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Abstract. In this paper, we consider an inverse source problem for elliptic partial
differential equations with Dirichlet and Neumann boundary data. The unknown
source term is to be determined by additional boundary conditions. Unlike the
existing methods found in the literature, which usually use some of the boundary
conditions to form a boundary value problem for the elliptic partial differential equation
and the remaining boundary conditions in the objective functional for optimization
to determine the source term, we propose a novel method with coupled complex
boundary condition. We use a complex elliptic partial differential equation with a
Robin boundary condition coupling the Dirichlet and Neumann boundary data, and
optimize with respect to the imaginary part of the solution in the domain to determine
the source term. Then, based on the complex boundary value problem, Tikhonov
regularization is used for a stable approximate source function and the finite element
method is used for discretization. Theoretical analysis is given for both the continuous
and discrete models. Several numerical examples are provided to show the usefulness
of the proposed coupled complex boundary method.

1. Introduction

Let Q C R? (d < 3: space dimension) be an open bounded set with boundary 952, and
L be a real linear elliptic differential operator between two Banach spaces. The goal of
this paper is to investigate the inverse source problem involving the following equation

Lu=p in . (1)

Such a problem arises in optical molecular imaging which is currently undergoing a rapid
development, see e.g. [20] and references therein for detail. The equation (1) also arises

1 Corresponding author.
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in other applications, such as inverse gravimetry [24], steady heat conduction problems
28, 30], and so on.

The inverse source problem associated with the equation (1) is to identify the right
side p in €2 from additional data on the boundary 0. It is well known that a general
source could not be determined uniquely by the boundary measurements, see [23] for a
detailed discussion of the theoretical aspects of this problem. From the point of view of
mathematics, inverse source problems are under-determined because the boundary 0f2
is one dimension lower than the inner domain §2. Therefore, they are generally ill-posed,
i.e. the existence, uniqueness and stability of the solutions are not always guaranteed
[18]. This makes solving the problems directly intractable. In the literature, two kinds
of strategies are often adopted for obtaining proper approximate solutions. The first
one is to provide as much a priori knowledge as possible about the source item p. The
a priori information may include permissible regions, some prescribed forms, stronger
smoothness assumptions, etc. The famous example in this group is conditional stability,
where the source function is sought in a more smooth set [8, 24]. Another widely
used strategy for overcoming the ill-posedness is regularization. The regularization
methods include Truncated Singular Value Decomposition (TSVD) [24, 26], iterative
regularization [3, 5, 11, 26|, Tikhonov regularization [5, 6, 11, 12, 24, 26, 33], and so on.

In this paper, we consider using Tikhonov regularization to obtain a stable
approximate solution for the inverse source problem associated with the equation (1).
For simplicity and clarity of statements, let L = —A+ I with I being identical operator.
We note that the method developed in our paper can also be applied to more general
real linear elliptic differential operators L. For definiteness, in this work, we consider
the following inverse source problem.

Inverse source problem. Given ¢g; and g, on I', find p so that the solution of the
boundary value problem (BVP)

{ —Au+u = pyxq, in €, @)

% = g9 on I'
satisfies
u=g¢g; onl. (3)
Here I' = 0€Q; 0/0n stands for the outward normal derivative; €y is known as a

permissible region about the source function, and xq, is the characteristic function
of €, i.e., its value is 1 in €}y and 0 outside (2.

We note that the inverse source problem (2)—(3) has been studied extensively
through Tikhonov methods in the field of bioluminescence tomography, see e.g.
(7, 14, 20, 21, 29, 31, 34] and references therein. With the Tikhonov regularization,
the original inverse source problem (2)—(3) is converted to the following minimization
problem:

o1 €
p. = argmin = [[u(p) - g1llir + 5Pl 0, ()
peQad
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where Q.4 is an admissible set, incorporating a priori information about the source
function p; for each p, u(p) is a weak solution of the BVP (2) in the Sobolev space
H'(Q). Under some assumptions, Problem (4) admits a unique stable solution p. which
converges to p*, a solution of (2)—(3) with minimal L*norm ([20]). Regularization with
other norms are possible, such as L'-norm ([22]), BV-norm ([13]), etc.

On the other hand, in [32], a Kohn-Vogelius type functional [2, 25] is used for
data fitting. In general, Kohn-Vogelius functionals are expected to lead to more robust
optimization procedures [1]. In this case, one is to find a stable approximate source
function through the following optimization problem:

1 €
p. = argmin S [ (p) = w2(p)l} 0 + 5Pl 0 (5)

peQad

where u; (p), uz(p) € H'(Q) are the weak solutions of BVPs

—Auy + u; = pxo, in
Uy = 0g1 on FJ

and

Quz

—Auy + uy = PXQq in Q7
S = g2 on I

respectively. Under certain assumptions, Problem (5) admits a unique stable solution
p. which converges to p* ([32]).

As we can see from the statements above, both minimization problems (4) and
(5) use the Neumann data g and the Dirichlet data g; sequentially. In this paper, we
propose a novel coupled complex boundary method (CCBM) which uses both data ¢,
and g in a single BVP. The idea of CCMB is to couple the Neumann data and Dirichlet
data in a Robin boundary condition in such a way that the Neumann data and Dirichlet
data are the real part and imaginary part of the Robin boundary condition, respectively.
As a result, the data needed to fit is transferred from boundary to interior. Because
the BVP is complex, the dimension of the corresponding discrete system increases.
Nevertheless, the new method has its own merits and some effective numerical methods
could be explored based on our new framework. To the best of our knowledge, in the
literature, it is the first time that the idea of the coupled complex boundary condition
is explored for solving the inverse source problems.

The paper is organized as follows. A detail statement of CCBM is given in section
2 while some theoretical results about the new regularization framework are reported
in section 3. Section 4 is devoted to finite element discretization and corresponding
error estimates. In section 5, a simple algorithm is given for practical reconstructions.
Several numerical examples are presented in section 6 to demonstrate the feasibility and
efficiency of the proposed method. Finally, concluding remarks are given in section 7.
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2. A novel coupled complex boundary method

We first introduce notations for function spaces and sets. Assume the boundary I' = 052
is Lipchitz continuous. For aset G (e.g., 2, g or I'), we denote by W"™*(G) the standard
Sobolev space with norm || - ||l;ns.c, W(G) = L*(G). In particular, H™(G) represents
W™2(@G) with corresponding inner product (-, -)m.¢ and norm || - ||,n.c. Also, let H™(G)
be the complex version of H™(G) with inner product ((+, -))m.¢ and norm |||-|||m.¢ defined
as follows: for any u,v € H™(G), (v, v))mac = (4, 0)ma, [|[v]|[}g = (0,0))ma. Set
V = HY(Q), V= H(Q), Q = L*(Q), and Q = L*(Q). We assume g, € H*(I),
g2 € HV2(T), and Q,q is a closed convex subset of @. Finally, we denote by c a
constant which may have different value at different place.
Consider a complex BVP

—Au+u=pxg, inf,
%—f—iu:gg—i-igl on I

(6)

where 1 = v/—1 is the imaginary unit. Assume u = u; + ius € V is a weak solution of
(6). Then real-value functions uy,us € V' satisfy

{ _Aul +up = PXaqo in Qv (7)

du _
3—,11—162—92 on I,

and
(8)

If up = 0 in Q, then uy = 0 and % = 0 on I'. As a result, from BVPs (7) and (8),
(u1,p) is a solution of the original problem (2)—(3). Conversely, if (u,p) is a solution of

Ouy

—Aug +uy =0 in Q,
o +U1:g1 on I

original problem (2)—(3), then immediately, it satisfies (6).
We conclude from the above discussion that the original inverse source problem is
equivalent to the following problem.

Problem 2.1 Find p € Q.q such that
ug =0 in §,
where u = uy + 1 ug solves

—Au+u=pxo, nf ()
%—f—iu:gg—i-igl on I'.
Because Problem 2.1 is equivalent to the original inverse source problem, it is ill-
posed and regularization is needed for a proper numerical solution. Before regularizing
Problem 2.1 , we show a well-posedness result about the BVP (9). To this end, for any

u,v € V, define

a(u,v):/(VU-VU+uv)dx+i/uvds,
Q r

f(v):/ p@dx—l—/@@ds—l—z’/qlfz‘)ds.
Qo I 1N
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Then the weak form of the BVP (9) is:
Find u € V such that a(u,v) = f(v) Vv e V. (10)

Proposition 2.2 Given p € Q, g1 € L*(T), go € L~Y*(I), the problem (10) admits a
unique solution u € 'V which depends continuously on p, g1 and go. Moreover,

llulllie < e(lipllogs + lg1llj2r + [lgall-1/20)- (11)

Proof. We apply the complex version of Lax-Milgram Lemma [10, p. 376] by showing
that the antilinear form a(-,-) is continuous and elliptic on V, and the linear form f(-)
is continuous on V. Ellipticity of a(-,-) is immediate:

Rea(v,v) = /(|Vv1|2+vf+|Vv2|2+v§) = |||v|||§Q, v=1v1+ivy € V,(12)
Q
where Rea(v,v) is the real part of a(v,v). For any u = uy +iug,v =v; +ive € V,

la(u,v)|* = [/(Vm - V1 4 ug v1 + Vug - Vg + ug v9) da
Q

+/(U1 (%) —U,Q’Ul)dS]Q
r

+[/(Vu2‘Vvl+u2U1—Vul-sz—uva)dx
Q

+ /(u1 U1 + U Vo) ds]Q.
r
By applying the Cauchy-Schwarz inequality and the trace inequality, we have the
continuity of a(-,-):
|a(u, v)| < clflulllrellloll]10- (13)
Similarly, we have the continuity of the linear form f(-):
()] < 2 ([Iplloqo + lg1ll1/2r + lg2ll-120)l[][ |10 (14)

Therefore, the problem (10) admits a unique solution v € V.

Since Rea(v,v) < |a(v,v)|, (11) follows directly from (10), (12), and (14). ®

Now we are in a position to give a Tikhonov regularization framework for Problem
2.1. For this purpose, for any p € @, denote by u := u(p) = ui(p) + iuz(p) € V the
weak solution of the BVP (9). Moreover, we define a Tikhonov regularization objective
functional

1 2 a2
1.0) = glu®)3a + Slpl o,

and introduce the following minimization problem:
Problem 2.3 Find p. € QQ.q such that
Je(p:) = inf J.(p).
(p ) PE€Qad (p)



A novel coupled complex boundary method for inverse source problems 6

It is not difficult to show

JUp)g = (ua(p), u2(q) — u2(0))o.0 + (P, 9)o.00
() = lua(q) — u2(0)II5 o + €llgllg -

Hence, for € > 0, J.() is strictly convex.
In the next section, we will give some theoretical results about Problem 2.3.

3. Well-posedness and limiting behavior

We begin with a well-posedness result and the first optimality condition of the solution
as follows:

Proposition 3.1 For any ¢ > 0, Problem 2.3 has a unique solution p. € Q.q which
depends continuously on all data. Moreover, p. is characterized by the inequality

(wa(pe) +€Pe,d — De)oy >0 V¢ € Qug, (15)

where w(p.) = wi(p:) + i wa(ps) € V is the unique weak solution of adjoint problem:

—Aw, +w. = uz(p:) in €,
16
{ a“’f—i—zws—o on T, (16)
and u(p;) = )+ ius(p:) € V is the weak solution of the BVP (9) with p replaced

by pe.

Proof. Note that ().q is a closed and convex set of Hilbert space @, J. is strictly
convex. Then, by a standard result on convex minimization problems ([4, 16]), there is
a unique stable solution p. € .4 to Problem 2.3 and the solution is characterized by
the optimality condition

JUp) (g —p) >0 Vg€ Qua (17)

To prove (15), let @ = u(q) — u(0), where u(q) = wui(q) + tuz(q) and u(0) =
u1(0) +iuz(0) € V are weak solutions of the BVP (9), with p replaced by ¢ € @ and 0
respectively. Then @ is the unique weak solution of the BVP:

—AU+ U= qxq, in €,
Ltiu=0 onT.

Multiply (16) with @ and integrate by parts to get

[ o) (ula) ~ w0 s = [ wgd,

ie.,
(u2(pe), u2(q) — u2(0))o,0 = (w2(pe), ¢)o,00-
Then the derivative of J. at p. has the following form: for any ¢ € @,

JL(p=)q = (wa(pe) + € ey @)0,020-
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Hence, (15) follows from (17). W

Next we discuss the relation between Problem 2.1 and its regularization Problem
2.3. For this purpose, denote by S the solution set of Problem 2.1, and assume
it is nonempty. For example, if  is an open bounded set with C*! boundary T,
g1 € H¥*(T"), g, € HY*(I'), then Problem 2.1 have infinite many solutions [20, Corollary
2.4]. Moreover, it is straightforward to show that S is closed and convex. Denote by
P« € S the unique function such that

N = inf :

IP+llog, = inf [lpllos,

The next result gives the limiting behavior of p. when ¢ — 0.
Proposition 3.2 p. — p, in Q, ase — 0T.

Proof. Write u(p.) = ui(ps) + i uz(ps) € V, the weak solution of the BVP (9) with p
replaced by p,. Then uy(p,) = 0 and

1

J(pe) = —/Uz(pa)zdﬂHE/ p2de < Jo(p.) = E/ pi da.
2 Ja 2 Ja, 2 Ja,

Thus, [|Ip:llog, < l[p<llog,- Denote by ue := u(p:) = wi(pe) +iuz(pe) € V the weak

solution of the BVP (9) with p replaced by p.. Then from (11), we have
[luelllue < e(llpelloqs + llg1llyzr + llgall-1/2r)
< c(lpllogo + llgrllizr + [lg2ll-1/2.r)-

Similarly, denote by w. := w(p:) = wi(pe) + i wa(pe) € V the unique weak solution of
corresponding adjoint problem (16). Then

llwelllie < ellua(p)lloe < e llp-llogo + llgrllyzr + llg2ll-1/2.0)-
Thus, {p.}, {u.} and {w.} are uniformly bounded w.r.t. € in the spaces @ and V
respectively. Therefore, there are some elements pg € @, ug € V, wy € V, and a
subsequence {£'} of {€} such that, as &’ — 07,

P = poin Q,  us — g, we — wp in V,
Uer — U, W — g in L*(Q) and L*(T).
Using these convergence relations, we verify that ug = u(py) = u1(po) + i ua(py) and
wo = w(po) = wi(po) + iwa(po). Replace € by € in (15) and let & — 07 to get
(w2(po); ¢ — Po)og, >0 Vg € Qug,
implying that pg is a solution of Problem 2.3 with € = 0, i.e., a solution of Problem 2.1.
So pg € S. Also, we have

[Ipolfo,00 < liminf |[pe{lo,0y < [[P«]lo.00-
e/'—0t

By the definition of p,, we have py = p,. Since the limit py is unique, the entire family
p. converges weakly to p, in Q as ¢ — 0%. Consequently, when ¢ — 07, we have

P — pell3 0y = lIPellf .00 — 2 (e, D)oo + |IP:13 0
S 2Hp* (%,QO -2 (psap*)O,QO —0

which shows the strong convergene of p. to p, in Q ase — 0. W
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4. Finite element approximation

In this section, we discretize Problem 2.3 and explore convergence property of the
numerical solutions. We use linear finite elements to solve the BVP (9). For the
source function p, piecewise constant functions are used. Moreover, for later use of
error estimation, in this section, assume g, g, € HY 2(T"), and © C R? is a bounded
open set with the boundary I' € C'*+1.

Let {74}x be a regular family of finite element partitions of Q with meshsize h,
such that each element at the boundary I' has at most one non-straight face (for a
three-dimensional domain) or side (for a two-dimensional domain). Define the linear
finite element space

Vi ={ve CQ)|vislinear in T VT € T}

and denote by 7"v the piecewise linear interpolant of v € H?(€2). Then we have the
existence of a constant ¢ > 0 such that (see [9] for a polyhedral/polygonal domain and
[20] for a general smooth domain)

v — 70|00 + hllv — 70|10 < ch?||v|laa Vv € H*(Q). (18)

Set V" = V" @ iV". Then V" is a finite element subspace of V, and the finite
element approximation of the BVP (9) is as follows:

Find u" € V" such that a(u",v") = f(u") Vo' € V™ (19)

Similar to Proposition 2.2, the discrete problem (19) admits a unique solution u" € V"

Next we bound the error u — u”. To this end, we first show a regularity result of
the solution v = u; +7us. Note that u; € V and uy € V' are weak solutions of the BVPs

{ —Auy +uy = pxo, in €,

Our _

on Uy + g2 on F)

and

Qug __

—Auy +us =0 in €,
on =01 — U on Fa

respectively. With + being the standard trace operator, yus + go € H'Y?(T') and
g1 — yu; € HY?(T). Then, we have uj,uy € H?*(Q) ([15, Proposition 2.5.2.3]) and
the following bounds ([15, Theorem 2.3.3.2]):

utllze < c(llplloqo + lluz + gall12r + lluall10),

[uzllz.0 < e (llgr — willij2,0 + [[uzllie).
Using these bounds and (11), we further deduce that

lurllze < c(lpllogo + lg1llzr + llg2ll1/2r),

luzllz.0 < c(lIpllogo + lg1lljzr + llg2ll1/2r),
or

Hulllze < c(lpllogo + Ng1lli/zr + [lg2ll1/2r)- (20)

Now we can derive the a priori finite element error estimates as follows.
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Theorem 4.1 For anyp € Q, let u € V and u" € V" be the solutions of the problems
(10) and (19). Then

llu—u"||le < chllpllogs + lgillijor + llg2llor), (21)
lu—u"|llo0 < c¢h? (Iplloso + g1l /2r + llgalliyor)- (22)
Proof. Because Rea(u,u) = |[|ul[[{ o and a(u — u”,v") = 0 for any v" € V" Cea’s

inequality holds for the approximation of the complex problem (10) by (19); that is,
there is a constant ¢ independent of h such that

llu—alhn < inf [llu—o"fl0. (23
vhevh

Notice that for any v = v +ivy € H*(Q), (7"v; 4+ i 7"vy) € V. Then by (18),
Il = (x"or +im"w)l[[1q = vr = 7"villf g + vz — T0allF o
< cr 3o+ e ¥ floallz0 < ch?||[vll20(24)
We combine (20), (23) and (24) to obtain (21).

As for (22), since V can be embedded continuously into Q, with similar arguments
to those of Aubin-Nitsche lemma ([9, Theorem 3.2.4]), we have

1
—ul < —uh —— inf — ot 25
[lu —u"[[|o.q < cl[|u ““‘1“223{|||b|||0,9vhlélvh'”% v"|[a},  (25)

where ¢, = @1 + 7 @p2 € V is the unique solution of the problem
a(v, pp) = ((v,0))o0 Vv EV;
the solution ¢, satisfies

sl [l1.0 < [116]]]o.0- (26)
Then ¢p1 € V and ¢y € V' are weak solutions of BVPs

—App1 +@p1 =b in Q,
d
St =—%s2  onT,
and

Opb2 __
5 = Qb1 on I,

{ —Appo + pp2 = —by in Q,

respectively. Again, by applying [15, Proposition 2.5.2.3] and [15, Theorem 2.3.3.2], we
have @1, p2 € H*(Q), and

[enillz < c(lbillo + llevallizr + [levllie),

[ev2llze < c(billoe + lepallizr + lev2lie)-
Recalling (26), we then have

elll2.0 < cll[bl]o.0-
Take v" = 7y 1 + i 7pye € V" in (25), and use (24) to get

Il = u"lllog < chlllu—u"|[lLe. (27)
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The estimate (22) follows from (21) and (27). B
Now we are in a position to discretize the regularized reconstruction model Problem
2.3. For this purpose, define a discrete regularized objective functional

1 €
J(p) = §|IU’£(p)||§,Q + §Hp||§,go, peQ.

Again, it is easy to verify that for € > 0, J(-) is strictly convex.
For a full discretization of Problem 2.3, we approximate the source function p with
piecewise constants. Define

Q"={pecQ|pisconstant in T, VT € T and T C Qq}

and the orthogonal projection operator IT" : Q — Q" by

(M"p, )00y = (0, ¢ VP € Q, ¢" € Q™. (28)
Then it is well-known that
lp — thHo,Qo <chlplia, Vpe€H (D). (29)

Set Q"; = Q" N Q4 and introduce the following discrete optimization problem:
Problem 4.2 Find p" € Q" such that
JEpl) = JE(").

inf
ph GQZd

Similar to Proposition 3.1, we have the following result on Problem 4.2.

Proposition 4.3 For any ¢ > 0, Problem 4.2 has a unique solution p" € Q" which
depends continuously on all data. Moreover, pl* is characterized by

(wh(p!) +epl.d" —ploo, >0 V"€ Qly, (30)
h

where wh = w'(ph) = wh(Ph) + i wh(pl) € V" is the unique weak solution of adjoint

equation:
—Awl +wh =ul(ph) in Q,
dw?l - h o (31)
5= Tiw: =0 on I,
and ul = ul(pl) = uf(ph) + i ul(ph) is the solution of the problem (19) with p replaced
by pL.
Before deriving an error estimate for the finite element solution p!* of Problem 4.2,
we note that for any p € Q,
[w(p) = w"®)llle < ch(lplogo + g1l /2r + llgalliy2r). (32)
[lw(p) = w"®)llog < ch? (Ipllogo + lg1lhyor + l92l1/2r), (33)
where w(p) € V and w"(p) € V" are the solutions of the problems (16) and (31), with
p. and pl' replaced by p in both. The bounds (32) and (33) are proved by arguments

similar to those for (21) and (22).
Next we give an error estimate for the light source function p. w.r.t. h as follows.
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Theorem 4.4 Let p. € Quq be the solution of Problem 2.3 and p € Q"; be the solution
of Problem 4.2. Then

1P — Pllloo < (e h? + 72 B2 E(p.)'/?), (34)
where E"(p.) = |[0"p. — p.|loq, = infqheQZd 1" — pello.c,-

Proof. We give a sketch of proof; one may consult [17, Theorem 4.4] for details.
Let ]5? € QZd be the unique solution of Problem 4.2 with Jsh() replaced by J.(+).
Then
(wQ(p?) + gﬁz??q pg)O Qo 2 0 vq € Qad? (35)
with @, := w(ph) = w1 (pF) +iwe(ph) € V and @, == u(pl) = wy(pF) + iux(ph) € V

being the unique weak solutions of BVPs:

{ — Al + . = up(1) in Q,

8“’EJrzwa—O on I’
and
{ — A, + 1. = plxa, inQ,
Qe 44U, =g, +ig onT,
respectively.

Replace ¢ in (15) with p* and ¢" € Q", in (35) with II"p., and add the resulting
inequalities to get
ellpz = pells o, < (wa(pl) + 252 1P — pe)og
+ (w2(ﬁg) - w?(pa)7p£ - ]5?)0,90' (36)
Using (28), (29), and noticing wa(p")xa, € H(Q0), we have
(wa(P2) + e 52 1"pe — peoay = (wa(pl) — wa(B2) X0, IT"P- — Pe)o.qo
< chE"(p.). (37)

Denote by e} = u(pL) — U1(ps) ey = up(pl) — u2(pe), BY = wi(pl) — wi(p:), and
E% = wy(p) — wa(pe). Then e satisfies

_Ae}ll + elf = (ﬁ? - pE)XQO in Q’ (38)
oef _ et =0 onI'
on 2 )
el satisfies
+eb =0 inQ,
+el=0 onT,
E" satisfies
AEh + El=eb in Q, (39)
Eh =0 onl,
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and EY satisfies
—~AE)+ EF=0 inQ,
%ing + E=0 onT.

Multiply (38) with E}, integrate over €, and integrate by part to get

(E&ﬁg _p€)0,90 = _(6?7 E{L)O,F - (egv ES)OT‘ (40)
Similarly, multiply (39) with €2, integrate over 2, and integrate by part to get
lez 50 = —(et, EY)or — (e3, B3 o (41)

Combine (40) and (41) to get
(B3, B = pe)os, = llesll5 o
Therefore, from (36), (37) and the equality above, we obtain
ellpt = pellgn, < chE"(pe) — llua(p2) — ua(pe)l[5 0
which gives
[ua(P2) — ua(pe) g 0 +ellBl — pellf o, < ch E"(p2)
and
152 = pellogy < ce™ 2RV EMpo)' 2. (42)

Similarly, replace ¢" in (30) with p* and ¢" € Q", in (35) with p", and add the
resulting inequalities to get

ellpl — P25, < (wa(P2) — wy (pl), pf — Bl o

(P
(P

< (w2 (p2) — wa(pl), v — PL)oso
+ (w2( ) ) (ps)vp? - ﬁ?)O,Qo‘ (43)
From (33), we have
[(wa(pl) — wy (p2), P2 — D)ol < c* |12 = Pz llo.00- (44)

Moreover, with an argument similar to that used for (38)—(41), we have

(wa(p2) — wa(pz), vz — Pe)ogn = —llua(pl) — u2(52) 5 0. (45)
Then combine (43)—(45) to give

luz(p2) — u2(B2) 5.0 + €llp? — BL1l5.0, < ¢h® I = B2 llo.c
and

Ip2 = P2 llog, < ce™ h?. (46)
Consequently, from (42) and (46) as well as triangle inequality

1p2 = pelloge < 192 = BLllog + 152 = pello.cus
we obtain the error bound (34) and the proof is completed. B
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5. An algorithm

Let n be the number of the nodes of triangulation 7Ty, and {¢;}7, C V" be the nodal
basis functions of the linear finite element space V" associated with the grid points
{z;}7,. Then u" € V" can be written as u* = Y| u; ¢, with v, = u(x;) € C.
Moreover, for a triangulation 7, denote by N the number of elements in €. Then
¢" € Q" can be written as ¢" = > r,ca, 3 X1y With ¢; = ¢"(%;), 1 < j < N, where &;
is an inner point (e.g., centroid) of element 7 and X7, is the characteristic function of
Tj € Ty. As aresult, the discrete problem (19) reduces to the following algebra problem:

where
K = (kls)nxna kls - fQ VQOS : VQOI dSL’,
M = (mls)nxn7 mys = fQ Ps L1 dx
C = (cls)nxna Cls = fp ©s Y1 dS,
B = (blj)nXNv blj - ij '] d$7
= (

b11)nx1; by = Jr g1 p1ds,
b2 = (b2,l>n><1; bay = fp g2 pids,
U = (U)nx1, p = (pj)Nx1,
l78:1727”'7n7 ]:17277N
We note that the same symbol u is used for a function in space V or a vector in C"; no
confusion is expected from the context. This is also true for symbols p and uy, us, wy,

wy and p. below.
Let w = uy 4 i ug with uy, us € R™. Then (47) reduces further to the system

(K+M)U1 —CUQ :Bp+bg,

CU1+(K+M)’U,2 :bl-
Similarly, finding a weak solution of (31) reduces to finding w = w; + iwy € C" with
wy,ws € R™ such that

(K+M)U)1_CU)QZMUQ,

Cwy + (K + M)w, =0.

Denote by My = diag(|Tk, |, |Tk,|, -, |Tky|) the N dimensional diagonal matrix,

Tk, | being the measure of . Set QY = {q € RV | > o1, GiXTy € Q"} and define
JN(p) = —u2 Muy+5 p' My p, where the superscript ¢ signifies a transposition operation.
Then Problem 4.2 reduces further to the following quadratic programming.

(48)

(49)

Problem 5.1 Find p. € QY, such that
T (p:) = inf JX(p).
peQY

ad
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Correspondingly, the optimality condition (30) reduces to

(TN wy(p.) +ep) My (g —pe) >0 YqeQN, (50)

where wy(p.) € R™ is the solution of (48) and (49) with p replaced by p., [TV = (7)) Nxn
with
ﬁ X € T} C ﬁo,
7le =
0  otherwise.

Consequently, numerically solving the original inverse source problem reduces to
solving the linear algebraic systems (48), (49) and (50) for u,ug, wy, ws € R™ and
p. € RY. Denote by P,q a projection operator from Q onto Q.q and PY its discrete one
under our finite element context. We introduce the following iterative algorithm.
Algorithm 5.2 1. Given precision € > 0. Let p° =0 € RY and set k = 0.

2. Solve (48) with p replaced by p* to ul = us.
3. Solve (49) with uy replaced by ub to w§ = wy.
4. Compute pt+t = PN (—11Nwh /e).

5

CIf e = ||pttt — pF|| < e, stop; otherwise, set k =k + 1 and turn to Step 2.

Convergence behavior of Algorithm 5.2 depends on the regularization parameter
e. For applications, (),q usually takes one of three forms: Case 1, Q. = @; Case 2,
Qaa =17 € Q| q=>0ae inQ}; Case 3, Qua = {¢ € Q | ¢ < ¢ <7 ae in O} with
q,q € C(Qo). In these cases, PN has simpler forms: Vp € RV,

P Case 1,
PN (p) = { max{0,p} Case 2,
max{q, min{q, p}} Case 3,
where q; = maxger, q(x) and g; = mingcr, g(z).

Remark 5.3 In the case Qq.q = Q, the iteration above could be avoided. In fact, in this
case, (50) reduces to p. = —11Nwy/e. Use this expression in (48) and (49) to get

(K4 M)uy — Cuy + BTN wy = by,
Cup + (K + M)uy = by,
—Mus + (K + M)w; — Cwy =0,

| Cwy + (K 4+ M)wy =0.

(51)

Once wy is computed from the system (51), we obtain p. = —T1Nwy/e.
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6. Numerical results

We present in this section some numerical results based on our CCBM. The goal is
to demonstrate its feasibility for the inverse source problems. Let €2 be the problem
domain and mesh parameter i be the maximal diameter of the elements in the partition
Tr. For finite-element spaces V" and Q", we use continuous piecewise linear functions
and piecewise constant functions corresponding to the partitions 7,. In the following,
we compute the approximate source function p” for different grid parameter h, different
regularization parameter ¢ and noise level §. In the examples, if not given, the boundary
measurements g;, which may or may not include noise, are obtained by solving the BVP
(2) on a rather small mesh for given p and gs.

In the following, for 2D domain, a triangular mesh is produced through matlab code
“initmesh” which uses a Delaunay triangulation algorithm. The triangular mesh are
refined through matlab code “refinemesh” which either divides all edges of the selected
triangles in half (regular refinement), or divides the longest edge in half (longest edge
refinement). For 3D domain, a tetrahedral mesh is produced and refined through a
COMSOL Multiphysics soft. The resulting linear algebra system (51) is solved by the
biconjugate gradient method. It is known that the regularization parameter € has an
important effect on the accuracy of the reconstructed light source function.

We also note that the numerical results below are computed for optimal
regularization parameters. In the literature, there are many methods developed
for choosing parameters properly, such as the discrepancy principle (DP), L-curve
rule and so on. We refer to [19] for some comments on the choice of these
regularization parameters. In this section, all optimal regularization parameters are
chosen approximately by sweeping them from 1 to 1 x 1071, 1 x 1072,1 x 1073, - - -

We define three evaluation indicators:

(1) L?>norm relative error in approximate solution p”,

Err(p) = [l = plloqo;

(2) mean value of approximate solution p,

1
Mean(p) .=+ > »;
Tj CQO
with NV being the number of elements in Qq; p; = p" |75
(3) variance of approximate solution p?,

Var(p) := % Z (p; — Mean(p))?.

TjCQo
Example 1 In the first example, the problem domain Q = {(z,y) € Q | 2* + 3> < 1}.
Let go = 1 on I', and the exact source function

1, if (x—0.55)*+ (y — 0.45)? < 0.1%,
p= .
0, otherwise.
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Figure 2. Exact p and reconstructed p” for noise-free g; (Example 1)

Table 1. Three evaluation indicators for noise-free g; (Example 1)

h Err(p) Mean(p) Var(p)
ne=322, n=180 4.9697e-2 0.8868 2.0504e-4
ne=1288, n=681 3.5089%e-2 0.9607 3.4858e-4
ne=>5152, n=2649 2.7164e-2 1.0171 6.79291e-4

Delaunay triangles are used for the domain triangulations and a sample is plotted
in Figure 1. Data ¢; is computed on a mesh with 10449 elements and 20608 nodes. Then
Algorithm 5.2 is applied for obtaining an approximate source function p*. Reconstructed
source functions on different meshes are plotted in Figure 2. In Figure 2, the first
subgraph 2(a) is the exact source function p; subgraph 2(b) is the source function p”
computed on the mesh with 322 elements and 180 nodes; subgraph 2(c) represents
pl reconstructed on the mesh with 1288 elements and 681 nodes; subgraph 2(d)
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Figure 3. p! for measurement g; with 10% random noise (Example 1)

Table 2. Three evaluation indicators for measurement g; with 10% random noise
(Example 1)

h Err(p) Mean(p) Var(p)

ne=322, n=180 1.2474e-1 0.7183 1.4092e-4
ne=1288, n=681 2.8434e-2 0.9698 1.0440e-3
ne=5152, n=2649 1.9291e-1 0.9123 3.7414e-2

represents pl reconstructed on the mesh with 5152 elements and 2649 nodes. The
optimal regularization parameters for three reconstructions are 2 x 107*, 3 x 10~* and
4 x 107° respectively. Moreover, for each reconstruction, we compute the values of three
evaluation indicators ‘Err(p)’, ‘Mean(p)’ and ‘Var(p)' defined above, and list them in
Table 1. Here and below, ‘ne’ and ‘n’ stand for the number of elements and the number
of nodes of a triangulation over Q. Figure 2 and Table 1 show that reconstructions are
satisfactory and the solution accuracy improves as the mesh is refined. ‘Var(p)’ in Table
1 also indicates that like true constant source function p, p” is relatively flat.

To measure the stability of our proposed reconstruction framework, we add a 10%
uniformly distributed noise to g; and repeat the numerical experiment. Reconstructed
source functions on three corresponding meshes are shown in Figure 3. Specifically,
subgraphs 3(a), 3(b) and 3(c) are computed source functions over mesh with 322
triangles and 180 nodes, mesh with 1288 triangles and 681 nodes, and mesh with 5152
triangles and 2649 nodes, respectively. The optimal regularization parameters for three
reconstructions are 2x 1072, 1x 1073 and 2 x 10~* respectively. Again the values of three
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Figure 4. Sample Delaunay triangulations (Example 2)
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Figure 5. Exact p and reconstructed p” for noise-free g; (Example 2)

evaluation indicators ‘Err(p)’, ‘Mean(p)’ and ‘Var(p)’ are computed and listed in Table
2. We conclude from Figure 3 and Table 2 that the reconstruction is stable. In addition,
Figure 3 and Table 2 suggest that for measurement data with noise, over-refinement of

the mesh is not advisable.
Example 2 In the second example, let Q2 and go = 1 be the same as Example 1.

Differently, now the exact source function
1 if (z —0.4)>+ (y+0.6)* <0.1%,

0, otherwise

Y

p:

We plot p in subgraph 5(a) of Figure 5.

Again Delaunay triangles are used for the domain triangulations and a sample is
plotted in Figure 4, and ¢; is computed on a mesh with 42701 elements and 85056
nodes. Then numerical simulations are implemented for triangulations with different
meshsize. Approximate source function p? computed over mesh with 1329 elements
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Table 3. Three evaluation indicators for measurement g; without noise (Example 2)

h Err(p) Mean(p) Var(p)
ne=1329, n=687 1.0733e-1 0.8873 1.0734e-3
ne=>5316, n=2702 2.8194e-2 1.0197 3.3425e-4

0.8
0.6
0.4
0.2

Figure 6. p!* for measurement g; with 5% random noise (Example 2)

and 687 nodes is shown in subgraph 5(b) of Figure 5. Subgraph 5(c) of Figure 5 is
ph for triangulation with 5316 triangles and 2702 nodes. The corresponding optimal
regularization parameters are 2 x 1075 and 3 x 10~* respectively. Similarly, the values
of three evaluation indicators 'Err(p)’, '"Mean(p)’ and "Var(p)’ are computed and listed
in Table 3. We have same conclusions about feasibility and accuracy as Example 1.

Table 4. Three evaluation indicators for measurement g; with 5% random noise
(Example 2)

h Err(p) Mean(p) Var(p)
ne=1329, n=687 1.2009e-1 1.0604 1.4318e-2
ne=>5316, n=2702 1.3342e-1 0.9730 1.9604e-2

To measure the stability of our proposed reconstruction framework, we add a 5%
uniformly distributed noise to g; and repeat the numerical experiment. Reconstruction
results are reported in Figure 6 and Table 4. In Figure 6, subgraph 6(a) is the
source function over mesh with 1329 triangles and 687 nodes while subgraph 6(b) is
the computed source function for mesh with 5316 triangles and 2702 nodes. Both
reconstructions have the same optimal regularization parameter: 1 x 1073, Again the
values of three evaluation indicators ‘Err(p)’, ‘Mean(p)’ and ‘Var(p)’ are computed and
listed in Table 4. We conclude again from Figure 6 and Table 4 that the reconstruction
is stable, and for measurement data with noise, it is better not to over-refine the mesh.
Example 3 In our last example, we consider a 3D problem. Let the problem domain
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Figure 7. Triangulation of Q@ (Example 3)

be a sphere centered at origin with radius 10:
Q= {(z,y,2) e R’ | 2® +y° + 2* <107},

and a sphere light source p = 1, centered at (—5, —5,5)T with radius 2, be embedded
into Q. Set go = | +y + 2| on I'. Figure 7 sketches a tetrahedral triangulation of the
3D domain. Moreover, for given exact source function p, the measurement data g; is
computed on a mesh with 64349 elements and 11838 nodes.

Table 5. Three evaluation indicators for measurement g; without noise (Example 3)

h Err(p) Mean(p) Var(p)
ne=1329, n=687 2.4848e-1 0.9831 6.1785e-2
ne=>5316, n=2702 2.2926e-1 0.9149 4.3079e-2

Table 6. Three evaluation indicators for measurement g; with 10% random noise
(Example 3)

h Err(p) Mean(p) Var(p)
ne=2472, n=>543 3.3607e-1 0.8704 5.9959e-2
ne=>5316, n=2702 2.8753e-1 0.9605 7.5677e-2

Then we apply Algorithm 5.2 again to obtain the approximate solution p. We
implement the reconstruction on two different meshes: the mesh with 2472 tetrahedrons
and 543 nodes; the mesh with 5316 tetrahedrons and 2702 nodes. Since p" here is a
three dimensional function, we do not display it in figure. Instead, we list the values
of three evaluation indicators ‘Err(p)’, ‘Mean(p)’ and ‘Var(p)' defined above to judge
the behaviors of reconstructions. Results for noise-free measurement g; is report in
Table 5 while Results for g; with 10% is report in Table 6. We note that all optimal
regularization parameters for the four reconstructions are ¢ = 2 x 1072, Tables 5 and
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6 show that although the error is bigger than those in Example 1 and Example 2, the
results here are still acceptable.

All numerical results given above are implemented for Case 1: Q.q = Q). Using
Algorithm 5.2, we repeat the experiments for Case 2: Q. = {¢ € @ | ¢ > 0 a.e. in Qy}
and Case 3: Qua ={q€ Q|0 < ¢ <10 a.e. in Q}, and the reconstructed results are
similar to those in Case 1. In summary, we conclude that Algorithm 5.2 is feasible and
effective.

7. Conclusions

A classical partial differential equation inverse source problem often involves Neumann
data and Dirichlet data. Unlike the existing methods, in this paper we propose a method
using both Neumann and Dirichlet data in a single boundary value problem. We match
data in the problem domain rather than on the boundary. Tikhonov regularization
methods and finite element methods are applied for obtaining a discrete stable source
function. Theoretical and numerical results show that the proposed method is feasible
and effective. As is known, a priori information about source function is helpful and
has great impact on the solution accuracy for our reconstruction model. Moreover, the
regularization parameter plays an important role in the reconstruction, and affects the
performance and convergence of Algorithm 5.2. Current research efforts include using
an optimal regularization parameter computed from many parameter selecting methods,
and application of the coupled complex boundary method to inverse parameter problems
as well as time-dependent inverse problems.
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