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The paper is devoted to a posteriori quantitative analysis for errors caused by linearization of non-linear
elliptic boundary value problems and their finite element realizations. We employ duality theory in convex
analysis to derive computable bounds on the difference between the solution of a non-linear problem and
the solution of the linearized problem, by using the solution of the linearized problem only. We also derive
computable bounds on differences between finite element solutions of the nonlinear problem and finite
element solutions of the linearized problem, by using finite element solutions of the linearized problem only.
Numerical experiments show that our a posteriori error bounds are efficient.

1. Introduction

The aim of scientific computation is to reliably describe and predict physical
phenomena of interest. The reliability of a numerical solution of a physical or
engineering problem depends on mathematical idealization of the physical problem
and numerical treatment of the idealized mathematical problem. An illuminating
description of the basic flow chart of numerical analysis of a physical problem is found
in [2]. To analyse a physical problem, a very first stage is to establish a basic
mathematical formulation for the problem. It is a highly idealized assumption that we
can have a mathematical problem which exactly describes the physical problem. The
available data, which usually come from experiments, for the basic mathematical
formulation cannot be obtained as accurately as one wishes. As a consequence, we
solve a simplified, or idealized mathematical problem, instead. It is strongly desirable
that we should be able to analyse the reliability and the error of the solution resulted
from the idealization. This procedure forms the second stage. The next stage is to
employ certain numerical method to solve the idealized mathematical problem, and
analyse the reliability and the error of the numerical solution. Finally, if both the
mathematical idealization and the numerical solution of the idealized problem are
reliable, various information for the real problem is drawn based on the numerical
solution of the idealized problem.

There is a large amount of literature on numerical methods and their error analysis.
Relatively few work has been done for reliability analysis of mathematical idealiz-
ations, especially most desirably, certain good, practically useful quantitative assess-
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ments of the quality of solutions of idealized problems. Such quantitative assessments
should be (hopefully) available once we have computed the solutions of idealized
problems. One should not assume the knowledge of the solutions of basic mathemat-
ical problems for either exact decriptions of basic mathematical problems are usually
not available in practice or, it is often too expensive to solve the basic mathematical
problems.

This paper is one in a series devoted to systematically analyse effects of mathemat-
ical idealizations on solutions, and to provide a posteriori quantitative error estimates
for the solutions of certain idealized problems. We employ the duality theory in
convex analysis for a posteriori error analysis of solutions of idealized mathematical
problems. The method used can be viewed as a systematic development of the
conventional two-sided energy estimate technique. For some references on two-sided
energy estimate technique, the reader is referred to [3, 6-8, 10, 14] and references
therein. There are different approaches to establish a dual variational principle. We
use the duality theory in convex analysis (cf. [4]) for this purpose. For some other
approaches, see [1, 12-14].

In this paper, we consider one kind of constitutive law idealization: linearization.
Detailed quantitative error analysis is given for linearizations of certain non-linear
elliptic problems, whose linearizations are boundary value problems of Poisson’s
equations. An example of a non-linear problem considered in this paper is the
following:

—div(a(|Vu|)Vu) =f in Q,
w=g ondQ. (1.1)

When Q € R? is an open bounded domain, for suitable data, a, fand g, problem (1.1)
describes a non-linear torsion problem (cf. [11]). In particular, when the coefficient
function a(£) = 1, the problem reduces to

—Aug=f inQ,
Uo =g on o€, (1.2)

which is a linear torsion problem. Owing to the difficulty associated with finding the
material property function a(£), in most elasticity theory books, it is taken for granted
that the torsion problem of a real material has been described accurately enough by
the linearized problem (1.2), since the coefficient function a(¢) is usually close to some
constant (taken as 1 here) for many commonly seen materials. In this paper, we give
a posteriori quantitative error estimates for the effect of linearization on solutions of
elliptic problems, using solutions of the linearized problems only. In particular, we
provide error bounds on u — u, for the solutions of (1.1) and (1.2) in terms of the
solution u, of the linearized problem (1.1).

In practice, numerical methods are used to solve problems (1.1) and (1.2). Like the
continuous problems, it is usually not easy to solve problem (1.1) numerically, and we
may first solve the simpler problem (1.2) numerically and check if the numerical
solution of (1.2} is close to, and can be used as a good approximation of the solution of
(1.1). For finite element solutions of problems (1.1) and (1.2), we will provide a discrete
version of a posteriori estimates for the error caused by the linearization, i.e. some
computable error bounds for the difference between a finite element solution of
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problem (1.1) and a finite element solution of problem (1.2), using the finite element
solution of problem (1.2) only.

The organization of the paper is as follows. In section 2, we review some standard
results from duality theory in convex analysis, and provide a general framework for
a posteriori error estimates. In section 3, we derive a quantitative bound for the
difference between the solution of a nonlinear problem and that of a related linearized
problem. The quantitative error bound is given in terms of the solution of the
linearized problem and an auxiliary function subjected to some constraint. We discuss
the problem on selecting suitable auxiliary functions in section 4. In section 5, we give
a discrete version of a posteriori error estimates for finite element solutions of
problems (1.1) and (1.2). Numerical experiments are presented in section 6 showing
that our error bounds are efficient. Finally, some further discusions are given concern-
ing a posteriori error analysis for effects of mathematical idealizations on solutions.

2. Duality theory, a posteriori error estimate

The results of the first two subsections can be found in [4]. We include them here
for readers’ convenience.

2.1. Convexity, conjugate functions

Let ¥ be a real normed vector space, F: V' — R be a mapping which can take the
values + o0 and — oo, F is said to be convex if

FAu+ (1 — o) < AF@w) + (1 — HF (), Yu,veV, Vie[0,1], 2.1

whenever the right-hand side is defined. F is said to be strictly convex if the strict
inequality in (2.1) holds for any u # v, A € (0, 1). F is said to be proper if F £ + oo,
and F(v) # — oo, Yve V. F is said to be lower semi-continuous on V if Yae R,
{ve V|F(v) < a} is closed.

Let V* be the dual space of V with duality pairing {-,-). The conjugate function
F*:V* o R of F is defined by

F*(v*) = sup[ (v, v*> — F(v}]. (2.2)

veV

Often, we shall have to calculate the conjugate function for a function defined by an
integral of the form

6= [ gtx o) dx
Q
Before stating a theorem on how to calculate its conjugate function, we introduce the
following notion.

Definition 2.1. Let Q be an open set of R", g:QxR'-> R, g is said to be
a Carathéodory function if

VEe R, xog(x, &) is a measurable function,
g

for ae. xeQ, Evs>g(x, &) is a continuous function.
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Let mye(l, w),i= 1, ...,L For each i, denote
J [v]™dx < oo}.
Q

Theorem 2.2. Let ¢g:QxR'—> R be a Carathéodory function. For any
ve V=[], L™(Q), define

L™(Q) = {v measurable

We have the following theorem.

G) = Jﬂg(x, v(x))dx.
Then for the conjugate function of G,

G*(v*) = Lg*(x, v*(x))dx, Vov*e V¥,
where

g*(x,y)=sup[y-{—g(x, ]

EeR!
In our calculation later, we will use Giteaux differentials. Recall that F is said to be
Gateaux differentiable at u if Ju* € V'*, such that

. F(u+ iv) — F(u)
lim ———

=<{v,u*), Yvel,
A-0 A

u* is called the Giteaux differential of F at u, and is denoted by F'(u).

2.2. Duality theory

Let V, Q be two normed spaces, V*, Q* their dual spaces. Assume there exists
a linear continuous operator A € Z(V, Q), with transpose A* € Z(Q*, V'*). Let J be
a function of ¥ x Q into R. Consider the minimization problem:

inf J(v, Av). (2.3)

veV

Define its dual problem by
sup [ — J*(A*g* — ¢*)], 24
q*eQ*

where J* is the conjugate function of J:

J**, g*) = sup [<v,v*> +{q,q*) — J(v,9)]. (2.5)

veV,qeQ

For the relation between problems (2.3) and (2.4), we have the following duality
theorem.

Theorem 2.3. Assume
(1) V is a reflexive Banach space, Q a normed space,
(2) J: VxQ - R is a proper, lower semi-continuous, convex function,
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(3) Jug € V such that J(ug, Aug) < oo and q — J(ue, q) is continuous at Aug,
@) Jv,Av)> + o0, as ||v] = o,ve V.
Then problem (2.3) has a solution u € V, problem (2.4) has a solution p* € Q*, and
J(u, Au) = — JXA*p*, — p¥). 2.6)

Furthermore, if J is strictly convex, then a solution u of problem (2.3) is unique.
If the assumptions are weakened, then a weaker form of the theorem holds.

Theorem 2.4. Assume
(1) V, Q are normed spaces,
(2) J:VxQ — R is convex,
(3) Jug € V such that J(ug, Aug) < o0 and q — J(uyg, q) is continuous at Aug,
4) inf,.y J(v, Av) is finite.
Then problem (2.4) has a solution p* € Q*, and
inf J(v, Av) = — J*(A*p*, — p*). 2.7

veV

Furthermore, if J is strictly convex, then a solution u (if it exists) of problem (2.3) is
unique.

We will often encounter the situation where the function J is of a separated form, i.e.

J(v, 9) = F(v) + G(q). (2.8)
It is easily calculated that the conjugate function of J is
J*(v*, g*) = F*(v*) + G*(¢¥), 29)

where F*, G* are the conjugate functions of F, G. Specializing Theorem 2.3 in this
case, we have the following theorem.

Theorem 2.5. Assume

(1) V' is a reflexive Banach space, Q a normed space,

(2) F: V> R, G:Q — R are proper, lower semi-continuous, convex functions,

(3) Jug € V such that F(up) < o0, G{Aug) < o0, g — G(q) is continuous at Auy,
@) Fo)+ G(Av)> + 0 as |lv) = o0, ve V.

Then the conclusions of Theorem 2.3 hold.

2.3. A general framework for a posteriori error estimates

Let u € V be a solution of the minimization problem (2.3). Assume J is Gateaux
differentiable at u. Let v € V' be any element with J(v, Av) < co. We set

D(u, v) = J(v, Av) — J(u, Au) — {J'(u, Au), (v — u, Av — Au)), (2.10)
where ¢, > is the duality pairing between (V' x Q)* and V' x Q.

Theorem 2.6, Make the same assumptions as in Theorem 2.3 (or in Theorem 2.4)
together with the existence of the solution of problem (2.3).If J is Gateaux differentiable
at u, then

D(u, ) < J(v, Av) + J*(A*q*, —q*), Vg*eQ* 2.11)
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Proof. From the inequality
JW + Alv — u), Au+ A(Av — Au)) = J(u, Au), Yie(0,1),
we claim that
{J'(u, Au), (v — u,Av — Au)) =2 0. (2.12)

Thus, applying Theorem 2.3 or Theorem 2.4 (with p* a solution of the dual problem
(2‘4))’

D(u, v) < J{v, Av) — J(u, Au)
=J(v, Av) — [ — J*(A*p*, — p*)]
< J(U, AU) + J*(A*q*, - q*)s Vq* € Q*' U

Remark 2.7. The inequality (2.12) holds even if ¥ is assumed to be a convex subset of
a normed space. When V is a normed space, (2.12) is actually an equality, as can easily
be seen by replacing v by 2u — v in (2.12). Hence, if ¥ is a normed space, we have the
equality

D(u, v) = J(v,Av) — J(u, Au).

Armed with Theorem 2.6, the procedure of deriving an estimate for the difference
between u and v is decomposed into two steps.

Step 1. Find a suitable lower bound for D(u, v) which measures the difference between
u and v». Usually, this lower bound will be the error in energy, or some quantity
depending on |jv — u].

Step 2. Take an appropriate g* so that the estimate (2.11) is as accurate as possible. If
g* is chosen to be a solution p* of the dual problem, then the right-hand side of (2.11)
attains its minimum. However, usually it is not easy to find p*. So it is desirable to
have a strategy on determining a g* that is easy to get and that produces a good
bound for the right-hand side of (2.11).

To use Theorem 2.6 for an error estimate for the linearization of the problem (1.1),
we will take u to be the solution of (1.1), v = u, the solution of the linearized problem
(1.2). We will construct suitable auxiliary functions g*, based on information from the
solution u, of the linearized problem, to produce good estimates for the error u — u.

3. A posteriori error estimates for linearization (continuous problems)

In this section, we use the results of last section to derive a posteriori error estimates
for linearization of non-linear problems of the form (1.1). We state our results for
two-dimensional problems only. It is straightforward to give similar results for any
finite-dimensional problems.

3.1. The non-linear problem and its linearization

Let Q < R? be an open bounded domain. Let 8Q = I, u T, with I’y AT, = 0. We
assume

meas (I'y) #0.
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Let
fELZ(Q)a (751 EHI(Q)’ gZELZ(FZ)'

We will use the same notation g, to denote the trace of g, € H'(Q) on the boundary.
To have a class of problems for which we can make specific computations, we
introduce the following scalar function as the coefficient function:

_ 1 if £< &,
0= {B +(1— A&/ i £>¢& G.1)

for some &, > 0, B (0, 1).
We take

V=H'Q), V*=HQ
Q = 0* = (LAQ))* x LXT,);
Av = (Vv, v|r,).
Denote
H{(Q) = {veH' (Q)lv=00n T},
H}, 4,(Q) = {ve H'(Q)lv — g1 € H1,@)}.
We define the energy function on V:
J{v, Av) = F(v) + G(Av), 3.2

where

— j fodx if ve HE, ,(Q),
Q

F{v) = .
@) + otherwise; (33
Vol 1
G(Av) = j f —a(f)dédx — J gyvds. (34)
o Jo 2 >
By Theorem 2.3, we have a unique solution u to the minimization problem:
inf J(v, Av). (3.5)

veV

The solution u is easily seen to be the weak solution of the non-linear elliptic boundary
value problem

—div(a(|Vu]?)Vu) =f in Q.
u=g; only, (3.6)

Ou
a(Wulz)é; =g, onl,.

We call
Q,u) = {xeQ|Vu(x)I* < &}
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the linear region of the non-linear solution u, and
Q. (1) = {x € Q||Vu(x)|* > {o}

the non-linear region of u. Since the solution depends continuously on the input data,
when f, g, and g, are small, the non-linear region Q,(u) is small. Note that on Q,;(u),
a(]Vu|?) = 1. Hence, when £, g, and g, are small, we expect that the solution u, of the
following linear problem is a good approximation of u:

—Aug=f inQ,
up=g; only, (3.7
0
ﬂ=g2 on Fz.
on

However, if Q is a plane corner domain, e.g. if its boundary 0Q is smooth
everywhere except at a corner O (taken as the origin of the co-ordinate system we are
working on) with an internal angle @ > =, then no matter how smooth f, g; and g,
are, the solution u, of the linearized problem (3.7) is, in general, singular at O; for
detail, see [S]. Let « = n/w. When on both sides of the part of the boundary around O,
either a Dirichlet or a Neumann boundary condition is specified, we have

|Vio(x)| ~ O(r*~ 1) for r = |x| close to 0.

When on one side a Dirichlet condition is specified, while on the other side
a Neumann condition is specified, we have

[Vio(x)| ~ O@F*~ 1) for r = |x] close to 0.

Since o < 1, |Vug(x)| = oo as x— O. Hence, it is doubtful whether the linearized
problem (3.7) is in any sense close to the non-linear problem (3.6). In the next
subsection, we derive an estimate for the difference between u and u,.

Remark 3.1. Why the coefficient function a(£) is chosen in the form (3.1)? The
stress—strain relation corresponding to the nonlinear problem (3.6) is ¢ = a(|¢|?)e. For
scalars o and &, we require a stress—strain relation as illustrated in Fig. 1, where we

Er

E

I
I
[
|
I
l
Y

&

Fig. 1. Stress—strain relation (ey = yield strain)
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omit the part of the graph for negative ¢ and &, which can be obtained by reflecting the
graph for positive ¢ and ¢ with respect to the origin. Hence, the coeflicient a({)is of the
form (3.1) with § = E7/E, &, = &}.

3.2. Quantitative error estimate

For ge Q, we write g = (q,,q,) With g; €(L*(Q))? and q, € L} T;). A similar
notation is used for q* € 0*. We now compute the conjugate functions.

F*(A* g*) = sup{<{Av,q*> — F(v)}

veV

= sup { qiVo + fo)dx + j qi‘vds}
Q r,

ve Hr,0:()

_ j (@tVgy + fg1)dx + j g g1 ds
Q I,

+ sup {f (g¥Vo + fo)dx + f PG ds}
ve Hi(Q) a T2

= f (g¥Vg: + fg,)dx + J g3 g:ds ifdivg¥=fin Q,
o] I,

+ oo otherwise; — gtn =g, on I,

G*(— q*) = sup{{q, — ¢*> — G(9)}
qeQ

lq112 1
=sup” —q’:qldx—H L a@de dx
qeQ Q QJo 2

+ f (—43q: + gzqz)ds}
I,

{1l g
= J sup { - q1(x)q, — 'f Ea(f)df}dx + J sup (9> — 43)q.ds
Q 0 r

qeR? 2q26R

= [ sup{ = atoa— 0,50~ [ Jarac e
Q

20 q’f(x)l 0

+J sup (g2 — 43)q. ds
T

2 q26R

21
= [ swpfiateone - [ Jacrac}ax
Q=0 0

+ J sup (g; — 43)q»ds
r

2 q26R

bligt)? 1 )
-] {|qr|b(|qr|)—fo Ea(:)da}dx if gf = gz on I,
Q
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where t = b({g¥T]} is the solution of the equation:
lgt| = a(t?)t,
thus,

if 1 < /o,
b (3.8)
= {(n—(l—ﬁ)\/ Eo)B i > /.

In computing G*( — q*), we used Theorem 2.2, also we assumed g} # 0. Obviously,
the expression for G*( — ¢*) holds for g} = 0, too.
Thus,

JX(A*q*, — q*) = F*(A*q*) + G*(— %)
. blat)? |
=f (q}"Vgl +J9: +Iq’1"|b(lq1|)—f za(f)d¢ Jdx
Q 0

+f gtgids ifdivgt=/inQ, —qin=q=g;on T,
I,

+ oo otherwise.

Using Theorem 2.6, we then have the following estimate for the difference in energy:

[Vuo|2
J(uo, Aug) — J(u, Aw) < J f la(é)dédx — f fugdx — j g,vds
2 Jo 2 Q

r,

N f (qrv.ql T fgr + 1a¥1b(at])
Q
b(lgT 1) |
f La(@de )dx + j 9291 ds
Iy

|Vuo |2
j 34(® dcdx+j (@ Vgy + 171 b(1g])dx
Q b(lqd)z

—gy)dx —J g2(uo — g1)ds
r;

Q

H tol? 1 _a(g)dfdx+f(q Vg, + IatIb(lgt)) dx
Q

al)z

J VuoV(uy — g4)dx

f f " adedx + f ((qr + Vo) Vg
0

(l‘h“z
+ 1q¥|b(lqT]) — IVuolz)dx,
Vgt e(L2(Q)), divgl =finQ, —gfn=g,onT,.

Since in the above estimate, the second component g3 of the auxiliary function ¢*
does not play a role, we will use the notation g* for the first component g}. Hence, the
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above estimate is rewritten as

J(uo, Aug) — J(u, Au)

< [ Fa@deax+ | ((q* + Vo) Vg, + |g*1b(1g]) - IVuoP)dx
(3.9)
Vg* e (L*(Q))? divg* =fin Q, —qg*n=g,o0onT;.
Now we consider the quantity D(u, uy). Denote
Qo) = {x € Q|| Vuo(x)] < /&),
Quluo) = {x € Q|[Vuo(x)| > /& },
Qu, o) = {x € Q[ Vu)l, IVuo()| < v/¢o},
Qu(u, uo) = {x € Q[Vu)l, | Vito (x)] >/ o},
the linear and non-linear regions of u, and of both # and u,. We have
D(u, ug) = J(uo, Aug) — J(u, Aw) — {J'(u, Au), (uo — u, Aug — Au))
= G(Aup) — G(Au) — {G'(Au), A(up — u)>

r1

= dic;(Au + tA(ug — u)dt — <G'(Au), Aluo — u))
0

r1

= | <G'(Au+ tA(uo — u) — G'(Au), Auo — u) > dt

= N J (a(|Vu + tV(ug — u)|?) (Vu + tV(ug — u))
Q

o

— a(|Vu|)Vu) V(g — w)dx dt

= j Jﬂ 4 [a(([Vu + t1V(ug — w)}?) (Vu + ttV{us — u))]
o JaJodr

x V(uy — w)ydrdxdt.

If |Vu+ t1tV(uy — u)] < \/60, then the integrand is t|V(up — u)]>. When
IVu + ttV(ug — u)| > \/ &, using the definition of a, we see that the integrand is not
less than ft|V(uo — u)|%. Now, on Qy(u, uo), |V + tV(uo — u)| < /&, thus,

D(u, ug) = J(up, Auig) — J(u, Au) — {J'(u, Au), (uy — u, Aup — Au))
1
> 210~ w0} on + 5 176 — ) By 3.10

Hence, by (3.9), we obtain the following estimate:

[V — uo) I 20u,ueny + B V(U — o) 2 .00

|Vuo|2
<[ [ a@deax+2 [ (@ + Vuo) Vo +1a*1b(14°) — Vuol)d,
q Q
(3.11)
Vg* € (L2 Q)% divg* =fin Q, —g*n=g,onT,.



498 W. Han
4. Selection of the auxiliary function ¢*

We state two kinds of selections for ¢* in the estimates (3.9) and (3.11).
Selection 1. We simply take
g* = — Vuy. 4.1)
It is an admissible function, i.e. it satisfies: divg* = fin Q and — g*n =g, on I';.

Then (3.9) says

(o, Attg) — J(u, Au) < J

Q

{Vuo|2
_ j { j Lo+ — pcoenae
Q, (ug) 2

Vwol2 |
j —a(é)dcdwf(wuoibuwol)— IViol?) dx
Q

b(|Vuol)?

b(|Vuo|)?

+ [Vuo|b(|Vuol) — |Vuolz}dx

[ G- 1) vt + 0 - Bz

= LBl + 190 (1 = 101 P

_ J {(E _ 1>|Vu0|2 + (1 = B)/EolVuo|
Q,(up) 2

- B Vel = = oy

+ (Vo = (1 — ﬁ)\/éo)%(quol . B)\/éo)}dx
- pr .
-5 Lﬂ(%)(;vuok &) dx. 4.2)

And, (3.11) gives

IV — uo) | 2y + B1 V(@ — o)l 100,600

@2
C 9l = e x @3

For f not close to 0, numerical experiments below will show that the selection (4.1)
provides a good error bound. However, if 8 is close to 0, then the factor 1/8 in (4.2) and
(4.3) leads to useless error bound. To overcome this difficulty, we introduce another
selection.

<

Selection 2. We describe this selection for a problem on a corner domain as shown in
Fig. 2.

First consider the case when the boundary condition around the corner is of
Dirichlet type. We assume there is an ro >0 such that in Qo =Qn{r >ry},
[Vuol < \/ 50/\/ [(w/2)* + 1], where w is the internal angle of the corner. Denote
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Fig. 2. A typical plane corner domain

499

[o=Qn{r=ry}, ny the unit normal vector on [o in the direction of being away

from O. We further assume
fx)=0, x € Q\Qy.
We define a function in Q\Q,:

(]
V(r,9)=rj % de, 0<0<0,0<r<r,.
/20N |1,
Then we take
— Vu, in €,
q* = oV ar\T .
=, — = Q\Q,.
<ay’ ax> i 2\

This function is admissible, since Vv € H§(Q), we have

{divg*,v> = —f q*Vodx

Q

=f Vrovdx+j <6_V’ —?-K)Vvdx
Q, o\Q, Oy Ox

oV
ﬂofvdx + froavds

4.4)

4.5)

4.6)

The chosen g* has the property that |g*(x)| < \/&. The inequality is obvious for



500 W. Han

x € Q. For x € Q\Q,, we have

L |
2

e =1vve= |2 &

_2_ -] auo

or 00| L,za—no
o w)? .

S(_aT2)2+_l[(0~5) +1j|<fo.

Now, the estimates (3.9) and (3.11) give

2 auo
. d@) + <&'};

)2
To

IVu()l2
J (o, Aio) — J(uy Aw) < f { f‘ " 4aldE + @ + Vo) Vg,
o\, a«|2

+ lg*)* — quolz}dx, 4.7)
and,

V(s — uo) ”i’(ﬂl(u, w) T Bl V(u — ug) ”iz(n\gl(u, o))

[Vug |2
< f {ﬁ a(&)dé + 2(q* + Vuo)Vgy + 2(1g*)* — IVuoll)}dx. 49
ma,

q+{?

When the boundary condition around the corner is of Neumann type, we assume
there exists an r, > Osuch thatin Qy = QN {r > 1o}, |Vue| < \/50/\/((02 + 1). Again,
denote 'y = Qn {r =ry}. Besides the assumption (4.4), we also assume that g,
vanishes around O, i.e.

gz = 0 on rz n a(Q\Qo).

Then we take

- Vuo in QO,
q* = v av\"T . “9)
- 6, T x in Q\Qo,

where, instead of (4.5),

oauo
Vir,0)=r| —df, 0<0<w, 0<r<r,.
0 Ong

From the linear problem for u, and the assumptions made on f and g,, we have the
equality

* Ouo
o Ong

hence, g* is an admissible function. And once more, {g*(x)| < \/ ¢o. Therefore, the
estimates (4.7) and (4.8) hold.

The situation where the boundary condition around the corner is of mixed type can
be treated similarly.

do =0,

To
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5. A posteriori error estimates for linearization (discrete problems)

Let S < V be a finite element subspace based on some triangulation of the domain
Q and some selection of finite element degrees. For simplicity, we assume the Dirichlet
boundary condition on I'; can be represented exactly as the trace on I'; of some
function in §, i.e. we assume g, € S. We denote the finite element subset

Sr,q, = {v€S|v=g; on T}
and the finite element subspace
Sr,={veSjv=0o0nT,}.
The corresponding finite element solution of the non-linear problem (3.6) solves:
uBeSr 4., f a(|VuFE| ) VuFEVp dx = f Sfodx + J. govds, Yoe Sy, (5.1)
[e) Q r;

and the corresponding finite element solution of the linearized problem (3.7) solves:

ubt € Sr,. 4, L VusEVodx = Lfv dx + J; gavds, VveSr,. (5.2)
Our task of the section is to give computable bounds on the error u*® — u§E by
using u§E only. To do this, we apply the duality theory presented in section 2. We take
V =8, with H'(Q) — norm and V* = S algebraically;
Q= Q* = (LX(Q)* x L*(T,);
Av = (Vo,v|r,).

We easily see that the operator A* from Q* to V* is uniquely determined by the
relation:

(A*q* 1) = L Voqtdx + f vgtds, Voes, q* = (g%, q%)e 0%,
r,

and that A* € Z(Q*, V*). As in section 3, we define the energy function on V' = §:
J(v, Av) = F(v) + G(Av),

where
- J fodx if veSp ,,
- Q
Fo + otherwise;
Vol
G(Av) = f j —a(&ydédx — J gavds.
QJo 2 T,

The finite element solution uf® is also the unique solution of the minimization
problem

inf J(v, Av).

veS



502 W. Han

Now, exactly as in section 3.2, we can prove the following error estimate:

2
l V(UFE - “SE) ||12_2(g,(uFE,ugE)) + B “V(“FE - ugE) ||L2(Q\Q,(u“,ug‘>))

VugE?
< J fl "a(®)dedx + 2[ ((g* + Vug®) Vgy + |g*|b(1g*]) — |Vug®|?) dx
 Jb(q*)? a

Vg* e (L3(Q))?, — j q*Vodx = j Sfodx + J govds, YveSr, (5.3)
Q Q r,
where
7%, u5F) = {x € QIVu™ ()], |Vuf* ()] < \/Zo)-

To use (5.3) to get a good error bound on u** — u§¥, we need to make some suitable
selection of the auxiliary function g*. Comparing the constraint on the auxiliary
function g* with the finite element system (5.2), we see that

qg* = — Vu§® (5.4)
is an admissible function. With the simple selection (5.4), we get from (5.3) that
” V(uFE - ugE)”zZ(QI(uFE,ugE)) + ﬁ“ V(uFE - ugE) ||21(Q\Q|(MFE,MEE))

(1-p° FE{ __ 2
<SSP v - e ax (55)

where
Q. (uEF) = {x € Q| VuEE(x)| > /&)

If 8 > Ois not close to 0, (5.5) will produce a good error bound (at least when finite
element solutions are sufficiently close to the solutions of the continuous problems,
cf. Remark 6.3). If f is close to 0, however, the estimate (5.5) will give useless error
bound, because of the factor 1/. Thus, an alternative selection of the auxiliary
function g* is needed. Once more, let us have the situation as described in Selection
2 of section 4.

Take an r§® > 0 such that in Q§F = Q ~ {r > rEE}, |VufE| < \/Eo/\/[(w/Z)z +1].
Denote I'E = Q  {r = r§¥}, ny the unit normal vector on I'4E in the direction of
being away from 0. We assume

f(x)=0. xeQ\QFE,

and define, in Q\QEE, a function

6 auFE
V(r,9)=rj no do, 0<0<ow, 0<r<r,.
wf2 0 |Ip
Then it can be proved that
— Vug® in QFF
= v\ (56)
- (—a;’ - a) in Q\QSE,

is an admissible function satisfying [g*(x)| < \/ 0. With the selection (5.6), we obtain
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the following computable error estimate which is insensitive to §§ as f§ approaches 0:

| V(@E — ugh)|| iz(ﬂ,(uFE,ugE)) + BIIVU"E — ub®) |1 Z2o0,07 4

\v/ gEz
< f { f VET @) de + 2(g* + VuE)Vg, +2<|q*12~|Vu'5512)}dx.
Q\OEE lg*|?
(5.7)

6. Numerical experiments

We present two numerical examples to show the use of the estimates (4.2), (4.3), (4.7)
and (4.8). We will compare the estimates resulted from the two different selections of
the auxiliary function g*. For the first example, we know the exact solutions for both
the non-linear problem and the linear problem. Hence, we will see how effective our
estimates are by comparing our error bounds with exact errors.

Experiment 6.1. We take Q a unit disk excluding a small hole:
Q={r0|r,<r<1}, (6.1)

where r, > 0 is a small number. Let us consider a family of non-linear problems with
a small parameter A > 0:

— div(a()Vu|*)Vu =0 in Q,
u= Atog(li/r,) forr=1, 6.2)
u=0 forr=r,,

where a is the function defined in (3.1). The exact solution is

\/éorllogr+llog% for ry<r<l,
‘T ‘/ﬁéo<rl logi——(l —ﬂ)(r—r*)> for rp, <r<ry, €
where r, is the unique positive solution of the equation:
logryri — (1 — B)(logry — 1)ry = (1 — Byry + Blogry-ro (64)
with
ro = /s/%o- (6.5)
The linearized problem:
—Auy =0 in Q,
u=Ailog(l/r,) forr =1, (6.6)
up =0 forr=r,,

has the solution:

U = MogrL. 6.7)

*
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It is easily verified that r; < ry. Therefore,
Qi(up) = {(r, Olro <r< 1} « Qw) = {(r,O|r, <r< 1}.

Thus, in some sense, the linearized problem is more rigid than the non-linear problem.
We take £, = 1, r, = 0.01. For various values of f, 1, we compute the following
quantities:

(8) ro = 4/y/&0 = 4
(b) r,, determined from equation {6.4).
(c) The square root of the (non-linear) energy of the linear solution:

3 1(r,\? 1 172
V1 (o, Auo)] = ﬁi{(l - ﬂ)[z— 2:—: +§(:—0> ]+ log - + ﬂlog%} ,

(d) The square root of the (non-linear) energy of the non-linear solution:

—_ 1/2
o=t o 5 )}

(e) The square root of the difference in energy:
E (1, o) = \/[J (uo, Auo) — J (u, Au)).

(f) The error in ‘energy norm’

Efw 10) = /T 1V — 0) @ + 519 — ) 2130000
= \/(7'550) {(ro —r) <10gi + Igl()gr*o>
T'o 5!

+ %[(rl — Bro)*log - — 2(1 = B)(r, — Bro)ry — 7,)

*
1 1/2
+ 50— prei - ri)]} .
(g) An error estimate resulted from Selection 1. We take

q* = - Van

then an upper bound for E;(u, uy) and E(u, uo) is (cf. (4.2) and (4.3)):

n To e L{r > 32
Ested, = (1 — B)A [=<log— (X)) 2 .
stedy = ( P \/ﬁ{Ogr*+2ro 2<r0) 2}

(h) An error estimate resulted from Selection 2. We take

_Afcosf ra<r<1
r\sin@ /)’
_i (6 — m)sinf + cos

ra\ — (0 — m)cos® + sinf )’ T <T<T2,

g* = 6.8
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Then an upper bound for E;(u, ug) and E(u,u,) is (cf. (4.7), (4.8)):

2 3 2 2
Ested, = lﬁ{%—§ﬁ+log?—+ 2:—*-2(1 —ﬂ)’—*—1<%+ 1)(’-*)
0 2

ro 2
1 r 212
r30-n()}

Tables 1-3 show the numerical results. We denote Jo = J(uo, Atyg), J = J(u, Au).

We see that min {Ested, , Ested, } is a very good error bound for any values of § and
A. For B away from 0, Ested, provides a better bound, while when f is close to 0, we
should use Ested, as our error bound.

Experiment 6.2. Let Q be a circular corner domain:
Q={r00<r<1,0<l0< 0w}, o>n (6.9)

We use again the notation a = n/w. Consider a particular case when the linear
solution is

Uy = Ar®sin af, (6.10)

Table 1. Exact errors and estimated error bounds (4 = 0.1)

B r o VI Ej(u,uo)  E(uuo)  Ested, Ested,

09 097°! 03762%° 03760*° 0.1383°! 0.1383°! 0.1866"! 03367*°
0.5 0.797'  03592%° 034987° 0.8141~' 08080°! 0.1252*° 03171*°
0.1 04371 03413*°  02774*°  0.1988%° 0.1867*° 0.5038*° 0.2967*°

0.01 0:20'1 03371*°  02088*° 0.2646%° 0.2304*° 0.1753*! 0.2919*°
0.001 0.1371  0.3367*° 0.1804*° 0.2843*° 02391*° 0.5593*! 0.2914*°

Table 2. Exact errors and estimated error bounds (4 = 0.015)

B ry \/Jo \/J Ej{u, uq) E(u, ug) Ested, Ested,

0.9 0.157!  05704"! 0.5704=' 0347073 034707% 036087 0.38147*
0.5 0.1571  0.57007!  0.5696™! 0.22647% 0226372 0242072 0.3808"!
0.1 0.1471  0.5696°! 0.5645°1 0.75957% 0.7579°? 097427% 0.38027!

0.01 0.127' 056957  0.55227'  0.43947! 0.13767! 0.3385°! 0380171
0.001 0.117'  0.5695°! 05434~! 0.1704"! 0.1665"' 0.1081*° 0.3801°!

Table 3. Exact errors and estimated error bounds (4 = 0.0101)

B e Vo JJ Ej(u,us) E(u,)  Ested, Ested,

09 0.10"! 0.3842°' 03842°! 010765 0.10767% 0.1077°° 023727}
0.5 0.10"! 03842°' 038421 072157° 0.72157° 07227°° 023727
0.1 0.10"! 03842°! 03842°! 02886"¢ 0.2886"* 02909°*% 0.23727!

0.01 010!  03842°! 03842°' 09414™*% 094147+ 0101277 0.23727!
0.001 0.10"! 03842°' 038427! 021357% 021357% 032297 0.23727!
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where 4 > 0 is a parameter. Since |Vug| = Aar* ™!, the linear region of u, is
Qiuo) = {xeQ|r = ro},

where the radius

( /10( )1/(1~a)
ro=\|— .
T\

Let us estimate the difference between u, and u, the solution of the non-linear
problem:
— di 2 — .
divia(!Vu|}Vu) =0 in Q, 6.11)
u= Ar"sina@ on OQ.

We try to give an upper bound for both E;(u, u,) and E(u, u,), which were defined
in Experiment 6.1. If we use Selection 1
q* = - VuO’

then an upper bound for the error u — u, is

n 1 1 1 ‘- 1/2
Ested; = A(1 — f) B{g"/z(““) Zau/(x—a) i3 graa-al

If we use Selection 2

- Vuo in Ql:
6.12)
* = T
T -(G-5) moa

where

Q, ={xeQ|r>r},
( i )U(l—a)

ry= s
Vo

Vir,0)= — ari 'rcosaf in Q,,

and

then an upper bound for the error is
Ested, = A1 “"\/nég“/"“‘“’

1 ~ 1 1 _ {1 —a2}¥?
l _ _ Ca2aef(l-a) _ (1+a)/(1—a) .
x{( 'B)( 4oc +(1+<x 4)a )+ 8

We take &y = 1, and @ = 37/2 (i.e. Q is an L-shape domain), the numerical results
are shown in Table 4.

We see, as in the last example, Ested; provides a better bound for f away from 0,
while Ested, is better than Ested, when f is close to 0.

Remark 6.3. We have seen in the numerical examples that our a posteriori error
bounds for the continuous problems are effective. When B is not close to 0, the error
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Table 4. Estimated error bounds for problems on an L-shape domain

2 B Vo, Vuo)] Ested, Ested,
04 0.9 0.3549+° 0.6861 3 0.1624" 1
0.5 0.3545+° 0.4602~2 0.1571"1
0.1 0.3544+° 0.1852"1 0.15167!
0.01 0.3544*° 0.64441 0.1504"!
0.001 0.3544+° 0.2056*° 0.1503 !
0.01 0.9 0.88622 0.1072"7 0.253876
0.5 0.8862"2 0.7191"7 0.245576
0.1 0.88622 0.2894 6 0.2369~°
0.01 0.886272 0.1007"3 0.2350°¢
0.001 0.8862 "2 0321375 0.23486

bound from the simple Selection 1 is better than that from the Selection 2. On the
other hand, when f is close to 0, the error bound from the Selection 2 is better than
that from the Selection 1. By continuity, at least when finite element solutions are
sufficient close to the exact solutions, we can claim that our a posteriori error bounds
for the discrete problems are effective, too. When f is not close to 0, the error bound
(5.5) is better than (5.7), while when f is close to 0, the error bound (5.7) is better
than (5.5).

7. Some Remarks

Remarks 7.1. In the above discussions, we assumed a concrete form for the non-linear
problem. This is only for the purpose of making specific computations and of showing
the effectiveness of the error estimates. In fact, we do not depend on a concrete form
for the non-linear problem. To be able to provide error estimates for the effects of
mathematical idealizations on solutions, we only need a description on the range of
the coefficient function. This is a crucial point which allows the useful applications of
the suggested a posteriori error estimates on practical problems, where all the data
contain certain degree of uncertainty. Of course, the more accurate the description of
the non-linear problem, the more accurate the error estimates.

Remark 7.2. In the above discussions, we considered the effect of the linearization.
The mathematical idealizations of a practical problem can be more complicated than
the linearization, and the general framework for deriving a posteriori error estimates
discussed earlier allows us to get similar estimates.

Remark 7.3. The sample problem discussed above is an elliptic boundary value
problem for a Laplacian-like differential operator. The idea for deriving a posteriori
error estimates works for more complicated problems commonly seen in mechanics.

Remark 7.4. In fluid mechanics, most problems are time-dependent. Derivation of
a posteriori error estimates for the effects of mathematical idealizations on solutions is
more involved. We will present related results in a future paper.

Remark 7.5. A posteriori error estimates can be used to devise some adaptive numer-
ical procedures. In [9], such estimates are given for the regularization of
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non-differentiable minimization problems. As another application in numerical
procedures, we will study iterative procedures for solving non-linear problems. 4 pos-
teriori error estimates will provide us a convenient and efficient stopping criterion.
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