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Biomedical imaging has developed into the level of molecular imaging.
Bioluminescence tomography (BLT), as an optical imaging modality, is a rapidly
developing new and promising field. So far, much of the theoretical analysis
of BLT is based on a diffusion approximation equation for media with constant
refractive index. In this article, we study the BLT problem for media with
spatially varying refractive index. We introduce a general framework with
Tikhonov regularization for this purpose, present its well-posedness and establish
the error bounds for its numerical solution by the finite element method.
Numerical results are reported on simulations of the BLT problem for media with
spatially varying refractive index.

Keywords: bioluminescence tomography; spatially varying refractive index;
inverse problem; well-posedness; numerical solution; error estimate

AMS Subject Classifications: 92C55; 34K29; 49K 40; 34K28; 65N15

1. Introduction

With the development of science and technology, these years have witnessed the rapid
progress in biomedical imaging. Bioluminescent imaging (BLI), as one of the optical
imaging modalities, has its own advantages over traditional imaging methods such as
computed tomography (CT), positron emission tomography (PET) [1,2], magnetic
resonance imaging (MRI) [3.4] as well as their combinations. For instance, compared to
PET and MRI, BLI is low in cost. It is particularly attractive for in vivo applications
because no external excitation source is needed, and thus background noise is low while
sensitivity is high. For in vivo studies in a big biological object such as human body, BLI is
limited to superficial sites owing to the absorption and scattering properties of tissue to
light and in this case, PET and MRI are preferred modalities [5].

Bioluminescence tomography (BLT) is a promising BLI because of the possibility of
revealing molecular and cellular activity in real time [6,7]. Over the past several years,
numerous articles have been devoted to the theoretical analysis and numerical simulations
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of BLT, (see e.g. [8—16] and references therein). The main objective of BLT is to determine
the photon density distribution within small-animals or on the surface of some organs
from the light measurement on the boundary. With BLT, a bioluminescent source
distribution inside a living small animal can be located and quantified in 3D. Because the
transport of light in any entity is subject to both absorption and scattering, the accurate
representation of the photon transport in a biological tissue is required. The first step of
BLT is to determine the optical properties of tissue and this is the issue of a diffuse optical
tomography (DOT) problem. In general, the bioluminescent photon propagation in a
tissue can be described accurately by either the radiative transfer equation (RTE) or the
Monte Carlo model (MCM) [17]. However, at the moment, neither is computationally
feasible. Usually a diffusion approximation of the RTE is employed when the wavelength
of light is in the range of around or bigger than 600 nm [18].

In the literature, the BLT is mostly studied based on a diffusion approximation
equation to the RTE with constant refractive index of media. In this work, we consider the
BLT problem for media with spatially varying refractive index. Consideration of media
with spatially inhomogeneous refractive index can be found in [19-25] and [26,27], the
DOT problem for such media is studied.

Let 2 c RY be a non-empty, open and bounded set with a Lipschitz boundary I' £ 92
and S“7! the unit sphere in R”. In applications, d=3. With the diffusion approximation,
our BLT problem in spatially varying refractive index media consisting of determining a
source function S so that the solution of the following boundary-value problem (BVP):

2V
—diV|:D<V - Tn)ui| + patt = Sxq, In Q, (1)
2
u-+2D Bv—zavn u=0 onT (2)
satisfies the measurement condition
g=-Dou onlycCT. 3)

Here, Q¢ and T’y are measurable subsets of © and T, respectively, both with a positive
measure. The symbol g, stands for the characteristic function of €, which takes on the
value 1 in Qy and 0 in Q\Q,. The coefficient D = [3(u, +M§)]*1, e and p; are the
absorption and reduced scattering coefficients, and # is the refractive index. We denote 9,
for the outward normal derivative on I'. The measured light flux g on I'y is an element in
space L*(I"y). In applications, it is unrealistic to have measurement on the entire boundary.
In this article, we focus on the situation where I’y is a proper subset of T'.

As in [12], we can show that the pointwise formulation (1)-(3) of the BLT
problem is ill-posed. In this article, the BLT problem is studied through a Tikhonov
regularization.

We will need some function spaces. For a set G as @, @, or I' etc., we denote by
W"(G) the standard Sobolev spaces of degree s and order m with norm || - ||,..¢> and
rewrite them as L%(G) when m=0. Particularly, H"(G) represents W'"™*(G) with
corresponding inner product (-,+),.g, norm | -|,,.¢ and seminorm |-|, . Moreover,
denote L*(Q) by Q. We further denote by ¢ a constant which may have different value in
different place.
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The structure of this article is as follows. In the next section, we study the BLT problem
with a Tikhonov regularization. We address the well-posedness of the regularized BLT
problem and explore the limiting behaviours as regularization parameter tends to zero and
infinity. In Section 3, we use the finite element method to approximate the regularized
BLT problem and obtain some error estimates. We present some numerical examples in
the last section.

2. A formulation for BLT with spatially varying refractive index media

By a standard process, we obtain the following weak formulation of the BVP (1)—(2):
ue H(Q): ai(u,v)=(S,v)g, YveH (Q), 4)

where the bilinear form

2 1
al(u,v):/Q[D(V—ZVH)u-Vv—i—,uauv]dx—i—E/Fuvd(r u,v € H(SQ). (5)

Let 'y =I'\I. Since the measurement (3) is available on a proper subset of " only, we have
|Ty| > 0. Define an inner product [-, -] and the corresponding norm ||| - ||| over Hl(Q) as
follows:

[, v] = (Vu, Vv)o o + (u, v)o > [IIVII = v, v]l/2 Yu,v € HI(Q).

It is well-known that the norm |[[| - ||| defined above is equivalent to the norm |- ||; q.

We will make the following assumption throughout this article:

Assumption (A) Let0 < by <D<ej, g >0, [|alloco < €2, n € W(Q), 12 Vnllg0 < c3,
[Ivllo.2 < eallvl[l, and min{by, 1/2} > ¢je3¢4.

Under Assumption (A), it is shown in [26] that for each S € Q, the problem (4) admits a
unique and stable solution u € H'(Q).

We comment that it is possible to weaken Assumption (A). In applications, the index
function n is nearly piecewise constant, i.e. it is piecewise constant in most parts of Q
except in a small neighbourhood of the interfaces of the sub-regions. In other words, there
is a small number ¢ > 0 such that for a subset @, of Q with |Q2,| <&, V=0 1n 20 \ Q.
Consider the case of one dimension, d= 1. By a Sobolev embedding theorem ([28]), there is
a constant ¢, such that

Vllocoe <ClVilLg Vv e H(SQ). (6)

Assumption (B) For b, ¢, ¢35, ¢4 and € given as in Assumption (A) and (6),
n = min{by, 3} — cres(cq + 1)Te/? > 0.

ProrosiTioN 2.1 In the case d=1, under Assumption (B), for each S € Q, the problem (4)
admits a unique solution u € H' () such that

lullie = clISlo.q, (N

for some constant ¢ > 0, which is independent of S but may depend on the parameters

Q, D, n and 1.
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Proof We apply the Lax—Milgram lemma [28]; the only major task is to prove the
coercivity of the bilinear form a,(,-). By using the Hoélder inequality, (6) and Schwarz’

inequality, we have
2D 2D

/ an~Vvdx / an-Vvdx
Q Q N

n

< 0103/ lu| |Vv| dx
Q,

< cicsllullocon VYo,
~ 12
< cies€lull ol Vvllo.g, 121"
~ 12 1
<cics(ca + DT 2 ullIVIl Yu,v e H(S). ®)

Hence, from Schwarz’ inequality together with (8), and by noticing u, >0 in 2, we have
. 1 2D
(1) > mm{bl, §}<|u|%52 n ||u||§r> — ‘[ L Vnu- Vudx
, ) o 7

. 1 ~
> mm{bl, —} ul||* — cics(ea + DTe2|[[ull)?

2
= nlllulll* = cnllul o. )
Therefore, we attain the coercivity of the bilinear form (-, -). m

We note that Assumption (B) is weaker than Assumption (A) for small . More delicate
arguments are needed to weaken the conditions on data for the coercivity in two/three
dimension spaces.

Since the BLT problem in the pointwise form is ill-posed, we will study the BLT
problem through a Tikhonov regularization [29-31]. We shall only consider the case where
the refractive index is constant near the domain boundary. Consequently, the boundary
condition (2) reduces to

u+2Do,u=0 onT. (10)
Combine (3) and the boundary condition (10) to get
u=2g onTy. (11)
From (3), we obtain another mixed boundary condition
Dou=—-g only, u+2Dou=0 onTlj. (12)

We form two boundary value problems: Equation (1) with boundary condition (10)
and Equation (1) with boundary condition (12). We then try to minimize the differences
between the solutions of these problems with 2 g on the boundary I'y. In addition to a;(-, -)
defined in (5), let

2 1
ag(u,v):L[D(V—;Vﬂ)u~Vv+p,uuvj|dx+§/ uvdo Vu,veHl(Q).
r

For any TeQ, denote by u;=u(T), u»=u>(T)e H'(Q) the corresponding weak
solutions:

a(u,v) = (T,V)g, VveH(Q) (13)

w2, v) = —(&.Vor, + (T.Vog, VveH(Q). (14)
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Under Assumption (A), both problems are uniquely solvable. Moreover, we have the
bound

lux(T)l e < ¢l gllory + 1 Tllo,0)- (15)

For re€[0, 1] and > 0, we introduce the following cost functional:

r 1—r o
JrolT) = S 1ur(T) = 28l r, +—— la(T) = 28I, +5 1 TI g, ¥T€Q.  (16)

Then we define a general regularized BLT problem as follows.

Problem 2.2 Find S, , € Q,4 such that

Jr,a(Sr,ot) = Tiean,Jr'a(T)’ (17)

where Q,, is a convex closed subset of the space Q.

We comment that here we have introduced a family of regularized BLT problems,
depending on a parameter r € [0, 1]. The conventional choice for solving the BLT problem
is r=1. However, the numerical results in the final section suggest that a proper choice of
the parameter r leads to an improvement in the reconstruction accuracy compared to
the conventional choice, with only a slight increase in the computational effort since the
stiffness matrix and the load vector in the finite element solution of the problem (13) can
be used in constructing the finite element system for the problem (14).

By extending the arguments used in [10,12], we can show the following main properties
of Problem 2.2.

ProposITION 2.3 For any o > 0 and r €[0, 1], Problem 2.2 has a unique solution S, , € Q4
which can be characterized by a variational inequality

a(Sr,ota T— Sr,ot)O,QO +r (ul(Sr,at) - 2g7 ul(T - Sr,a))(),l"o
+ (1 =7) (u2(Sre) = 28, ux(T) = ur(Sr.a)or, 20 VT € Qua. (18)

When Q,q is a subspace of Q, the inequality reduces to a variational equality for
any T'€ Quq
(Sras To,, + 1 (1(Sra) =28, u1(T))g r,
+ (1 = 1) Wa(Sra) — 28 u(T) — u2(0))g , = 0.

The solution S, depends continuously on the measurement g LZ(FO), the regularized
parameter o > 0, coefficients D € L™(2), n€ W"(Q) and ., € L().

Assume that 0 € Quq. Then ||S,4ll0.0,— 0 as o — oo.

Assume taht S, C Quq, the solution set of Problem 2.2 for a =0, is nonempty. Then,
Sra—> Syx as a— 0", where S, « €8, satisfies

15:lo, = inf ISl

We also have the following result.

ProrosiTioN 2.4 Let o> 0. Denote by Sy, and S\, the unique solutions of
Problem 2.2 for r=0 and r=1, respectively. Then S, —> Soq in Q as r— 0%, Sro— St
inQasr—1".
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Proof We only prove the second assertion, i.e. S,,— S1, In Q as r— 17. The first
assertion can be proved similarly. For each parameter «,
Jr,a(Sr,a) =< Jr.ot(Sl,a)-

So the sequence {S, .}, is bounded, and there is a subsequence denoted again by {S, .},
and an element S+, € Q, such that

Srg = Sk, ImQasr— 1.
Apparently, S+, € Q.4 Denote u; ,=u(S,), tz,=u(S, ). Then
ar(ur,v) = (Sras Vg, ¥veH(Q), (19)

a(ry, V) = —(g Vor, + (Sras Vg, Vv e H(Q). (20)

From relations (7) and (15) as well as the boundedness of sequence {S, ,},, we gain the
boundedness of sequences {||u; |1, o}, and {lluz |l o},. Consequently, resorting to a
further subsequence if necessary, there are u; «, up«€ H 1(Q) such that

Upy = Uy, Uzp — Upy 1N HI(SZ), asr— 1°.

Particularly, u; , — ) » in LZ(F) and u, — up + in LZ(F 1), as r— 17. Then pass through
r— 17 in (19) and (20) to get

a1y, V) = (Sear Voo, Yy € H'(Q),
@z, v) = —(&V)or, + (Seas Vog, VYV E H'(Q).
Hence, u; » =u;(S+,) and up » =un(S+ ), that is,
u1(Sra) = t1(Sea),  12(Sra) = ux(Sea) in H'(Q), asr— 17
Letting r— 1~ in (18), we have
((Sec) = 281 (T = Sy +(Seaes T— Seadogy 20 VT € Qs (21)

which gives Sx,=S), from the uniqueness of the solution of Problem 2.2 for r=1.
Therefore, the entire sequence {S,,}, converges weakly to S;, as r— 17, from the
independence of the choice of subsequences in the arguments above. Strong convergence is
shown as follows. Take T=S,, in (18) and T'=S,, in (21), and add the two resulting
inequalities to obtain

Flur(Sra = St g, + @llSra — Stallfg,
< (=71 (u(Sra) —28 u(Sra) — UZ(Sl,a))o,ro — 0, asr— 1.

We conclude the strong convergence of {S, .}, to Sj,asr—1". |

3. Numerical approximation of BLT

In this section, we consider numerical approximation of Problem 2.2. The standard FEMs
are applied to discretize the BLT problem. Let {7}, be a regular family of triangulations
over domain € with meshsize 2 > 0. For each triangulation 7, = {K}, define the linear
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finite element space V" £ {v e C(Q), v|x € P; VK € T,}. Here P, denotes the space of all
polynomials of degree < k. Assume that {7 s} is a regular family of triangulations of Qo

with meshsize H. Define the space Q7={TeQ|T|xePyK) VKe To.ny and set

1 = 0" N Quq. Let T1": 0 — 0" be an orthogonal projection operator defined by

T, Ty, = (T, Ty, ¥T€Q, T 0. (22)
Define ! = u/(T), uh = u(T) € V" by

ay(ul,v"y = (T, vh)o,QO wh e v,

as, V") = —(g, o r, + (T g, W' e V.

Then we introduce a discrete cost functional

r I—r o
TT) = 5 14(T) = 28l p, +—— (T = 2¢li5r, +5 1Tl g, (23)

Problem 3.1:  Find S/ € Q¥ such that

JI(SEE) = inf JP(TH).
THeQH

ad

Results similar to Propositions 2.3 and 2.4 hold for Problem 3.1.

The solution S,f;x” of Problem 3.1 is characterized by the inequality

roo 0

+ (1= 1) GASED = 25T — (St p, = 0 VT € Q!

a ST — S ) + r W(SED = 28,04(T = S D)o,
(24)

ad*

We now provide a sample error bound for the approximate solution of Problem 2.2.
For this purpose, assume I'e C"*', De C*!, ne €' and g € LA(Ty). Then for the solutions
of the BVP (13) and (14), we have the regularity u,(7) € HX() and ux(T) € H*(Q) [32].
The following error bounds are useful [12]: there exists a constant ¢ > 0 independent of «,
h and H such that for any 7€ Q,

Iu!(T) — ui(T)log + Al (T) — ur (Dl g < B 1 Tllo.g»
1W3(T) — ur(T)llo.g + hll(T) — ur(T)llq < e B2l gllor, + 1 TNlo.cy)-

From these error bounds, together with the trace inequality ||v||0 r = clvllg.qlvlly.q for
any ve H'(Q), we obtain

(1) = u(Dllor, < ¢k Tlog, YT € Q (25)

s(T) — ur(T)llor, < ch(llgllor, + 1 Tllog,) YT € O. (26)

Therefore, similar to the proof of Lemma 4.7 in [12], we have

I (T T) — uy(Tllo.r, < ¢ HIT — T Tllgq, + PP Tllg.q, VT € Q (27)

M7 T) — ur(Tllor, < ¢ HIMYT — Tlloq, + chllligllor, + 1 Tlog,) YT € Q. (28)
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Denote
EM = a|Sra — SE 5, + rlur(Sra) — {(SED G r,
+ (1= )ua(Sra) — WSS 1,
E"(Sra) = 1Sra = 17S,allog, = inf [[Sra — T lloq,-
e,

Then we have the following error bound.

THEOREM 3.2 There exists a constant ¢ > 0 independent of «, r, h and H such that

ENT < crllun(Sra) — 2gllo.r, (H E*(Sra) + 2 [1Srallo0,)
+cr (HE"(S,0) + P11 .allo.0,)°
+ (1= D)[ux(Sra) — 2&llo.r,(H E*(S1.0) + hllSr.allo.0)
+c(1 =) (HEY(S0) + 1l Srallog,)- (29)

Proof Substitute T:Sf?;of’ in (18), 7" =1"S,, in (24), and add the two resulting
inequalities to obtain

ro 2

+ r(ul(SI Ol) 2ga IZ(HHSr 0() - ul(Sr,ot))O,Fo

+ 7 (1 (Sra) — i (SE), 1y (Sye) — ul(TT7 S, 0)o r,

+ (1= 1) (a(Sra) — 28, u(117S,.0) — ua(Sre)or,

+ (1= 1) (a(Sra) — (S, ur(Sy.a) — v (TS, 0)o r,
<a(SHE 7S, o — Sraog

+ rllur(Sra) = 2gllo.r, el (TT7S,.0) — ur(Sr.a)llor,

5 11 (Sr) = W CSED p, + 5 11 (Sr) = (TS,

+ (1 = M)lluz(Sra) = 2gllo.r, ||u2(an, a) —ux(Sr.a)llo.r,

1—r
T 02(Sr) = (S £, + 5 N02(Sv) = (118, ) -

Applying (22), (27) and (28), we obtain (29). ]

Ept < a(SE TS, 0 — Srao g,

Under additional assumptions, we can deduce more concrete error bounds from
Theorem 3.2. For instance, if Q,;is a bounded set in the space Q, then there is a constant
¢ > 0 independent of «, & and H such that

EM < c HEN(S, o) +cri®? + (1 —r)h.

We note that as we have seen in Section 3 that with proper choice of « related to /4 and
H, we can show the convergence of ShH to S.+ as h,H,a— 0", assuming that S,
is nonempty, where S, - has minimal L*-norm among the solution set of Problem 2.2
with a =0.

4. Numerical experiments

In this section, we will show some simulation results. We limit ourselves to the two-
dimensional case.
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4.1. Implementation detail

Let ¢(x)€ V" be the nodal basis functions of the finite element space V" associated
with the grid nodes x,,i=1,2,..., N (N is the number of nodes of the triangulation Th).

Then, ' =YY V¢, =YY uP¢., with o =ul(x) and o =ul(x),

respectively. Denote triangulation 7 4= {KO 3, [=1,2,..., Ny (Ny is the number of
elements of triangulation 7, ), that is, Uz 1 Ko, then an approximate light
source S7 e 0 has form S |k, = So; With so,,z 0,/=1,2,..., No. Assume that 7 5 and
T, are consistent, that is, TO’H‘ can be viewed as a restriction of the triangulation 77,
on . We further let the end points of Ty be grid points of the triangulation 7. For the
ease of our statement, denote I={1,2,...,N},Ih={1,2,...,No},I,={iellx;el},

I ={iel|x; €Ty} ={b1,bs,... by} with b1 <b<---< bNo and N the number of
the grid nodes on the boundary T, and I1 ={iel|x;eTy) with Nb the number of the
grid nodes on the boundary T. Moreover define

A = (@) yyn> aj= [oDVy;-Vodx, ijel,
B=(byp)yxns  bi=— [y D2EVn-Vodx, ijel
C = (i) nxn> cij = fgra@ieidx, ijel

{%fr gjpido, ij€l,
ej =

E = (ej)yxns ,
0, otherwise,

1 ] 0
Efl“ % (p,’dO', I,] € I 5
E' = (eg)NxNga eg = { !

0, jel),ie N,
— (e o [Heede. el
- ii/NxN> =
o ! 0, otherwise,
Jx widx, i€l jel,
R= (rl.'i)NxN()a rij = % . ‘
0, i€\, jel,

where I _{lel|KﬂK0,7£®} and K is the support of the basis function ¢;.
We further denote by UM and U® the vectors (u1 ,uzl),...,u(l))' and
((2), (22),.. 53)) respectively, and again by S the vector (si,s,... ,SNO)[, where
a superscript ¢ stands for transposition. For numerical simulation, b; is computed

as follows.

2Vn 2Vn
by = D — ¢Vg;dx = — Z D —— ¢;Vy;dx
Q KET/, K n
\Y%
:_Z< ”) /ZDQiV¢idx.
KET/ K

Here (p(x))G, denotes the value of function p at the gravitational centre of the triangle
K. To obtain the representation of matrix form, we let

L'=A4+ B+ C+E, =RS,
I>’=A+B+C+E', F2 E% + F',
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where we use the same symbol g for the function g(x) and the vector g = (g1, 22, ..., gN?)’
with g; = g(x5,),i =1,2,..., NJ. Then we have the systems

LFu® =FF k=1,2. (30)

We can solve the linear system (30) with any fast methods including direct and iterative
methods. In our experiments, we use direct method when the system size is relatively small
and use bi-conjugate gradient method (BiCG) [33] when the system size is large.
Consequently, the functional J!" (S") reduces to

2
No
J! (S”)_zzs,|1<o,|+f Y ulgi—2g] do
fo\er)
2

1—r
+ / Zu?z)go,-—2g do,
2 Jr

iel)

where |Kj,| is the area of the element Kj.

Define V} = {vlr, | v e V"} € L*(T'), which is spanned by (@i |p0},€,o Express the
solutions U(k) (k=1,2) of the linear systems (30) as U = M'S and U® =+ M>S with
MF = (mé,)NxNO and n a vector of N components. Let

W= 00 1 =0, P= 1.2, N,
EY = (ego)NOxNO’ eiqo = Eo(bhj) Lj=12,... Nl?’
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We further have
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Figure 2. (Available in colour online). Exact single light source.
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Table 1. Error ||S% — S||, for different parameter r.

r NT =968, N=502

NT=3872, N=1971 NT=15,488, N="7813

0 1.32667e -3
0.1 1.32654e -3
0.3 1.32644e -3
0.5 1.32634e —3
0.7 1.32619e -3
0.9 1.32607¢ — 3
0.99 1.32600e — 3
0.999 1.32600e — 3
1 1.32600e — 3

1.21078e — 3
1.21022e -3
1.20880e — 3
1.20844e — 3
1.20680e — 3
1.20620e — 3
1.20596e — 3
1.20511e -3
1.20553e -3

1.14923e -3
6.84920e — 4
1.12576e — 3
1.07552e -3
1.15209¢ —3
1.15432e -3
1.15331e -3
1.15330e -3
1.15330e —3

X (mm)
r=0.9

-2
-12 -10
X (mm)

-2
-8 “12

X (mm)
r=1

0.15
0.1
0.05
0
-10 -8
X (mm)

Figure 3. (Available in colour online). Reconstructed single light source with NT =968, N = 502 for

r=0,r=0.5r=09and r=1.

Then Problem 3.1 reduces to the following quadratic programming problem:

4.2. Numerical results

min  f(S).
SeRM,S20

(31

In our simulations, the problem domain  CR? is a circle centred at the origin with
radius 20mm, the reduced scattering coefficient ) = 1.0, the absorption coefficient
e =0.020, and the refractive index

n(x,y) =14+0.5 x 10001 min[10.52,max{x2+y2,9.52}].
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Figure 4. (Available in colour online). Reconstructed single light source with NT =3872, N=1971
for r=0, r=0.5,r=0.9 and r=1.

8
g8

-10
X (mrn)

Figure 5. (Available in colour online). Reconstructed single light source with NT = 15488, N =7813
for r=0, r=0.5,r=0.9 and r=1.
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Figure 7. (Available in colour online). Exact multiple light source.
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Figure 8. (Available in colour online). Reconstructed multiple light source with 1225 elements and
637 nodes, r=1.

With a given permissible region 2y, we use Q,={S€Q|S>0 a.e. in Qy} for the
admissible set of the light source function. We assume that the observations are available
on part of the boundary I'o={(x, »)| x*+ »*=20% x>0}, the measurement g on Iy is
polluted by noise with level 10%, and the Tikhonov regularization parameter a =1 x 10>,
We use Delaunay elements for the triangulations. For a triangulation, denote by NT and
N the numbers of elements and nodes.

We first consider a single light source reconstruction problem. A light source of density
S(x, v)=(1 — (x4 10)*> — y?)/7 is placed on a circle centred at (—10, 0) with radius 1 mm.
Let the permissible region €y={(x, y)|(x+ 10)>4»* < 2*}. We show the triangulation
and the exact light source function S in Figures 1 and 2. Figures 3—5 show approximate
light source Sof’*” for partition with NT=968, N=502, NT=3872, N=1971 and NT=15488,
N=7813, respectively. Each figure contains four pictures corresponding to r=0, r=0.5,
r=0.9 and r = 1. We conclude from these figures that the smaller the meshsize is, the better
the light source reconstruction.

To see the influence of the parameter r on the accuracy of the numerical solution, we
report in Table 1 the numerical solution errors for several choices of the parameter. It can
be seen from Table 1 that for a fixed triangulation, error in approximate light source gets
smaller slightly when the parameter becomes bigger until near » =1. We also observe that
it is possible to adjust the value of the parameter r so as to achieve better accuracy of the
approximate light source function than the conventional formulation (r = 1, corresponding
to a single forward boundary value problem). How to determine an optimal value for the
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Figure 9. (Available in colour online). Reconstructed multiple light source with 4900 elements and
2498 nodes, r=1.

parameter r is a topic worth further investigation. The numerical results also suggest that
generally the conventional choice r=1 is quite satisfactory.

We then consider a reconstruction problem with two distinguish light sources. Place
two circular light sources with radius 2mm at (15,3) and (15,—3), with densities
4 —(x—15)* = (y—3)*and 4 — (x — 15)> — (y 4+ 3)*, respectively. We choose the permissible
region Qo= {(x, ¥)| (x — 15)?/9 +?/100 < 1}. The triangulation and the exact light source
function are plotted in Figures 6 and 7. Reconstructed light source functions are shown in
Figures 8 and 9 with partition of 1225 triangle elements and 637 nodes, and partition of
4900 triangle elements and 2498 nodes respectively.

We observe that in all our numerical simulations, the light source functions are well
reconstructed.
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