
IMA Journal of Numerical Analysis (2020) 40, 2696–2716
doi:10.1093/imanum/drz032
Advance Access publication on 1 August 2019

Finite element method for a stationary Stokes hemivariational inequality with
slip boundary condition

Changjie Fang
Key Lab of Intelligent Analysis and Decision on Complex Systems, Chongqing Univeristy of Posts and
Telecommunications, Chongqing 40065, China; School of Science, Chongqing University of Posts and

Telecommunications, Chongqing 40065, China
fangcj@cqupt.edu.cn

Kenneth Czuprynski
Program in Applied Mathematical and Computational Sciences, University of Iowa,

Iowa City, IA 52242, USA
ken.czup@gmail.com

Weimin Han∗
Department of Mathematics and Program in Applied Mathematical and Computational Sciences

(AMCS), University of Iowa, Iowa City, IA 52242-1410, USA.
∗Corresponding author: weimin-han@uiowa.edu

Xiaoliang Cheng
School of Mathematical Sciences, Zhejiang University, Hangzhou 310027, China

xiaoliangcheng@zju.edu.cn

and

Xiaoxia Dai
School of Computing Science, Zhejiang University City College, Hangzhou, China

daixiaoxia@zucc.edu.cn

[Received on 24 December 2018; revised on 25 April 2019]

This paper is devoted to the study of a hemivariational inequality problem for the stationary Stokes
equations with a nonlinear slip boundary condition. The hemivariational inequality is formulated with the
use of the generalized directional derivative and generalized gradient in the sense of Clarke. We provide
an existence and uniqueness result for the hemivariational inequality. Then we apply the finite element
method to solve the hemivariational inequality. The incompressibility constraint is treated through a
mixed formulation. Error estimates are derived for numerical solutions. Numerical simulation results
are reported to illustrate the theoretically predicted convergence orders.
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1. Introduction

Variational and hemivariational inequalities have emerged as an important tool in studying a wide
range of nonlinear problems in science and engineering. Since the 1960s there has been extensive
research on the modelling, theoretical analysis and numerical simulations of variational inequalities;
see for instance Duvaut & Lions (1976), Kinderlehrer & Stampacchia (1980) and Baiocchi & Capelo
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FINITE ELEMENT METHOD FOR A STOKES HEMIVARIATIONAL INEQUALITY 2697

(1984) on mathematical theories; Glowinski et al. (1981), Glowinski (1984), Hlaváček et al. (1988)
and Haslinger et al. (1996) on numerical solutions and Kikuchi & Oden (1988), Han & Sofonea
(2002) and Wriggers (2006) on applications in contact mechanics. While variational inequalities are
concerned with nonsmooth convex energy functionals (potentials), hemivariational inequalities are
mathematical problems concerning nonsmooth and nonconvex energy functionals (superpotentials).
The notion of hemivariational inequalities was first introduced by Panagiotopoulos in the early 1980s
(Panagiotopoulos, 1983) and is closely related to the development of the concept of the generalized
gradient of a locally Lipschitz functional developed by Clarke (1975, 1983). Since then hemivariational
inequalities have attracted much interest from the research community. Some comprehensive references
on hemivariational inequalities include Panagiotopoulos (1993), Naniewicz & Panagiotopoulos (1995),
Haslinger et al. (1999), Carl et al. (2007), Migórski et al. (2013) and Sofonea and Migórski (2018). In
recent years optimal-order error estimates have been derived for numerical solutions of hemivariational
inequalities arising in solid mechanics (cf. Han et al. 2014; Barboteu et al. 2015; Han et al. 2017;
Han 2018; Han et al. 2018; Han et al. 2019; Han & Sofonea 2019).

Fujita (1993, 1994) investigated the boundary value problem for steady motions of viscous
incompressible fluid, where he introduced some slip or leak boundary conditions of friction type.
Subsequently, many theoretical results on the properties of the solution, for example, existence,
uniqueness, regularity and continuous dependence on data, for Stokes problems are presented in Fujita
et al. (1995), Fujita & Kawarada (1998), Saito & Fujita (2001), Saito (2004), Le Roux (2005), Saidi
(2007) and Fang & Han (2016). The finite element approximation of the problems can be found in Li &
Li (2008, 2010) and Kashiwabara (2013a,b). In these references the weak formulations of the problems
are variational inequalities. In this paper we study a hemivariational inequality problem for the stationary
Stokes equations with a nonlinear slip boundary condition.

Let Ω ⊂ R
d (d ≤ 3 in applications) be an open bounded connected set with a Lipschitz boundary

∂Ω . The boundary consists of two parts: ∂Ω = Γ ∪ S with meas(Γ ) > 0, meas(S) > 0 and Γ ∩ S = ∅.
Denote by n = (n1, · · · , nd)

T the unit outward normal on the boundary ∂Ω . For a vector-valued function
u on the boundary let un = u · n and uτ = u − unn be the normal component and the tangential
component, respectively. With the flow velocity field u and the pressure p we define the strain tensor
ε(u) = 1

2 (∇u + (∇u)T) and the stress tensor σ = −pI + 2νε(u), where I is the identity matrix. Let
σn = n · σn and σ τ = σn − σnn be the normal component and the tangential component of σ .

We consider the Stokes problem

− νΔu + ∇p = f in Ω , (1.1)

div u = 0 in Ω , (1.2)

with the following boundary conditions:

u = 0 on Γ , (1.3)

un = 0, −σ τ ∈ ∂j(uτ ) on S. (1.4)

Here, j(uτ ) is a shorthand notation for j(x, uτ ); j : S × R
d → R is assumed locally Lipschitz and ∂j is

the subdifferential of j(x, ·) in the sense of Clarke (cf. Section 2), ν is a positive quantity representing
the viscosity coefficient and f is the density of external forces. In the literature (1.4) is known as a slip
boundary condition. The first part un = 0 means that the normal velocity is zero on the boundary S,
so the fluid cannot pass through S outside the domain. The second part represents a friction condition,
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2698 C. FANG ET AL.

relating the friction σ τ and the tangential velocity uτ . This relation is of nonmonotone type when the
potential j is not a convex function.

The organization of this paper is as follows. In Section 2 we present some definitions and auxiliary
material. In Section 3 we introduce several different variational formulations of the Stokes problem,
establish their equivalence and study the well-posedness of the weak formulations. In Section 4 we
apply the finite element method to solve the hemivariational inequality and derive error bounds. In
Section 5 we present numerical examples to illustrate the theoretically predicted convergence orders.

2. Preliminaries

For a normed space X we denote by ‖·‖X its norm, by X∗ its topological dual and by 〈·, ·〉X∗×X the duality
pairing between X∗ and X. The symbol Xw is used for the space X endowed with the weak topology.
Weak convergence will be indicated by the symbol ⇀. We denote the Euclidean norm in R

n by | · |.
The symbol 2X∗

represents the set of all subsets of X∗. For simplicity in exposition, in the following, we
always assume X is a Banach space, unless stated otherwise.

We first recall the definitions of generalized directional derivative and generalized gradient in the
sense of Clarke for a locally Lipschitz function.

Definition 2.1 (Clarke, 1983) Let f : X → R be a locally Lipschitz function. The generalized
directional derivative of f at x ∈ X in the direction v ∈ X, denoted by f 0(x; v), is defined by

f 0(x; v) = lim sup
y→x,λ→0+

f (y + λv) − f (y)

λ
.

The generalized gradient or subdifferential of f at x, denoted by ∂f (x), is a subset of the dual space X∗
given by

∂f (x) = {ζ ∈ X∗ | f 0(x; v) ≥ 〈ζ , v〉X∗×X ∀ v ∈ X}. (2.1)

A locally Lipschitz function f is said to be regular (in the sense of Clarke) at x ∈ X if for all v ∈ X, the
one-sided directional derivative f ′(x; v) exists and f 0(x; v) = f ′(x; v).

We then recall the definition of pseudomonotonicity, first for a single-valued operator.

Definition 2.2 (Zeidler, 1990) An operator F : X → X∗ is said to be pseudomonotone, if

(i) F is bounded (i.e., it maps bounded subsets of X into bounded subsets of X∗);

(ii) un ⇀ u in X and lim supn→∞〈Fun, un − u〉X∗×X ≤ 0 imply

〈Fu, u − v〉X∗×X ≤ lim inf
n→∞ 〈Fun, un − v〉X∗×X ∀ v ∈ X.

It can be proved (see Migórski & Ochal, 2005, for example) that an operator F : X → X∗ is
pseudomonotone iff it is bounded and un ⇀ u in X together with lim supn→∞〈Fun, un − u〉X∗×X ≤ 0
implies Fun ⇀ Fu in X∗ and limn→∞〈Fun, un − u〉X∗×X = 0.

We will apply the following surjectivity result, adapted from that found in Migórski et al. (2017)
and Han et al. (2017).
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FINITE ELEMENT METHOD FOR A STOKES HEMIVARIATIONAL INEQUALITY 2699

Theorem 2.3 Let X be a reflexive Banach space, Xj a Banach space, γj ∈ L(X, Xj) and denote by ‖γj‖
the operator norm of γj. Assume A : X → X∗ is pseudomonotone and strongly monotone: for a constant
mA > 0,

〈Av1 − Av2, v1 − v2〉 ≥ mA‖v1 − v2‖2
X ∀ v1, v2 ∈ X. (2.2)

Further assume J : Xj → R is locally Lipschitz, and there are constants c0, c1, αj ≥ 0 such that

‖∂J(z)‖X∗
j

≤ c0 + c1‖z‖Xj
∀ z ∈ Xj, (2.3)

J0(z1; z2 − z1) + J0(z2; z1 − z2) ≤ αj‖z1 − z2‖2
Xj

∀ z1, z2 ∈ Xj. (2.4)

Then under the assumption

αj‖γj‖2 < mA, (2.5)

for any f ∈ X∗ there is a unique solution u ∈ X to the problem

〈Au, v〉 + J0(γju; γjv) ≥ 〈f , v〉 ∀ v ∈ X. (2.6)

3. Variational formulations

We denote by S
d the space of second-order symmetric tensors on R

d or, equivalently, the space of
symmetric matrices of order d. The canonical inner products and the corresponding norms on R

d and
S

d are

u · v = uivi, ‖v‖Rd = (v · v)1/2 for all u = (ui), v = (vi) ∈ R
d,

σ : τ = σijτij, ‖σ‖
Sd = (σ : σ )1/2 for all σ = (σij), τ = (τij) ∈ S

d.

Here and below the indices i and j run between 1 and d, and the summation convention over repeated
indices is used.

The space (Hm(Ω))d (m ≥ 1) is denoted by Hm(Ω). For an analysis of the problem defined by
(1.1)–(1.4) we introduce the following function spaces:

V := {v ∈ H1(Ω) : v|Γ = 0, vn|S = 0}, V0 := H1
0(Ω)d, Vσ := {v ∈ V : div v = 0 in Ω},

H := L2(Ω)d, H := {σ = (σij)d×d : σij = σji ∈ L2(Ω), 1 ≤ i, j ≤ d},
M := L2

0(Ω) =
{

q ∈ L2(Ω) :
∫
Ω

q dx = 0
}

,

H1
σ (Ω) := {v ∈ H1(Ω) : div v = 0 in Ω}, H1

0,σ (Ω) := V0 ∩ H1
σ (Ω).

Let

H1 := {σ ∈ H : Div σ ∈ H}.
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2700 C. FANG ET AL.

Define ε : H1(Ω) → H and Div : H1 → H by

ε(u) = (εij(u)), εij(u) = 1
2 (ui,j + ui,j), Divσ = (σij,j)d.

Recall the following formulas (Migórski et al., 2013, Chapter 2):∫
Ω

(u div v + ∇u · v) dx =
∫

∂Ω

u vnds ∀ u ∈ H1(Ω), v ∈ H1(Ω), (3.1)∫
Ω

σ : ε(v)dx +
∫

Ω

Divσ · v dx =
∫

∂Ω

σn · v ds ∀ v ∈ H1(Ω), σ ∈ H1(Ω;Sd). (3.2)

It is well known that the spaces H and H are Hilbert spaces equipped with the inner products

〈u, v〉H =
∫

Ω

u · v dx, 〈σ , τ 〉H =
∫

Ω

σ : τ dx.

Let ‖ · ‖1 be the norm in Hilbert space H1(Ω). Since meas(Γ ) > 0 the following Korn inequality
(cf. Kikuchi & Oden, 1988, Lemma 6.2) holds:

‖v‖1 ≤ C1‖ε(v)‖H ∀ v ∈ V, (3.3)

where C1 depends only on Ω and Γ . This implies that the norm ‖ · ‖V = ‖ε(·)‖H is equivalent on V
with the norm ‖ · ‖1. Therefore, (V, ‖ · ‖V) is a Hilbert space.

The duality pairing between V and V∗ is denoted by 〈·, ·〉. Identifying H with its dual we have
an evolution triple V ⊂ H ⊂ V∗ with dense, continuous and compact embeddings. We denote by
i : V → H the identity mapping and by i∗ : V∗ → H its adjoint mapping. By the Sobolev trace theorem
and (3.3) there exists a constant C2 > 0 depending only on the domain Ω , Γ and S such that

‖v‖L2(S)d ≤ C2‖v‖V ∀ v ∈ V. (3.4)

By (3.4) there exists a continuous trace operator γ : V → L2(S) := L2(S)d and for v ∈ V we still denote
by v its trace γ v.

Introduce the following bilinear forms:

a(u, v) = 2ν〈ε(u), ε(v)〉H ∀ u, v ∈ V, (3.5)

b(v, p) =
∫

Ω

p divv dx ∀ v ∈ V, p ∈ M (3.6)

and a linear form

〈 f , v〉 =
∫

Ω

f · v dx. (3.7)

As a consequence of Korn’s inequality (3.3), a(·, ·) is coercive on V, that is,

a(v, v) = 2ν‖v‖2
V ∀ v ∈ V. (3.8)
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FINITE ELEMENT METHOD FOR A STOKES HEMIVARIATIONAL INEQUALITY 2701

Concerning the superpotential j we assume the following properties:
H(j). j : S × R

d → R is such that

(i) j(·, ξ) is measurable on S for all ξ ∈ R
d and there exists e ∈ L2(S) such that j(·, e(·)) ∈ L1(S);

(ii) j(x, ·) is locally Lipschitz on R
d for a.e. x ∈ S;

(iii) ‖η‖Rd ≤ c0 + c1‖ξ‖Rd for all ξ ∈ R
d, η ∈ ∂j(x, ξ) a.e. x ∈ S with c0, c1 ≥ 0;

(iv) (η1 −η2) · (ξ1 − ξ2) ≥ −mτ‖ξ1 − ξ2‖2
Rd for all ηi, ξ i ∈ R

d, ηi ∈ ∂j(x, ξ i), i = 1, 2, a.e. x ∈ S
with mτ ≥ 0.

It can be verified that the assumption H(j)(iv) is equivalent to

j0(ξ1; ξ2 − ξ1) + j0(ξ2; ξ1 − ξ2) ≤ mτ‖ξ1 − ξ2‖2
Rd ∀ ξ1, ξ2 ∈ R

d. (3.9)

Now we consider the functional J : L2(S) → R defined by

J(u) =
∫

S
j(x, u) ds, u ∈ L2(S). (3.10)

Using arguments similar to those in the proof of Migórski et al. (2013, Theorem 4.20) we have the
following result.

Lemma 3.1 Assume that j : S × R
d → R has the properties H(j). Then the functional J defined by

(3.10) satisfies
H(J).

(i) J(·) is locally Lipschitz on L2(S);

(ii) ‖z‖L2(S) ≤ c0 + c1‖u‖L2(S) for all z ∈ ∂J(u), u ∈ L2(S)d with c0 = √
3 meas(S) c0 and c1 =√

3 c1;

(iii) 〈z1 − z2, u1 − u2〉L2(S)d ≥ −mτ‖u1 − u2‖2
L2(S;Rd)

for all zi ∈ ∂J(ui), ui ∈ L2(S), i = 1, 2.

We comment that in applying Theorem 2.3 later to the hemivariational inequality considered in this
paper, H(J)(ii) corresponds to (2.3), whereas H(J)(iii) corresponds to (2.4) via (3.9).

Now we derive weak formulations of the boundary value problems (1.1)–(1.4). Note that the
incompressibility constraint (1.2) implies

Δu = 2Divε(u).

From the above equation and (1.1) we have

−2 ν Divε(u) + ∇p = f in Ω . (3.11)

Multiply (3.11) by an arbitrary V ∈ V and integrate over Ω to get

−2 ν

∫
Ω

Divε(u) · v dx +
∫

Ω

∇p · v dx =
∫

Ω

f · v dx. (3.12)

Note that

σn · v = σ τ · vτ + σnvn.
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2702 C. FANG ET AL.

Performing integration by parts on the left side of (3.12), applying the Green-type formulas (3.1) and
(3.2) and taking into account the boundary conditions (1.3) and (1.4) we obtain

2 ν

∫
Ω

ε(u) : ε(v) dx −
∫

Ω

p divv dx −
∫

S
σ τ · vτ ds =

∫
Ω

f · v dx. (3.13)

In view of the definition (2.1) of the Clarke subdifferential from (1.4) we have

−
∫

S
σ τ · vτ ds ≤

∫
S

j 0(uτ ; vτ ) ds. (3.14)

Consequently, from (3.13), (3.14) and (1.2) we can derive the following weak formulations:

Problem 3.2 Find (u, p) ∈ V × M such that

a(u, v) − b(v, p) +
∫

S
j 0(uτ ; vτ )ds ≥ 〈 f , v〉 ∀ v ∈ V, (3.15)

b(u, q) = 0 ∀ q ∈ M. (3.16)

Problem 3.3 Find u ∈ Vσ such that

a(u, v) +
∫

S
j 0(uτ ; vτ ) ds ≥ 〈 f , v〉 ∀ v ∈ Vσ . (3.17)

Let us recall the well-known inf-sup condition (Temam, 1979):

β1‖p‖L2(Ω) ≤ sup
v∈V0

b(v, p)

‖v‖V
∀ p ∈ M,

where β1 > 0 is a constant.
Next we show that Problems 3.2 and 3.3 are equivalent.

Theorem 3.4 Problems 3.2 and 3.3 are equivalent.

Proof. It is easy to see that if (u, p) ∈ V × M is a solution of Problem 3.2, then u ∈ Vσ is a solution of
Problem 3.3.

Conversely, suppose that u ∈ Vσ is a solution of Problem 3.3. Then

a(u, v) = 〈 f , v〉 ∀ v ∈ H1
0,σ (Ω).

Thus, by a classical result (Boffi et al., 2013, Chapter 4), we know that there exists a function p ∈ M
such that

a(u, v) − b(v, p) = 〈 f , v〉 ∀ v ∈ V0. (3.18)

Let V ∈ V be arbitrary and fixed. Since b(·, ·) satisfies the inf-sup condition there is a function v1 ∈ V0
such that

b(v1, q) = b(v, q) ∀ q ∈ M.
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FINITE ELEMENT METHOD FOR A STOKES HEMIVARIATIONAL INEQUALITY 2703

Denoting v2 = v − v1 we easily get v2 ∈ Vσ . Thus, it follows from (3.17) that

a(u, v2) +
∫

S
j0(uτ ; v2,τ )ds ≥ 〈f , v2〉. (3.19)

In view of (3.18) we have

a(u, v1) − b(v1, p) = 〈f , v1〉. (3.20)

Therefore, from (3.19) and (3.20) we obtain

a(u, v) − b(v, p) +
∫

S
j0(uτ ; vτ ) ds = a(u, v1) − b(v1, p) + a(u, v2) +

∫
S

j0(un; v2,n) ds

≥ 〈f , v1〉 + 〈f , v2〉
= 〈f , v〉.

Hence, (3.15) holds. �
We are now in a position to state and prove the following existence and uniqueness result of

Problem 3.3.

Theorem 3.5 Let Ω be a bounded and connected open subset of Rd. Suppose that f ∈ V∗, H(j) and

2 ν > mτ‖γ ‖2. (3.21)

Then Problem 3.3 has a unique solution u and the following bound holds:

‖u‖V ≤ c (1 + ‖ f‖−1) (3.22)

with a constant c > 0. Moreover, the solution u depends Lipschitz continuously on f : there exists a
constant c̃ > 0 such that for solutions u1 and u2 of the problem corresponding to f = f 1 and f 2,

‖u1 − u2‖V ≤ c̃ ‖ f 1 − f 2‖−1. (3.23)

Proof. For the bilinear form a(·, ·) we associate a linear continuous operator A ∈ L(V, V∗) defined by

〈Au, v〉 = a(u, v) ∀ u, v ∈ V. (3.24)

Then Problem 3.3 may be equivalently written in the following form: find u ∈ Vσ such that

〈Au, v〉 +
∫

S
j0(u; v)ds ≥ 〈f , v〉 ∀ v ∈ Vσ . (3.25)

Since

a(v, v) = 2ν‖v‖2
V ∀ v ∈ V, (3.26)
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2704 C. FANG ET AL.

a(·, ·) is coercive. Since A is bounded, continuous and monotone, from Zeidler (1990, Proposition 27.6),
we deduce that the operator A is pseudomonotone. Since A ∈ L(V, V∗), from (3.24) and (3.26), we
know that A is coercive and strongly monotone with constant 2ν > 0. By applying Theorem 2.3 with
X = V, Xj = L2(S)d, γj = γ , αj = mτ , mA = 2 ν, and recalling Lemma 3.1, we know that the problem

u ∈ Vσ , 〈Au, v〉 + J0(u; v) ≥ 〈f , v〉 ∀ v ∈ Vσ (3.27)

has a unique solution and (3.22) holds. Since

J0(u; v) ≤
∫

S
j0(u; v) ds

the solution of problem (3.27) is also a solution of problem (3.25). Through a standard argument it can
be shown that a solution of problem (3.25) is unique. The bounds (3.22) and (3.23) can be derived by
standard arguments; cf. Migórski et al. (2013, proof of Theorem 4.20). �
Remark 3.6 By virtue of Theorem 3.4, Problem 3.2 also admits a unique solution.

In the case where the functional j is convex, Problem 3.2 reduces to a variational inequality problem
studied by Fujita and other researchers. Note that in this case mτ = 0 for H(j)(iv) and (3.21) is trivially
satisfied.

4. Finite element approximation

For simplicity in discussion we assume Ω is a polygonal/polyhedral domain in this section. Let {T h}
be a regular family of triangular partitions of Ω into triangles. The diameter of an element T ∈ T h is
denoted by hK , and the mesh size h is defined by h = maxT∈T h hK . Corresponding to the partition T h

we introduce finite element spaces Vh ⊂ V and Mh ⊂ M such that the discrete inf-sup condition holds:
for a constant c0 > 0 independent of h,

c0‖qh‖L2(Ω) ≤ sup
vh∈Vh0

b(vh, qh)

‖vh‖V
∀ qh ∈ Mh, (4.1)

where

Vh0 = Vh ∩ V0.

As examples, we may use P1b/P1 finite elements (Arnold et al., 1984),

Vh = {vh ∈ V ∩ C0(Ω)d : vh|T ∈ [P1(T)]d ⊕ B(T) ∀ T ∈ T h}, (4.2)

Mh = {qh ∈ M ∩ C0(Ω) : qh|T ∈ P1(T) ∀ T ∈ T h}, (4.3)

or P2/P1 finite elements (Girault & Raviart, 1986, Chapter II, Corollary 4.1),

Vh = {vh ∈ V ∩ C0(Ω)d : vh|T ∈ [P2(T)]d ∀ T ∈ T h}, (4.4)

Mh = {qh ∈ M ∩ C0(Ω) : qh|T ∈ P1(T) ∀ T ∈ T h}, (4.5)
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FINITE ELEMENT METHOD FOR A STOKES HEMIVARIATIONAL INEQUALITY 2705

where Pk(T) represents the space of polynomials of total degree less than or equal to k in T and B(T) is
the space of bubble functions on T .

Then we introduce the following discrete approximation of Problem 3.2.

Problem 4.1 Find (uh, ph) ∈ Vh × Mh such that

a(uh, vh) − b(vh, ph) − 〈f , vh〉 +
∫

S
j0(uh,τ ; vh,τ ) ds ≥ 0 ∀ vh ∈ Vh, (4.6)

b(uh, qh) = 0 ∀ qh ∈ Mh. (4.7)

Denote

Vh,σ = {
vh ∈ Vh : b(vh, qh) = 0 ∀ qh ∈ Mh

}
.

Eliminating the unknown ph we obtain the following variant of Problem 4.1.

Problem 4.2 Find uh ∈ Vh,σ such that

a(uh, vh) − 〈 f , vh〉 +
∫

S
j0(uh,τ ; vh,τ ) ds ≥ 0 ∀ vh ∈ Vh,σ . (4.8)

Similarly to Theorem 3.4 we have the following result.

Theorem 4.3 Problems 4.1 and 4.2 are equivalent.

We have the existence and uniqueness of a solution to Problem 4.1.

Theorem 4.4 Under the assumptions of Theorem 3.5, Problem 4.1 has a unique solution (uh, ph) ∈
Vh × Mh, which satisfies the bound

‖uh‖V ≤ c (1 + ‖ f‖−1) (4.9)

with a constant c > 0.

Next we present a Céa-type inequality for error estimation.

Theorem 4.5 Suppose that the assumptions of Theorem 3.5 hold. Let (u, p) and (uh, ph) be solutions
of Problems 3.2 and 4.1, respectively. Then there exists a positive constant c depending only on the data
of the problem such that for all Vh ∈ Vh and qh ∈ Mh,

‖u − uh‖V + ‖p − ph‖L2(Ω) ≤ c
(
‖u − vh‖V + ‖p − qh‖L2(Ω) + ‖uτ − vhτ‖1/2

L2(S)

)
. (4.10)

Proof. From (3.15) we have

a(u, v) − b(v, p) = 〈 f , v〉 ∀ v ∈ V0. (4.11)

From (4.6) we have

a(uh, vh) − b(vh, ph) = 〈 f , vh〉 ∀ vh ∈ Vh0. (4.12)
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Subtracting (4.12) from (4.11) with v = vh we obtain

a(u − uh, vh) − b(vh, p − ph) = 0 ∀ vh ∈ Vh0. (4.13)

Therefore,

b(vh, ph − qh) = b(vh, ph − p) + b(vh, p − qh) = a(uh − u, vh) + b(vh, p − qh) ∀ vh ∈ vh0. (4.14)

Thus, from (4.14) and the discrete inf-sup condition (4.1) we have

c0‖ph − qh‖L2(Ω) ≤ sup
vh∈Vh0

b(vh, ph − qh)

‖vh‖V

= sup
vh∈Vh0

a(uh − u, vh) + b(vh, p − qh)

‖vh‖V

≤ 2ν‖u − uh‖V + ‖p − qh‖L2(Ω).

Consequently,

‖p − ph‖L2(Ω) ≤ ‖p − qh‖L2(Ω) + ‖qh − ph‖L2(Ω) ≤ c
(‖p − qh‖L2(Ω) + ‖u − uh‖V

)
. (4.15)

For any vh ∈ Vh we write

a(u − uh, u − uh) = a(u − uh, u − vh) + a(u − uh, vh − uh)

= a(u − uh, u − vh) + a(u, vh − u) + a(u, u − uh) − a(uh, vh − uh). (4.16)

From (3.15),

a(u, u − uh) ≤ −b(uh − u, p) − 〈 f , uh − u〉 +
∫

S
j 0(uτ ; uhτ − uτ ) ds.

From (4.6),

−a(uh, vh − uh) ≤ −b(vh − uh, ph) − 〈 f , vh − uh〉 +
∫

S
j 0(uhτ ; vhτ − uhτ ) ds.

Use these inequalities and recall (3.16) and (4.7) in (4.16),

a(u − uh, u − uh) ≤ a(u − uh, u − vh) + a(u, vh − u) − b(uh, p) − b(vh, ph) − 〈 f , vh − u〉

+
∫

S

[
j 0(uτ ; uhτ − uτ ) + j 0(uhτ ; vhτ − uhτ )

]
ds.

Since

j 0(uhτ ; vhτ − uhτ ) ≤ j 0(uhτ ; vhτ − uτ ) + j 0(uhτ ; uτ − uhτ )
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and by (3.9),

j 0(uτ ; uhτ − uτ ) + j 0(uhτ ; uτ − uhτ ) ≤ mτ‖uτ − uhτ‖2,

we then have

a(u − uh, u − uh) ≤ a(u − uh, u − vh) + a(u, vh − u) − b(uh, p) − b(vh, ph) − 〈 f , vh − u〉

+
∫

S
j 0(uhτ ; vhτ − uτ ) ds + mτ‖γ ‖2‖u − uh‖2

V . (4.17)

Perform an integration by parts on (4.11),

−
∫

Ω

divσ (u)·v dx =
∫

Ω

f ·v dx ∀ v ∈ V0.

Thus,

−divσ (u) = f a.e. in Ω .

Now multiply the above equation by an arbitrary V ∈ V and integrate over Ω to obtain

−
∫

S
σ τ ·vτ ds +

∫
Ω

σ (u) : ε(v) dx =
∫

Ω

f ·v dx,

i.e.,

a(u, v) − b(v, p) = 〈f , v〉 +
∫

S
σ τ ·vτ ds ∀ v ∈ V. (4.18)

Take v = vh − u in (4.18):

a(u, vh − u) − b(vh − u, p) = 〈f , vh − u〉 +
∫

S
σ τ ·(vhτ − uτ ) ds.

Use this relation in (4.17),

a(u − uh, u − uh) ≤ a(u − uh, u − vh) + b(vh − u, p − ph) + b(u − uh, p − qh)

+
∫

S

[
σ τ ·(vhτ − uτ ) + j0(uhτ ; vhτ − uτ )

]
ds + mτ‖γ ‖2‖u − uh‖2

V . (4.19)

Since

|b(vh − u, p − ph)| ≤ ‖p − ph‖L2(Ω)‖u − vh‖V ,

|b(u − uh, p − qh)| ≤ ‖p − qh‖L2(Ω)‖u − uh‖V

and

a(u − uh, u − uh) = 2ν‖u − uh‖2
V ,

a(u − uh, u − vh) ≤ 2ν‖u − uh‖V‖u − vh‖V ,
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we derive from (4.19) that

(2ν − mτ‖γ ‖2)‖u − uh‖2
V ≤ (

2ν‖u − vh‖V + ‖p − qh‖L2(Ω)

) ‖u − uh‖V

+ ‖p − ph‖L2(Ω)‖u − vh‖V

+
(

2
√

2Sc0 + 2
√

2cc1‖γ ‖(1 + ‖ f‖−1)
)
‖uτ − vhτ‖L2(S). (4.20)

Applying Young’s inequality, from (3.21), (4.15) and (4.20), we get the bound (4.10). �
Applying Theorem 4.5, when the P1b/P1 elements (4.2)and (4.3) are used, we have following error

bound.

Theorem 4.6 Suppose that the assumptions of Theorem 4.5 hold. Let (u, p) be the solution of Problem
3.2 and (uh, ph) be that of Problem 4.1 with the P1b/P1 elements (4.2) and (4.3). Assume the solution
regularities u ∈ H2(Ω), uτ |S ∈ H2(S) and p ∈ H1(Ω). Then we have

‖u − uh‖V + ‖p − ph‖L2(Ω) ≤ c h. (4.21)

Proof. We take vh = Πhu ∈ Vh to be the finite element interpolant of u and qh = Php ∈ Mh to be the
L2-projection of p in (4.10). By the standard finite element approximation theory (cf. Brenner & Scott,
2008; Ciarlet, 1978),

‖u − Πhu‖V ≤ c h ‖u‖H2(Ω),

‖p − Php‖L2(Ω) ≤ c h ‖p‖H1(Ω),

‖uτ − (Πhu)τ‖L2(S) ≤ c h2‖uτ‖H2(S).

Then we get (4.21) from (4.10). �
Remark 4.7 The solution regularity assumption uτ |S ∈ H2(S) can be replaced by its weaker piecewise
counterpart. More precisely, express S as the union of closed flat components with disjoint interiors

S = ∪i0
i=1Si,

where each Si is either a line segment (d = 2) or a polygon (d = 3). Assume the finite element partition
is compatible in the sense that if the intersection of one side/face of an element with one set Si has a
positive (d − 1)-dimensional measure, then the side/face lies entirely in Si. Then we can replace the
assumption uτ |S ∈ H2(S) by uτ |Si

∈ H2(Si), 1 ≤ i ≤ i0.
In the statement of Theorem 4.6, if we drop the solution regularity assumption for uτ on S or Si,

1 ≤ i ≤ i0, then (4.10) will lead to a nonoptimal-order error bound c h3/4.

Similarly to Theorem 4.6 we have the next result.

Theorem 4.8 Suppose that the assumptions of Theorem 4.5 hold. Let (u, p) be the solution of Problem
3.2 and (uh, ph) be that of Problem 4.1 with the P2/P1 elements (4.4) and (4.5). Assume the solution
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regularities u ∈ H3(Ω), uτ |S ∈ H3(S) and p ∈ H2(Ω). Then we have

‖u − uh‖V + ‖p − ph‖L2(Ω) ≤ c h3/2. (4.22)

5. Numerical experiment

Let Ω be a bounded domain in R
2 with boundary ∂Ω , which is decomposed into two parts: Γ for the

Dirichlet boundary and S for the slip boundary. Let

J(v) =
∫

S
j(v) ds, j(v) =

∫ |vτ |

0
μ(t) dt. (5.1)

Then the boundary condition on S can be also expressed as

un = 0, |στ | ≤ μ(0) if uτ = 0, στ = −μ(|uτ |) sgn(uτ ) if uτ �= 0. (5.2)

Here, στ is the tangential component of the vector σn, and

μ(t) = (a − b) e−α t + b, (5.3)

where a > b and α are non-negative constants. It can be verified that H(j) is satisfied with mτ =
α (a − b) for H(j)(iv).

5.1 Numerical implementation

We use the P1b/P1 elements for the discretization. The unknowns in the numerical problem are the
node values of the approximate velocity and pressure. Let nu be the number of finite element nodes
in Ω\Γ and we denote by u ∈ R

2 nu the solution vector of the node values of the velocity. In the
numerical implementation, the functional J(v) is approximated by Jh(v) using the trapezoidal rule for
the integration over the slip boundary. Note that the numerical integration for the functional J introduces
an additional source of error in the numerical solution. In the context of a related variational inequality
problem for the Stokes problem with a slip boundary condition, the error due to the quadrature was
explicitly analysed in Kashiwabara (2013a).

After discretization the hemivariational inequality problem can be expressed as the following
constrained minimization problem: find u ∈ V such that

u = argminv∈V
(

1
2 vTAv − vTl + Jh(v)

)
, (5.4)

where

V = {v ∈ R
2nu | Nv = 0 and Bv = 0}.

In the definition of the space V the impermeability constraint on S is represented by Nv = 0, whereas
the discrete incompressibility constraint is represented by Bv = 0. The presence of the nonsmooth and
nonconvex function Jh(·) complicates the minimization problem.

The nonconvexity is dealt with by approximating the minimization (5.4) by a sequence of convex
problems as was originally presented in Mistakidis & Panagiotopoulos (1998). This results in the
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2710 C. FANG ET AL.

Fig. 1. Plot of velocity over Ω .

following iteration method: u(1) = 0, then for k = 1, 2, . . . ,

u(k+1) := argminv∈V
{

1
2 vTAv − vTl + ∑nc

i=1 η
(k)
i |vτ (xr(i))|

}
, (5.5)

η
(k+1)
i := μ

(
|u(k+1)

τ (xr(i))|
)

wi, i = 1, 2, . . . , nc, (5.6)

where wi is the weight corresponding to the trapezoidal rule applied over the boundary S, nc is the
number of nodal values on the slip boundary and r is an index map from the set {1, 2, . . . , nc} to
the indices corresponding to nodes on the slip boundary. The symbol vτ (xr(i)) is used to denote the
component of the vector v that represents the tangential component of the corresponding finite element
function vh at the node xr(i). The iteration is stopped after the successive iterates for u and η are less
than some tolerance ε. In our examples we choose ε = 10−6.

Each convex problem corresponds to an ordinary variational inequality and can be solved using the
corresponding methods (e.g., Kashiwabara, 2013b; Kucera et al., 2018). We solve the minimization
by reformulating the problem in terms of its dual, as is done in Kucera et al. (2018). Let E =
[NT, TT, BT]T with corresponding dual variable λ = [λT

N, λT
T, pT]T. The dual variable λN corresponds

to the impermeability constraint, λT corresponds to the slip boundary condition and p is a vector of
nodal values of the discrete pressure function. By considering the saddle point problem associated with
(5.5) and making the velocity substitution (5.8) below, the following bound-constrained minimization
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Fig. 2. Plot of pressure over Ω .

problem is obtained:

λ(k+1) = argminλ∈Λ(k)

(
1
2λTEA−1ETλ − λTEA−1l

)
,

where Λ(k) := {
λN , λT ∈ R

nc , p ∈ R
np | |λT | ≤ η(k)

}
, np is the number of nodal values in the discrete

pressure solution and an inequality between two vectors is understood componentwise. The iteration
(5.5–5.6) takes the following form: λ(1) = 0, then for k = 1, 2, . . . ,

λ(k+1) := argminλ∈Λ(k)

(
1
2λTEA−1ETλ − λTEA−1l

)
, (5.7)

u(k+1) := A−1(l − ETλ(k+1)), (5.8)

η
(k+1)
i := μ

(
|u(k+1)

τ (xr(i))|
)

wi, i = 1, 2, . . . , nc. (5.9)

The minimization (5.7) can be solved in a number of ways; see Kucera et al. (2018) for two examples.
In our experiments we employ the MATLAB interior point solver for bound constrained problems
fmincon.

5.2 Numerical results. We take Ω to be a square domain Ω = (0, 1) × (0, 1) and ν = 1. The
homogeneous Dirichlet boundary condition Γ corresponds to the top, left and right of the domain, and
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Fig. 3. Plot of στ along the slip boundary.

Fig. 4. Plot of uτ along the slip boundary.
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Table 1 Numerical convergence orders

h
∥∥uh − u∗∥∥

L2 Order(h)
∥∥uh − u∗∥∥

H1 Order(h)
∥∥ph − p∗∥∥

L2 Order(h)
√

2
4 7.6871e-1 — 7.0990 — 2.4621 —

√
2

8 2.6804e-1 1.5200 4.1873 7.6159e-1 1.2244 1.0077
√

2
16 7.2864e-2 1.8792 2.2792 8.7752e-1 4.1932e-1 1.5460
√

2
32 1.8418e-2 1.9841 9.2515e-1 1.3007 1.3978e-1 1.5849
√

2
64 4.4197e-3 2.0591 4.6392e-1 9.9581e-1 4.8017e-2 1.5416

the slip boundary corresponds to the bottom of the domain, S = (0, 1) × {0}. The source function is
defined by f = −Δû + ∇p̂ where

û(x, y) =
( − cos(2πx) sin(2πy) + sin(2πy)

sin(2πx) cos(2πy) − sin(2πx)

)
,

p̂(x, y) = 2π(cos(2πy) − cos(2πx)).

We use uniform triangular meshes with the interval [0, 1] being split into m equal subintervals with
a sequence of positive integers m, then the mesh size is h = √

2/m. The reference solution (u∗, p∗) is
taken to be (uh, ph) with h = √

2/256, and it is used to compute the numerical solution errors. The
convergence order is defined as

Order(h) = log2

(∥∥u2h − u∗∥∥∥∥uh − u∗∥∥
)

,

in either the L2(Ω)- or the H1(Ω)-norm.
In the simulation we take a = 9.01, b = 9.0, α = 10. The numerical results are shown in Table 1

and Figs 1–4.
We observe that the convergence order of the velocity in the H1-norm is around 1; this is in

agreement with the theoretical error bound (4.21), even though there are no mathematical results
available in the literature on the solution regularity for Problem 3.2 that is required in Theorem 4.6
or in Remark 4.7. However, the numerical convergence order for the pressure appears to be higher than
the predicted order of 1.
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