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ABSTRACT

Considered in this paper is an inverse Robin problem governed by a
steady-state diffusion equation. By the Robin inverse problem, one wants
to recover the unknown Robin coefficient on an inaccessible boundary
from Cauchy data measured on the accessible boundary. In this paper,
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instead of reconstructing the Robin coefficient directly, we compute first
the Cauchy data on the inaccessible boundary which is a linear inverse prob-
lem, and then compute the Robin coefficient through Newton'’s law. For
the Cauchy problem, a parameter-dependent coupled complex boundary
method (CCBM) is applied. The CCBM has its own merits, and this is partic-
ularly true when it is applied to the Cauchy problem. With the introduction
of a positive parameter, we can prove the regularized solution is uniformly
bounded with respect to the regularization parameter which is a very good
property because the solution can now be reconstructed for a rather small
value of the regularization parameter. For the problem of computing the
Robin coefficient from the recovered Cauchy data, a least square output
Tikhonov regularization method is applied to Newton’s law to obtain a sta-
ble approximate Robin coefficient. Numerical results are given to show the
feasibility and effectiveness of the proposed method.
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1. Introduction

Let 2 C R? (d < 3: space dimension) be an open bounded set with a Lipschitz boundary I' := 9€2,
which is split into two measurable subsets: ' = I'; | J I';, with I’ () ', = . In applications, I', and
"y, are known as accessible and unaccessible parts of the boundary for the object of interest, respec-
tively. Denote by v the unit outward normal to I". We consider the following inverse Robin problem
governed by the steady-state heat conductivity equation.

Problem 1.1: Given Cauchy data (®,T) on Iy, find y on 'y, such that the solution of the boundary
value problem (BVP):

—V.-(oVu)=f inQ,
cdhu=® onl, (1)

ochu+yu=g only
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satisfies

u=TonTl,. (2)

The Robin inverse problem above arises in many applications such as corrosion detection [1],
the metal-to-silicon contact in semiconductor devices [2], designing gas turbine blades and nuclear
reactors and analyzing quenching processes [3]. Both identifiability and stability of inverse Robin
problems have been investigated intensively. For instance, if y is (piecewise) continuous, it can be
uniquely determined by T in all dimensions [1,4,5]. A uniqueness result is proved in [6] when
o € C*(Q) and meas({x € I', : u(y)(x) = 0}) = 0. More recently, it is shown in [7] that for d =2, an
L™ Robin coefficient y can be uniquely determined by T in the case ® € L*(T';) and 0 € W(Q)
with 7> 2. Local Lipschitz and logarithmic stability are established in [4] and [8]. Stable numer-
ical methods to compute the Robin coefficient are also studies intensively using e.g. variational
approaches[9-11], the boundary integral method [12], the finite element methods [6,13].

The aforementioned work focuses on the ill-posedness and many regularization methods are
designed to deal with it. In this paper, we propose a new method with the starting point on the treat-
ment of the nonlinearity. Specifically, instead of reconstructing the Robin coefficient directly, we first
solve a linear inverse problem to compute the Cauchy data on the inaccessible boundary, and then
compute the Robin coefficient from Newton’s law. The linear inverse problem for the Cauchy data is
as follows.

Problem 1.2: Given fin Q, and Cauchy data (®,T) on Ty, find (¢,t) on Iy, such that the following
relations hold:

—V.-(cVu) =f in Q,
odhu=®, u=T onT, (3)

cohu=¢, u=t only
Once Problem 3 is solved, the Robin coefficient y is computed from the Newton’s law [6,14]:

_ g—ooyulr, _ g—9
u|ru t

(4)

Contrary to Problem 1.1 which is nonlinear, Problem 1.2 is linear. Note that Problem 1.2, also known
as data completion [15], itself has wide applications in physics and engineering such as linear elasticity
[16], thermostatics [17], plasma physics [18], mechanical engineering [19] and electrocardiography
[20] etc., and thus has attracted a large amount of attention from mathematicians, physicists and
engineers. It is well-known that Problem 1.2 is also ill-posed. A rigorous proof of the ill-posedness was
given in [21] for a general domain. Moreover, after reformulating the Cauchy problem as a variational
equation, Ben Belgacem showed in [22] that the Cauchy problem is exponentially ill-posed for both
smooth and non-smooth domains. Lavrentev demonstrated in [23] that the solution of the Cauchy
problem for the Laplace equation is stable given a supplementary condition. Payne in [24] generalized
the work of [23] and deduced a pointwise bound for the problem in n-dimensions. We also refer
to [25] for an overview on the stability of the Cauchy problem for general elliptic equations under
rather weak assumptions on the problem domain. Due to the severe ill-posedness of the Cauchy
problem, regularization strategies are needed to obtain a stable approximate solution, especially when
the measured data (P, T') are polluted inevitably by random noise. These regularization strategies
include quasi-reversibility method [26,27], iterative regularization [28,29], Lavrentiev regularization
[30,31], truncation regularization method [32,33], discretization method [34,35], moment problem
method [36,37], and perturbation regularization method [33,38] etc.. Among them, the Tikhonov
regularization methods [17,39-41] are the most popular and frequently used ones which convert
Problem 1.2 to data-fitting minimization problems with regularization terms.
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Recently, Cheng et al. [42] proposed a coupled complex boundary method (CCBM) for an inverse
source problem, where a complex Robin boundary condition is used to treat simultaneously both
Dirichlet and Neumann boundary conditions. As is shown in [42], the CCBM provides a more robust
and more efficient approach to solve inverse source problems. In the sequel [43], the method is applied
successfully to the Cauchy problem. With CCBM, the data to fit is transferred from I', to ; the
missing data (¢, t) on I'y, can be reconstructed simultaneously; weaker regularity is sufficient on the
Dirichlet data for the forward problem to have an H! solution. However, like other Tikhonov reg-
ularization methods, in the CCBM-based regularization framework, it is crucial to choose a proper
regularization parameter for the trade off between the accuracy and the stability of approximate solu-
tions. In [44], a new parameter-dependent CCBM is proposed for an inverse source problem arising
from bioluminescence tomography. With the introduction of a positive parameter o« (see Section 2
below), the regularized solution is uniformly bounded with respect to the regularization parameter
which is a very good property because the solution can now be reconstructed with a rather small
value of the regularization parameter. In this paper, this parameter-dependent CCBM is applied to
Problem 1.2, and a Tikhonov regularization framework is proposed for solving the reduced inverse
problem. Moreover, different from using iterative schemes for the Robin inverse problem because of
this nonlinearity, the Cauchy problem is linear, and thus with the help of the adjoint equation, the
solution of the regularized reconstruction framework can be computed through a system of BVPs. As
a result, no iteration is needed and the computation is effective.

The structure of the rest of the paper is as follows. Applying CCBM, we present in Section 2 a
reformulation of Problem 1.2 and then a Tikhonov regularization reconstruction framework. Conver-
gence and uniform boundedness of the regularized solutions of Problem 1.2, are shown in Section 3.
Section 4 is devoted to a regularization method for implementing Newton’s law (4) numerically and
stably. A simple numerical scheme is given in Section 5. Several numerical examples are presented in
Section 6 to demonstrate the feasibility and efficiency of the proposed method. Finally, concluding
remarks are given in Section 7.

2. Parameter-dependent CCBM for Cauchy problem

We first introduce some notation. For a set G (e.g. 2, I', I'; or I',), we denote by W"*(G) the stan-
dard Sobolev spaces with the norms || - ||, [45]. In particular, L*(G) := W%$(G), and H™(G) :=
W™2(G) with the corresponding inner products (-, -) s, and norms || - || G- Let H"(G) be the com-
plex version of H™(G) with the inner product ((-,-))m,c and norm ||| - |||, defined as follows:
Yu,v e H"(G), (4, v))mc = (U V) m,G> |||v|||f”’G = ((v,v))m,G> where v is the complex conjugate
of v. Moreover, denote V = H!(Q), Q = L*(Q), Qr = L*(I"), Qr, = L*(I"y), Qr, = L*(I",), V =
H!(Q). In addition, suppose the exact Cauchy data ® € Qr, and T € H'/?(T',). In the following, ¢
denotes a constant which may have different values at different places.
With a constant parameter « > 0, we consider a complex BVP

—V.-(cVu)=f in ,
ohhu+icau=d+iaT only,, (5)
chu+icu=¢+iat only,

where i = 4/—1 is the imaginary unit. Obviously, if (1, ¢, t) satisfy (3), then (5) holds. Conversely, let
(u, ¢, t) satisty (5) and write u = uy + i uy, u; and u, being the real and imaginary parts of . Then
the real-valued functions u;, u; satisfy

—V.-(cVu)=f inQ,
odyu; —auy =D only, (6)

odyuy —aup =¢ only,
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and
—V - (oVu) =0 in 2,
ooy +auy=aT only,, (7)

odyup +au; =at only,

respectively. If u, = 0 in €, then u; = 0,9,u; = 0 on I'. As a result, from the BVPs (6)-(7) and
recalling & 5 0, there holds that (u1, ¢, t) satisty (3).
To sum up, we get an equivalent form of Problem 1.2:

Problem 2.1: Given fin Q, ®,T on Ty, find ¢,t on Ty, such that
uy; = 0in 2,
where uy is the imaginary part of the solution u = uy + i uy of the BVP (5).

Suppose that instead of knowing the exact Cauchy data (P, T), we only have polluted ones:
D% (x) = B (x) + n1(x), T8 (x) = T(x) + n2(x), x € 'y with nj(x),j = 1,2 being random noise of
some distributions. Then Problem 2.1 is modified to

Problem 2.2: Given fin €, @3, 1% on Ty, find ¢, t on T, such that
ug =0in 2,

where ) is the imaginary part of the solution of the BVP (5), with ®, T being replaced by ®°, T?, that

is, u® solves
—V.- (V) =f in €,
o +icud = +iaT® onl, (8)
Uavu5+iau8:¢+iat onl,

Remark 2.1: Note that 7% € H'/?(I',) is required for the equivalence of Problem 1.2 with polluted
data and Problem 2.2. However, for Problem 2.2, T® € H=V/2(T",) is enough to have the solvability
and classical H'! regularity. Even if the exact Cauchy data (®, T) are smooth, since the noises #; and
ny are typically non-smooth, T% € HY2(T",) is not a realistic assumption for applications. In the case
where this regularity assumption is not satisfied, e.g. T e Qr,orH —1/2(T,), the reformulation above
provides a way of an approximate resolution of Problem 1.2 which may be unsolvable.

The weak form of the BVP (8) is
findu® €V, a@l v) = F‘S(qﬁ,t; v) VveV. 9)

Here

a(u,v):/oVwVﬂdx—i—ia/uﬁds Yu,veV,

Q r

F8(¢,t;v)=ffﬁdx+/ (®3+iaT3)ads+/ (¢ +iathvds YveV.
Q Iy Iy

About the variational problem (9), the following well-posedness holds.
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Proposition 2.3: Given f € H™1(Q), (®°,T%) e H"Y2(T'y) x H"V2(T,), (¢,t) € H-Y3(I,) x
H~Y2(T,), the problem (9) admits a unique solution u € V which depends continuously on all data.
Moreover,

e llle < cUfl—e + 1D°N-1/2r, + I TP l=1/2r, + I¢l—1/2r, +ltl=1/2r,).  (10)

Proposition 2.3 can be proved in a similar way as that of [43, Proposition 2.2], and is omitted here.

Although (¢,t) e H —12(r,) x H=Y%(1,) suffices to guarantee the solvability of the forward
complex BVP, in this paper, approximations to (¢, t) are searched in a more natural space Qr, X
Qr,. To the end, For any (¥, ) € Qr, x Qr,, denote by W, 1) = u‘{ W, 1)+ iug(l//, 7) € V the
solution of (9) with (¢, t) replaced by (¢, ). Define an objective functional

8 1. s 2 Ei2 €2
Je@Wt) =2l Dliog + S lor, + S lTlor,
and introduce the following Tikhonov regularization framework for Problem 2.2.
Problem 2.4: Find (¢°,1°) € Qr, x Qr, such that

S48 48 : )
L) = nf 7).
Jo (@5, te) (w,t)élQru xQr, Je (. 0)

We can verify that for any (¢, ), (¥, 7) € Qr, x Qr,,

U (@, 0) (W, T) = WS, 1), us (W, T) — u5(0,0))0.0 + & (¢, ¥)or, + & (£, T)o,rys
0" (@0 (W, 0)* = 113, 1) — w3 0,05 o + ellv g, +ellTlEr,-

Therefore, ] is strictly convex for any & > 0, and we have the following well-posedness result.

Proposition 2.5: For any & > 0, Problem 2.4 has a unique solution (¢?,t) € Qr, x Qr, which
depends continuously on all data. Moreover, (¢2, %) is characterized by

1 o
) ) § )
¢ = _gwg,zh‘u: te = _gW£,1|Fu’ (11)

where wﬁ)l and wg’z are the real and imaginary parts of the weak solution w € V of the adjoint BVP:

V. (e VW) =il in 2,
oo e (12)
odywp +iaw, =0 onl,

and ug)z is the imaginary part of the solution of Problem (9), with (¢, t) being replaced by (¢, t3).

Proof: The well-posedness of Problem 2.4 follows from a standard result on convex minimization
problems [46,47]. Moreover, the solution (¢§, tfg) is characterized by

T @) (W, 1) =0 Y(¥,1) € Qr, x Qr,. (13)
With arguments similar to those in the proof of [42, Proposition 3.1], we have
W (@2, 1), ud (¥, T) — u3(0,00)0.0 = (W), Tor, + (W, Yo,

Therefore,

D) (92, £2) (W, 1) = (@w + e 2, T)or, + W) +£¢2,¥)or,- (14)
Substitute (14) into (13) and take ¥ = wglru + ¢ ¢§, T=u W?h"u +¢ tg to get (11). [ |
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3. Convergence and uniform boundedness

We first present a result on the limiting behavior of (¢?, %) as §, & — 0. For this purpose, assume the
exact Cauchy data (¢, T) are compatible. Then Problem 1.2 admits a solution (¢*, t*) € H —1/2(r,) x
HY2(T,) ([48]) and the solution is unique ([49]). For our future theoretical analysis, we assume
additionally that ¢* belongs to Qr,, and (P, T°%) € Qr, xH 12, satistying

19 — Dllor, <8 Dllor,, T — Tlij2r, <8ITl/2r,

with a known noise level §.
Then the following result holds.

Proposition3.1: Fixa > 0. Lete = £(8) be chosen satisfyinge — 0and8*/e — 0,as§ — 0. Denote
by (¢2,t2) € Qr, x Qr, the solution of Problem 2.4. Then the solution (¢?, ) converges to (¢*, t*) in
Qr, x Qr,asé — 0.

The proofis similar to that of [43, Proposition 3.4] with slight modifications, and is hence omitted.
For future use, we record a stability result about the forward problem (9).

Lemma 3.2: For any (,7) € Qr, X Qr,, denote by W, 1) = u‘f(l//,r) + iug(w,r),u(w, 7) =
ur (Y, v) +iua(Y, v) € V the unique solutions of the problem (9) for § > 0 and § = 0 respectively.
Then there holds

6 (¥, 7) — u(fr, Dllle < c8. (15)

The proof of Lemma 3.2 is standard and is thus omitted.

We next give an estimate of the regularized solution with respect to the noise level §. For this
purpose, we make the following assumption.

(A1) There is a pair (o, z*) € RT x Q such that

¢* =0, £ =a’ Wi, (16)

where R := {s € R | s > 0} and W} is the real part of the weak solution w* = W} + i w} € V of the
adjoint BVP:

—V.(cVw*) =2z* inQ,

17
cow*+iaw* =0 onT. (17

Note that Assumption (A1) can be viewed as a kind of source condition about the exact solution

(9%, ).

Theorem 3.3: Let Assumption (A1) hold. Then the solution (¢§,t§) of Problem 2.4 satisfies the
following estimate

)
¢S — ¢*lor, + 12 — t¥llor, < c(@ e+ ﬁ). (18)

If we choose € = ¢4, then

6% — ¢*llor, + 12 — £ llor, < ¢ (@ + V3. (19)
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Proof: For any (,7) € Qr, x Qr,, denote u(yr,7) = W (Y, 7) — u®(0,0) € V. Then i is bilinear
and there holds

(12, 2%)0,0 = (Y, W2)or, + (@ T, W1)o,r,

or

(i (¥,0),z2%0.0 = (¥, w2)or,, (#2(0,7),z2%)00 = (@ T,W1)or,. (20)
From the definitions of (d)g, t‘g) and (¢*, t*), we have

1 & 3
Je @) = S 160 ) s + S 19215, + 51 o,

1 e e
<J @5 = Jlw @ Olse + 51676, + 5 1E 15,

which implies
1@ D 5q +eldl — d* 15, +elltd — 15,
< [13(@* ) 5o — 268" ¢2 — ¢™or, — 26(t%, £ — £°). (1)
Note that u; (¢, t*) = 0 in Q. Then from (15),
u3(@*, ) o = u5(*, %) — uz(9*, ) o2 < c8. (22)
Moreover, from Assumption (A1) and by using the equalities of (20), we have
@% 82 — ¢ or, = a (& (@) — ¢, 0))og (23)
(2 — Mo, = & (25,520, — *))o . (24)
Combine (21)-(24) to get
13 (@2, DG o + €162 — d*lo.r, + &lltd — £* 15,
<c8?—2ea (25 ud(¢l, 1)) — il (9", t))oq

or

S hS 48 2 ) 2 ) 2
luy(ge, ) +eazllg o +elldg — ¢ r, +ellte — Fligr,

2
<8 4260 (54 Nog +£2 e 1212 o, (25)

where we use the fact that
io(pe — @™, 10 — 1) = Ia(¢g, 1) — (@™, 1) = uy(¢g, 1) — Uy (@7, 1),
Using Schwarz inequality and (15) again,
(", u3(¢*, 1 )oa < ¢8I log.
Therefore, (25) implies
13 (@, 2) + e 5. + ellpd — ¢* 5, + €2 — ll5.p, < c8 + &2 a® 125

which leads to (18).
The error estimate (19) follows directly from (18) when we set & = ¢ 4. |
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Remark 3.1: For fixed o > 0, e.g. o = 1, we can also derive similar error estimates under the source
condition, Assumption (A1). However, allowing a variable « could relax the restriction of the source
condition.

Recall that the CCBM possesses many merits such as allowing weaker regularity of Dirichlet data
when solving the forward problem, and transferringthe data fitted from the boundary to the interior.
With the introduction of the parameter o, we can further expect an improvement of the error estimate
above and convenience of choosing the regularization parameter .

Lemma 3.4: For any (,7) € Qr, X Qr,, denote by W, 1) = u?(w,r) + iug(w,t),u(w, T) =
ur (Y, v) +iux(Y, v) € V the unique solutions of the problem (9) for § > 0 and § = 0 respectively.
Then,

1S (¥, 7) — w2 (¥, T) e < cad. (26)

Proof: Recall that in the weak sense, u, (Y, ) satisfies (7), with ¢ replaced by t and ug(lﬂ, 1)eV
satisfies

—V.-(oVud) =0 in ,
cdyul +aul =aT® only, (27)

08vu§+au‘f =at only

Denote du; = u]s (¥, t) — uj(¥, ), j=1,2. Subtract (7) from (27) to give

—V . (0Véuy) =0 in €2,
008Uy +aduy =a (T° —=T) onTy,, (28)
00,0uy +adu; =0 onl,

whose weak form is
(oVéuy, Vu)o.o = —a(Sug, v)or + oz(T‘S —T,v)or, YvevV.
Taking v = § u,, we obtain
181213 o < ca (I8urllijor + &) ISuall—1r < ca8llSuzll-1/2r (29)
where we use, due to the estimate (15),
I8urll1/2r < I6urll,e < cé.

Next we estimate the [|6u3||—1/2,r. To the end, for any A € HY2(I"), define pa € V the weak solution
of the BVP:

—V.(ocVpy) =0 inQ,
ocoyp) = A onl,

satisfying [ ppdx = 0. Multiply the first equation of (28) with p;, integrate over €2, and take
integration by part to produce

0= /(Suzoavpk — paod,8uz)ds
r

:/ASuzds—i-oz/p;ﬁulds—a/ pA(T‘s—T)ds
r r Ta
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which gives

/ASugds = —a/pxaulds+a/ p.(T° — T)ds
r r Ta
< calpallorlidutllor + calpillor T’ — Tlor
<cadlprlle < cadlrll-12r < cadllillir,
where we use again the estimate, due to the estimate (15),
6urllo,r < Idurlle < cllldullle < cd.

Hence,
[ Aduzds

I6uz|l—1/2,r = sup
/ Ml 2r

Substitute (30) back into (29) to obtain

[us]1,0 < cad.

(30)

(31)

We finally estimate the ||8uo,q. For the purpose, let w = w; + iw, € V be the weak solution of the

BVP:
—V - (o0 Vw) =6uy in €2,
ocoyw—+iaw =20 onl.
Then the real part w; satisfies
—V (0 Vwy) =6u; in €2,

oo, W = aw, onl.

Multiply the first equation of the BVP above with §u,, integrate over €2, and take integration by part

again to give
8u21f =/(—V-(oVW1)5u2)dx
Q

:/[(GV(Sug)wl — (e Vw1)duz]ds
r

:oz/ (T‘S - T)wlds—a/ (Sulwlds—a/ Supywyds
T, r r

=cad(will-12r + lIwall—1/21) < cadl|[wlll,e < cad|duzllon

which leads to
I6uzllo < coaé.

By combining (31) and (32), we arrive at (26). The proof is completed.

Now we are in a position to give an improvement of the error estimate.

(32)

Theorem 3.5: Let Assumptions (A1) hold. Then for the solution (¢?,t°) of Problem 2.4, the following

estimate holds:

)
I — ¢* o, + 12 — tllor, < ca (Ve + )

7

(33)
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If we choose ¢ = c 6, then
162 = ¢*llor, + 122 = t*llor, < cav/s. (34)

If we choose & = ¢ 82, then

IS — ¢*llor, + I1£ — t*llor, < ca. (35)
The proof is similar to that of Theorem 3.3, with (22) replaced by
U (@*, ) lo.g = U3 (@*, 1) — ua(@*, ") lo.q < cad.

Remark 3.2: In the case « is small, the estimates (33) and (34) are better than the ones (18) and (19).
The estimate (35) indicates that when « is quite small, a small regularization parameter ¢ can also
lead to a reasonable solution.

Note that although an approximation of (¢*,t*) is sought in the space Qr, x Qr,, from the
optimality equalities (11), we actually have (¢?,£0) € HY/2(T',) x HY/*(I',). We finally give a uni-
form boundedness result of the solution (¢?, %) with respect to small values of the regularization
parameter, which is the motivation of introducing a parameter oz in CCBM.

Theorem 3.6: Let @ = O(\/€). Then for any fixed § > 0, both ¢° and t° are uniformly bounded in
HY2(T,) and thus in Qr,, as well, with respect to small ¢ > 0.

Proof: Recall that (¢g, tg) is the optimal solution of Problem 2.4, and (¢*, t*) is the unique solution
of Problem 1.2 corresponding to noise-free data. Then, there holds

@) < 2% 1)
= JIBG" Ol + S16° R, + 21 Ry,
< ca?8? + 21971, + 515,
which gives

282

5112 512 o 2 2 2 2 2
loelior, + Itllor, <c¢ + "o, + 1o r, < ¢8”+ o™ lor, + 1o,  (36)

&

where we use the estimate (26). Therefore both qbg and t‘g are uniformly bounded in Qr,, with respect
to €.

Note that ud = 1’ (¢2,13) = ul | +iud, € V is the solution of Problem (9), with (¢, ) being
replaced by (42, 2), and w8 = Wg,l + iwg,2 € V is the weak solutions of the adjoint problem (12).
Then due to (10), both 4 and w? are bounded uniformly in V with respect to ¢, that is,

s 5 5
Mugllhe =  liwellhe < cllug,lloe < c
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Following the similar arguments as those for §u, in the proof of Lemma 3.4, we get

) )
1,Q S co, |||Wg||| S C”u‘s,Z

8
“us,Z 0,2 S co.

Using the similar arguments as those for §u; in the proof of Lemma 3.4 again, we further obtain

S 2
wesllie < ca”.

Therefore, we have

5 1 s 1 s o
Ieellsr, =11 = weallir, =czlweslhe <c—= o),
2
B ® s @ s AT o
ltellir, =11 = Zweallir, = cloweille e —lwgylhe < c—=00)
and the proof is completed. [

Remark 3.3: Conventionally, instead of having the estimate (36), by using (15), and noticing
uy (@™, t*) = 0, we have

122,10 < J2(¢*,t%)

1 &
= Enui(«p*,t*)ué,g + 5l

2 € k2
i+ 51,

2 € 2
TR T

>
<8+ g
2
which gives

52
8112 812 2 2
102135, + 1213, < = + 16" 3, + 11,

This also lead to the uniform boundedness of ¢f§ and tﬁ in Qr, under the assumption that 82/ — 0,
as ¢ — 0, which indicates the regularization parameter ¢ should be chosen not too small. However,
for the uniform boundedness in Theorem 3.6, no such assumption is made and thus a reasonable
solution could be obtained for any small value of ¢ for a fixed 8. This is a strong property because
the smaller the parameter ¢ is, the better the approximation to the original problem is. In addition,
Theorem 3.6 also provides a guidance on how to choose « properly; see the numerical experiments
reported in Section 6.

4. Recover the Robin coefficient from Cauchy data

This section is devoted to a stable computation of the Robin coeflicient with the reconstructed Cauchy
data (¢g, tg) in Section 2 through the Newton law (4).
Suppose that instead of knowing g, we only have the noisy Robin data g’ € Qr., satisfying

Ig® — gllor, <3 lglor,

Moreover, for later use, assume the exact Dirichlet data t* € L°°(T",) and define
ns, 0<t(x) <34,

By =1-ns, —5<tx) <0, xely (37)
0, 13 (x)| > 8,
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where 1 (< 1) is a small positive constant. It is easy to verify that B% e L°(I',) and

8

—f <1 38
to + p° G8)

Then instead of using (4) directly, an approximation to y* is produced by

) B
8 g _¢s

== "¢ 39

Ve T (39)

Compared with (4), which is equivalent to solving t‘gy = g‘S — ¢g for y, the formula (39), which is
equivalent to solving (t2 + 8%)yd = g% — ¢? for /2, is a least square output Tikhonov regularization
with parameter °.

About y2, we have the following convergence result:

Theorem 4.1: Fix a > 0. Let ¢ = &(8) be chosen satisfying ¢ — 0 and §? /e — 0, as § — 0. Denote
by y? the approximate Robin coefficient computed through (39), where (¢2,t%) € Qr, x Qr, is the
solution of Problem 2.4. Then the solution sequence {y}5~o converges to y* in the following sense as
5 —0,

lim 12670 — y")llor, = 0. (40)
n—oo

Proof: Recall that

*_g—¢*
Vv = PP

Then from (37) to (39) and Proposition 3.1,

188 — v )llowr, = / B8 (v — y*)lds
I

u

) 1) *
- ¢ —¢
=fr |t§t*||f§+ﬂ§ i | - lds

<@ —g+9¢*— ¢ t)or,|
+ (8 — 5,6 — Qor. + 1@ — g Bor.|
<c@+ 192 — o™ llor, + 12 — t*llor, + 08I

— 0

as § — 0. The proof is completed. n
Remark 4.1: Note that if t*(xp) =0 or tg (x0) = 0 at a point xo € ', we have no convergence
)/8’S (x0) = y™(x0). This is not surprising because in Robin problem (1)-(2), if t*(xp) = 0, we can not
get any information about y *(xp). Numerical experiments of Section 6 also show that the accuracy
of y? gets worse near the points where t* vanishes.

Remark 4.2: If |*| has positive lower bound, we can prove that (40) reduces to

lim [y — y* =0.
Jim flyg" =y llor,
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For instance, suppose there is a positive constant ¢y such that
[t*| > cga.e.onTy,.
We modify the definition of 8% to

1Co, 0 S tg(x) S nco,

,Bg(x) =1 —ncy, —ncy < tg(x) <0, xely.

0, 20| > co/2,
Let I'® := {x € T',| B%(x) # 0}. Then

B B B
te — t*llor, = ltg — £ llors = Nt Mlo,rs — tgllors

= |2 = o2 = (1= m) oT°V2 = 0,

which leads to |I'®| — 0 as 8§ — 0. Therefore, with similar arguments as those in the proof of

Theorem 4.1, there holds

172 = y*lowr, < ¢ @+ ¢ — d*llor, + I1£27 — t*llor, + ncolT°) — 0.

5. A computational scheme for the regularized solution

By Proposition 2.5, the optimal regularized Cauchy solution (¢§, tg) satisfies the system of (11), (12)

and
~V-(oVud) =f in ,
oavug—}—iau =% +iaqT? on I,

8
&
ol +iaul =¢> +iat? onT,.

(41)

Recall that v} = u‘g,l + i ug)z and wd = wg)l + iwg)z. Then we introduce the following solver for

Problem 2.4:

Algorithm 5.1: Given problem domain €, functions f, ®%, T?, g% and set parameters ¢, a, 1.

1. Solve
1
(o Vug,b Vu)oo — (ug)z, v)or + E(W(as,p v)or,
= (f,v)oq + (P, v)or, VvV,
) s o? s 5
(0 Vug,, Vv)o,o +a (ug 1, v)or + - Wl 1, v)or, = a (TP, v)or, Yv eV,
_ (ug,z, v)oq + (o ng’l, Vu)oo — o (wg)z, V)or =0Vv eV,
(U ng,Z) VU)O,Q + o (Wg,l’ U)O,F =0 VU c V.
2. Compute
1 a
9 = _gW§,z|Fu’ tp = —gWgJIru-
3. Compute ,B‘S by (37) and
s s
y = 8§ — &
TR+ p

(44)
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For actual reconstruction, (42)-(44) need to be solved numerically. Standard conforming linear
finite element methods are applied to solve (42). Specifically, let {7}, be a regular family of finite
element partitions of 2 and define the linear finite element spaces

vt = {veCQ) |vislinearin KVK € Tp,},

where h > 0 is the meshsize. Then a finite element discretization of Algorithm 5.1 reads:

Algorithm 5.2: Given problem domain €2, functions f, ®%, T?, g% and set parameters &, @, 1.
1. Solve

S.h S.h L sh
(0 Vug[, Vu)o,o — a (g, v)or + g(wg,z, v)o,r,

= (f,v)0q + (®°,v)or, Vv €V, (45)

2
vt v 8,h o S,h — (T v
(0 Vs, Vu)oo + o (1], v)or + - (w1 vor, =a (T v)or, Vv eV,

8,h 8,h 8,h
— (U v)00 + (0 Vw, Vo)oa —a (W, v)or =0Vv eV,

(0 VWl Vu)oo +a (w2 v)or =0Vv e V. (46)

2. Compute

1 o
8,h 8,h 8,h 8,h
& = _EW8,2|Fu’ ts = _;Ws,llru' (47)

3. Compute %" by (37) with £ being replaced by >, and

8 8,h
8h g — ¢

= £ "% (48)
Cdh g pen

6. Numerical results

In this section, we present some numerical results to illustrate the feasibility and effectiveness of
the parameter-dependent CCBM-based Tikhonov regularization for solving the Cauchy problem
and the inverse Robin coefficient problem. Denote by (¢*, t*, y*) the true Neumann and Dirichlet
data as well as the true Robin coefficient on T, and by (¢, 2", y3") its approximation computed
from (45)-(47). Note that (45) reduces to a linear system A x = b, which can be solved by the bicon-
jugate gradient method. To better investigate the uniform boundedness of the solutions of the Cauchy
problem, we define the L?-norm relative errors for the solutions ¢ and 3

_ 19" = ¢"lory 12"~ lor,
I6* o, I,

In the following examples, let @ C R? be a ring with inner radius r; = 0.6 and external radius r, =
1. The exact Cauchy data (P, T) on the external circle I'; is computed from a true state 4™ given
in advance: ® = 09,u*|r,, T = u*|r,. The true Cauchy solution (¢*,t*) on the inner circle T, is
(odyu*|r,,u*|r,). For a true y*, the Robin data g on I';, is computed through ¢ = ¢* + y*t*. Then
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Table 1. E; vs. ¢ and § (Example 6.1).

& §=1% §="5% 5 =10% 5 =20%
107" 9.9983e—1 9.9886e—1 9.9766e—1 9.9287e—1
1072 9.8479e—1 9.3087e—1 8.9213e—1 7.9003e—1
1073 7.007%—1 3.4163e—1 2.2541e—1 1.5121e—1
10~* 6.8557e—2 6.965Te—2 8.8492e—2 1.1695e—1
10-° 3.2806e—2 6.6010e—2 8.8818e—2 1.1614e—1
1076 3.1947e—2 6.5865e—2 8.8926e—2 1.1607e—1
107 3.1880e—2 6.5853e—2 8.8936e—2 1.1606e—1
10-8 3.1874e—2 6.5852e—2 8.8938e—2 1.1606e—1
107° 3.1873e—2 6.585Te—2 8.8938e—2 1.1606e—1
10710 3.1873e—2 6.5852e—2 8.8938e—2 1.1606e—1
10" 3.1873e—2 6.585Te—2 8.8938e—2 1.1606e—1
10~12 3.1873e—2 6.5851e—2 8.8939%e—2 1.1606e—1
1013 3.1873e—2 6.5852e—2 8.893%e—2 1.1606e—1
101 3.1873e—2 6.585Te—2 8.8938e—2 1.1606e—1
1071 3.1873e—2 6.5852e—2 8.8938e—2 1.1606e—1
1016 3.1873e—2 6.5851e—2 8.8938e—2 1.1606e—1
10°" 3.1873e—2 6.5852e—2 8.893%e—2 1.1606e—1
10718 3.1873e—2 6.585Te—2 8.8938e—2 1.1606e—1
101 3.1873e—2 6.585Te—2 8.8938e—2 1.1606e—1
10~%0 3.1873e—2 6.5851e—2 8.8938e—2 1.1606e—1

for a noise level, a uniformly distributed random noise is added to (®, T, g) to get (d%, T%, g%):

®(x) =[1+6-Q2rand(x) — )] ®(x), x€ Ty
TP (x) = [1+68- 2rand(x) — )] T(x), xe€ Iy,
P =[1+6-Qrand(x) — ] g(x), xeTly,

where rand(x) returns a pseudo-random value drawn from a uniform distribution on [0,1]. All
experiments are implemented on a finite element mesh with 384 nodes, 648 elements and mesh-
size h=0.1289. Moreover, as indicated by Theorem 3.6, in the following examples, we choose o« =
O(J€) = Cy+/¢, where C, > 0isa constant for one reconstruction. In addition, for simplicity of the
statements, let 0 = 1 in 2 in all experiments.

Example 6.1: We first consider an analytical example where [t*| > ¢y > 0 for some constant
co ([15,43]). Let u*(x1,x2) = e* cos(xz). Then f(x1,x2) = 0, T(x1,x2) = €1 cos(x2), P (x1,x2) =
e (x1 cos(x) — x2 sin(x2)), o™ (x1,x2) = %e"l (x2 sin(x2) — x1 cos(xz)) and £*(x1, x2) = €1 cos(xy).
The system (45) is solved and then the formulas (46) are applied to compute approximate solu-
tions (qbg’h, tg’h) of (¢*,t*) from the boundary data (®%, T%). The errors in (qbg’h, t‘g’h) are listed in
Tables 1 and 2. We observe that the results are quite satisfactory. In particular, Tables 1 and 2 show
that solutions are uniformly bounded with respect to small values of the regularization parameter
& which matches the declaration of Theorem 3.6. Therefore, in the case « is small, a reasonably
good approximate solution can be reconstructed for a relative small value of €. In this example,
Co = 420,160, 110, 60 for § = 1%, 5%, 10% and 20%, respectively. Numerical experiments indicate
that the higher the noise level, the smaller the suggested value of C,. However, we observe that
although the value of C, affects the solution accuracy, (¢, t5") is less sensitive to C,. A quite large
range of values of Cy can produce satisfactory approximations to (¢*, t*). Moreover, the numerical
results also confirm the limiting behavior of the regularized solutions with respect to the noise level
J: the smaller § is, the better the approximate solution ((])g’h, tg’h) is, which demonstrates the stability
of the proposed Tikhonov regularization reconstruction framework.
For the reconstruction of the Robin coefficient, with (¢>§’h, tg’h), the formula (47) is used to obtain
5

ys‘s’h. Three different real coefficients y* are tested: y* = 1, y* = 3x; and y* = sgn(xz)e™!. Since
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Table 2. E; vs. € and § (Example 6.1).

€ §=1% 5="5% 5=10% 5 =20%
107! 9.9926e—1 9.9498e—1 9.8967e—1 9.6914e—1
1072 9.325%—1 7.0578e—1 5.8221e—1 4.5965e—1
1073 1.8416e—1 1.0135e—1 1.0274e—1 1.7641e—1
1074 1.6579e—2 3.0213e—2 5.2008e—2 1.4637e—1
105 6.4708e—3 2.5280e—2 4.7862e—2 1.4340e—1
106 5.9135e—3 2.4828e—2 4.7463e—2 1.4310e—1
1077 5.8617e—3 24784e—2 4.7423e—2 1.4307e—1
108 5.8572e—3 247792 47415e—2 1.4307e—1
107° 5.8576e—3 247792 47418e—2 1.4307e—1
1010 5.8543e—3 2.4779%e—2 4.7417e—2 1.4307e—1
10~ 5.8544e—3 24779 —2 4.7419e—2 1.4307e—1
10712 5.8557e—3 2.4780e—2 47419e—2 1.4307e—1
10713 5.8565e—3 247792 47418e—2 1.4307e—1
10714 5.8565e—3 24778e—2 4.7417e-2 1.4307e—1
1071 5.8564e—3 24779 —2 4.7419e—2 1.4307e—1
10716 5.8558e—3 2.4778e—2 47418e—2 1.4307e—1
10°" 5.855%—3 247792 47418e—2 1.4307e—1
10718 5.8557e—3 24779 —2 4.7419e—2 1.4307e—1
10719 5.8564e—3 24779 —2 47417e=2 1.4307e—1
10720 5.855Te—3 2.4780e—2 47416e—2 1.4307e—1
6=0.01 6=0.05
2 2
1.5 1.5
= 1 = = = = Ap=—t—==F
0.5 0.5
0 0
0 2 6 2
0 0
6=0.10 6=0.20
2 2
1.5 1.5 ~
Vi AN
o~ — - N /
= 1p=< — > 1 -
0.5 0.5
0 0
0 2 6 2
0 0

Figure 1. Reconstructed Robin coefficients for different § when y* = 1 (Example 6.1).

¢3M and 3" are uniformly bounded when e is small, we fix ¢ = 1072, The approximation y*/ to y*
for different noise level § is shown in Figures 1-3, where 6 is the angular variable of the point (x1, x2)
on I'y, ranging from 0 to 27. The black and solid line represents y* while the blue and dashed one
represents . We conclude from them that when ¢* stays away from 0, the reconstruction through
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6=0.01 6=0.05
1 =
0.5 /
> 0
/
-0.5

Figure 2. Reconstructed Robin coefficients for different § when y* = §x1 (Example 6.1).

6=0.01

Figure 3. Reconstructed Robin coefficients for different §,when y* = sgn(x;)e*" (Example 6.1).
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Table 3. E; vs. ¢ and § (Example 6.2).

e §=1% 8 =5% 5 =10% 5 =20%
107" 9.9957e—1 9.9794e—1 9.9480e—1 9.8806e—1
1072 9.6411e—1 8.8497e—1 8.0436e—1 6.8553e—1
1073 4.8436e—1 1.9295e—1 1.0485e—1 8.6116e—2
1074 4.2611e—2 5.7040e—2 7.2771e—2 8.7114e—2
10-° 3.2753e—2 5.3309e—2 7.1537e—2 8.6760e—2
107 3.2377e—2 5.2920e—2 7.1397e—2 8.6714e—2
1077 3.2346e—2 5.2881e—2 7.1383e—2 8.6709e—2
108 3.2343e—2 5.2877e—2 7.1382e—2 8.6709e—2
107° 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
1010 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10~ 3.2342e—2 5.2876e—2 7.1381e—2 8.6709e—2
10~12 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
1013 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10~ 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10-1° 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
1016 3.2342e—2 5.2876e—2 7.1381e—2 8.6709e—2
10°" 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10718 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10~1° 3.2343e—2 5.2876e—2 7.1381e—2 8.6709e—2
10~20 3.2342e—2 5.2876e—2 7.1381e—2 8.6709e—2

Table 4. E; vs. ¢ and § (Example 6.2).

& §=1% §=5% 5 =10% 5 =20%
107! 9.9793e—1 9.9002e—1 9.7529e—1 9.4547e—1
1072 8.3114e—1 5.2623e—1 3.5515e—1 2.9346e—1
1073 5.4581e—2 2.6169e—2 5.9081e—2 1.3040e—1
10~* 1.4638e—2 3.4408e—2 6.7455e—2 1.3381e—1
10-° 1.1988e—2 3.3874e—2 6.7303e—2 1.3391e—1
1076 1.1676e—2 3.3779e—2 6.7274e—2 1.3392e—1
107 1.1644e—2 3.376%e—2 6.7270e—2 1.3392e—1
10-8 1.1640e—2 3.3768e—2 6.7269e—2 1.3392e—1
107° 1.1640e—2 3.3768e—2 6.7269e—2 1.3392e—1
10710 1.1640e—2 3.3768e—2 6.7269e—2 1.3392e—1
10" 1.1641e—2 3.3768e—2 6.7270e—2 1.3392e—1
1012 1.1639e—2 3.3768e—2 6.7269e—2 1.3392e—1
10713 1.1641e—2 3.3768e—2 6.7270e—2 1.3392e—1
101 1.1640e—2 3.3768e—2 6.7269e—2 1.3392e—1
1071 1.1640e—2 3.3768e—2 6.7270e—2 1.3392e—1
1016 1.1641e—2 3.3768e—2 6.7269e—2 1.3392e—1
10°" 1.1640e—2 3.3768e—2 6.7270e—2 1.3392e—1
10718 1.1641e—2 3.3768e—2 6.7269e—2 1.3392e—1
101 1.1640e—2 3.3768e—2 6.7269e—2 1.3392e—1
10~%0 1.163%—2 3.3768e—2 6.7270e—2 1.3392e—1

Newton law (47) for the Robin coefficient is stable and satisfactory. In the three experiments, B =0
since |*| > 0.5.

Example 6.2: In the second example, we consider a problem where t* vanishes at some bound-
ary points. Specifically, let u* (x1, x2) = sin(x; + x2). Then f(x1,x2) = —2sin(x; + x2), T(x1,x2) =
sin(x; +x2),  P(x1,x2) = (x1 + x2) cos(x +x2),  P*(x1,%2) = —3(x1 + x2) cos(x + x2)  and
t*(x1, x2) = sin(x] + x2). Note that #*(£(+/2/2), F(+v/2/2)) = 0

Again, (45) and (46) are used to compute approximate solutions (¢, 1), The errors in ¢ and
t3h are given in Tables 3 and 4, which show again the convergence, the stability and the uniformness
of the solutions of Problem 2.4. In this example, choose C, = 290, 130, 80, 50 for § = 1%, 5%, 10%
and 20% respectively. We can also see that the bigger the noise level is, the smaller the suggested value
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Figure 5. Reconstructed Robin coefficients for different § when y* = §x1 (Example 6.2).
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Figure 6. Reconstructed Robin coefficients for different § when y* = sgn(x;)e*! (Example 6.2).

of Cy is. Note again the accuracy in (¢2", t2/) depends weakly on the value of Cy, and a large range
of values of C,, can produce satisfactory approximations to (¢*, t*).

Like Example 6.1, with (¢, t21), approximations y2” to three different y* (1, %x, sign(xz)e*!)
are computed through the formula (47). Again, set ¢ = 10720, Moreover, for 8% in (37), choose
1 = 0.01. The approximate y>" to three different y* for § = 1%, 5%, 10% and 20% are plotted in
Figures 4-6, from which we conclude that the reconstruction is stable and reasonable. Nevertheless,
these figures also show that the accuracy in y>" gets worse near the zero points of t*, which is in
accordance with the theoretical observation in Remark 4.1.

7. Conclusions

In this paper, a parameter-dependent CCBM-based Tikhonov regularization framework is presented
for solving the reduced Cauchy problem coming from an inverse Robin problem. Compared with
the existing work, the contributions of this paper are two aspects. On one hand, the nonlinear Robin
inverse problem is transferred to a linear Cauchy one. As a result, when applying the Tikhonov regu-
larization, the problem is further reduced to a strictly convex optimal one which can be solved through
the optimality equations, and thus no iteration is needed. On the other hand, with the introduction of
a positive parameter o, we don’t need to choose the regularization parameter ¢. As shown by theoret-
ical analysis and numerical experiments, when set « = O({/¢) = Cy+/¢ for some constant C,, the
solutions are constant with respect to small . The solution accuracy is far less sensitive to C, than .
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