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1. Introduction

Since the pioneering work of Panagiotopoulos in early 1980s [1], the area of hemivariational inequalities,
including modeling, well-posedness analysis, numerical approximation and simulation, and applications, has
attracted steady attention from the research community. In this paper, we use the terms “hemivariational
inequalities” and the more general “variational-hemivariational inequalities” interchangeably. In recent
years, there has been an explosive growth in the literature on hemivariational inequalities, cf. e.g. [2] for
recent results on theoretical analysis of hemivariational inequalities, and [3] for a survey of numerical analysis
of hemivariational inequalities.

In dealing with constraints in application problems, e.g. the incompressibility constraint for fluid flows,
mixed hemivariational inequalities arise naturally where a hemivariational inequality is coupled with a
variational equation or inequality that reflects the constraint, e.g., [4,5], and the mixed formulations are the
foundation for developing efficient numerical methods such as the mixed finite element method. More gener-
ally, in problems involving inequality relations, especially for applications in contact mechanics, it is possible
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to introduce Lagrange multipliers so that the weak formulation is in the form of a mixed hemivariational—
variational inequality where a hemivariational inequality is supplemented by a variational equation or
inequality. Elliptic mixed hemivariational—-variational inequalities have been studied in a number of papers,
e.g., [6-10]. In these references, the main theoretical tools for proving solution existence are fixed-point
results for set-valued mappings. In this paper, we provide a direct approach for the study of a family of elliptic
mixed hemivariational-variational inequalities through consideration of a Lagrangian functional. More
precisely, we introduce a saddle-point formulation corresponding to a mixed hemivariational-variational
inequality and explore the existence of a saddle-point of the Lagrangian functional. We prove the equivalence
between the saddle-point formulation and the mixed hemivariational-variational inequality. In this way, a
minimax principle on the saddle-point formulation provides an elementary proof of the solution existence
on the mixed hemivariational-variational inequality.

The rest of the paper is organized as follows. In Section 2, we review preliminary materials needed later. In
Section 3, we present minimax principles for a general elliptic mixed hemivariational-variational inequality.
In Section 4, we apply the theoretical results in the study of two contact problems.

2. Preliminaries

We first recall the definition of a saddle point for a functional of two arguments and an existence result
on the saddle point. Detailed discussions on saddle points can be found in [11, Chapter VI].

Definition 2.1. Let V and A be two linear spaces, let Ky C V and K4 C A be non-empty subsets of the
spaces, and let L: Ky x K4 — R be a given functional. A pair (u,\) € Ky x K, is said to be a saddle
point of L if

L(u, p) < L(u, A\) < L(v,\) Yove Ky, p€ Kjy.

It can be shown (e.g., [11, Chapter VI, Proposition 1.2]) that (u,A) € Ky x K4 is a saddle point of L if
and only if

L e 1 f L = i 3 L
(u; A) max  inf (v, 1) i sup (v, 1)

We will apply the following existence result (cf. [11, Chapter VI, Proposition 2.4]) in our studies of elliptic

mixed hemivariational-variational inequalities.

Theorem 2.2. Let V and A be two Hilbert spaces, let Ky be a non-empty, closed, convex subset of V', and
let K4 be a non-empty, closed, convex subset of A. Assume a functional L: Ky x K, — R has the following
properties:

Ve Ka, v L(v,p) is convex and ls.c.;
Vv € Ky, p— L(v, ) is concave and u.s.c.;

either Ky is bounded or lim L(v, ) = oo for some p, € Ky;
[|[v|]y =00, vEKY,

either K 4 is bounded or lim inf L(v,u) = —o0.
lullg—o0, nEK ) vEKY

Then, L has at least one saddle point over Ky x K 4.

Next, we recall definitions of the generalized directional derivative and generalized subdifferential in the
sense of Clarke for a locally Lipschitz continuous function [12]; these notions and their basic properties are
needed in studies of hemivariational inequalities. Let ¥: V' — R be a locally Lipschitz continuous functional
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defined on a real Banach space V. Then its generalized (Clarke) directional derivative at w € V in the
direction v € V is defined by

?0(u;v) == limsup P(w+Av) = ¥(w)

’
w—u, AL0 A

whereas the generalized subdifferential of ¥ at u € V' is
OV (u) = {neV*| ¥ (uyv) > (nv) YveV}.

Detailed discussions of the generalized directional derivative and the generalized subdifferential, including
their properties, can be found in [12]. We mention some of the basic properties that will be needed in this

paper.

Proposition 2.3. Assume V is a real Banach space. If ¥: V — R is locally Lipschitz continuous and conver,
then the subdifferential W (u) at any u € V in the sense of Clarke coincides with the convex subdifferential
O (u).

Let W, Uy, Wy: V — R be locally Lipschitz functions. Then O(A ¥)(u) = A0V (u) for all X\ € R and all
u € V.. Moreover, the inclusion

(¥ + o) (u) C O (u) + 0Wa(u) YueV (2.1)
holds, or equivalently,

(U + 8)%(us0) < 0P (us0) + B (u;v) Yu,v € V. (2.2)

In our analysis of saddle-point formulations, we will need the notion of strong convexity. A function
&:V — R is said to be strongly convex on V' with a constant « > 0 if

PAu+(1—=Nv) <AD(u) +(1—=N) dw) —aX(l1 =N |u—v|} Yu,veV, ¥Yrel01].

Obviously, strong convexity of a functional implies its strict convexity. The next result follows from
Proposition 3.1 and Theorem 3.4 in [13], which will be applied later.

Lemma 2.4. LetV be a real Banach space and let @ be locally Lipschitz continuous on V. Then the following
statements are equivalent.

(i) The function @ is strongly convex on V with a constant o > 0.

(ii) The generalized subdifferential O is strongly monotone on V with a constant 2 v, i.e.,

(E—nu—v)>2allu—v|} Yu,veV, £€Od(u), ncdd(v).
(iii) There exists a constant o > 0 such that

P(v) > O(u) + v —u)+alv—ull} Yu,veV, £€id(u).

Finally, we recall the concept of a potential operator and some basic facts. Detailed discussion on potential
operators can be found in [14, Section 41.3]. From now on, we will assume V' to be a real Hilbert space.
An operator A: V — V* is called a potential operator if there exists a Gateaux differentiable functional
F4:V — R such that A = FY; the functional Fy4 is called a potential of A.

If A is hemicontinuous, i.e., the function ¢ — (A(v1 +tv2), v3) is continuous on [0, 1] for all vy, ve,v3 € V,
then A is a potential operator if and only if

/ [(A(tu),u>—(A(tv),v>]dt:/ (A 4t (u—)),u—v)dt Yuve V.
0 0
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A formula to compute a potential of A is

1
Fa(v) = /0 (A(tv),v) dt. (2.3)

Any other potential of A differs from F4 by a constant.
If A is Gateaux differentiable and the mapping

(t,5) = (A'(v1 + tvg + sv3) vy, v5)
is continuous on [0,1] x [0,1] for all v; € V, 1 < i < 5, then the operator A is potential if and only if
(A'(w)v,w) = (A (w)w,v) Yu,v,weV.
In particular, A € L(V,V*) is a potential operator if and only if it is symmetric:
(Avy,v9) = (Avg,v1) V1,09 € V. (2.4)
Moreover, under the symmetry condition (2.4), a potential functional is
Fa(v) = % (Av,v), veW.

Throughout the paper, we will use ¢ to denote a generic positive constant whose value may change from
one place to another but it is independent of other quantities of concern in the context.

3. Minimax principles for a general elliptic mixed hemivariational-variational inequality

In this section, we consider an abstract elliptic mixed hemivariational-variational inequality and a
corresponding saddle-point formulation. We show the equivalence between the two formulations, and explore
the solution existence and uniqueness.

Let V and A be two real Hilbert spaces. We write V* and A* for their dual spaces, and use (-, -) to denote
the duality pairing between V* and V, or between A* and A; it should be clear from the context which
duality pairing is meant by (-,-). Let Kyy C V and K, C A.

Given operators and functionals A: V - V* b: Vx A - R, &:V >R, ¥:V - R, and f € V* we
consider the following mixed inequality problem.

Problem 3.1. Find (u,\) € Ky x K, such that

(Au,v —u) +b(v — u, \) + ®(v) — &(u) + ¥O(u;v —u) > (f,v —u) Vve Ky, (3.1)
blu,u—A) <0 Vpe Ky

We will focus on the case where A is a potential operator and note that this is the case for majority of
applications in mechanics and engineering. We denote by F4 the potential of the operator A and introduce
a Lagrangian functional L: Vx x V4 — R by the formula

L(v,p) = Fa(v) + @(v) + ¥(v) = (f,v) + b(v, 1), v € Ky, p € Ka. (3.3)

Then, we consider a saddle-point problem corresponding to Problem 3.1.

Problem 3.2. Find (u,\) € Ky x K, such that

L(u,p) < L(u,A) < L(v,\) Vve Ky, u€ Ky. (3.4)
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Let us introduce conditions on the problem data.

PO (vy5v9 —v1) + WO(vo;01 — vo) < agllvy —vally Vour,ve € V. (3.5)
o H(f) feV™.
Related to the condition H(A), we will use M4 for the Lipschitz constant:
|Avy — Avg|lyx < Mallvr — ey Voui,ve €V, (3.6)
and use my4 for the strong monotonicity constant:
(Avy — Avg,v1 — ) > ma||vg — vg||%/ Yui,v9 € V. (3.7)
Related to the condition H(b), we will use M; > 0 for the boundedness constant:
[b(v, )| < Mpllvflv[ulla VveV, pe A (3-8)
Assumption H(b) allows us to define an operator B € L(V; A*) by the relation
(Bu, )y =blv, i) YveV,ue A

In H(®), the convex function @: V — R is assumed to be continuous, instead of ls.c. As is explained
in [15,16], there is no loss of generality with the stronger assumption of continuity for a vast majority of
applications.

For acy from (3.5) and m4 from (3.7), we will assume

o H(s) awy < ma.

The condition H(s) is known as a smallness condition in the literature.
In case where Ky is a subspace of V', we will assume the bilinear form b(-, -) satisfies an inf-sup condition:
there exists a constant a; > 0 such that

b(v, p)
0#£veEKy, vy

> apllplla Ve A (3.9)
We will make repeated use of the next result on the Lagrangian L.

Proposition 3.3. Assume H(Kvy), H(Ka), H(A), H(b), H(®), H(V¥), H(f), and H(s). Then for each
fized p € A, the mapping v — L(v, ) is locally Lipschitz and strongly convex on V', and

(vf — 3,01 —va) > (ma —ag) vy — v} Y €V, vl € dL(vi,p), i=1,2.

Moreover, the same statement is valid when L(v, u) is replaced by L(v, u) — @(v), i.e., for any fized element
w € A, the mapping v — L(v, ) — ®(v) is locally Lipschitz and strongly convex on V.

The result follows from the proof of Proposition 3.4 in [15], and we skip its proof in this paper.
The relation between Problems 3.1 and 3.2 is presented next.
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Theorem 3.4. Assume H(Kvy), H(K,), H(A), H(b), H(®), H(¥), H(f), and H(s). Then, Problems 3.1
and 3.2 are equivalent, i.e., (u,\) € Ky X K, is a solution of Problem 3.1 if and only if it is a solution of
Problem 3.2.

Proof. First, it is easy to see that (3.2) and the first inequality in (3.4),
L(u,p) < L(u,\) Vpe Ka

are equivalent.
It remains to prove the equivalence of (3.1) and the second inequality in (3.4):

L(u,\) < L(v,\) Vv e Ky. (3.10)

Assume (3.1) is valid. By Proposition 3.3, Li(-,A\) = L(:, A) — &(+) is convex. So for any v € Ky and any
t € (0,1), we have
Li(u+t(v—u),A) <tLi(v,A\) 4+ (1 —t) Ly (u, A).

Rewrite the inequality as

Lot 0= ), )~ Lau V)] < L0, 0) = L, ),
i.e., after using the definition of the functional L,
S A £ (0 — ) — Fau)] + 3 [9(u+t (v~ u)) — ¥(w)
—(fyv—u)+b(v—u,A) < Li(v,\) — L1(u, A).
Take the upper limit of both sides of the above inequality as ¢ — 0+ to obtain
(Au,v —u) + P(u;v —u) — (f,v —u) +b(v —u,\) < Li(v,\) — Ly (u, \).

ie.

(Au,v —u) + ¢(v) — D(u) + PO(u;v —u) — (f,v —u) +b(v —u, \) < L(v, ) — L(u, \).
The left side of the inequality is non-negative by (3.1). Hence,
0<L(v,\) — L(u,A\) Vve Ky,

which is (3.10).
Conversely, assume (3.10). Denote by If, (-) the indicator function of the set Ky . Then, we have

0€ 9 (L(u,\) + I, (v)) C OL(u, A) + Ol (u), (3.11)
where (2.1) is applied for the second inclusion. Since
OL(u,\) C Au+ 09(u) + 0¥ (u) — f + Bu,
we deduce from (3.11) that
(Au,v —u) + ¢(v) — ®(u) + VO (w;v —u) — (f,v —u) +blv —u,\) >0 Vo e Ky,

ie, (3.1) holds. W

We now present existence results on Problem 3.2. We distinguish two cases: first for the case where K4
is bounded (Theorem 3.5), and then for the case where K, is unbounded (Theorem 3.6).

6
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Theorem 3.5. Assume H(Kvy), H(K4), H(A), H(b), H(®), H(¥), H(f), and H(s). Moreover, assume
K 4 is bounded. Then Problem 3.2 has at least one solution (u,\) € Ky x K .

Proof. By Proposition 3.3, for any pu € K4, the function v — L(v, u) is strictly convex and continuous.
Evidently, for any v € Ky, the function u — L(v, ) is concave and continuous. If Ky is bounded, we can
apply Theorem 2.2 directly to conclude that L has at least one saddle point.

Assume now that Ky is unbounded. For any u* € A chosen and fixed, by Proposition 3.3, v — L(v, u*)
is locally Lipschitz and strongly convex on V. In particular, L(-, u*) is coercive on Ky ; thus,

L(v, u*) = oc. (3.12)

lim
[|[v]ly =00, vEKY,
Again we can apply Theorem 2.2 to conclude that L has at least one saddle point. B
Theorem 3.6. Assume H(Ky), H(K,), H(A), H(b), H(®), H(¥), H(f), and H(s). Moreover, assume

K is unbounded; Ky is a subspace of V; @: V. — R is Lipschitz continuous on Ky ; there exist non-negative
constants cg,c1 and k € [0,2) such that

0¥ )]y < cotallvly YoeV; (3.13)

and the inf-sup condition (3.9) holds. Then Problem 3.2 has at least one solution (u,\) € Ky X Kj.

Proof. We comment that the inequality (3.13) is understood in the sense that
Inllvs <co+erlvllyy YveV, Vned¥(v).

To apply Theorem 2.2 on the existence of a solution to Problem 3.2, the only condition that remains to
be verified is
lim inf L(v,p) = —oc. (3.14)

lullg—o0, pEK g vEKY

Let p € A. From Proposition 3.3, we know that the mapping v — L(v, ) is locally Lipschitz and strongly
convex. Therefore, there is a unique element u, € Ky such that

L(uy, p) = vé%fv L(v, ).

In particular, this implies
(up,v—u,) >0 Vve Ky, u, € OL(uy, ). (3.15)

X

Here, OL(uy,, pt) is the generalized gradient of L(-, 1) at u,. We have the characterization (cf. [15, Theorem
3.5])

(Auy,v —u,) + ®(v) — S(uy,) + PO (upsv —uy) > (fv—u,) —bv —uu,p) Yo € Ky. (3.16)
Since Ky is a linear subspace of V', we can substitute v with v, + v in (3.16) to get
(Auy,v) + D(u,, +v) — S(u,) + PO(uu;v) > (f,0) —blv,p) Vo € Ky.
Replacing v by —wv in the above inequality,
b(v, ) < —(Auy,v) + B(u, —v) — B(uy) + ¥(uy; —v) + (f,v) Yve Ky.

Write
(Auy,v) = (Au, — A0, v) + (A0, v).
7
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By H(A),
[(Auy, v)| < (Mallug|lv + [[A0][v+) [[v]lv.

By applying (3.13),
U0 (uy; —v) < (co + erfluglli) vllv-

Denote by M4 the Lipschitz constant of @:
‘@(’Ul) — @(’1}2)| < Mq}”?)l — U2||V Vi, vy € Ky

Then,
|B(u, —v) — B(w,)| < Mooy Vo€ Ky.

Hence,
b(v, p) < (Mallupllv + erlluully + [[A0flvs + Ma + co + || fllv+) [[v]lv Vv e Ky.

Apply the inf-sup condition (3.9),

b(v, p
aplilla < sup 20H)
0£vEKY, [[v]lv

< Malluullv + erllunlli + [[AO]lv+ + Mg + co + || fllv+-

Thus, for some constant ¢ > 0,
. 1
luully = ¢ [min(lpla, ™) = 1]

Here, by convention, when x = 0, the term ||u||i1/N is dropped from (3.17):

lupllv = c(llplla—1).

(3.17)

Now let us choose an arbitrary element vy € Ky and fix it. Then by Lemma 2.4 and Proposition 3.3, we

have the relation

* ma — oy *
L(”Ovu) - L(u,uhu“) Z <UN7U0 - u,u> + # HUO - u#”z? u}l. € aL(u#,u)
By making use of (3.15), we obtain
ma — Qg
L(’U,,“,U/) SL(UOHU/)_ 2 HUO_UMHZ'

By the definition (3.3) of L,
L(vo, 1) = co + b(vo, p),

where
co = Fa(vo) + @(vo) + ¥(vo) — (f,v0)

is a constant independent of pu. Note that
[b(vo, )] < My|[voll [|ll4-
Combining (3.17), (3.18) and (3.19), we can derive the inequality
L(up, 1) < ¢ 1+ plla — min gl 207")

for some positive constant c. Since k € [0,2), (3.14) holds. W

Since Problems 3.1 and 3.2 are equivalent, we can state the following result on Problem 3.1.

8
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Theorem 3.7. Under the assumptions stated in Theorem 3.5 or in Theorem 3.6, Problem 3.1 has a solution.

Finally, we present a uniqueness result on the first component u of the solution. Similar uniqueness result
can be found in [6,7,10].

Theorem 3.8. Keep the assumptions stated in Theorem 3.5 or in Theorem 3.6. Then, the first component
u of a solution of Problem 3.1 or Problem 3.2 is unique.

Proof. Assume Problem 3.1 has two solutions (u1, A1), (u2, A2) € Ky XK 4. Then in the defining inequalities
(3.1) and (3.2) for the solution (u1, A1), we take v = up and p = Ay to obtain

<AU1, Ug — U1> + b(UQ — U, /\1) + @(UQ) — @(ul) + 470(1“; Ug — U1) > <f, Uo — U1>, (320)

b(ul, )\2 - )\1) S 0. (321)
Similarly,

<AUQ, Uy — U2> + b(u1 — U2, )\2) + @(ul) — @(UQ) + WO(UQ; Uy — UQ) > <f, Uy — U2>, (3.22)

b(’UQ, )\1 — /\2) S 0. (323)

Add (3.20) and (3.22) to get
(Auy — Aug,ug — ug) < bug — u1, Ay — A2) + P0(ursup — uy) + ¥O0(ug;uy — uy). (3.24)
Note that by (3.21) and (3.23),
blug — u1, A1 — A2) = bluz, A1 — A2) + b(u1, A — A1) <0.

Then from (3.24),
<AU1 — AUQ,Ul — U2> < WO(Ul;UQ — Ul) + WO(UQ;ul — UQ).

Apply the conditions H(A) and H(¥),
mallur = ually < awllur —ualy.

By the condition H(s), this inequality implies ||u; — uz||vy =0, i.e., uy =ug. W
4. Examples arising from contact mechanics

In this section we discuss two examples from contact mechanics to illustrate the application of the
theoretical results shown in Section 3.

We will consider contact problems for the deformation of a deformable body whose initial configuration
is a Lipschitz domain 2 C R? (d < 3). Since 942 is Lipschitz continuous, the unit outward normal vector
v = (v1,...,v9)7 is defined a.e. on 9f2. For an R%valued function % on the boundary, its normal and
tangential components are u, = w - v and u, = u — u, v, respectively. Denote by S? the space of second
order symmetric tensors on R¢ or, equivalently, the space of symmetric matrices of order d. For an S%-valued
function o on the boundary, we call o, = v-ov and o, = ov — o,V the normal and tangential components
of o on the boundary.

We adopt the summation convention over a repeated index. The indices ¢ and j run between 1 and d.

The canonical inner products and norms on R% and S are

w-v=uw;, |vl|ga=(v-v)Y? forall u=(u;), v=(v;) € RY,

1/2

o:T=0Tij, |oga=(0:0) for all & = (0y;), T = (1i;) € S
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Example 4.1. We split the boundary 042 into four mutually disjoint parts: 002 = I, U I, U I'3 U Iy with
|| > 0, |I3] + [Ty > 0. The classical formulation of the contact problem is to find u : £ — R3 and
o : 2 — S% such that

Dive +f,=0 in £, (4.1)
o€ e(u)+0vYo(e(u)) in £, (4.2)
u=0 on Iy, (4.3)
(4.4)
(4.5)

O'V:f2 OI’IFQ,

u, =0, o] <g, or = —gﬁ if u, #0, on I3,
ur
— 0, =F, ||o,|| < klov|, oy = —k|ay|ﬁ if u, £0, on I} (4.6)
ur

Let us briefly comment on the equations and conditions in this problem. The equilibrium equation is
represented by (4.1) where fj is the density of the body force. The inclusion (4.2) is the constitutive law for
elastic materials in which £ represents the elasticity operator and 9y, stands for the generalized gradient of a
superpotential function ¥ (cf. [10]). The condition (4.3) means that the body is fixed on I';. The condition
(4.4) gives a surface traction condition on Iy, where f» is the density of the applied surface traction. On
I's the contact is bilateral, signified by the first condition in (4.5). The second and third relations in (4.5)
represent a version of static Coulomb’s law of dry friction, g > 0 being a given friction bound. It can be
verified that these two relations are equivalent to

lol <g. or-u+glul =0 onlh. (4.7)

On I'y, we have a frictional contact condition with prescribed normal stress, see (4.6). For more details on the
lines (4.5) and (4.6) the reader may consult, for instance, [17,18]. Note that the assumption “|I'3|+|I’s| > 0”
allows the possibility that |I'3] > 0 and I'y = (), or |I'y] > 0 and I's = (); in the former case, the contact
problem contains the contact condition (4.5) only, whereas in the latter case, the contact problem contains
the contact condition (4.6) only.

For simplicity in writing, we assume the elasticity operator £: 2 x S — S? to be linear so that
€ = (&ijri)i1<i,jki<d is symmetric, bounded, and pointwise stable:

Eijrr = Ejim = Ertiy, 154,54,k 1 < d, (4.8)
Eiji € L>(2), 1<4d,j,k1<d,
(Eijuie) 1 € > mellel|2s, me >0, Ve €S (4.10)

For the superpotential ¥ : 2 x S* = R, we assume

Yo(-, €) is measurable on 2 for all € € S, ¥q(-,0) € L' (2); (4.11)
Yoz, -) is locally Lipschitz continuous on S for a.e. = € £2; (4.12)
1/)?2(:11,61;62 —€1)+ 1/)%(:1:, €€ — €) < ay,ll€r — 62||§d Ve, e € Sd, a.e. x € (2, (4.13)

where ay,, > 0 is a constant. On the external force densities, we assume
fo e L2(2;RY),  fo € L2(Iy;RY). (4.14)
In addition, we assume that

g€ L*(I3), g(x) > 0ae. xc I3 (4.15)

10
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F e L*(Iy), F(z) >0ae. z €Iy
ke L*(Iy), k(xz) >0ae. x eIy

We use the space
V:{vGHl(Q;Rd)|’yv:0011F1,vy:OonF3} (4.16)

for the displacement variable. Here and below, for all v € H!(£2;R%), v, = ~v - v denotes the normal
component of the trace yv of v on I'. Since |I'1| > 0, Korn’s inequality holds: for some constant ¢ > 0,

1]l g1 (oray < clle(@)ll2ey YVVEV

(cf. [19, p. 79]), and we can define the norm |[v||v = |[e(v) 2(os4), which is equivalent to the standard
norm [|v|| ;1 (g.gay on V. For the Lagrange multipliers we use the space

A= 27", (4.17)
where Z is the closed subspace of H/?(I';R%) defined as
Z:{zeHl/Q(F;Rdﬂz:'yvfor somevEV}; (4.18)
see, e.g., [20] (page 4) for some details. Then we introduce the bilinear form
b(v,p) = (n,yv), veV,peA, (4.19)
where (-, ) stands for the duality pairing between A = Z* and Z.
We also define @ : V — R,
@(v):/ EF|v.||da YveV (4.20)
I’y
and introduce the set
KA:{MEAH;L,z)S/ g||z|daVzeZ}. (4.21)
I3
Next, we define a Lagrange multiplier A € K, as follows:
(N z) = —/ o, - zda. (4.22)
I's

Let us derive a mixed weak formulation for the contact problem (4.1)—(4.6) for the variables uw and A. For
this purpose, we assume the problem has a smooth solution (u, o) so that each step in the derivation below
is meaningful. We multiply (4.1) by v — uw with v € V smooth, integrate over {2, perform an integration by
parts, and apply (4.4) and boundary conditions of v due to v € V' to obtain

/(Zaze(vu)de3UTo(vTuT)daL4UTo(vTuT)da(f,'vu), (4.23)

where

(f,v)= [ fo-vdx+ foryvda, wvevV. (4.24)
Q Iy

Note that here and below, for all v € V, v, = yv — v, v.
By the constitutive relation (4.2),

/Q o:e(v—u)dr < /Qé‘s(u) ce(v—u)dr + /(ZT/J%(E(U);E(U —u))dx.

11
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From the definition (4.19),
—/ o, (v —u;)da =b(v,\) — b(u, A).
I3

Hence, from (4.23), we deduce that

/56( ):e(v—u) der/ijJQ se(v—w))dr
+ &(v) — D(u) + b(v,A) — b(u, ) > (f,v— u).
From (4.7), we have

v = [ gl da
I's

Hence, for p € Ky,

b(u,p—A) = <N7’Y’u‘> - <)‘7A/'u’> <0.
In summary, the mixed weak formulation of the problem (4.1)—(4.6) is to find (u,A) € V x K, such that
forall ve V and p € Ky,

(Au,v— u)+ b(v — w, ) + &(v /% e(v—w))de > (fo—u),  (4.25)
b, 11— A) <0, (4.26)

where
(Au,v) = / Ee(u):e(v)dx, u,veV. (4.27)

Q
We consider an auxiliary problem: find (u,A) € V x K, such that

(Au,v —u) + b(v—u,\) + &(v) — d(u) + PO(u;v—u) > (f,v—u) YveV, (4.28)
blu,p—A) <0 Vpe Ky, (4.29)

where
= / Yo(e(v))de, veV. (4.30)

2

The operator A is potential with

- /Q £e(v)

L(’U,H,):FA(’U)+b(’U,[J/)+@(’U)+W(’U)*<f7’v>, vev, HGA

We introduce the Lagrangian functional

and the related saddle-point problem
(u,A\) e Vx Ky, L(u,pu) <L(u,A) < L(v,\) V(v,pu) €V x Ky. (4.31)

The problem (4.28)—(4.29) is a particular case of Problem 3.1, whereas the problem (4.31) is a particular
case of Problem 3.2, with Ky =V defined in (4.16), 4 defined in (4.17), K4 defined by (4.21), A defined by
(4.27), b defined by (4.19), @ defined by (4.20), ¥ defined by (4.30), and f = f defined by (4.24). Note that
K 4 is a bounded set in A, and we are in a position to apply Theorems 3.4, 3.5, 3.7 and 3.8. The conditions
H(Kvy), H(K,), H(A), H(b), H(®), H(¥) and H(f) can be verified straightforward. It is easy to see that
(3.7) holds with m4 = mg.

According to Proposition 3.37 (i) and Theorem 3.47 (iv) in [21], the following inequality holds true:

/ WO (e(u)ie(v) de > PO(uiv) VoeV. (4.32)

12
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By using (4.13), we have, for any v, vy € V,

PO (v1; 03 — v1) + PO (vg;01 — 2) < / [ (e(v1); €(v2 — v1)) + P (e(v2); €(v1 — v2))] da
< ayg[vr — v

Thus, (3.5) holds with oy equals vy, from (4.13). Hence, for the problem (4.28)-(4.29) and the problem
(4.31), the smallness condition H(s) becomes

Qyp,, < Meg. (4.33)

By applying Theorems 3.4, 3.5, 3.7 and 3.8, we know that under the additional condition (4.33), the
problem (4.31) and the problem (4.28)—(4.29) are equivalent, each problem has a solution (u,A) € V' x K,
and the first component u of the solution is unique.

Because of (4.32), we know that a solution (u, ) € V x K, of the problem (4.28)—(4.29) is also a solution
of the problem (4.25)—(4.26). Moreover, the uniqueness of u for the problem (4.25)—(4.26) can be verified as
in the proof of Theorem 3.8. W

Example 4.2. We split the boundary 942 into five mutually disjoint parts: 02 = I UT,UT3UTy U T with
|| > 0 and |I3] + |IT4| + |I5] > 0. The classical formulation of the contact problem is to find u : 2 — R3
and o : 2 — S? such that

4.34
4.35
u=0 on [, 4.36

Dive + fy =0 in (2, (4.34)
(4.35)
(4.36)
ov=_f only, (4.37)
(4.38)
(4.39)
(4.40)

o=~Ee(u) in 02,

u, =0, —o, € 0Yr(u;) on Fg, 4.38
4.39

u, =0, |lo-| <g, o0 =— if up #0, on I}y,

gl TII

o,=0,0,<0, u, <0, opu, =0 on I5. 4.40

The mechanical significance of (4.34), (4.36), (4.37) and (4.39) is like in the previous example and the
constitutive law (4.35) is a classical one governed by the elastic operator £. In addition, we use a bilateral
frictional contact condition governed by the superpotential ¢, on I's, see (4.38). Moreover, we use a
frictionless unilateral contact condition on I, see (4.40); for more details on such a contact condition
we refer to e.g. [17] and the references therein. Similar to Example 4.1, the assumption “|I7]| > 0 and
|I3|+ |14 +]1'5| > 07 allows the possibility that only one or two of the three contact conditions (4.38)—(4.40)
are present.

As working hypotheses we keep (4.8)—(4.10), (4.14), (4.15), and for the superpotential ¢y : I's x R* — R,
we assume

Yr (-, v) is measurable on I's for all v € R?, ¢r(-,0) € L' (I3);
Yr(zx,-) is locally Lipschitz continuous on R? for a.e. € I's;

(2, w1500 — v1) + U0 (2, vo; 01 — ) < ayllvr — 'U2||§d Vo, v € RY ae xeIs, (4.41)

where ay,, > 0 is a constant.
For this example, we use the space

V:{veHl(Q;Rd)|’yv:0onF1,v,,:OonF3UF4}, Ky =V

13
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for the displacement variable, and define an operator A : V' — V and functionals @, f: V — R by
(Au, v) :/ Ee(u):e(v)dr YVu,veV,
Q
o) = [ gl Yoev.
Iy
(f,'u>:/f0"ud:r+ foryvda YoveV.
Q Iy

For the Lagrange variable, we use the space
AN=7"

where
7Z = {zEHl/Q(F;Rd) | z=~yv for some vEV}.

Define the bilinear form b: V x 4 — R by
b(v, p) = (u,yv) YveV, peAd,

and the set
Ky={peA|{p~yv) <0VveK},

where
K={veV]|v, <0ae. on I}

Let us define a Lagrange multiplier A € A as follows:
A z) = —/ oV - zda.
I's

Similar to Example 4.1, we arrive at the following mixed weak formulation for the problem (4.34)—(4.40):
find (u,A) € V x K, such that for all v € V and p € Ky,

(Au,v — u) + b(v — u,A) + &(v) — d(u) + : V9 (ur; vy — ur)da > (f, v — u), (4.42)

b(u,u —A) <O0. (4.43)

In relation to the above mixed weak formulation, we consider an auxiliary problem as follows: find
(u,A) € V x K, such that

(Au,v —u) +b(v—u,\) + &(v) — d(u) + P (u;v —u) > (fv—u) YoV, (4.44)
blu,pp —A) <0 Vpe Ky, (4.45)
where
V(v) = ; Yr(v,) da.

The corresponding saddle-point problem is
(u,\) e Vx Ky, L(u,pu) <L(u,A) < L(v,\) V(v,pu) €V x Ky. (4.46)

with the Lagrangian functional

L(v, ) = %/gé’e(v) () dz+ b(o.ge)+ [ vr(v) dat 3() — (f.v).

14
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Similar to (4.32), we have

0 (ur; v ) da > WO(u;v) YoeV. (4.47)
I3

Then by using (4.41), for any vy, v € V,

PO (v1;v0 — v1) + U0 (va; 01 — v2) < / [V (v1,r5 00,7 — v1,7) + 0P (V2,r5 01,7 — v2-)] da
I's

< ayp Ary [lon — vl

where A, > 0 is the smallest eigenvalue of the eigenvalue problem

weV, /E(w):s(v)dm:)\ w;-vrda YveV.
7 s

Thus, (3.5) holds with ay equals ad,r)\;;. Hence, for the problem (4.44)—(4.45) and the problem (4.46), the
smallness condition H(s) becomes

Qo < mg>\['3 . (448)

Since the conditions H(Ky ), H(K,), H(A), H(b), H(®), H(¥) and H(f) are fulfilled, keeping in mind
(4.48), we apply Theorems 3.4, 3.6, 3.7, 3.8. Note that the inf-sup property of the form b, (3.9), can be
verified as in [20] (see pages 16-17). Also, it is worth underlining that in this example K4 is an unbounded
set.

Hence, the saddle point problem (4.46) and the auxiliary problem (4.44)—(4.45) are equivalent, each
problem has a solution (u,A) € V' x K, and the first component u of the solution is unique.

Because of (4.47), we know that a solution (u, A) € V x K4 of the problem (4.44)—(4.45) is also a solution
of the problem (4.42)—(4.43). The uniqueness of u for the problem (4.42)—-(4.43) can be verified by using a
similar technique with that one used in the proof of Theorem 3.8. W
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