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Abstract. We consider numerical approximations of a class of abstract nonlinear evolution-
ary systems arising in the study of quasi-static frictional contact problems for elastic-viscoplastic
materials. Both semidiscrete and fully discrete schemes are analyzed. Strong convergence of both
approximations is established under minimal solution regularity. The results are applied to two
particular frictional contact problems for viscoplastic bodies, where the finite element method is
employed to discretize the spatial domain. Under additional regularity assumptions on the exact
solution, some error estimates are derived.
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1. Introduction. The aim of this paper is to provide numerical analysis of
some problems arising in frictional contact between an elastic-viscoplastic body and
a rigid foundation. Situations of frictional contact abound in industry and everyday
life. Contacts of the braking pads with the wheel, the tire with the road, and the
piston with the skirt are just a few simple examples. Because of the importance of
the process of frictional contact, a considerable effort has been made in its modeling
and numerical simulations. Indeed, the engineering literature concerning this topic
is extensive. Most of it, however, is dedicated to simple geometries, specific settings,
and mostly to numerical simulations.

In the applied mathematics literature, the study of general models for dynamic
or quasi-static contact process involving elastic-viscoplastic materials is very recent.
Rate-type viscoplastic constitutive laws of the form

(1.1) o =~Ee(u)+G(o,e(u))

are used in the literature to describe mechanical responses of such materials as rubber,
various metals, rocks, pastes, etc. In (1.1), o denotes the stress tensor, u the displace-
ment field, e(u) the linearized strain tensor, and £ and G are material constitutive
functions. The function £ is assumed to be linear while G is in general nonlinear.
Here and throughout the paper, a dot above a quantity represents its derivative with
respect to the time variable ¢, and double dots denote the second-order derivative.
Concrete examples, experimental background, and mechanical interpretations of such
models may be found in [4] and references therein. Functional and numerical methods
are discussed in [13] for initial and boundary value problems involving (1.1) with the
usual displacement and traction boundary conditions.
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Existence of weak solutions to quasi-static frictional contact problems for materi-
als modeled by a general rate-type constitutive law of the form (1.1) were established
in [1, 2, 17]. In the abstract form, the frictional contact problems are formulated as a
nonlinear evolution equation (the abstract version of (1.1)) coupled with an evolution-
ary variational inequality resulted from the equilibrium equation and the boundary
conditions. The variational analysis of this abstract problem was done in [1].

In this paper, we consider the numerical analysis of frictional contact problems for
elastic-viscoplastic materials of the type (1.1). The literature is abundant on numerical
treatment of variational inequality; see, for instance, the monographs [7, 8, 12, 14]. Of
particular relevance to this paper are the works on numerical analysis of variational
inequalities arising in plasticity; cf. [9, 11, 10].

The paper is organized as follows. In section 2 we present the abstract problem,
state the assumptions on the data, and recall the existence and uniqueness result
proved in [1]. In section 3, a semidiscrete scheme and a fully discrete scheme for
the approximation of the abstract problem are analyzed and some error estimates are
presented. In deriving the error estimates, we will need to apply Gronwall’s inequality,
which is recalled here for convenience. Suppose f,g € Cla,b] and g is nondecreasing,
co > 0 is a constant, then

(12)  f(®) <9() + 00/ f(s)ds, t € [a,b] = f(t) < e®"Vg(t), t € [a,0].

Convergence analysis for both approximations is done in section 4 under the solution
regularity condition established in the proof of well-posedness of the problem. Finally,
in section 5 we apply the results to the study of numerical approximations of two con-
crete examples of quasi-static frictional contact problems in rate-type viscoplasticity.

2. The abstract problem. Let H be a real Hilbert space, V' a closed subspace
of H. We denote by (-,-)m the inner product of H and by || - ||z the associated norm.
Let us remark that V itself is a real Hilbert space endowed with the inner product
of H; for this reason we shall sometimes use the notation (u,v)y, ||u|ly instead of
(u,v)m, ||ul|g, ifu,v € V. Let A: H — H be alinear operator, B : [0, T|xHxH — H
a possibly nonlinear operator, and ¢ : H — (—o00, +00]. Let [0, T] be the time interval
of interest.

We consider an abstract problem

(2.1) y(t) = Az(t) + B(t,z(t),y(t)) almost everywhere (a.e.) t € (0,7,
y(t) +0p(x(t)) > f(t) ae. t€(0,T),
(2.3) 2(0) =29, ¥(0) = yo.

Here the unknowns are the functions = : [0,7] — V and y : [0,7] — H, while
290 €V, yo € H and f : [0,7] — V are given data. The symbol dp represents the
subdifferential of the function ¢, and the relation (2.2) is understood in the sense that
for a.e. t € (0,T), f(t) — y(t) is a subgradient of ¢ at @(t). We denote by D(p) the
effective domain of ¢ defined by

D(p)={z€H|p(x) <+oo }.

We assume in what follows D(p) = V.
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An equivalent formulation of the problem (2.1)—(2.3) is derived.
PROBLEM P. Find functions z : [0,7] — V and y : [0,T] — H such that

(2.4) z(0) = zo, y(0) = yo,
and for a.e. ¢t € (0,7),
(2.5) y(t) = Ai(t) + B(t, 2(1), y(1)),

(26)  (y(t),w—2(t)n +p(w) —(E(t) > (f(),w—2@)y Ywel.
In the study of Problem P we make the following assumptions:

A : H — H is linear, continuous, positive definite, and symmetric, i.e.,
(2.7 (a) there exists c¢g > 0 such that (Az,z)g > col|z||}, Vaz € H;
(b) (Az,y)n = (v, Ay)y Vaz,y € H.

B:[0,T] x H x H — H has the properties that
(a) there exists an L > 0 such that
|B(t,z1,51) — B(t,x2,y2)lm < L ([lx1 — z2llm + Iy — y2lla)
Vte [O,T] Voi,To,y1,y2 € H;
(b) the mapping ¢t — B(t,x,y)is measurable Vz,y € H;
(c) the mapping t — B(t,0,0) € L>(0,T; H).

(2.9) ¢ :V — Ry is a continuous seminorm.
(2.10) fewhe,T;V).

(2.11) 20 €V, yo € H.

(2.12) Yo + 0p(0) 3 f(0).

We see from the condition (2.7) that the quantity (Az,y)y defines an inner product
on H, and the corresponding induced norm

lzlla = V(Az,2)g, € H

is equivalent to the norm ||z|z. We also remark that the assumption (2.9) implies
that ¢ is Lipschitz continuous on V.

Everywhere in the paper we use the standard notation for LP, WP H™_ and
C™ spaces, 1 < p < oo, m € N. Moreover, if X and Y are real Hilbert spaces, we
denote in what follows by X x Y the product space endowed with the canonical inner
product.

The well-posedness of Problem P has been investigated in [1] where the following
result can be found.

THEOREM 2.1. Under the assumptions (2.7)-(2.12), Problem P has a unique
solution x € WH2(0,T; V), y € WL (0,T; H).

The proof of Theorem 2.1 is carried out in several steps. It is based on time dis-
cretization method, standard arguments of elliptic variational inequalities, and a fixed
point property. Because of the Sobolev embedding W1°°(0,T; X) — C([0,T]; X) for
any Banach space X, the solution from Theorem 2.1 is (or more precisely, can be
made) continuous: = € C([0,T]; V), y € C([0,T]; H).

In the next two sections, we assume (2.7)—(2.12) are satisfied.

3. Numerical analysis of the abstract problem. In this section, we present

and analyze approximation schemes for solving Problem P. We will give some prelim-
inary results that will be applied to some concrete examples later.



Downloaded 01/13/15 to 128.255.45.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1174 JIUHUA CHEN, WEIMIN HAN, AND MIRCEA SOFONEA

3.1. A semidiscrete approximation. Let h € (0,1] be an index and {H"} a
family of finite dimensional subspaces of H. Set V* = V' N H", which is nonempty
since 0 € VP, Let Pyn : H — H" be the orthogonal projection defined through the
relation

(3.1) (Puna, ¢ = (¢,4")u VqeH, ¢" € H".
Then Pgr is linear and we have
(32) |Punglle < llglla Vg€ H.

This property will be used on various occasions.
Now a semidiscrete approximation of Problem P follows.
PrOBLEM P". Find the functions z" : [0,7] — V" and y" : [0,T] — H" such
that
(3.3) a"(0) =k, y"(0) =yl
and for a.e. t € (0,7),
(3.4) §" (t) = Py Ai" () + Py B(t, 2" (£), 4" (1)),
(3:5) ("), w" —i"()m +pw") —(E" (1) = (f(t),w" —i" () V" eV
Here, 2t = Pynzg € V', yb = Pyryo € H" are orthogonal projections of o and yo

to V" and H", respectively. The definition of Pyn : V — V" is similar to that of
Pyn. From the definition of y, we see that the discrete analog of (2.12) is valid:

(o, w™) g + o) > (£(0),w")y Vu" eV

This relation is needed to verify the existence of a solution of Problem P”.

We observe that the projection operator Pgnr is introduced to ensure that the
relation (3.4) is well defined on the space H".

Using the arguments in [1], it can be shown that Problem P" has a unique solution
2 € Whe(0,T;Vh) and y* € WHe°(0,T; H"). We have z" € C([0,7]; V") and
y" € C([0,T]; H"). Our main purpose here is to derive estimates for the errors z —z
and y — y".

To this end, let ¢t € [0,7]. We first integrate (2.5) and (3.4) and use the initial
conditions (2.4) and (3.3) to obtain

(36) 1) = Ax(t)+ [ Bls.2(5).y(9) ds-+ 9o — Az
(3.7 y"(t) = Pyn Az (t) + Py /0 B(s,z"(s),y"(s)) ds + yb — Pyn Azh.
Then we subtract (3.7) from (3.6) to get
(38)  y(t) —y"(t) = PunA(x(t) — 2"(t))
P [ Bo(0)066) - Bls. 61550 s

+yo0 = yo — ParAlwo —g) + (I = Prn) (y(t) = o),

where Iy : H — H is the identity operator.
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Denote

(3.9) eo = |lzo — g |lv + [lvo — vg |l -

Then we get the following inequality from (3.8), using the assumptions (2.7), (2.8),
and the property (3.2):

(310) ly(®) = " Ol < e llz(t) — 2Ol + [T = o) (w(®) — 90)
re [ () = s Ol + () — " 6) 1) s+ can

where ¢ is a positive constant which depends on operators A and B. Everywhere in
this paper, except in section 5, the symbol ¢ will represent a strictly positive constant
which may change its value from place to place, and may depend on A, B, T, and ¢,
but not on the time or the input data.

Now plugging (3.6) in (2.6) with w = 2" (t), we have

(3.11)  (Aa(t). &(t) — & (1)m < (F(1),&(0) — " (O)v + 0( (1)) — p((1))
n ( [ Bls.ats).atonas. i) - @(t))

+ (yo — Amo, 2" (t) — &(t))ur.

H

Let w" € L?(0,T; V") be arbitrary. We plug (3.7) in (3.5) with w" = w”(t) to obtain
(3.12) — (A" (2),&(t) — 2"()m < (F(1),&"(t) — " (®)v + @(w" (1) — (" (1))
([ Bt @) as i - o)

+ (yo — Az, w(t) — 2" (t)m
+ (A" (t), w (1) — #(t)) -

The relations (3.11) and (3.12) hold for a.e. t. Adding these relations we have

(A(x(t) —a"(t), &(t) — 2"()m < (A( (t) — 2" (1)), &(t) — w"()n
R(t; @ (t), w" (1) + (D(1), 2" (t) — " (1))

H

for a.e. t € (0,T), where

(3.13) R(t; (1), w" (1)) = (y(t), w" — @) + p(w" (1)) — p(i(t))
= (f(), 0" (t) = &(t)v

and
(3.14) D(t) = /0 (B(s,2(s),y(s)) — B(s, 2" (s),y"(5))) ds + yo — y5 — A(zo — x7)).

we then have

~

Using the assumption (2.7),

lz(t) = =" @)% < 5 lle() — 2" (@)% + %Ildf(t) —w" ()% + R(t; (1), w" (¢))

+(D(1), 3" (1) — &(t) g + (D(), & (t) — w" (1)) -

N —
SR
N~
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Integrate the above inequality from 0 to ¢ to obtain
t
h h . h
lo(t) — 2 (DI < llzo — 2h]% + / (1R(s;(s), w" ()] + | D(s)]13) ds
0
t
+e / (lz(s) — 2" ()% + li(s) — w"(s)]2) ds
t
+ / (D(s), & (s) — () ds,
0

which holds for all ¢t € [0, 7] owing to the continuity of x(¢) and z"(¢). For the last
term above, we perform an integration by parts,

/0 (D(s), x'h(s) —&(s))m ds
= (D(t), 2" (t) = z(t)) g — (D(0), z( — o)

—/0 (B(s,z(s),y(s)) — B(s,z"(s),y"(s)), 2" (s) — 2(s)) s ds.

Using (2.8), we have the estimate

/0 (D(s), 8" (5) — () ds < e D)3 + 3 (1) — 2" ()] + e}
e / () — 2(8) 3 + 1u(s) — 4()13) ds.
0

From the definition (3.14) and the assumptions (2.7) and (2.8), we have

D@ < C/O (l(s) = 2" (s)]la + ly(s) = 4" (s)llrr) ds + co.

Combine the last several relations,

t
(3.15) [la(t) — a"(t)||% < ced + C/ (l2(s) — w"(s)|1% + |R(s; i (s), w"(s))]) ds
0
t
+o [ (o) = a0 + lo(e) = () ) s
This inequality, together with (3.10), implies

(3.16) lz(t) — 2" ()% + ly(t) — y" @)l
<ceg+el|(Tu —Pun)(y(t) —yo)l%

e / (l(s) —wh ()13 + |R(s: #(s), " (s))]) ds
e / (l2(s) — 2"(8) 3 + l(s) — 5" () 13) ds.
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Applying the Gronwall inequality (1.2), we get

sup (llz(t) =" (0% + ly(®) " (O}
t€[0,T]

<ceg+c sup ||(Ig — Pyn)(y(t) —yo)llE
te[0,7]

te / ((t) — wh O + |R(E: #(2), wh (1)) dt.

Summarizing, we have shown the following result.

THEOREM 3.1. Let (z,y) € WH*(0,T;V x H) and (z",y") € WH*(0,T; V" x
H"™) be the solutions of Problem P and P", respectively. Then we have the error
estimate

(3.17)
Iz — 2| 070y + 1y — ¥ | L 0,7:0)
< c(llzo — b llv + llyo — wbllm) + ¢ l(Zar — Prn) (y — yo)l Lo 0,731
1/2

T
+c inf |z — wh||L2(07T;V) + </ |R(s;(s), w™(s))] ds) ,
0

wheL2(0,T;Vh)

where R(-;-,-) is defined in (3.13).

The inequality (3.17) is the basis of convergence and error analysis for the semidis-
crete solutions. Concrete order error estimates will be established when Theorem 3.1
is applied in section 5 to some examples arising in mechanics.

3.2. A fully discrete approximation. In addition to the finite dimensional
spaces VP and H" introduced in the previous subsection, we divide the time interval
[0,T] into N equal parts and denote the step-size by k = T/N, the nodal points
by t, = nk, n = 0,1,..., N, and the subintervals I, = [t,—1,t,], n = 1,..., N.
The arguments and results of this subsection can be easily extended to the case of
nonuniform partition of the time interval. For a continuous function w(t) with values
in H or V, we use the notation w, = w(t,). For a sequence {w,}\_,, we denote
bwy, = (wy, — wp—1)/k,n=1,... N.

Then a fully discrete approximation based on a forward Euler scheme which we
will analyze is the following.

PROBLEM P"*. Find 2" = {2/*}N_ C VI and y"* = {y"*}N_ | c H" such that

n fn=0 n In=0

(3.18) agt =g, " = o,

and forn=1,... N,

(3.19) Syt = Ppn ASxh* 4 Prn Bt 1, 2 | yh* ),

(3.20) (Y, wh — 6xhFY g + p(w) — @(62F) > (fo,w" — 62F)y, YVl e VI

Here again, ! = Pyuzg € V', yl = Pynyo € H" are orthogonal projections of x
and yo to V" and H", respectively.

We first inductively show the unique solvability of Problem P"*. Let 2t € V"
and y"* | € H" be given. We rewrite (3.19) as

(3.21) YR = ke Pyn ASMF + ke Py B(t—1, 2% | g% ) + ylF
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and use it in (3.20) to yield

k(AdzhF, h—érch’“)HJrsO( h) p(8zF)
> (fo — kB(tp_1, 2t yt® ) —yh* ol — 62ty vl e VI

This is a discrete elliptic variational inequality of the second kind for the variable
sxM*. By a standard result (cf. [7]), this inequality has a unique solution éz* € V"
from which we can determine z"*. Then y/* can be obtained from (3.21). Therefore
Problem P** has a unique solution.

For convergence analysis and error estimation, we need the Lipschitz continuity
of the function B(¢; z,y) with respect to t, i.e., instead of (2.8), we assume

(322) [|B(t1;21,y1) — B(t2; xa,y2)||w < L ([t1 — ta| + ||zt — 22|lg + [Jy1 — y2llu)
Vi, ta € [0,T] Vai,y1,%2,y2 € H.

If B does not depend on ¢, then the assumptions (2.8) and (3.22) are the same.
In the next section, we demonstrate the convergence of the fully discrete solution
under the proved solution regularity € W'>°(0,7;V) and y € W'>°(0,T; H). Our

goal here is to derive estimates for the errors {z,, — mhk N, and {y, — y"*}N_,. For

this purpose, we assume additionally x € C*([0,77; V) so that (2.5) and (2 6) hold
for all t € [0,T]. We apply (3.21) recursively to get

(3.23) ypk = Py Azl + 3 " kPyn B(tj_1, 2yt )) + yb* — Py Al
Jj=1

Then subtracting (3.23) from (3.6) at t = ¢,,, we obtain

(3.24) y, — ka = Uy — Pyr)(yn — vo) + Prr Az, — xzk)

t"L
+ Prn [/ B(s,z(s),y(s)) ds — Z kB(tj,l,;E?fhy;”fl)
0

+ Yo — ygk — PHh,A(xo — .’Itgk)
We denote
en = llzn — 22¥lv + lyn — yi |, n=0,....N

for the numerical solution errors.
We first present a preparatory result.

LEMMA 3.2. There exists a constant ¢ > 0 such that forn=1,..., N,
tn

(3.25) | Blova(o)y(s)) ds = kBt b o)

th—1 H

< cken—1 +ck? (14 ||&l| L (omv) + 9]l 0,1m)) -

Therefore,

tn n
B26) | [ B0 ds - S kBt

H

< Czkejfl +ck (14 [[&l| Lo o.2v) + 90l Le 0,7:80)) -
=1
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Proof. We write
tn
/ B(s,2(), 4(s)) ds — kB(tn_1, 2" | 4" )

= [ (B2 y(s) = Bl arnn)] ds

+ k [B(tnflu mnflaynfl) - B(tn 17x2k 1 y:ly,k 1)]

Using the assumption (3.22), we have

1179

1B(s,2(5),y(s)) = B(tn—1,Tn—1,Yyn—1)llzr < ck (1 + |2 || Lo 0,13y + ||yHLoc(0,T;H))

and

HB(tnflaxnflvynfl) - B(tnflv‘rzlilayﬁlil)”H S Ckenfl’

Thus (3.25) holds. The inequality (3.26) follows from (3.25). a
We obtain the following inequality from (3.24) by the use of Lemma 3.2, the
assumptions (2.7), and the property (3.2):

(327) Nlyn =yl < (It = Pn) (Y = y0) | + ¢l — 23"l + ceq

at t =

e kej_i+ck(L+ @] o) + 19l = (o,r:m)-

Jj=1

Now let us bound 7, = x,, — 2% n =1,...  N. For this, we plug (3.6) into (2.6)

= t,, with w = 6z"* and get

(3'28) (Axnv Tp — 6‘r2k)H < (fna Tp — 6x2k)V + W(éxzk) - (p(l‘n)

Similarly, plugging (3.23) into (3.20) with an arbitrary w” = w” € V" yields

+( Bls.a(s) (o)) ds. el — 3,

+ (yo — Azo, 62F — 2,,) .

H

(3.29) —(AzpF wh — 6xlF) g < (fo, 82pF —wh)y + p(wh) — p(627F)

Let

ZkB j—1,T ] l’yj 1) Z—émﬁ’“

+ (yo — Aag®, wyy — 6.
us consider the quantity

Ay = (Arp, 6rn) g = (A, — hk) S, — &EZk)H

The following lower bound for A4,, can be obtained by using the assumptions (2.7):

1

(3.30) An 2 ol =l l%)-
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For any w! € V", we write

A, = (Azy, 6xn — n) g + (A, Ty — 6ashk)H
— (AzM* 5z, —wh) g — (Az* wh — s2F) .

n

We then use (3.28) and (3.29) to bound the second and fourth terms,

A, < (Ary, b2, — 0 g + Ry (0, w") + I (n) + Ia(n) + I3(n)
< S lralls + 50820 — whld + B, wh) + 1) + B(n) + Iy(n),
where
(3.31) Ry (n, wh) = (Y, wiy — &)+ p(wt) = o(in) = (fo, why — @n)v,
and
/ B(s,x(s ds—Zkle, ]1,y] R, bl — s, |

j=1 H
Ir(n) = (yo — ygk — Az — xgk),éxﬁk —0xp)y

I3(n) = B(s,z(s),y(s)) dS—ZkB (tj—1, J 1,% 1)
j=1

+y0—ygk—A(x0—x0 ), &cn—w,’;
H

Combining the lower and upper bounds for A,,, we have

(3.32) Iralld = Irn—1lld < kllralld + & |62z, — wl|%
+ 2k (Ry (&0, w) + I (n) + Ir(n) + I3(n)).

In the inequality (3.32), we change the index n to j, and sum over j from 1 to n:

(3.33) lralE < lroll + D kil + D k6w —wpl%

Jj=1 Jj=1

—&—22]@ (5, w +Il( )+ 12(5) + I3(5)].-

We now write

Zkh Z(/oth(S w(s),(s) ds—ZkB i- ), e 1%)

=1 H

(/ B(s, x( ))ds—kB(to,xdk,yg'k),m)H
_</O B(s, ds—ZkB N RN >H

n—1

+Z</:HIB(87$(S) y(s)) ds — kB(t;, =} zj ,yj ), j)

Jj=1 J H
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Using the assumption (2.7) and the estimates (3.26) and (3.25), we obtain

n—1

(3.34) Zkh ) <ceg e kIl +llys — v IE) + 6||7“n||,24
Jj=1

+ ck* (14 12| o o,m3v) + 191l £oe 0,7501)) -

Similarly, we write

n n
Zkb(j): Yo — Yo~ — A(zo — z0F) 72 (rj—1—1j)
— j=1

= (yo - yé”“ - A(l’o - lfgk)ﬂ“o - Tn)H

H

and use the assumption (2.7) to obtain

(3.35) Zkfz 16||Tn||A

Finally we use the assumption (2.8) and the estimates (3.26) and (3.25) to find

n—1

(3.36) Zklg ) <ceg+cd kIl + llys — vi*IE)
Jj=1

+ ck*(1+ |2 o< 0,730y + 19l e 0,7:21))
+ CZ k|éz; — w?||%/
i=1

We now combine the estimates (3.27), (3.33), and (3.34)—(3.36) to obtain
n—1

(3:37) N = 2p Y 4 llyn — yi I < e Ju+ e klllay — 2285 + lly; — v} 1),
j=1

where

In = € + k> (1+ ||&] L o,0v) + 19l Lo 0,730)) + (T = Prrn ) (yn — w0) I

+ ) kll6z; —wlY + > kR (5, w])].
j=1

j=1

An error estimate can be derived based on (3.37).

THEOREM 3.3. Let (z,y) € Wh(0,T;V) x WL>°(0,T; H) and {(z"*, y*)} N,
be the solutions of Problems P and P"* | respectively. Assume x € C*([0,T]; V). Then
we have the error estimate

(3.38)  max, (Hwn — 23 llv + lyn — y2¥llr)

< c(lwo — 26" v + llyo — v6 "l ar)
+ck (1 +[|2] Lo 0,r;v) + 19l oo 0,7 11))
+e max I(Ier = Prn)(yn — yo)llm
1/2

N
. h|2 ; h
>k int (s —wlf + IR )

J
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Proof. Denote E, = »_7_, ke:. Then (3.37) can be rewritten as
(3.39) e2 <cJy+cE, ;.
Now
E,—FE, 1=ke:<ckJ,+ckE, .
Hence we have
E,—(1+ck)E,_1 <ckd,,

or equivalently,

(1+ck)r (I14+ck)»1 = 1+ck)n

E, E.1 < ¢ kJn

By an inductive argument, we get

B, <ckY (14ck)" " J; < ((1+ck)” —1) max J; < (e° = 1) max J;.

‘ 1<i<n 1<i<n
=1

Using (3.39), we have

2
< ,
er <c 11;1%5(” Ji,
which implies (3.38). 0
The estimate (3.38) will be used for error analysis of the fully discrete solutions
provided the exact solution possesses certain regularity.

4. Convergence analysis. In this section, we analyze the convergence of the
semidiscrete and fully discrete solutions for the Problem P under the basic regularity
condition (z,y) € W1°°(0,T;V x H), available from Theorem 2.1. First we make the
following additional assumptions on the function spaces H,V and the finite dimen-
sional spaces H" and V.

Assumption H1. There exist a subspace Vy C V which is dense in V" and a function
a(h) > 0 such that

li h)=20
Jim, o(h) =0,

and

inf o — 0"y = w - Pyruly < a®luly, Ve V.
whevh

Assumption H2. There exist a subspace Hy C H which is dense in H and a
function B(h) > 0 such that

li h) =20
g B =0

and

}inf |z — zhHH =z = Pgrzllg < B(R)||z|lm, Vz€ Ho.
Z‘EH”’
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These two hypotheses will be verified for the application problems discussed in
the next section.

We will need the following result, which can be found in [18].

LEMMA 4.1. Assume that X is a Banach space, Xo C X is dense in X. Then
HY(0,T; Xo) is dense in H'(0,T; X).

Now we are ready to study the convergence of the semidiscrete solution for Prob-
lem P, based on the estimate (3.17).

THEOREM 4.2. Let (z,y) € WH(0,T;V x H) be the solution of Problem P
and (z",y") € WL>(0,T; V" x H") the solution of corresponding semidiscrete Prob-
lem P". Then under Assumptions H1 and H2 we have convergence:

(4.1) 2 = 2" oo 0,73v) + 1Y = 4" | L 0.1y = O s b — 0.
Proof. From Assumptions H1 and H2, we know
(4.2) lzo —agllv — 0, llyo =y lm —0 ash—0.
Since ¢ is Lipschitz continuous on V', using the definition (3.13), we have
[R(t; (1), w" (1)) < (ly@)l|z + 1F @)l + ) lw(t) — @(t)llv-

Hence, the estimate (3.17) can be rewritten as

(4.3) Hxh - 33||L°°(0,T;v) + ||yh - y”LOO(O,T;H)

<ceo+c|(Ig —Pur)(y —yo)llLeeo,r;m)
1/2
L2(0,T;V)"

+c inf |2 — wh||
wheL?(0,T;VH)

Using Lemma 4.1 and Assumption H1, we know that H(0,7;Vp) is dense in
HY(0,T;V). So for any ¢ € (0,1), there exists ¥ € H(0,T;Vy) such that

(4.4) |z — Z|| 0,3y < €,

which can be combined with Assumption H1 again to yield

. . hl/2
(4.5) wheLZ%f,T;vh) |l —w ||L2(0,T;V)

. L hyl/2
wheLZlg)f,T;Vh) |7 = w ”L2(0’T§V)

~1n1/2
< Ve + Valh) 1 g o ram-

Similarly, from Lemma 4.1 and Assumption H2, we know H'(0,T; Hy) is dense in
H'(0,T; H). So there exists § € H'(0,T; Hy) such that

. ~n1/2
< Il = #ll 50 vy +

Iy — o — Gl 0,7y < €

Now we are ready to bound the first term on the right-hand side of (4.3):

(4.6) (g = Pur)(y — yo)llo=o.r:m) < cll(Ter — Prn)(y = yo)ll m 0.750)
<clly —yo — Jllzo.1:m)
+ (I = Par) gl 10,7 m0)
< ce+ B(h) |5l 0,7:H)-
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Above we used the embedding result H(0,T;H) — L*(0,T;H) (cf. [18]). The
convergence result (4.1) then follows from (4.2)—(4.6). O

We now turn to a convergence analysis of the fully discrete scheme. Notice that we
cannot use the estimate (3.38), because under the basic regularity condition (z,y) €
Whee(0,T;V x H), the pointwise values #; and g; are not well defined. Here we
follow the approach developed in [11] for a convergence analysis. For this purpose we
will need another density result, which can also be found in [18].

LEMMA 4.3. The space C*([0,T];V) is dense in H'(0,T;V); that is, given
w e HY0,T;V), for any € > 0 there exists w € C>([0,T]; V) such that

|w — @ g0,y < e

Let us consider the quantity A,, = (Ary, ér,) . We have the lower bound (3.30)

for A,,. To obtain an upper bound we begin with
Ap = (Axnyéxn - 6$Zk)H - (szkv 0Ty — wZ)H - (Axﬁkawz - &CZk)Hv
where w € V" is arbitrary. Using (3.29) to bound the last term, we obtain
(4.7) A < (Axy, bz, — 62 g — (A2P* 62, — W) g
+ (frr 623" —wi)v + p(wpy) — p(627")

n
> kB(tjoa, 2l gtk ), wh - sl
Jj=1 o
+ (yé”“ - Axf}’“,wﬁ — 6x2k)H
Now integrate (2.6) with w = éz"* from t =t,,_1 to t,, and use (3.6) to obtain

I O o L O

— k
Tk / (/ #(s), y(s))ds, 67" ”’f(”)Hdt

(f(1),2(t) — bap*)vdt.

—_

1
+ (yo — Az, 5x —6Tn)Hg + —

kJi,
Then we add (4.8) and (4.7) to obtain
(4.9) A, < Ri+ Ry+ Rs+ Ry + Rs,
where
1
Ry = (Az,, b6z, — 62" g — (Azl* 82, — wl) gy + E/ (Az(t), 6xh® — &(t)) grdt,
In
hy L .
R2 = (,O(wn) - % (P(l'(t))dt,
I
1
Ro = (8l — wly + 1 [ (F0).(0) ~ 62l
In

Ry = (yo* — Axg®, wyy — 627 1 + (yo — Awo, 627 — 823)

ZkB j—1,T _] I)y_j 1) h — oz Zk
H

/ (/ B(s, z(s), y(s))ds, by — a‘r(t))Hdt.
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We need to find appropriate bounds for R;, 1 < i < 5. First let us estimate R;. Using
the assumption (2.7) and the properties of inner product, we have

(4.10) R <Azn / A(t)dt,ry — 1 n_>
+%/ (Az(t), 52, — 3(8)) mt

I,
+ (Ar'm(sxn - ’U)Z)H - (Ax’m(sxn - U),Z)H

gé(A/ln(t—tn D (t) dt rry — rn_1>H

4 %/j (Az(t), 52, — (1)) it

n

1 1
S lral + 5 162 — whl = (Avn, 620 — wh)n

< C||9':\|Loc(1”,v>(Ilmllv +lrn-allv)

< el v / |62 — () [v

+ 5 IrallZ + 162 — willy + cllznllv 6z, — willv.

Using the Lipschitz continuity of ¢ on V', we find a bound for R,

@il =] [ el - oyl < [ o= a0y

For R3, we have

(412)  Ry= .5 (/ (t —tn-1)f(t)dt, r1 — rn) + (fr, 620 — W)
I’Vl H
1 .
-2 / (F(8). 8 — (1)) et

n

<l (rallv + llra—illv) + I fallv 162 — willyv

1 .
+ 3 WAl [ 6o = a0l

For R4, we have

1
(4.13) Ra = +(yo = 6" — Alwo = 26"), ra1 = ) — (Yo — Ao, 8z — w))u
+ (yo —yO —A(a:o —a:o ) 6xn—wh)H
1
< E(yo - yo — Ao — xé"“)mn_l —Tn)H

+c(eo+ lyolla + lwollv)[[6zn — wl]lv.
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Express Rs as

M:

tn
(414) Rs = kB(tJ 1, ;Lklay]hkl) 7/ B(S,I(S),y(S))dS,U)Z 5x2k)
0

/ (o)) ds s — ol
H
/ (/ B(s,(s),y(s)) ds, (Say* — 8an) + (2n —a'c(t)))H dt.

Integrating by parts, we obtain

(4.15) / (/ B(s,z(s),y(s))ds, by, —x(t))Hdt

k/ (t,z(t),y(t)), Hz(t)) gdt,

H

?vw—‘ /\ H

where

t =ty tn —t
(4.16) Ma(t) = 2(t) — — Ly, — T Enely a1 STt

By an elementary manipulation, we have

(4.17) / (/ B(s,xz(s),y(s)) ds, bz"* — (5xn> dt
H

_ </0 B(s, z(s), y(s)) ds, 52* 6zn)H

_ % (/1 (5 — b 1) B(s, 2(s), y(s)) ds, 52"* — 6a:n>

H

Using (4.15) and (4.17), we can rewrite Rs as
tn
ZkB j—1,T _7 17y_7 1 / B(s,x(s),y(s))ds,wﬁ—éxn
0

1 n
% Z 7 1, T j 17yj 1 / BSLU ))d87rn_rn—1

( (s = tn_1)B(s,2(s),y(s)) ds,Tn_1 —m)

/ (t,2(t), y(1)), 1 dt+</ B(s, (s ))dswh—éxn>H.

\ -

?v\»—* o
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We then apply the estimates (3.26) and (3.25),

(4.18)

R5<czk lzj—1 = 2G5 1T + lly-1 = w5 17
Jj=1

+ck*(1+ ||93||2Lm(0,tn;V) + ”yH%M(O,tn;H))

1 1
+ gl =80l + 1BCa)limran [ o)t

tn
+7 ZkB Jj— 1, T J 1ay] 1) /(; B(Sax(8)7y(s))d87rn_rn71

H
+ B2, 9) | o (1 (Inllv + a1 llv + tallw) = 6znllv).
Combining the relations (3.30), (4.9)-(4.13), and (4.18), we find that
(4.19)
7l = lra—1ll%
<klrallh +ck (2] oo (1,597 + Hf.”L‘”(In;V)
+ 1B 2z y) e 1,:v) Urnllv + 1rn—1llv)
c(lzll Los (1,5v) + ||f||Lm(In;V))/I [6zn — &(t)||vdt
+ck |6z, — w15 + c(lzallv + [ fallv + €0 + llvolle + llzollv
+IBC, 2, y)l Lo (1,,v) 1620 — wii]lv
—|—c/ ||w ) |lvdt + 2 (yo — hk—A(xo—xgk),rn,l — )|
tn
ZkB ol = [ B a(s)(s) dsor <
0
H

+Czk i1 = 235 + llyj-1 — 354115

telBC 2yl et / T (t) | st
In

+ekP(1+ ||55H2Loo(o,tn;V) + Hy||2L°°(0,tn;V))'
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By a series of manipulations similar to those leading to (3.37), we obtain from (4.19)
that

(4.20) lzn = 23 1% + v — v I
n—1
hk hk
< ey k(llzy — 2+ llys — vptI) + ced
j=1

+eck(1+ ”xH%/Vl)OO(O,T;V) + ”f”%/Vl’OO(O,T;V))
+ck (lyollFr + llzoll¥ + 1B, 2, 9) 17 (0.2

+e(7ll b=y + 1 Fl=ry) 3 / 8y — ()t
=171
+cZk||5xj—wy||2v+cZ/l ol — i(t)||vdt
j=1 j=1"1i

el Bzl 0am D [ IHe(o) e
j=1"1
+ 1 = Pan)(yn — vo) -
We can then apply the technique of the proof of Theorem 3.3 to find the estimate

(421)  max (fra — 2B + lym — y213)

<@+ s 10 = P )~ )l + 0L+ el o

1y oo 0,200 lwollEr + ol + 1B, 2, )7 0,7:v))

N
+ (lellz~ oy + 1~z 3 / 8, — i (t) vt
j=1"h
N N
Sk 6z, —w?\\%Z/I ol — i(0)||vdt
i=1 =171

N
B Y [ MaO]nat).
j=1"1

We now show a convergence result using (4.21).

THEOREM 4.4. Let (z,y) € W1°(0,T;V x H) be the solution of Problem P
and {(zM* yM*)N VP x H" be the solution of the corresponding fully discrete
Problem P"® . Then under Assumptions H1 and H2 we have

(4.22) max, (e =2+ lyn —92513) >0 as hok 0.

Proof. We still have (4.2). By Lemma 4.3, for any ¢ > 0, there exists & €
C*>([0,T]; V) such that

|z = Z[|z10,rv) < e
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Since

/||6x]—x )vdt =

7/ (x'(s)—x'(t))ds dt

I .

fk// Ji(s) - &(s) v + 13(6) ~ #(0)lv

+12(s) — 2(t)llv] ds dt

<2/||a: e |th+k:/ 15(t) v,

we have

N
(4.23) ) / 625 — &(t) lvat < c= + k |5l 0.1
From

Jw} —&(t)lv < w) = basllv + |65 — &(t)|lv,
we see that

(4.24) Z / ot — ||th<kZ||w 5IJ||V+Z / l8; — () [yt

It suffices to estimate the term k Zjvzl [|[w} — éz;||v. Noticing that

1 : .
7 [ G =,

J

h
w; — ox; = w — 6% +

we have

N N
(4.25) kY ) —bajllv < kY llwf = 8&llv + I — &0,
i=1 /

j=1
N

<k |lwh =63y + ce.
j=1

Here Z is the function used in the proof of Theorem 4.2 such that (4.4) holds.
It remains to bound the last term in (4.21). From the definition (4.16), we have

t _ tn _
Hm(t):/ t”k t:t(s)ds—/t %@(s)ds, b1 <t <t

tn—1

Therefore,

N N
(1260 Y / ML) st < 3 / lé(s)llvds = k [l 21 oz
j=171 j=1 1L
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The bounds (4.23)—(4.26) are now used in the estimate (4.21). Noticing the arbitrari-
ness of w;? € Vh 1 <j < N, and recalling the estimate (4.6), we get

(427)  max (en — 22513 + llyn — 92513 < (e + 2+ B) + b+ Dk(3)),

where
N
o . - . h
Dpi(7) = kzwgfelf/h [62; — wi(lv

Jj=1 J

and the constant ¢ depends on z,y,, f, B(t,x(t),y(t)) but is independent of ¢, h, k.
By Assumption H1, we see that

. ~ ) ~ a(h 3
163, - wlly < a®le; v, < S5 [ 1301

w;‘GVh
and thus
(4.28) Dii(&) < a(h) [|Z]|21.0,:v5)-

Then the convergence result (4.22) follows directly from (4.2), (4.27), and
(4.28). 0

We remark here that the estimate (3.38) is used for deriving optimal order error
estimates provided the exact solution has higher degree regularity, while the estimate
(4.21) is suitable for convergence analysis under the basic solution regularity condition.

5. Applications to contact problems in rate-type viscoplasticity. The
aim of this section is to apply the results obtained in sections 3 and 4 to the numer-
ical analysis of two nonlinear quasi-static frictional contact problems for viscoplastic
materials. In this section, the symbol ¢ may depend on the exact solution, but it is
independent of the discretization parameters h and k.

Let us consider a viscoplastic body whose material particles occupy an open,
bounded, connected domain 2 C R? (d = 2 or 3). The boundary of 2, being assumed
Lipschitz continuous, is partitioned into three disjoint measurable parts I'y,['s, and
I3, with meas (I';) > 0. Since the boundary is Lipschitz continuous, the unit outward
normal vector v exists a.e. on the boundary. Let [0,T] be a time interval of interest.
Displacement, surface traction, and contact conditions will be specified on I'y,I's, and
T'3, respectively. We assume that the body is fixed on I'y, a body force of density b
acts in 2, and a surface traction of density F' acts on I's. Both b and F' can be time
dependent but we assume a slow variation of these functions in time so that the inertia
term in the equations of motion may be neglected. We choose (1.1) as the constitutive
relation for the viscoplastic material, in which £ is a fourth-order tensor and G is a
given constitutive function, possibly nonlinear. The unknowns of the problem are the
displacement field w : Q x [0, 7] — R and the stress field o : Q% [0,T] — S%, S¢ being
the set of second-order symmetric tensors on R?. We have the following equations
and initial-boundary value conditions:

o =C&e(u)+G(o,e(uw)) in Qx(0,T),
Divo+b=0 in Qx (0,T),
u=0 on Ty x(0,T),
ov=F on Tyx(0,7),

u(0) =uy, o(0)=09 in .

~ e~~~ —~
o ov ot ot o
Trs W o
e
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Here ug and o are the given initial data. These relations will be supplemented by a
contact condition on I's.
We define the inner product and the corresponding norms on R? and S¢ by

w-v=uw;, |v]=w -v)"? Yu=(u),v=(v;)€R?,
£-n=Eymiys €= (-6 V&= (&y)m = (my) €S

For every vector field v, we denote by v, and v, the normal and the tangential
components of v on the boundary given by

Vy =V-V, Ur=0V— U,V

and let e(v) denote the tensor field defined by

e(v) = (1y(0)).  e15(0) = 300 + ),

where the index that follows a comma indicates a partial derivative with respect to
the corresponding component of the independent variable.
We denote in what follows by H the real Hilbert space defined by

H:{T:(Tij)|Tij:TjiEL2(Q), ]-SZ,JSd}

with the inner product
(o, 7))y = / oiTijde, o,T € H.
Q

We assume in what follows that £ : @ x S — S% and G : Q x S% x S — S? satisfy
the following assumptions.

(a) gijkl S LOO(Q), 1< i,j,k,l <d.

M) Eo-T=0-E7 Vo, 7 €S ae. in .

(c) There exists an ap > 0 such that
ET 1> ap|T|? VT €S? ae. in Q.

(a) There exists an £ > 0 such that Vo, 09,€1,62 € S? a.e. in Q,
‘G($70'1,€1) — G(QZ70'2,€2)‘ < E(|0’1 — 0'2‘ + |€1 — €2|).

(b) For any o,e € S¢, & +— G(z, 0, €) is measurable.

(¢) The mapping * — G(x,0,0) € H.

These assumptions will be used to verify (2.7) and (2.8) in the context of me-
chanical applications later.
For the input data, we assume that

be Whe(0,T; (L2(Q)%), F e W'>(0,T;(L*(T2))%).
Finally, we suppose that the viscoplastic body is in contact with a rigid foundation

on '3 x (0, 7). This contact involves friction. In what follows we consider two different
friction laws which lead us to the following examples.
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5.1. Contact with simplified Coulomb’s friction law. Consider a contact
condition modeled by a simplified version of Coulomb’s law of dry friction (see, e.g.,
[6, 16)), i.e.,

UV:Sa |0T‘§M|UV|
(5.6) lo-| < ploy| = a4, =0 on I's x (0,7).
|o,| = plo,| = there exists A > Osuch that o, = =\,
Here 0, denotes the normal stress on the contact boundary, o is the tangential force
on the contact boundary, 4, denotes the tangential velocity, S € L>°(T'3) is a given

function, and p > 0 is the coeflicient of friction.
Let

U={veH'(N)|v=00nT},
J U =R, j(v) =u/ 151 [, ds,
I

L:[0,T] xU — R, L(t,v)z/b(t)~vdx+ F(t)-vds+ Sw, ds,
Q T2 T's

and let ug € U, o¢g € H denote initial data such that
(o0,e(v))u +j(v) > L(0,v) Vvel.

The weak formulation of the mechanical problem (5.1)—(5.5) and (5.6) is (see,
e.g., [1]) the following,.

PROBLEM P;. Find the displacement field w : [0,7] — U and the stress field
o :[0,T] — H such that
(57) U(O) = Ug, 0'(0) =0y,
and for a.e. t € (0,T),

(5-8) o (t) = Ee(a(t)) + G(a(t),e(u(t))),
(5.9) (o(t),e(v—u(t))n +j(v) —ju(t)) = L(t,v —u(t)) Voel.

Let V' be the subspace of H given by
V=eU)={el)|veU}.
Since meas (I'1) > 0, Korn’s inequality holds (see [15]):
[vllv < clle()|a Vv el
It follows that V is a closed subspace of H and that the deformation operator e : U —

V' is a linear, continuous invertible operator. We denote the inverse of € : U — V by
€1 : V — U, which is a linear, continuous operator. Now variational Problem P,
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can be viewed as a special case of abstract Problem P, after we make the following
identifications:

(5.10) { z < e(u), y o o, xo < €(Uo), Yo <> 00, A&, B G,

p(w) < jleHw)), (f(t), w)y < L(t,e H(w)) forweV.

The conditions (2.7)—(2.12) can then be verified by using the assumptions made
on the constitutive functions £ and G as well as on the data b, F', ug, o, S, and
. Therefore, from Theorem 2.1 it follows that Problem P; has a unique solution
(u,0) € Wh(0,T;U x H).

We now briefly specify how to construct the finite dimensional spaces V" and H"
via the finite element method. Details can be found in [3]. For simplicity, we assume
that Q is a polygon or polyhedron and I'y N3 = (. We have I's = Ulefgﬂ' with
each piece I'3; represented by an affine function. Let 7" be a regular finite element
partition of  in such a way that if a side of an element lies on the boundary, the side
belongs entirely to one of the subsets I'y, I's and fg)i, 1<4<I. Let U" C U consist
of linear elements, let us use piecewise constants for H”, and recall that V" = H'NV.
It can be shown that V" = g(U").

With the above specifications, let us show that Assumptions H1 and H2 are
satisfied. We need a density result proved in [5].

LEMMA 5.1. Let Q C R, d > 1, be an open, bounded, Lipschitz domain, and
let Ty C 9 be a relatively open set with a Lipschitz relative boundary. Then the
space {v € C®(Q) : v = 0 in a neighborhood of T} is dense in {v € HY(Q) : v =
0 a.e. on I'1}.

From this result, we see immediately that the space

{v € [C*°(Q)]? : v = 0 in a neighborhood of T},

and therefore Uy = U N [H?(Q)]¢ also, is dense in U. Let Vo = €(Uy) and Hy =
H N (HY(Q))?4. Then the spaces Vy and Hy are dense in V and H.

For any w € Vj, there exists w € Uy such that w = e(w). Let I"w € U" be the
piecewise linear interpolant of w. Then from the standard finite element interpolation
theory (cf. [3]), we have

@ — "W || (102 < ch|[@]](g2(ay)a-
By Korn’s inequality, we get
. h . o
if llw—wlly <e inf i@ — 2% )
< cllw — M| (g1 ()

< ch|wllg2(a))e

§ ch Hw||(H1(Q))d

So Assumption H1 is satisfied and we may take a(h) = ch. Assumption H2 can be
verified similarly. Therefore by Theorems 4.2 and 4.4, both the semidiscrete and fully
discrete solutions corresponding to Problem P; converge to the solution of Problem P4
as h, and h and k go to zero.
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In order to derive error estimates via (3.17) and (3.38), we need to make assump-
tions on the regularity of the exact solution. Let us specialize the estimate (3.17) for
the semidiscrete approximation of Problem P; and obtain

(5.11)
”“h - UHL‘”(O,T;U) + ||0'h - U||L°°(0,T;H)
<c||(Iag = Pgr)(o — o0)llL~0,1:m)

+c(|lug —uollv + [log — ool m)
1/2

T
te i |u—zh|Lz<o,T;U>+</ R(t;u<t>7zh<t>>|dt> 7
0

2ZheL2(0,T;UM)

where
R(t;a(t), 2"(1) = (a(t),e(z"(t) — () + (2" (8)) — j(a(t)) — L(t, 2" () — a(t)).
Under the assumption

ov € C([0,T]; (L*(T))%),

we can follow a standard argument (e.g., [14]) to get the relations

for all t € [0,T]. We then have
(5.12) R(t:a(t), 2" (1)) = /F o (t) - (2M(t), — s (1)) ds
o / (litr (8)] — |22 (2)]) ds.

The error analysis of the semidiscrete solution is given by the following result.

THEOREM 5.2. Let (u,0) € WHo°(0,T;U x H) be the solution of Problem Py and
(uh, o) € Whee(0,T; UM x H") be the corresponding semidiscrete solution. For the
initial values, we choose ull € U™ to be the orthogonal projection of ug into U™ with
respect to the inner product (e(u),e(v))yv, and ol € H" the orthogonal projection of
oo into H" with respect to the inner product of H. Assume

ov € C([0,T]; (L*(I')%), o€ W"™(0,T;Ho), weH (0,T;U),
and
oo € H2(Q) ug € H*(Q)4;
then we have the error estimate
(5.13) [w" — ull < or0) + lo" — ol L1 < ch?/4,
If we further assume

u, € H'(0,T; H*(T'5,)), 1<i<I,
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then we have the optimal order error estimate

(514) ||Uh — u||Lao(o7T;U) + ||0'h — 0‘||L(X>(O7T;H) < Ch.

Proof. First from the choice of the initial values uf and o, we have
(5.15) lug —ufllv < ch, |loo—oallu <ch.

The condition w € H'(0,T;Up) implies w, € H'(0,T; H*/?(T3,)), 1 < i < I. Let
"4(t) € UM be the piecewise linear interpolant of 4 (t) for a.e. t € (0,7). Then we
have the estimates (cf. [3])

la(t) = 0 (t)lo < chllal)] @@z @)
e (8) — ()7 [l 2(rg ) < B2l ()] oy -

Keep in mind the definition (3.13) and the transformation (5.10). From (5.12), we
obtain

(5.16) |R(t; (), ()| < (lor (1)l L2 (ry) + ) llitr (8) = (T(t))r | L2(ry)
I
<c(lo@lm, +m) B> e ()l gz, ,)-
i=1
From the property of the projection, we have
(5.17) (I = P ) (o (t) — o0)||lu < chllo(t) — ool u,-
Then the error estimate (5.13) follows from (5.11), (5.15), (5.16), and (5.17).
Under the additional assumption u, € H*(0,T; H*(T'3;)), 1 <i < I, we have
e (t) = (I (t)) 7 | L2 (rg0) < B2 i (@)l 2y )

and then the estimate (5.14) follows. d

Now we turn to error analysis of the fully discrete solution.

THEOREM 5.3. Let (u,0) € WH°°(0,T;U x H) be the solution of Problem Py and
{(ul* a"¥)YN_| be the corresponding fully discrete solution. For the initial values,

n n

we choose ult € UM to be the orthogonal projection of ug into UM with respect to the
inner product (e(u),e(v))y, and ol € H" the orthogonal projection of o into H"
with respect to the inner product of H. Assume

ov € C([0, T} (LXIT)"), o € Wh(0,T; Ho), € CH([0,T]; Vo),
and
oo € H2(Q)P ug € H(Q)4;
then we have the error estimate

(G.18)  max (Jul — o+ ok — o) < e+ b+ T@)Y2),

where

N
k() = w(t) — 1, ||% dt.
(5.19) I* (@) g / it) — ity |3t
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If we further assume
u, € HY(0,T; H*(T3;)), 1<i<I,
then

— hk _ < k(a\1/2
(5.20)  max, (lul — wy ||y + lot* — o) < (b + &+ IF()/?).

Proof. The condition u € C*([0,T]; Up) implies u, € C*([0,T]; H3/2(T'3;)), 1 <
i < I. We specialize the estimate (3.38) for the case of the full discretization of
Problem Pq:

(G521)  max (lun — wl o+ llow — ohn)

< ck (|l oo, vy + 01| Lo 0,7:11))
1/2

Zk inf | (lou; — 2" + IRy a1y, =)

+c  ex (Ig — Pyr)(on —oo)lla
+e (Jluo — ug® v + lloo — ot |m) ,
where
Rj(uj, 2") = (0,e(z" — ;) +j(z") = j(uy) — L(t;, 2" — ;).
Again, we have the estimate (5.15) for the approximation of the initial values. For
each j, let Hhuj be the piecewise linear interpolant of 4;. Then

h
[6w; — "0 l|y < c(||éu; — v + [Ju; — " ujl|v)

< ) g+ e i o
So

ZkH(SuJ |7 < e 1" (@ )‘f'ChQHUHLc>o (0,7U0)"

j=1
Similar to (5.16) we have

I
|Rj("1jvﬂhuj)| < Ch3/2(||‘7||L00(0,T;H0) + 1) Z |\"17||L°o(0,T;H3/2(F3,i))-
i=1
The error estimate (5.18) then follows from (5.21) together with the bounds for the
various terms on the right-hand side of (5.21). The error estimate (5.20) is derived
using an improved bound for |R;(w,, II";)| under the additional solution regularity
assumption. ]
Both estimates (5.18) and (5.20) involve the quantity I*(d1) defined in (5.19).
Under the physically unrealistic assumption w € H?(0,T;U), we have

Ik(u) < Ck2||ﬁ||2L2(o,T;U)v
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and then the estimates (5.18) and (5.20) give the bounds O(h%/* + k) and O(h + k),
respectively.

We emphasize that the error estimates (5.13), (5.14), (5.18), and (5.20) are only
sample results under the stated regularity conditions. If the regularity conditions are

different, the error estimates need to be changed accordingly, but that follows easily
from (5.11) and (5.21).

5.2. Bilateral contact with Tresca’s friction law. We assume a bilateral
contact modeled by Tresca’s friction law (see, e.g., [2, 6]), i.e.,

Uy = 07 |0-'r| < g
(5.22) o] <g=1,=0 on I'y x (0,7).
|o-| = g = there exists A > Osuch that o, = =\,

Here u, represents the normal displacement, ., denotes the tangential velocity, o
is the tangential force on the contact boundary, and g > 0 is the friction bound, i.e.,
the magnitude of the limiting friction traction at which slip begins. For simplicity, we
assume here that g is a constant but, with minor changes, the nonhomogenous case
may also be considered. In (5.22) the strict inequality holds in the stick zone and the
equality in the slip zone. The contact is assumed to be bilateral, i.e., there is no loss
of the contact during the process.
Let

U={veH'()|v=00nTy,v,=0onTs},

iUy, @) =g [ lorlds
s

L:[0,T] xU — R, L(t,v):/b(t)-vdac—&— F(t)-vds
Q Iy

and let ug € U, o¢g € H be given initial data such that
(0,e(v))g +j(v) > L(0,v) Yvel.

In [2] the following weak formulation of the mechanical problem (5.1)—(5.5) and
(5.22) was derived.

PROBLEM P53. Find the displacement field w : [0,7] — U and the stress field
o :[0,T] — H such that

(5.23) u(0) = ug, o(0) = oy,
and for a.e. ¢t € (0,7),

(5.24) & (t) = Ee(a(t) + Gla(t), (u(t)),
(525  (o(t).e(v—u(t)n +(v) - j(a(t)) > L(t,v —a(t)) Vv eU.

Let V be the subspace of H given by
V=eU)={el)|velU}.

V' is a closed subspace of H and that the deformation operator € : U — V is a linear,
continuous invertible operator. We denote the inverse of e : U — V by e ™1 : V — U,
which is a linear, continuous operator. Variational Problem Ps can be viewed as a
special case of abstract Problem P, after we make the identifications (5.10).
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The rest of the discussion on Problem Ps is similar to that for Problem P; of the
previous subsection. In particular, the conditions (2.7)—(2.12) can be verified by using
the assumptions made on the constitutive functions £ and G as well as on the data
b, F, ug, oy, and g; so it follows from Theorem 2.1 that Problem P, has a unique
solution having the regularity (u,o) € W1H°(0,T;U x H).

We make the same assumptions on the domain 2 and its finite element partition.
The finite element space U" C U now differs from that in the previous subsection by
requiring a vanishing normal component on I'; ; for i = 1,..., 1. We still use piecewise
constants for H" and we have V" = ¢(U") = H"n V.

To show the convergence of both semidiscrete and fully discrete solutions for
Problem Ps, we need to verify Assumptions H1 and H2. Again, the crucial ingredient
is a density result. By adapting the proof of Lemma 3.2 on page 141 from [12],
we know that for d = 2, the space U N [C°°(Q2)]? is dense in U. Using this result,
then it can be shown that for d = 2, Assumptions H1 and H2 are satisfied and we
have the convergence of the discrete solutions under the proved solution regularity
(u,0) € Wh(0,T;U x H).

Finally, the error estimates presented in Theorems 5.2 and 5.3 also hold for nu-
merical approximations of Problem P,. We skip the detailed arguments for these
results because they are very similar to those used in proving Theorems 5.2 and 5.3.
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