) so that Q is completely
covered by triangular (resp., tetrahedral) elements. We make the identification ¥ =
TI—ZHXQ» N=L=WxA ¢=0= (U,P)>¢=?= (T,(I), m = (ua>‘)v n= ('U7/1‘)7
A = Ay, and b(a ) =b3(-)-

Suppose that we choose H, C H, W, C W, Qn C Q, and Ay, C A; then Hy, =
Hy, x Qn C H and L, = Wy, x A, C L. We define Problem P .

Problem Py . Find &), = (on,pr) € Hy, and my, = (un, Ay) € Ly, such that

{ (AoTh,Th — h) +§(Th) — 5(@n) + b3(Th — Tn,mp) =0, VT4 = (Th,qn) € Hp,
b3(Gh,nn) = (g,mn), Vnn = (Vh,n) € Lp.
(6.5)

Various finite-element spaces have been constructed for the purpose of obtaining
stable and convergent approximations for the purely elastic case (see [7]). For the pur-
pose of illustration we consider here the element introduced by Johnson and Mercier
[25], in the context of the 2-dimensional problem and assuming isotropic elasticity. In
this case the operator A, takes the form

(6.6) (Ax7,7) -——/Q [(iol) +p) P4 )\iu(tra) (tr 1) + (o0(p) — )P - ¢| dz,

where A and p are Lamé’s constants. The polygonal domain §) is partitioned into
triangular elements, and the Johnson—Mercier element is constructed as follows. A
generic element K is subdivided into three subtriangles K, j = 1,2, 3, these having
a common vertex at the centroid of K. We then define the space Hg by

Hi = {r e H: 7|, € [P, j=1,2,3),

where P;(K) is the space of the polynomials of degree < 1 on K;, and the space H},
by

Hh={7'h€H: |k € Hk, /trThdazzO}.
Q

The space W, is simply defined by
(67) Wy, = {'Uh eW: Uh|K S [Pl(K)]z},
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and we define @y, and Aj by
(6.8) Qn={an € Q: anlx € [PL(K)**?}, An=Pj,

where P] = {v € L%(Q) : v|k is a polynomial of degree 1}. Then with this choice
of spaces it can be shown [25] that the elastic version of Problem P4, (which is
obtained by setting pp = gn = 0) has a unique solution, and that, if o € (H?(Q))?*?
and u € (H?(Q))2, then

(6.9) llo — anllo < Ch?, llu —upllo < Ch?,

where || - ||o denotes the product L2-norm.

The proof relies on the fact that the elastic version of Ay is Ker Bj-elliptic, that
Ker B; C Ker B¢, and that the discrete condition (5.5) holds, with a constant kp
independent of h. Here, B¢ and Bj, are defined through the bilinear form

be(1,v) = / vdivr dz
Q

be(7,v) = (B°T,v) = (B*TT,v), V7€ HveW,
and
be(Th,’Uh) = (B;T’Uh,Th> = <B2Th,’vh>, VTh (S Hh,’l)h € Wh.

The operator Ag,h, defined by fig,;ﬁh = Ao(Fp, + G1p) for all 7y, € H,, where 315, €
(KerBp)* satisfies b(G1n,mn) = (g,n4) for all ny, € Ny, is shown to be strongly
monotone on Ker By, in the same way as the corresponding result is derived for A
(see (4.15)).

Properties of the operators By and BZ follow also by exploiting the properties
of the elastic problem. That is, it follows readily from the definition (3.17) of b = b3
and the properties of its elastic part, that Ker B, C Ker B and that the bilinear form
satisfies the discrete Babuska~Brezzi condition, with Ker B,I; = {0}. The property
Ker B;, C Ker B follows first from

{ah € Hy, : /divah~vh dx =0 for all vy eWh} C {c€H: dive =0}
Q
as in the elastic case, and second from
{ph €EQn: /uhtrph dr =0, Vun eAh} C{pe@: trp=0}.
Q

Thus Problem Py, has a solution (o, pr) € Hy, and (up, \p) € Ly, and (o4, pr) is
unique. Furthermore, it is possible to show that the multiplier u; is unique; setting
gr. = pr in (6.5), this problem reduces to

(6.10)

D.. D
/ [Uh Th (trah)(t”")] dx-;-/uh-divmdac:—/ Ph-Th dz, Y 7h € Hp,
ol 2p At p Q Q

(6.11) /vh-divahda:=—/b~vhdx, Vv, € W,
Q Q
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and this problem, which is a minor variation of the elastic problem, has a unique
solution.

To obtain an error estimate that extends to the present problem, the estimate
(6.9) which is valid for the elastic case, we return to Proposition 5.3, and set ¥ = &
where ¥ has the same definition as in the previous problem. We also note that Aj is
strongly monotone on ¥, and set

Zn(g) ={7h € Hn: bs(Th,nn) = (g,nn) Y € Np}.
Then by following the steps taken in the proof of Theorem 5.2, using the inequality
1||an — Thll% < (A9Gh — AgTh,Gh —Th), VTn,7h € Hp
and noticing that KerB, C KerB, we find that
5=l < inf (___ <+ p— 1/2>‘
lo-auls<e_inf (17 =Talls+ - ol

Applying Lemma 5.4, we then find that if o € (H(2))2*2, p € (H?%(Q))?*?,
lo —onllo <ch,  |lp—pnllo < ch.

Note in particular the reduction in order; the elastic problem yields an error estimate
of O(h?). This reduction is due to the presence of the nondifferentiable term.

We may also obtain an error estimate for |ju — up|lo. We first write down the
continuous analogue of (6.10), that is,

I p p, 1 ] / : /
—o" TV + tro) (tr7)| de+ | w-divrde =— -T7dx, VT€H
/9[2/1 >\+M( ) () Q o

which, together with (6.10), implies the relation

/ (vp — up) - divry dz
Q

- —g— — . + D —_ . +—
/Q[(P Pr)Th (o Oh) " Th Py

2p
V1, € Hp.
Now from (5.2) of [25],

+ (u - 'Uh) 4 diVTh] d:L“,

y
wp (0T

2 > B lvnlo-
meH, |ThllH

Hence we have, for all v, € Wy,
B ”'Uh - Uh”O

< sup

S (vh — Up, diVTh)
ey |ThllH

-1 / (6P —aoP) - P tr(oc — ap)trmy
= sup —— [p—-ph ST+ +
met, |ITelle Jo ( ) 2p A+ u

+ (u—wp)- diVTh] dx

<clllp=prllo + llo = anllo + [lu = vallo] -

As a result, from the triangle inequality we get

lu—unllo < e [Ilp —prllo+|lo —onllo+ inf |lu-— Uh”o} <ch.
v €Wp
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7. A posteriori error analysis of regularizing sequences. Because of the
difficulty in dealing with the nondifferentiable term j, one rarely solves the finite-
element system (5.1) directly. In practice, there are several approaches to circumvent
the difficulty caused by the nondifferentiability. One approach is to introduce a La-
grange multiplier for the nondifferentiable term, and the problem (5.1) is solved by
an iterative procedure; for details, see, for example, [15]. Here, we concentrate on
another approach, namely, the regularization method. The idea of the regularization
method is to approximate the nondifferentiable term by a sequence of differentiable
ones. The regularizing sequence technique has been used in proving Theorem 4.2 (see
[30]). Here, we use the technique as a numerical method to solve the mixed variational
inequality. It is easy to give an a priori error estimate which implies convergence of
the regularization method (cf. [30]). Our main concern in this section is to derive a
posteriori error estimates for solutions of the regularized problems. We will derive
such an a posteriori error estimate for solving Problem P,. For Problems P35 and Py,
the same techniques presented here can be employed to give similar a posteriori error
estimates.

As in [17], we need a result from convex analysis (cf. [10]).

Let V, A be two normed spaces, with V*, A* their dual spaces. Assume there
exists a linear continuous operator F' € L(V, A), with transpose F* € L(A*,V*). Let
J be a function mapping V x A into RU {+o0}. Consider the minimization problem

(7.1) Jg‘f/ J(v, Fv).
Define the conjugate function of J by

(72) J*(U*,,U,*) = sup [<U’ ’U*> + <:u'7 /1'*> - J(’U, ,u)] :
vEV,uEA
THEOREM 7.1. Assume that
(i) V is a reflexive Banach space, A is a normed space.
(if) J: V x A - RU {+o0} is a proper, lower semicontinuous, strictly convex
function.
(i) Jug € V, such that J(ug, Fug) < 0o and u — J(ug,p) is continuous at
F'U/O.
(iv) J(v, Fv) — +o0, as |[v|| = 00, v € V.
Then problem (7.1) has a unique solution u € V, and

(7.3) — J(u, Fu) < J*(F*p*,—u*), Yu* e A"

We will apply Theorem 7.1 to derive an a posteriori error estimate for the regular-
izing technique for solving (3.6), that is, Problem Pj, and its discrete version, in the
context of the von Mises yield condition. Instead of the Problem P;, we consider a
slightly more general problem, namely, the constraint by (@, u) = 0, ¥V € A is replaced
by

(7.4) bi(@, p) = (9, 1), YpeA.

In this way, one will see more clearly how to employ the techniques presented here to
derive a posteriori error estimates for Problems P3 and P4. We choose the following
regularizing function for the dissipation function:

(7.5) D.(q) = k+/|q|* + €2
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First, we need to rewrite the problem (3.6) in the form of (7.1). To do this, set
S = {s=(si): 855 = 85 € L*(Q), 1 <4,j < d}
and identify S* with S. We make use of the spaces V, @, A and V =V x Q used
earlier in Problem Pj, and define the operator F' : V — S by
Fo=¢(v), YoeV.
Let
={veV:bi(v,pu) = (g,pn), VueA}

We now define the energy function on V x S by
(7.6)

Jons) { [ 15CG=a-(s=a+ Hla +kld-0-0] do, it Te 2(0)

400, otherwise,

where
1 1 S
H(a)=§h0a2+-y—2h1(1—e “)——I/—hlae

(cf. (2.10) and (2.11)). Then it can be shown that the problem (3.6) with the more
general constraint (7.4), is equivalent to the minimization problem

eV, JaFu)= in‘f? J (9, Fv).
€
To use Theorem 7.1, we need to compute J*(F*s*, —s*), for s* € S*. We have

J(F*s*,—s*) = sup [(0,F*s*)— (s,s*) — J(1,s)]

TEV ,s€S

= sup [(F7,s")—(s,8%)— J(1,9)]
5eV,s€S

= swp [ [dw) st -5 = 4C-0) (-0
v€Z(g),s€SJQ

~ H(lq) ~ kgl +bv] do

=%/S)C—ls*'s*dx+ sup /[e(v)-s*+b~v]dx+/QK(|s*|)dm,

TEZ(g)JQ
where
(7.7) K(|s*]) = T(t(Is*])),
with

T(t) = (Is"| - k)t — H(t),

and ¢(|s*|) = 0 if |s*| < k, #(|s*|) > 0 being the unique solution of the equation (the
unique solvability is guaranteed by the assumption hy > 0)

(ho + hie ")t = |s*| — k if |s*| > k.
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Next, we deal with the term

sup /Q[e(v) - s* +b-v]dz.

v€Z(g)
We have
sup /[e(v)~s*+b-v]dm=/[e(us)-s*+b-ue]dx+ sup /[e(v)-s*+b~v]da:
T€2(g) JO Q 5€2(0) JQ

/Q[e(ue) < 8"+ b uldz
= if /[e(v)-s*+b-'v]dm=0, Vo € Z(0),
+00 ot}?erwise.
Applying (4.11) to the problem (3.6), we find that
(Atle, ) + (je(@e), ) = (b,0), V€ Z(0),
that is, V7 € Z(0),

kpe - q _ v
L[O (e(ue) - pE) : (6(’0) - Q) + h‘(,pe!)ps -q+ W] dzr = /{;b dz.

Hence,
ke _
(78) -C (G(Us) - pe) + h(lPe')pe + W - O,
(7.9) /ﬂC(e(uE) —pe) - e(v)dz = /‘Qb -vdz, VveKerB.
With (7.9), we choose
(7.10) s* = —C (€(ue) — pe);
then
sup / [e(v) - s* +b-v]de = / [—C (e(ue) — pe) - €(ue) + b+ ue dz.
veZ(g) JQ Q ‘

Therefore, with the choice (7.10) for the dual variable s*, we have

5(Fst =) = [ [$C (el o) (etwd) =)
— C (e(ue) = pe) - e(ue) + b+ ue + K(C (e(ue) = pe))] do
(7.11)

Now consider the difference
J (e, Fi.) — J(a, Fa).
By Theorem 7.1, an upper bound for the difference, with s* given by (7.10), is
J(te, Fae) — J(a, Fa)
< J(te, Fae) + J*(F*s*, —s")

- /Q [mm IPel® % — el | py (1)) = h(lpal) Ipel? + K (IC(e(ue) — pe)]) | .
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In the derivation above, we used the relation (7.8). We then turn to a lower bound
of the difference. Taking © = @, in (3.6);, we obtain

(7.12) /Q [ [pel — & [p| — b+ (e — )] dx

Z/ [—=C (e(w) = p) - ((e(ue) = pe) = (e(w) —p)) — A(lp) p - (P — p)] da.
Q

= $C(elw) = p) - (e(w) = p) = H(lpl) — klp| + -] de

> [ {Beoltetu) = p) = (ewe) = po* + Hllpl) = Hlol) = bllp) p- (o ~ 1)}

where we have made use of (7.12).
Now define the function

Hi(a) = H(a) - = hoa? = hy | = (1 — =) — Lge=val
2 v? v

the part of H related to h;. Then
H{(a) = hi(1 —va)e™* > —e"2h; > —0hy,
using (2.14). Hence,

H(lp|) — H(|pl) = h(lpl) p - (Pe — p)
= Lho(lpel® = Ip|* — 2p - (pe — ) + Hi(|pe|) — Hi(|p|) — hie™Plp - (p. — p)

h
> 70 Ipe — pI? + Hi(lpe|) — Hi(lpl) — Hi(lpe| — Ip])

h oh,

> 30Izrhs—pIQ——-é—gllzoel-lpll2
1-0)h

Z( 2) Olpe—p|2

Thus
J(te, Fe) — J (G, Fa)
2 /Q {'21'00 |(e(w) — e(ue)) = (p = pe)* + 5 (1= 6) holp ——p€|2} d
> a(|lu = uell}y + llp = pelld)

where

KC() }
C()+’l7()(1 —-(9)/2 ’

the last inequality is obtained using the trick employed in proving Lemma 2.1 in [32].

1
a = -2-7)0(1 —0) min{l,
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Combining the two bounds on the difference J(@., Fa.) — J(@, Fi), we then have
the a posteriori error estimate for the regularizing technique for solving the problem
(3.6).

THEOREM 7.2. Under the assumptions made on the problem (3.6), the following
inequality holds:

& (|lu— uell¥ +llp ~ pell)

2
oI+ (VIpeP + 2 + Ipe])

+H([pel) = h(|pel) [pel? + K (IC(e(ue) — pa)l)] da.

To see more clearly the effectiveness of the a posteriori error estimate (7.13), we
consider the simpler case when the material undergoes linear hardening, that is, when
the function A(a) in (2.11) is of the form

h(a) = h’07

and ho(z) > 19 > 0, a.e. in Q. We can compute

K(s) = = (05"l = k)l
where

Lot if t >0,
t*7Y1o0 ift<o.

In this special case of linear hardening, the a posteriori error estimate assumes the
simpler form

& (lu = uelly + [l = pell)

2
ol VP + & (VIpP 2+ Ipel)

= holpel? + 3= [(1C (elue) = p] )] 2] d,

where
d—-l min{l L }
—3g™ Teo+mo/2)
If
(7.15) (IC (e(ue) = pe)| = k)+ < holpel,

then from (7.14) we have
klp5,52
VI e (vipP e + [pe])

dx

& (llu — uel 2 + [Ip — pelI) < /Q
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which indicates that (7.14) (and (7.13), at least when h; is small) is a useful a poste-
riori error estimate. To prove (7.15), we notice that from (7.8),

k
C(e(ue) = pe) = (ho + W) De-

Thus
Cle(ue) - pe)| = (ho + -——’f—-——) el
VIpel? + ¢
and so
k&2
N =1 oy
Obviously,

ke?

VIpe|? + €2 (\/Izoel2 + €2 + lpel)

hOlpe| - < holpa|'

Therefore, (7.15) follows.

For the finite-element system (5.1), we can also use the regularization technique.
So instead of solving (5.1), which is difficult because of the presence of the nondif-
ferentiable term, we solve a sequence of regularized problems: find up. € Vj and
Dh,e € Qn, such that

{ (Aun e, Vn — Un,e) + Je(Vn) = Je(Un,e) + b(Vh — Un.e, Phe) = (byvh — Une), YVn € Vi,
b(Uh,e; qn) = (9,qn), Y qn € Qn-

(7.16)

We can apply the results in Theorem 7.2 to the discrete problems, (5.1) and (7.16),
to obtain the a posteriori error estimate

a (|lu = uel} + [lp — pell?)
klph,ele2

<
(7.17) B ‘/Q \/Iph,el2 +¢e? <\/lph,e|2 +e2 + Iph,6|>

+ H(|ph.e|) — holpn,e|* + K (|C(e(un,e) — ph,s)l):| dz.

Note that the computable error estimate (7.17) can help one to determine whether
a solution of the regularized problem can be accepted as the solution of the original
finite-element problem.
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