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Abstract

This paper provides a theoretical study of reconstructing absorption and
scattering coefficients based on the radiative transport equation (RTE) by using
the total variation regularization method. The function space for solutions of
the RTE is a natural one from the form of the boundary value problem of the
RTE. We analyze the continuity and differentiability of the forward operator.
We then show that the total variation regularization method can be applied for
a stable solution. Convergence of the total variation-minimizing solution in the
sense of the Bregman distance is also obtained.

1. Introduction

The radiative transport equation (RTE) as a forward model to describe the propagation or
radiation of particles inside a medium arises in a wide variety of applications in sciences and
engineering, including neutron transport, optical molecular imaging, infrared and visible light
photography in space and atmosphere, heat transfer, astrophysics, atmospheric science (which
is also known as remote sensing) and so on. In these areas, based on suitably chosen function
spaces, solvability of the RTE, properties of the solutions and numerical analysis of the RTE
are intensively studied. We refer the reader to [1, 11-13, 31, 34, 36, 37] and the references
therein for details on this subject.

As RTE-based inverse problems are difficult to study theoretically and to solve
numerically, so far, many studies of the RTE-based inverse problems are limited to employing
an approximation of the RTE as the forward model. One of the most popular approximation
models is based on the diffusion approximation of the RTE. Theoretical and numerical
analysis of diffusion-based biomedical molecular imaging problems can be found in numerous
papers; for example, in [16], following the procedure of the standard regularization method
with a quadratic penalty term, rigorous theoretical analysis of diffusion-based coefficients
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reconstruction optical tomography is investigated; in [24], mathematical theory and numerical
analysis of diffusion-based bioluminescence tomography (BLT) are provided; in [25], solution
existence and convergence of numerical methods are for a BLT approach which optimizes
optical coefficients when an underlying bioluminescent source distribution is reconstructed
to match the measured data. In addition to diffusion-based biomedical molecular imaging, in
[22], a theoretical framework of x-ray dark tomography based on the modified Leakeas—Larsen
approximation is investigated.

Recently, there has been much research interest in inverse problems based on the RTE
in biomedical imaging applications. For linear light source inverse problems, in [23], a
comprehensive mathematical framework on the solution existence, uniqueness, continuous
dependence on the data and convergence of numerical methods for the BLT problem via
standard Tikhonov regularization is established, and in [21, 30], numerical implementations
in the two-dimensional case are described. For nonlinear coefficient identification problems,
in [7, 33], by analyzing the singular decomposition of the albedo operator in different regimes,
stability estimate is derived and uniqueness of the coefficient identification is proved, and in
[2, 3, 14, 15], numerical techniques are proposed based on the L' space, considered to be the
‘physically relevant’ function space. For general references on the mathematical background
and imaging techniques, we refer the reader to [32] and references therein.

In this paper, we provide a theoretical study of reconstructing the absorption and scattering
coefficients based on the RTE by using the total variation regularization method.

In the study of the forward model, we use L°°-norm for the parameters and choose a
function space Hy (X x 2) for the solution of the RTE problem. The function space Hy (X x €2)
is a natural one from the form of the RTE and the inflow boundary condition, i.e., it is the
space of all functions that are square integrable together with the spatial directional derivative
along the angular direction and are such that their values on the incoming boundary are square
integrable. We show the continuity and differentiability of the forward operator with respect
to the chosen norms.

The inverse problem of parameter identifications is ill-posed and regularization is needed
in solving the inverse problem. Since the parameters are piecewise smooth functions or
even piecewise constants in applications, it is beneficial to use total variation regularization.
Regularization methods for parameter identifications have attracted much attention and many
papers are devoted to study the solution existence, uniqueness and, most importantly, the
stability, convergence and convergence rate of regularization methods. A general reference
on the regularization methods is [17]. For total variation regularization methods on nonlinear
inverse problems, theoretical analysis on the convergence and convergence rate can be found in
[6, 8-10, 18, 20, 28, 29, 35]. From these papers, under some source conditions, if the forward
operator satisfies the nonlinearity conditions in the sense of metric or Bregman distance, the
convergence rate can be obtained. But in many practical parameter identification problems,
the nonlinearity conditions for the forward problem are difficult to check, especially when the
selected parameter space is a non-reflexive Banach space, e.g. a BV space. In [26], with the
use of the compactness properties of the forward solution spaces, convergence rate for the total
variation regularization of coefficient identification problems in elliptic problems is obtained.
In this paper, we demonstrate that the total variation regularization method can be applied for
a stable solution and show the convergence of the solutions of the regularized problem as the
regularization parameter approaches zero. The convergence is in the sense of the Bregman
distance.

The rest of the paper is organized as follows. In section 2, we introduce the notation
and function spaces used in this paper and then review the solvability result of the RTE
problem based on a naturally chosen function space Hy (X x €2). In section 3, we analyze the
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continuity and differentiability of the forward operator and then identify the adjoint problem.
In section 4, we study the solution existence, stability estimate and convergence of the total
variation-minimizing solutions in the sense of Bregman distance.

2. Notation and physical model

The propagation of light within biological media is described by the RTE. In this section, we
discuss the RTE problem.

2.1. Notation and the radiative transport equation

We assume that the spatial domain X C R? is bounded with a C' boundary dX. The outward
normal vector is denoted by v(x) for x € 0X. By Q := {w eR’ | |w| = 1}, we denote the
unit sphere. We will need the following incoming and outgoing boundaries as subsets of
['=0X x Q:

' ={(x,w) €dX x Q| w-v(x) <0}, ' ={x,®) € X x Q| w-v(x) > 0}.
Denote by do (w) the infinitesimal area element on the unit sphere €2. In the spherical coordinate
system, @ = (sinf cos i, sinf sin Y, cosO)T, for 0 < 0 < wand 0 < Y < 2m, we have
do (@) = sin6 df dyr. We need an integral operator S defined by

(Su) (x, w) =/ nex, - o) ux, @ do (@) 2.1
Q
with 1 a nonnegative normalized phase function:
/ nx, 0 -®do(@ =1 VxeX, weQ. 2.2)
Q

In many applications, the function 7 is independent of x. However, in our general study, we
allow 7 to depend on x. Moreover, we can allow 7 to be a general function of x, @ and @, i.e.,
in the form n(x, @, ®). One well-known example is the Henyey—Greenstein phase function

(cf [27]):
1-g

4 (1 4 g2 —2g1)3/%°

where the parameter g € (—1, 1) is the anisotropy factor of the scattering medium. Note that

g = 0 for isotropic scattering, g > 0 for forward scattering and g < 0 for backward scattering.
With the above notation, we can write the boundary value problem (BVP) of the RTE:

@ -Vulx, o)+ u@ulx, o) = ux)Sulx, w) + f(x,®) inX xQ, (2.4)

n() = tel[-1,1], (2.3)

ulx,®) = up(x,®w) onl_. 2.5)
Here u, = u, + 15, 1, s the macroscopic absorption cross section, (i, is the macroscopic
scattering cross section, u;, is the incoming flow on the incoming boundary and f(x, @) is the
internal source function. The expression @ - Vu(x, @) is a directional derivative,
0
®- - Vulx, w) = B—M(Z + 5@, ®)|5=0.
s

In this paper, we consider the inverse problem of parameter identification through
knowledge of the incoming flow and corresponding measurement data u,, on the outgoing
boundary. There is no internal source so that the forward problem is

@ -Vulx, o) + u,@ux, o) = u;x)Sulx, ®) inX x Q, (2.6)
ulx,®) = up(x,w) onl_. 2.7

We impose the following assumptions on the coefficients.
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Assumptions

(A1) The function u,(x) is uniformly positive and bounded; i.e., there exist two positive
constants x! and 12, such that 0 < p}! < p, < p? < cc ae.inX.
(A2) The function pg(x) is uniformly positive and bounded; i.e., there exist two positive
constants p! and p2, such that 0 < u! < s < p? < co ae. in X.
(A3) There is a constant ¢y > 0 such that u, — g > c¢g > 0 a.e. in X.
Next, we will introduce a function space for u(x, ®), and show the regularity of solution
of the above BVP under this space frame.

2.2. Function spaces

We introduce some function spaces that will be needed later in the paper:
HZ2X xQ)=vel’XxQ)|w-Vvel’X xQ))
is a Hilbert space with the inner product
(u, V)g2xxq) = / (@ -Vuw - Vv + uv) dxdo (w)
XxQ
and the corresponding norm [|v||g12(xxq) := (v, v);f/,%z(XXQ).
L[*(I'y) on I'y, which are Hilbert spaces of functions v on 'y with the inner products

(u, V)2, = /1: @ - v(x)|ulx, ®)v(x, ®)dado (@)

We also need the function space

and corresponding norms [|v||2(r4).

From a result on the trace of an H“2(X x ) function ([1]), we know that if
ve H'Y (X x Q)andv|r_ € L*(I'_), thenv|r, € L*(I';), and for some constant ¢ depending
only on X, the following inequality holds:

lvllza,y < cllivllgexxe) + Ivllza )] (2.8)
It is known that for each u;, € L?>(I'_), the problem (2.6)—(2.7) has a unique
solution u € H"2(X x Q). The solution of the BVP (2.6)—(2.7) will be sought from the
function space
Hi(X x Q) :={ve H"*X x Q) | v|r_ € L*(T')}
with the norm

. 2 2 1/2
”U”HA(XXQ) = [||v||H1-2(X><Q) + ||U|1",||Lz([~7)] .

Proposition 2.1. If v € Hy (X x Q), then v|r, € L>(T'y), and for some constant c depending
only on X,
lvlrgllza,y < cllvllg, xxe)-
Obviously, we can take ¢ = 1 in the above inequality in bounding [[v|r_|l;2r_).

Corresponding to equation (2.6), we introduce the linear integro-differential operator L
by the formula

Lv(x,®) =@ - Vv(x, ®) + 1, (X)v(x, ®) — s (x) (Sv) (x, ®).
Then we have the following result (cf [1, theorem 3.1]).

Proposition 2.2. Under the assumption on coefficients, in the space Hy(X X ), the norm
I - |, xx) is equivalent to the following norm:

1/2
[wla = [y + 120117 )]
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2.3. Solvability of the RTE problem

Consider the BVP (2.6)—(2.7), assuming that u;, € L?>(I"_). Introduce the following variational

problem.
Variational problem. Find a function u € Hs (X x €2), such that
Jw) =inf{J(v) | v e Hy(X x Q)}, (2.9)
where
J@) = v = tinllfr_y + 1LV - (2.10)

The following result is standard (cf [1]).
Theorem 2.1. Assume (A1)—(A3). Let ui, € L>(I'_). Then

(1) there exists a unique solution u € Hy(X x Q) to the variational problem (2.9);
(2) the solution u satisfies the equation (2.6) a.e. in X x Q2 and the boundary condition (2.7)
ae.onl'_;
(3) for some constants c and ¢ > 0, independent of u and uy, the following bounds hold:
clluinllzar_y < llullg,xxo) < Clltinllzay- (2.11)
Based on (2.9), we introduce the weak formulation of the BVP (2.6)—(2.7):
findu € Hy(X x Q) :  a(u,v) = (U, )2y YV EH (X xQ), (2.12)
where
a(u, 'U) = (l/l, U)LZ([‘i) + (LM, Lv)Lz(XXQ)' (213)
Recall the assumptions (A1)—(A3). With the norm equivalence result, proposition 2.2, we
can show the boundedness and V-ellipticity of the bilinear form a(-, -):
la(u, V)| < Mlullg, vlla, Vu, v € Ha(X x £2),
a(v,v) = alvlly, Yve Hy(X x Q).
Applying the Lax—Milgram lemma, we conclude that the weak formulation (2.12) has a unique

solution u € Hy (X x 2). We will use the weak formulation to analyze the properties of the
forward operator.

2.4. Measurements

The measured light intensity in the optical tomography experiments is generally taken on
the boundaries of the regions of interest. There are mainly two types of imaging systems
for measurements frequently used in optical tomography, namely, optical fiber-based imaging
systems and CCD camera-based imaging systems ([2, 33]). We can treat the measurement
data from the imaging system as angularly averaged data or angularly resolved data. Let B be
the measurement operator acting in the space Hs (X x €2). For angularly averaged data, the
measurement operator can be defined as

B:Hy(X x Q) —> L2(3X), (Bu)(x) = / ®-v(x)ulx, w)do (@), (2.14)
Qx4

where
Qi ={weQ|w- vx)>0}.

This is, the outgoing current of photons on the boundary. For the angularly resolved data, the
measurement operator can be defined as ([33])

B:Hy(X x Q) — L*(Ty), (Bu)(x,w) =ux,®)|r,.
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This is simply the outgoing boundary value of the solution of the transport equation.
Obviously, the angularly resolved data are richer than the angularly averaged data because
angular dependence is allowed. However, in practice, collecting angularly resolved data is too
expensive and angularly averaged data are more popularly in use. In this paper, we will focus
on angularly averaged measurement data (2.14).

Proposition 2.3. The angularly averaged measurement data-based measurement operator
B : Hy(X x Q) — L*(0X) is well defined, linear and bounded, and for some constant ¢ > 0
depending only on X, we have

|Bull2ox) < ¢ llullg,xxe) Yu € Ha(X x Q). (2.15)

Proof. From proposition 2.1,
lullzoyy < lullm,aoxe)y  Vu € Ha(X X 2).

Let us bound || Bull12(5x) in terms of [[ull 2, y:
2
2
”Bu”LZ(BX) = / ‘/ V(x) . wu(x, (l)) do ((1)) da
ax [,

< 471/ / v(x) - @| ulx, ) do () da
ax JQu
= 47T||M||12‘2(F+)

Thus, (2.15) holds. O
3. Forward operator

In an optical tomography problem, the object is illuminated by an incident light source on
the boundary and the resulting light intensity u is measured on the boundary, denoted as Bu;
as is mentioned previously, we use the angularly averaged measurement. This establishes a
nonlinear relation between the optical coefficients p, and g, characterizing the medium and
the corresponding measurements Bu on the boundary dX. The mathematical model is the
following.

Forward operator. For a given light source u;, € L*>(T'_), define

F:D(F) — L*(3X), (s, pis) = Bu, G.1)
where u denotes the solution of the BVP (2.6)—(2.7), whereas the admissible set is
D(F) = {(is, ps) € L (X) x L= (X) | Assumptions (A1)—(A3) are satisfied}.

From theorem 2.3 and proposition 2.4, we see that the forward operator is well defined on
D(F).
In the following, we analyze properties of the forward operator.

3.1. Continuity and differentiability

To prove the continuity and differentiability of the forward operator F, we first recall the
solvability of the governing BVP

Lu=finX xQ, u=uyonl_,
where f € L*(X x ). Similar to theorem 2.3, the following result holds.
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Theorem 3.1. Assume (Al)—(A3) and f € L*>(X x Q), uy, € L>(T'_). Then there is a unique
solution u € Hy (X x Q) to the variational problem:
(U, V)2 y + (Lu, Lv) pxsoy = (F Lv) 2 xg) + (Win, v)2ry  Yv € Hy(X x Q).

Moreover,

Nl xxe) < CUSfllrzxxe) + tinllza_))
with a constant C depending only on the domain and the bounds of the coefficients.
Theorem 3.2. Assume (Al)—(A3) on (., is) and (i, iLs), and let u and i denote the
solutions of (2.6)—~(2.7) with ui, € L*(T'_) corresponding to coefficients (ji;, jts) and (fis, fis),
respectively. Then

lu = dllm,xxe) < CUle — el + s = Bsllzeoo) i llzesy,  (3.2)

with a constant C depending only on the domain and the bounds of the coefficients.

Proof. We use the weak formulation (2.12) for the solution & with the parameters (i, fis)
and the solution u with the parameters (u,, t;). Then the difference w := u — u satisfies

(W, V)2 ) + Cw, Lv) 2oy = — (L — D), Lv) 2 gy Yo € Ha(X x Q),

Wher~e L denotes the linear operator in (2.6) corresponding to (fi;, ty) and we used the fact
that Lz = 0 a.e. in X x Q.
Applying theorem 3.1,

lwila,xxo) < cll(L— Z)’Z”LZ(XXQ)-
Observe that
(L—L)) = (e — i) () = (s — f1)SC).
We can then obtain the inequality (3.2). (|

As a corollary of theorem 3.2 and proposition 2.4, we can obtain the Lipsichitz continuity
property of the forward operator.

Theorem 3.3 (Lipsichitz continuity). Let the assumptions (Al)—(A3) hold. Then the forward
operator F : D(F) — L*>(8X) is Lipschitz continuous with respect to the topologies of
L>®(X) x L®(X) and L*(3X).

The Lipschitz continuity of the forward operator F' indicates a certain differentiability.
Differentiability is very important in analyzing convergence properties of the regularization
method.

Theorem 3.4 (Differentiability). Let uy, € L>(I'_) be given, and let (u,, uy) € D(F),
Sus, Spus) € D(F) such that (u; + oS, s + adpy) € D(F) for all o € R with |«|
sufficiently small. Then the Fréchet derivative of the forward operator F at (u;, jLy) in the
direction (84s, Siug) is given by

F(1e, ) [8pe, Spas] = / lw-v(x)|w(x, w)do(w),
Qe 1
where w is the solution of the following problem:

(w, V)2 + Lw, Lv) 2y xgy = —(Spitt, Lv) 2 (x ) + (SpsSu, Lv) 12x ) (3.3)
forall v e Hy(X x 2), and u is the solution of BVP (2.6)—(2.7). Moreover,
||F/(Mt, ms)[dps, 3/%-]||L2(BX) < C(||3ll~r||L°°(X) + ||5Mx||L°C(X))||Min||L2(r,) 34

with a constant C depending only on the domain and the bounds of the coefficients.
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The proof of theorem 3.4 is similar to that of theorem 3.2 and that of theorem 3.5 below,
and is hence omitted. Thus, F’'(u,, ;) defines a bounded linear operator mapping from
L®(X) x L*®(X) to L*(3X) and the estimate (3.4) holds.

Theorem 3.5. The linear Taylor expansion of the forward operator F around (i, ps) € D(F)
is second-order accurate, i.e., for ({i;, its) € D(F) the following bound holds:

i —u—wleze,) < Collite — pmilljene + s = tsllzo o) ltinll 2y (3.5)
with a constant C;, > 0 depending only on the domain and the bounds of the coefficients,

where u and u are the solutions of the BVP (2.6)—(2.7) corresponding to (ii,, fis) and (j;, i),
respectively, and w is the solution to the problem (3.3).

Proof. Let m := i — u — w. Using (2.12) and (3.3), we can obtain

(m, )2y + (Lm, Lv) 2 (x w0y = — (S (@ — u), Lv) 2y xq) + SusS@ — u), Lv)2xxq)
forall v € Hy(X x 2). Applying theorems 3.1 and 3.2, we obtain from the previous equality
that

SCUSpellzoxy + N8 msllze o) 1 — ull 2 xxg)

S CI8pellzexy + I8l ) i — ulla, x <2

< CU el ) + 1815l 7e o) Ntinll 2 -

The result (3.5) then follows. O

Il x x2)

3.2. Adjoint problem

A formula for the derivative operator F’(u,, ps) was derived in theorem 3.4. Here, we derive
an adjoint equation for the calculation of the adjoint of the derivative operator F’ (i, is).
The adjoint equation is important in numerical calculations as well as in analyzing the back
transport effect in application. Recall that the Frécher derivative of the forward operator F can
be computed by solving the following BVP (cf (3.3)):

- -Vw+ uw— puSw = —8u,u+ SusSu  inX x Q, 3.6)
w=0 onl_. 3.7

Theorem 3.6 (Adjoint problem). Let (u;, itg) € D(F). Assume uy, € L>®°(I'_). Then the
adjoint of the derivative operator F' (i, ) is given by

F' (e, ps)* - L*(0X) — L®(X)* x L®(X)*,
C = (dl’(/lv du's)’

where

du, == —/ ulx, ®)px, w) do (w), (3.8)
Q

dug :=/(Su)(x, @) ((x, w)do (w). 3.9)
Q

Here, u denotes the solution to the forward problem (2.6)—(2.7) and ¢ (x, ®) is the solution of
the following adjoint problem:

—@-Vox, o) + o, o) — u; Sp)(x,w) =0 inX x Q (3.10)

¢=¢ onl,. (3.11)
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Proof. We multiply both sides of the equation (3.6) by ¢ and integrate

/ dx/ do(w) (@ -Vw + pw — puSw) o = / dx/ do (@) (—8pu+ SpugSu) . (3.12)
X Q X Q
The left side of (3.12) is equal to

f ® - vwe do (w) da —i—/ (—@0 - Vo + up — uSe) wdxdo (@)
r XxQ

= f ® - vwe do (w) da
Iy

:/ </ |w~v|wda(w))g0da,
ax \J Q4

whereas the right side of (3.12) is
/{—S,ul/ u<pda(w)+5,us/ Su(pda(a))} dx.
X Q Q

F' (e, )™ = (dpy, dpag)

with du, defined by (3.8) and du, defined by (3.9).
Since uy, € L*(I'_), by [1, lemma 3.2], u € L*(X x 2). By a variant of theorem 2.3,
@ € L*>(X x Q). Then it is easy to see du; € L*(X). Similarly, du, € L*(X). O

So

4. Inverse problem

The goal of the inverse problem is to reconstruct the optical properties of tissues, i.e.,
the functions u,(x) and us(x), from knowledge of the map A : uj, — Bu. In practice,
only a finite source—detector pair can be used in the measurement process, i.e., we have
only partial information on the map A. This makes the problem undetermined, causing the
parameter identification problem to be severely ill-posed. To overcome the ill-posedness,
multiple excitation and finite observations are used in the numerical analysis, where the
finite observations are the discretized measurements at some locations on X ([16]). Here,
for convenience in presenting the theory, we consider the observation corresponding to every
excitation in the continuous form. We do the experiment a few times and determine (i, (ts) by
matching the predictions calculated from the forward problem with the measured data on 9X.
More precisely, let ky be the number of experiments. Fork = 1, .. ., ko, let us denote by u;j,  the
inflow value function for the kth experiment and by m; the corresponding angularly averaged
measurement. Then our inverse problem is to determine (u;, () such that fork =1, ..., ko,
the solution uy := uy (u;, is) of the BVP (2.6)—(2.7) with ui, replaced by ui, x satisfies

f v(x) - oup(x, w)do (w) = m(x) forx € 0X.
Qx,+

Mathematically, it means to solve a system of nonlinear equations:

Fe(py, s; X) = my(x), (e, s) € DAF), 1 <k < ko, 4.1

where Fy(u;, us; x) is the forward operator corresponding to the inflow boundary value
uin, - Because of the effects of the experimental environment and the accuracy of laboratory
equipment, the measurement my, is not accurate. For k = 1, ..., ko, let §; > O be the noise
level, i.e. |[mg — my k|2 0x) < Ok, where my ; denotes the true value of my on dX. Then define
a noise level vector § = (81, ..., 8 ). The inverse problem (4.1) is ill-posed; hence some

9
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regularization methods are used in order to obtain a stable solution. To treat well the possibly
discontinuous or highly oscillating coefficients, we use the output least-squares method with
total variation regularization. That is, we minimize the following functional:

ko

1
Tpe 1) = 5 D IFLGtes 1) = el o, + B (/ IV i +/ mm) 42)
k=1 X X

over the admissible set
Qa = (@1 NBV (X)) x (02 NBV (X))

for the coefficient pair u© = (u;, ius). Here 8 > 0 is a regularization parameter,
O = {w | € LX), 0 < p} < py < pf < oo},
0 = {i | s € LX), 0 < pu < g < g < 00},

The symbol f « IViu;| denotes the total variation semi-norm ([19]) of u, € LY(X):

/W/m = sup{/ padivg dx [ ¢ € C206G B, lpllimans < 1}
X X

and f « |Vl is defined similarly. BV (X) denotes the bounded variation space

BV(X) = {u eLl'(X)| / V| < oo}.
X

It is a Banach space under the norm
e llBv ooy := Nmellox) +/ [Vl
X

Fork =1,..., ko, let {mt,k}],?’:l be the exact measurement data on 9X. To simplify the
notation, we denote (i, iLy) as i, and denote the first item on the right hand of (4.2) as J; (1),
the second item as SJ, (w). Then our purpose is to analyze the minimization problem:

(Pg) inf Ji(u) + Bla().
NnEQaa

In the following, we will prove that the problem (Pg) has a solution pg. Furthermore, the
problem

P inf  Jr(u)
WEQad ({my k})

also has a solution u which is called the total variation-minimizing solution of the system of
equations Fi () = my i, 1 < k < ko, where

Qaa(mii}) :={1 € Qua | () = my g, 1 <k < ko}.

4.1. The regularized problems

The main result here is on the solution existence to both problems (Pg) and (P). First, we
recall some properties of the BV (X) space ([5, 19]).

Proposition 4.1.

(i) Let {u"} be a bounded sequence in BV (X). Then there are a subsequence {u"'} and an
element . € BV (X) such that {''} converges to u in L' (X).
(ii) Let {11} be a sequence in BV (X) which converges to j in L' (X). Then v € BV (X) and

f|w,|+/ |m|<1iminff |Vu:'|+[|wz|.
X X n—oo Jx X

10
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Note that if {u"} C BV (X) converges to u € BV (X), then

lim f |va|+] |w_':|=/ |wz|+f Vi, 4.3)
n—00 Jx X X X

Theorem 4.1.

(i) A solution g of the problem (Pg) exists.
(ii) A solution u' of the problem (P) exists.

Proof. (i) It is clear that Jg(t) > O on the admissible set Q,q. There exists a minimizing
sequence {"} € Q,q such that

lim Jg(u™) = inf J . 4.4
Jim Jy (") = inf J5 () 4.4)

Hence {Jg(u")} is bounded, Jg(u") < Jo for some constant Jo. By the definition of Jg (1)
with p replaced by u©”,

ko

1

3 E llmy; — mklliz(gx) + 8 (/ V| +/ |VMZ|> < Jo.
k=1 X X

Here, we denote by u] = Uy (") the solution of the BVP (2.6)—(2.7) with u replaced by ",
and

mZ(x):f v - wuy do (@)
Qx.+

is the corresponding measurement on the boundary. From the last inequality, {m}} is bounded
in L2(3X), { wuy'} and {ul} are bounded in BV (X). On the other hand, from theorem 2.3,

Nl ey x x) < Clltinggell2r_)-
So {u}} is uniformly bounded in Hy (X x £2). By possibly extracting a subsequence, there exist
wy, wy and i satisfying

W — pfand ' — pFin L'(X),  u)' — uf in Hy(X x Q). 4.5)
Then, there exist further subsequences {u;?} C {u;'} and {2} C {u™} such that u;? — u’
and > — w; a.e. on X. Note that

we? = up  in Hy(X x Q). (4.6)

Since w;? € Qy for all ny, we have u* € @y, and hence uf € Q) NBV(X). Similarly,
ni € Q> N BV (X). From proposition 4.1,

f [Vur| < lirninf/ [V, f Vi < liminf/ [Vl 4.7)
X n—>00 Jy X : m—>o00 [y h
Now let us show that for k = 1, ..., ko, F;(u*) = m}; on X. We first note that

2, V) + L2u?, L) 2k = (Uing v) Vv € Ha(X x Q). (4.8)

Here, L™ denotes the linear integro-differential operator corresponding to the coefficients u"2.
Next, let us denote by L* the linear integro-differential operator with the coefficients u*. Let
v € Hy(X x Q) be arbitrary but fixed. We will show that

(uzz, U)Lz(]",) =+ (anlxlzz, LnZU)LZ(XXQ) e (u,f, U)Lz(l",) =+ (L*MZ, L*U)LZ(XXQ)' (49)

Since u’,zz — u} in Hy (X x ), by the definition of space Hy (X x £2), uf — uj alsoin LX(T.),
which implies that

W2, Ve = W, Ve
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Moreover,
|(L2u?, Lv) — (L*ui, L*v)| < |(L™u?, (L — L*)v))|
+ (@ = L2, L) | + | (L = uf), L*)| . (4.10)
For the first item on the right,
(L2, (@ = L) = (L2, (= v = (i = i)Sv)|
<L, Gu = )|+ (L7, (o = u)Sv)|

Now,

e = i) < 2 gy N7 = e

The values {[|L"u?||;2(x xq)} are uniformly bounded. Since |u)* — pf| < p? — p! and
converge to u; almost everywhere, an application of the Lebesgue dominant convergence
theorem on the term ” (1 — puHv shows that

L2(XxQ)

2(XxQ)
€ e — )| — 0.
Similarly,
(2, G = )s0)] - 0.
Thus, we obtain
|(L™u?, (L™ — L*)v)| — 0.
For the second term on the right of (4.10), write
((L”2 — L"up?, L*v) = (uzz, (uy — ;L,)L*v) + (Suzz, (u — MS)L*U).
By the same argument, we then conclude that
|((L™ = LYYu?, L*v)| — 0.
For the last term on the right of (4.10), we have
|(L* (w2 — uf), L*v)| — 0
due to the condition that 1> — 1} in Hy (X x Q).

Combining the above results, we see that (4.9) is valid, implying that for 1 < k < ko, u
is the solution of the BVP (2.6)—(2.7) with the coefficients u; and u} corresponding to the
inflow value wu;, . Furthermore, F (1*) = m; on 0X.

Now, let us check that u} is a minimizer of problem (Pg). Note that u;> — u in Hy (X X ),

so by the definition of space Hs (X x 2) and [1, lemma 2.2], we can conclude that m}zz - my
in L>(3X). Then, by [4, exercise 2.7.2], for 1 < k < ko,

llg; = il 2 axy < Hminf g2 —mll 2 ax)
ny— 00

SO

kU k()
1 o1
5 Dl = millga gy < Timinf =3l — mil gy,
k=1 k=1
Together with (4.7), we have
* Y <1 : ny my _ 3 .
Jp(uys my) < lgg inf Jg (147, 1) Mleanm Jg (1)
This completes the proof of (i).

(1) Let {"} be a sequence in Q,q({m; 1}) such that

limJ,(u") = inf (). 4.11)
n HEQaa ({my i})

12
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From the assumption on the absorption and scattering coefficients, it is obvious that {u"} is
bounded in L' (X). Following from (4.11), we know that {x"} is bounded in BV (X). Hence,
there exist a subsequence {1"} of {1+"} and an element p such that {;4™} converges to ' in
L'(X) and

B (") < liminfJ (™). 4.12)

A subsequence {1} of {1} exists, converging to 1 a.e. on X. Since {u™} C Q x 0,
1’ € 0,4. On the other hand, fork = 1, .. ., ko, we have

(Uin g, V) = W, V)2 ) + (LU, L™0)2xxq) YV € Hy(X x Q).
As in the proof of (i), we have uzz — uz in Hy(X x ), u,: is the solution of the BVP:

(Uin k> V) = (M,Tc, V) + (LTM,L L' xxa)

and satisfies the measurement boundary condition. Thus, 1" € Q.q({m;}). Furthermore, from
inequalities (4.11) and (4.12), we have

L < inf L.
Mne€Qaa({my i })

This means " is a solution of the problem (P). Thus, the proof is completed. ]

Theorem 4.2 (Stability). Let the regularization parameter B > 0 be fixed. For 1 < k < ky,
let {my} be a sequence which converges to my in L*(3X), and let wy be the minimizers of the
problems:

inf Ji (s m) + B (o).

HEQaa
Here, to show explicitly the dependence of Ji on the measurement data, we use Jy(u; mj
instead of Ji (). Then, a subsequence {/1,22} of {M%} and i € Q.q exist, such that {/1,22
converges to ji in L' (X) and

lim (/ |V(u,)22|+/ |V(us)22>=/ |V/:e,|+/ |V |- (4.13)
m=00 \Jx X X X

Furthermore, [i is a solution to (Pg).

Proof. Forall n and u € Q.4, we have
Ji (g mp) + B () < Ji(ps my) + Bla(w). (4.14)

Since {m}} is a bounded sequence in L?(8X), from the above inequality, it follows that the
sequence {u} is bounded in BV (X). By proposition 4.1, a subsequence {,u%‘} of {u} and
L € BV (X) exist such that {,LLZI} converges to fi in L' (X) and

D (ft) < liminf Jo (uf). (4.15)
np— o0

Since ,ug' € Q) x Q, forallny, it follows that ;i € Q; x Q,. Hence, i € Q.. By the argument
used in the proof of theorem 4.2, a subsequence { /L';f} of { MZI } exists such that Uy, (,ugz) weakly

ny

converges to Uy (1) in Hy (X x ), and Fy (uﬂ ) weakly converges to Fi(ji) in L*(3X). Thus,
we have

1B () = meliz oy < liminf 1B (a3 = el
<timinf (A7) = m ) + I = milzn )

= lirrr}Zin I1Fi () — m? llr2ox) -
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So
ko ko

—Zan(m Ml oy, < liminf Zanw — M 720y
k=1

which means that
Ji(i; my) < 11m1an1 (/,Lﬁ ; mk 2. (4.16)

Together with (4.14) and (4.15), we obtain that for any u € Q,q,
Ji(is m) + Bh() < hmlnffl (s m?) + Bl (g
<lim \SUD s )+ B2 )

< hm supJ] (u; m?) + Bh ()

= linlznh (s m) + B2 (1)
= Ji(u; m) + Bo().
This implies that i is a solution of the problem (Pg) and
lim Ji (s m?) + Bl (g ) = Ji (s me) + BJa(i1). (4.17)
Finally, let us show (4.13) holds, that is, Jz(ugz) — J(it) as np — o00. Assume
Jz(,uzz) - Jo(f1). Then from (4.15), we have
() < lim susz(uZ2) =J. (4.18)
ny

From the definition of limit superior, there exists a subsequence { u';f} of { u’gz} such that u;’f
converges to (& almost everywhere, Fk(uz3) — Fi (1) and Jg(u';3) — Jo. Since (4.17) holds,
we obtain that

limJy (ug's m?) = Ji (fis me) + B2 (1) = lim 2 (')
=Ji(i; me) + B2 (0) — Jo)
< Ji(p; m),
which contradicts (4.16). Thus J, (/,Lzz) — J (), i.e., (4.13) holds. O

4.2. Convergence

We will show that the solutions of the problem (Pg) with the noisy measurement data {m;f )
converge toward a solution of the problem (P) as 8 — 0 and the noise level §; — 0,
1 < k < ko. For the noise level vector §" = (§7, ..., SZO), the arithmetic mean of the square
of ky noise levels is m(§") = [(8{’)2 4+ 4 (8;;0)2]/k0.

We measure the convergence with respect to the Bregman distance, which is briefly
recalled here. Let B be a Banach space with B* being the dual space of it; R : B — (—00, 00]
is a proper convex functional and dR(q) stands for the subdifferential of R at ¢ € DomR :=
{g € B| R(q) < oo} # ¢ defined by

dR(q) :=1{q" € B* | R(p) = R(q) + (", p— q).p) forall p e B}.

The set IR (g) may be empty; however, if R is continuous at ¢, then it is nonempty. Furthermore,
dR(q) is convex and weak* compact. In the case dR(g) # @, for any fixed p € B, we denote

Dr(p,q) :=={R(p) —R(q) + (", P — @) -B) | " € OR(q)}.

14
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Then for a fixed element ¢g* € dR(g),
DY (p.q) :=R(p) —R(q) = {q". P — )-.5)

is called the Bregman distance with respect to R and ¢* of two elements p, g € B.

The Bregman distance is not a metric on B. However, for each ¢* € 9R(q), the
D% (p,q) = 0 for any p € B and D% (g, q) = 0. Furthermore, in the case R is the strictly
convex function, D} (p, ¢) = 0if and only if p = q.

Theorem 4.3. (Convergence) For any positive vector sequence §" — 0 such that for
Bn = B@") = 0, m(8")/B. — 0asn — oo, let {m}} be a sequence in L*(8X) such
that for every k, ||m} — my k|12 ox) < 8}, and let {ig } be the minimizers of the problems

min Jy (u; my) + BpJo ().
HEQad

Then, a subsequence {uZﬁ }of {,ugn} and an element (i € Qua({my x}) exist such that

lim [pug — Al =0 (4.19)
ny— 00 2
and
nli_T)noo J (“Ziz) =/ (f1). (4.20)

Furthermore, (1 is a solution to the problem (P) and for all l € B(fx IV (),
Jim D) (ug2 1) = 0. 4.21)

Proof. For all n, by the definition of W, » for any u € Qa.q4, we have

ko
1
(g, ) + B2 () = 5 > WFh) = MG ox, + Bul2 ()
k=1

ko

1
< 5 Z “Fk(l‘(f) - mZ”iZ(ax) + ﬂl‘LJZ(IJ‘)'
k=1

In particular, for any u € Qua({m; x}),

k() kO
1 1
5 D WFeGey) = mil ooy + Buda 1) < 5 D 2 meie = oy, + Bl ().
k=1 k=1
From the above inequality, we have
. 1 kom(8™)
T < 575+ S (0) Vi € Quimi). (4.22)

Since m(§™)/B, — 0, {pf;,"} is bounded in BV (X). By proposition 4.1, we conclude that there
exist a subsequence {“Z] } of {ug }and i € Q.q, such that
) 0

wy = inL'(X), (4.23)

T () < liminf () ). (4.24)
ny—oo o

By the same reasoning as in the proof of theorem 4.3, a subsequence {/VLZ2 } of {,u;;‘ } exists,
ny ny

such that, for 1 < k < ko,

Ueug) = U in Ha(X x Q) Fe(ug)) = Mi(ia) in L2 (9).
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On the other hand,
ko

ko

1 n n 1 n

E Z | Fr (e iz - mk2 ”22(3)() < E Z lmy s, — mk2 ”22(3)() + :3an2(,“)'
k=1 k=1

When B,, — 0and m(§,,) — 0, the first item on the right of the above inequality approaches

zero, and so

ko

1

2 D NFG ) =il — 0.
k=1

Moreover, from

IIFk(uZiz) —myill2ox) < ||Fk(l$22nz) —mP || zoxy + Im2 —me il ex)

and [|m?® — m; il 2ox) < 8,2 — 0, we conclude that
1@
5 D WFGe ) = miilFagox, = O,
k=1
ie., Fi (/1,22 ) — my; asn — 0o in L?(3X). Recall that F; (/,L?;Z ) = M (/1) in L>(9X). By the
s )

uniqueness of the weak limit, My (1) = myy, i.e., i € Qua({my 1}).
It remains to prove (4.21). For any i € Qaa({m; «}), by (4.22) and (4.24), we have

1) < liminf (’"S Ry (m) = h(w).

ny— 00 ny
This means that & is a solution to the problem (P). Again using (4.22) and (4.24), we have
limsup > (2 ) < (R), () < liminf o (ufp ).
1y —> 00 n ny—> 00 n

So
lim J(uy ) =D(A). (4.25)
1y —> 00 )

From (4.23) and (4.25), by [5, proposition 10.1.2], the sequence {;1,22 } weakly converges to
n

fuin BV (X) . Thus, forall [ € 3(f, [V()) (1),
: ! nooNy
nzlgnoo D‘lz ('u/s"z ) =0

which is (4.21). ]

5. Summary

In this paper, we present a theoretical analysis of the parameter identification problem
for the radiative transport equation (RTE) with angularly averaged measurement data. The
parameters are sought in subspaces of L>°(X), whereas the solution of the RTE BVP is from
the space of square integrable functions that have square integrable directional derivatives
along the angular direction and that have square integrable traces on the incoming boundary.
We analyze properties of the forward operator in this function space setting, including the
continuity and differentiability with respect to the parameters. The total variation regularization
method is considered for the parameter identification problem where the parameters may have
discontinuity or high oscillation and we show that the method leads to a stable solution. We also
show the convergence of the total variation-minimizing solution in the sense of the Bregman
distance. Lack of compactness property of the function spaces presents a major challenge for
the theoretical analysis of the problem and this challenge is overcome with careful arguments.

16



Inverse Problems 29 (2013) 095002 J Tang et al

Acknowledgments

The authors thanks the anonymous referees for valuable comments. This work is supported
by the National Natural Science Foundation of China under grant no. 91230119.

References

(1]
[2]
(3]
[4]
[3]
[6]

(7]
[8]

[9]
[10]
(11]
[12]
[13]
[14]

[15]
[16]

[17]
(18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

(27]
[28]

[29]

[30]

Agoshkov V 1998 Boundary Value Problems for Transport Equations (Boston, MA: Birkhéuser)

Arridge S R 1999 Optical tomography in medical imaging Inverse Problems 15 R41-R93

Arridge SR and Schotland JC 2009 Optical tomography: forward and inverse problems Inverse
Problems 25 123010

Atkinson K and Han W 2009 Theoretical Numerical Analysis: A Functional Analysis Framework 3rd edn (New
York: Springer)

Attouch H, Buttazzo G and Michaille G 2006 Variational Analysis in Sobolev and BV Spaces: Applications to
PDEs and Optimization (Philadelphia, PA: STAM)

Anzengruber S and Ramlau R 2011 Convergence rates for Morozov’s discrepancy principle using variational
inequalities Inverse Problems 27 105007

Bal G 2009 Inverse transport theory and applications Inverse Problems 25 053001

Bachmayr M and Burger M 2009 Iterative total variation schemes for nonlinear inverse problems Inverse
Problems 25 105004

Bonesky T 2009 Morozov’s discrepancy principle and Tikhonov-type functionals Inverse Problems 25 015015

Burger M and Osher S 2004 Convergence rates of convex variational regularization Inverse Problems 20 1411-21

Case K M and Zweifel P F 1967 Linear Transport Theory (Reading, MA: Addison-Wesley)

Chandrasekhar S 1950 Radiative Transfer (London: Clarendon)

Choppin G, Liljenzin J-O and Rydberg J 2002 Radiochemistry and Nuclear Chemistry 3rd edn (Woburn, MA:
Butterworth-Heinemann)

Dierkes T, Dorn O, Natterer F, Palamodov V and Sielschott H 2002 Fréchet derivatives for some bilinear inverse
problems SIAM J. Appl. Math. 62 2092113

Dorn O 1998 A transport-backtransport method for optical tomography Inverse Problems 14 1107-30

Egger H and Schlottbom M 2010 Analysis and regularization of problems in diffuse optical tomography SIAM
J. Math. Anal. 42 1934-48

Engl H W, Hanke M and Neubauer A 1996 Regularization of Inverse Problems (Dordrecht: Kluwer)

Engl HW, Kunischt K and Neubauert A 1989 Convergence rates for Tikhonov regularisation of non-linear
ill-posed problems Inverse Problems 5 523-40

Evans L C and Gariepy R F 1992 Measure Theory and Fine Properties of Functions (Boca Raton, FL: Chemical
Rubber Company)

Grasmair M, Haltmeier M and Osher S 2008 Sparse regularization with [, penalty term Inverse
Problems 24 055020

Gao H and Zhao H K 2010 Multilevel bioluminescence tomography based on radiative transfer equation: part
1. I1 regularization Opt. Express 18 1854-71

Han W, Eichholz J A, Cheng X L and Wang G 2011 A theoretical framework of x-ray dark tomography SIAM
J. Appl. Math. 71 1557-77

Han W, Eichholz J A, Huang J and Lu J 2011 RTE-based bioluminescence tomography: a theoretical study
Inverse Problems Sci. Eng. 19 435-59

Han W, Cong W X and Wang G 2006 Mathematical theory and numerical analysis of bioluminescence
tomography Inverse Problems 22 1659-75

Han W, Cong W X, Kazmi K and Wang G 2007 Bioluminescence tomography with optimized optical parameters
Inverse Problems 23 1215-28

Hao D and Quyen T 2011 Convergence rates for total variation regularization of coefficient identification
problems in elliptic equations I Inverse Problems 27 075008

Henyey L and Greenstein J 1941 Diffuse radiation in the galaxy Astrophys. J. 93 70-83

Hofmann B, Kaltenbacher B, Poschl C and Scherzer O 2007 A convergence rates result for Tikhonov
regularization in Banach space with non-smooth operators Inverse Problems 23 987-1010

Kaltenbacher B, Schopfer F and Schuster T 2009 Iterative methods for nonlinear ill-posed problems in Banach
spaces: convergence and applications to parameter identification problems Inverse Problems 25 065003

Klose A D, Ntziachristos V and Hielscher A H 2005 The inverse source problem based on the radiative transfer
equation in optical molecular imaging J. Comput. Phys. 202 323-45


http://dx.doi.org/10.1007/978-1-4612-1994-1
http://dx.doi.org/10.1088/0266-5611/15/2/022
http://dx.doi.org/10.1088/0266-5611/25/12/123010
http://dx.doi.org/10.1137/1.9780898718782
http://dx.doi.org/10.1088/0266-5611/27/10/105007
http://dx.doi.org/10.1088/0266-5611/25/5/053001
http://dx.doi.org/10.1088/0266-5611/25/10/105004
http://dx.doi.org/10.1088/0266-5611/25/1/015015
http://dx.doi.org/10.1088/0266-5611/20/5/005
http://dx.doi.org/10.1137/S0036139901386375
http://dx.doi.org/10.1088/0266-5611/14/5/003
http://dx.doi.org/10.1137/090781590
http://dx.doi.org/10.1007/978-94-009-1740-8
http://dx.doi.org/10.1088/0266-5611/5/4/007
http://dx.doi.org/10.1088/0266-5611/24/5/055020
http://dx.doi.org/10.1364/OE.18.001854
http://dx.doi.org/10.1137/100809039
http://dx.doi.org/10.1080/17415977.2010.500383
http://dx.doi.org/10.1088/0266-5611/22/5/008
http://dx.doi.org/10.1088/0266-5611/23/3/022
http://dx.doi.org/10.1088/0266-5611/27/7/075008
http://dx.doi.org/10.1086/144246
http://dx.doi.org/10.1088/0266-5611/23/3/009
http://dx.doi.org/10.1088/0266-5611/25/6/065003
http://dx.doi.org/10.1016/j.jcp.2004.07.008

Inverse Problems 29 (2013) 095002 J Tang et al

[31]
(32]
(33]

[34]
[35]

(36]

(371

18

Modest M F 2003 Radiative Heat Transfer 2nd edn (New York: Academic)

Natterer F and Wiibbeling F 2001 Mathematical Methods in Image Reconstruction (Philadelphia, PA: SIAM)

Ren K 2010 Recent development in numerical techniques for transport-based medical imaging methods
Commun. Comput. Phys. 8 1-50

Rybicki G B and Lightman A P 1985 Radiative Processes in Astrophysics 1st edn (New York: Wiley)

Resmerita E and Scherzer O 2006 Error estimates for non-quadratic regularization and the relation to
enhancement Inverse Problems 22 801-14

Thomas G E and Stamnes K 2002 Radiative Transfer in the Atmosphere and Ocean (Cambridge: Cambridge
University Press)

Zdunkowski W, Trautmann T and Bott A 2007 Radiation in the Atmosphere: A Course in Theoretical
Meteorology (Cambridge: Cambridge University Press)


http://dx.doi.org/10.1137/1.9780898718324
http://dx.doi.org/10.1002/9783527618170
http://dx.doi.org/10.1088/0266-5611/22/3/004
http://dx.doi.org/10.1017/CBO9780511613470
http://dx.doi.org/10.1017/CBO9780511535796

	1. Introduction
	2. Notation and physical model
	2.1. Notation and the radiative transport equation
	2.2. Function spaces
	2.3. Solvability of the RTE problem
	2.4. Measurements

	3. Forward operator
	3.1. Continuity and differentiability
	3.2. Adjoint problem

	4. Inverse problem
	4.1. The regularized problems
	4.2. Convergence

	5. Summary
	Acknowledgments
	References

