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makes it simpler to derive reliable error estimators in solving variational inequalities of the
second kind from the theory for related linear variational equations. Reliable residual-based
and gradient recovery-based estimators are deduced. Efficiency of the estimators is also
Keywords: proved.
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1. Introduction

Adaptive finite element methods based on a posteriori error estimates are an active research field. Many error estimators
can be classified as residual type or recovery type. Various residual quantities are used to capture lost information going
from u to up, such as residual of the equation, residual from derivative discontinuity and so on. In a gradient recovery
error estimator, ||Gpuy — Vuy| is used to approximate ||[Vu — Vuy||, where a gradient recovery operator Gy is applied to the
numerical solution uj to reconstruct the gradient of the true solution u. The theory of a posteriori error estimation is well
established for linear equations, and we refer the reader to [1,2,16].

It is more difficult to develop a posteriori error estimators for variational inequalities (VIs) due to the inequality fea-
ture. Nevertheless, numerous papers can be found on a posteriori error estimation of finite element methods for obstacle
problems, which is a representative elliptic variational inequality (EVI) of the first kind, e.g., [3,10,13-15,17]. For VIs of the
second kind, in [4-7], the authors studied a posteriori error estimates and established a framework through the duality
theory, but the sharper estimation of one term in the lower bound is still an open problem, i.e., the efficiency was not
completely proved. In [8], Braess demonstrated that a posteriori error estimators for finite element solutions of the obstacle
problem can be easily derived by applying a posteriori error estimators for a related linear elliptic problem. In this paper,
we extend the ideas therein to give another look at a posteriori error analysis for VIs of the second kind. Moreover, we
accomplish the proof for the efficiency of the error estimators.
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We take a steady state frictional contact problem as an example to illustrate the derivation process of a posteriori error
estimators. The ideas and techniques presented here for this model problem can be extended to other VIs of the second
kind.

A frictional contact problem. Let 2 ¢ RY (d > 1) be a bounded domain with Lipschitz boundary I", I' a relatively closed
subset of I, and I, = I'\I. Assume f € L%2(£2), and g > 0 is a constant. Then a frictional contact problem is to find
ueV={veH'(£): v=0ae. on I} such that

au,v—u)+jv)—jw) = (f,v—u)o VYveV, (1.1)

where (-,-)o denotes the L? inner product in the domain £2 and

a(u,v):/Vu-Vvd;H—/uvdx,
Q Q
iw)= [ gvids.
I

It was proved ([12, Theorem 5.3], [11]) that this problem has a unique solution u € V, and there exists a unique Lagrange
multiplier A € L°°(I3) such that

a(u,v)+/gkvds:(f,v)9 YveV, (1.2)
I
A <1, Au=]|u| ae.onlr3. (1.3)

It follows from (1.2) and (1.3) that the solution u of (1.1) is the weak solution of the boundary value problem

—Au+4+u=f in$2,

u=0 only,
Ju

Ju
—| <8, —u+glul=0 onlY,
on on

where n is the unit outward normal vector. For any v € V, set

(W =(f.va —/gkvds.
)
Then (1.2) becomes
a(u,v)=4£4(v) VveV. (1.4)
For a Lipschitz subdomain w C £2, let
VI = auv.v) = [ (1902 4 v2) dx.
)

For a measurable subset y C dw N I, define

[Als,y = sup: /gkvds: ve H (), IVI1w=1 } (1.5)
Y
The subscript ¥ and w are omitted if y = I, and w = 2. We have

ALy = IWIH1,0, (1.6)
where w € H!(w) is the solution of the auxiliary equation
ae(w, v) =/gkvds vv e H (w). (1.7)
Y

The relation (1.6) is proved as follows. First,

/ngds=aw(w,v> <Iwholvihe.
Y
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Thus,

[Als,y = sup /g)\"ds/”‘/”l,a) < wlh,e-
O;éveHl(a))y

Letting v =w in (1.7), we have

Iwi,e zfgkwds/llwlh,w <ALy -
Y

We introduce a family of finite element spaces V, C V corresponding to partitions 7, of £2 into triangular or tetrahedral
elements (other kinds of elements, such as quadrilateral elements, or hexahedral or pentahedral elements, can be considered
as well). The partitions 7}, are compatible with the decomposition of I" into Iy and ;. Then the finite element method for
the VI (1.1) is: Find up € Vj such that

a(up, vp —up) + jvp) — jlup) = (f,vp —up)e Yvp e Vy. (1.8)

Similar to the continuous problem, the discrete problem has a unique solution uy € V;, and there exists a unique Lagrange
multiplier A, € L>° (/%) such that ([6,12])

a(up, vp) +/g)»hvh ds=(f,vh)e Vvhe€Vy, (1.9)
I
[An] <1, ApUp = |up| a.e.on Iy. (1.10)

For any v € Vy, let
Lh(vi) =(f,vh)e —/g)»hvhds-
p)

From Hahn-Banach extension theorem, the bounded linear functional ¢, originally defined on Vp, can be extended to a
bounded linear functional on V with the norm preserved. Then (1.9) becomes

a(uh, Vh) = Kh(vh) Vvh € Vh. (1.11)
Obviously, uy, is also the finite element approximation of the solution z € V of the linear problem:
a(z,v)=4£4p(v) VveV, (112)

which is the weak formulation of the boundary value problem

—Az+z=f in$2,

z=0 onlI7, (113)
0z

— =—gAp onl>.

on

Now we present the process to derive a posteriori error estimators for the finite element method (1.8). From (1.4)
and (1.12), for all v € V, we have

a(up —u,v)=a(up —z,v)+a(z—u,v)
=a(up —z,v) +Lp(v) — £(v)
=a(up—2z,v) +/g(k — Ap)vds.
I3

Take v = up — u in the above relation. Note that by (1.3) and (1.10), we have

/g()»—kh)vds=/gkuhds—/gkuds—fgkhuhds+/gkhuds

Ip) I3 I I )]
</g|uh|ds—/g|u|ds—fg|uh|ds+fg|u|ds
I Ip) Ip) I

=0.
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Then we obtain

lup — ull? = a(up — u,up — u) <aup — 2z, up —u) < |lup — zll1 lup — ull7. (114)
Therefore,
lup —ullh < lup — zll1- (1.15)

Recalling (1.6), we have
A —Anlx = llu —zll1 < llu — unlh + llup — 2|l < 2[lup — 2|1

We summarize the above results in the following theorem.

Theorem 1.1. Let u and z be the solutions of the problem (1.1) and (1.12), and let uy, be the finite element solution of u. Then,
lupn —ullh + A = Anls < 3llup — 2|11

This result is the starting point for derivation of a posteriori error estimators, when combined with the standard results
[1] on error estimators for the term |lup — z||1. Based on this observation, we discuss residual type error estimators and
gradient recovery type error estimators in the next two sections. Reliability and efficiency are proved for both types of error
estimators.

2. Residual type error estimators

First, we introduce some notations. Given a bounded set D c R? and a positive integer m, H™(D) is the usual Sobolev
space with the corresponding norm | - ||, p and semi-norm | - |, p, which are abbreviated by || - || and | - |, respectively,
when D coincides with £2. For convenience, we rewrite | - [lo.p as | - ||[p. We assume 2 is a polyhedral domain and denote
by {7}, a family of partitions of £2. For a partition 7, denote all the edges of 7j, by &, and 5,2 =EN\T, Enr, =EnNT. Let
hx = diam(K) for K € 7, and h, = diam(e) for e € &,. For any element K € 7}, define the patch set wg :=U{T € 7, TNK #
¢}, and for any edge e shared by two elements K and K, define w := K U K. For a given element K € 7, N'(K) and £(K)
denote the sets of the nodes of K and sides of K, respectively; ng denotes the unit outward normal vector to the boundary
of K and n. a unit vector on e. Throughout the paper, C denotes a generic positive constant independent of the element
size, which may take different values at different occurrences.

Define the interior residuals and edge-based jumps

Rg :=—Aup+up — f foreachK € 7y,

o [ 2 ifee&l,
e = -

dai; + gAp ife 65]1,['2.
Here [83%] = Vup|g - ng + Vuy|g - ng represents the discontinuity of the gradient of uj across the edge e shared by the
neighboring elements K and K. They lead to the local estimators

1 1/2
2 2 2 2
MRk = (hknRKnK +5 0 2 helRelg+ 7 henRene) for any K € 7y (21)
eeE(K)NE} ecE(K)NEy

It follows from [1] that the residual-type a posteriori error estimator for the elliptic equation (1.14) satisfies

1/2
lup — zIl1 <C( > m%,K) :

KeTy

Hence, we have the following theorem.

Theorem 2.1. Let u € V and uy € V, be the solutions of the problems (1.1) and (1.8). Then,

lup —ull + 12— Al <Cng. Mai= Y Mhi
KeTy

Now we turn to consider lower bounds with residual error estimators. This can be achieved by following the standard
argument for lower bounds with residual error estimators for linear elliptic problems, see [1, pp. 28-32]. Define

ag(u, v) =/(Vu - Vv +uv)dx,
K
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so that for u, v e H1(£2),

a(u,v) = Z ag(u, v).

KeTy

For any v € V, by integration by parts, we have

Z ag(up —u,v) = Z ag(up—z,v)4+a(iz—u,v)

KeTp KeTy
=> /Rdex+ > /Revds+ > /g(k—kh)vds. (2.2)
KeTy eeS;;UEh,FZ e ecénry ¢

We will use the bubble functions. For each K € 7y, let A1, A, and A3 be the barycentric coordinates on K. Then the
interior bubble function ¢k is defined by

YK =27r1A223,
and the three edge bubble functions are given by
T1 =4 )3, Ty =4M A3, T3 =4M 3.
We recall some properties of the bubble functions [1, Theorems 2.2 and 2.3].
Lemma 2.2. For each K € Ty, e € £(K), let ¢k and t, be the corresponding interior and edge bubble functions. Let P(K) C H LK)

and P(e) C H'(e) be finite-dimensional spaces of functions defined on K and e. Then there exists a constant C, independent of hy,
such that for all v € P(K),

v </<p1<v2dx <Clvi, (23)
K

C vk < llokviik + helokviig < ClIvik, (2.4)

v </rev2ds <Clv, (25)
e

e el +h*1Teving < ClIve. (2.6)

For each K € 7y, ¢k and 7. are respectively the interior and edge bubble functions on K or e € S}’; Ué&nry, and Ri is
an approximation to the interior residual Rk from a suitable finite element space containing up and Aup. In (2.2), choosing
v = Rk on element K and using an argument similar to that in [1, pp. 28-32], we obtain

IRkllk < C(IRk — Ricllk + hic llun — ull1.)-

For e e 8,2, let R, be an approximation to the jump R, from a suitable finite-dimensional space and let v = R, in (2.2).
We have

—-1/2 2 = =
IRelle < C(hg " *lup — ull1., + he’* IRk — R llu, + IRe — Relle)-

For e € &, 1, we obtain

We e e

Therefore,

/I_Qgreds:/ﬁe(l_?e—Re)feds—i-awe(uh —u,ﬁere)—/Rkﬁeredx—/g(k—kh)l_?efeds.

e e We e
Applying Lemma 2.2, we bound the terms in the above relation as follows:

/Eﬁreds> CIReIIZ,

e

/l_ze(ﬁe — Re)Teds < ||1_2eTe||e||I_ee — Relle < C||Ee||e||1_ee — Relles

e
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— — —~1/2 —
Qe (U — 11, ReTe) < llup — 1w I ReTell1.c < Che /2 lun — 1.0, I Re le-

/RKReTe dx < Rk llwe I ReTe llwe < Che/ IRk llwe IRelle
We

_ _ _1/2 _
/g()L - }\h)ReTe ds < |)L - )\h|*,e||Refe||l,we < Che / |)L _)\h|*,e||Re”e-
e

Hence,

IRelle < IRelle + I Re — Relle
—-1/2 —-1/2 1/2 = =
< C(he " Nup — ulltw, +he 1% = 2l + 1 IRk — Ricllw, + IRe — Relle)- (2.7)

Note that Aup + up in K and dup/dne on e are polynomials. Hence, the terms |[Rgx — §K||1§ and |[Re — Relle can be
replaced by || f — fllxk and ||Ap — Aplle, with discontinuous piecewise polynomial approximations f and Aj. Then we obtain
the efficiency bound of the local error indicator ngr g (see also [5,6]).

Theorem 2.3. Let u and uy, be the solutions of (1.1) and (1.8), respectively, and let ng k be the estimator (2.1). Then

Nrk < C(nu —upl o + 12— A2 HRRIF = G+ D helin— thﬁ). (2.8)
ecE(K)NEp, 1,

Due to the inequality nature of the variational inequalities, in the efficiency bound (2.8) of ng g, there is a term involving
A and Ap. In [5,6], because of the presence of this term, the efficiency of the estimators was not proved completely. From
Theorem 2.1, we see that the involvement of the term |A — Ap|« e in the bound (2.8) is very natural. This comment is also
valid for the case of gradient recovery type error estimators.

3. Gradient recovery type error estimators

In this section, we study a gradient recovery type error estimator for the linear finite element solution of the frictional
contact problem (1.1). Some additional notations are needed in this section. We denote by N} the set of nodes of 7, and
N is the set of free nodes, ie. those nodes that do not lie on I7. Let Ny C A, be the set of the element vertices of
the partition 7, Ny C N, the subset of the element vertices lying on Iy, Ny ; C ANy the set of the interior vertices, and
Nvo=N,y ﬁ./\/},,o. Let {¢q : a € Ny} denote the nodal basis functions of the linear elements for all the vertices. Define an
equivalence relation

a, ifa e Ny.o;

5@ := {b, beN,iand3K € Ty, st.a,be K ifaeNy .

Then we can classify the set of vertices N, into card(\Ny o) classes of equivalence, that is, I(a) = {@ € N, : £(@) = a} for each
node a € Ny 0. We set

Yg = Z @ foreverynodeae N, .

ael(a)

Note that {v: a € Ny o} is a partition of unity. Let Ea =supp(v¥g) and hy = diam(ka). For a given v € L1(£2), let
_ [ v¥adx
Jx@adx”’

Then a Clément type interpolation operator I1, : V — Vy, is defined as follows:

a

aeNypo.

HhVZ Z Va(pa.
aeNy o

The next theorem summarizes some basic estimates for ITy. Its proof can be found in [9].

Theorem 3.1. There exists an h-independent positive constant C such that forall v € V and f € L>(£2),
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2 2
v — HhV|1,_Q < C|V|1,Q,

1/2
/f(v—Hhv)dx<C|V|1,9< Z hg}neiﬁllf—faﬂér(a) ’
2

a
aeNyo

3 bt v = mw) |3 < CIVE g
KeTp

32w = mw P <cvi g,

ee&y

There are many types of gradient recovery operators Gp. For Gyuy to be a good approximation of the true gradient Vu,
a set of sufficient conditions can be found in [1, Lemma 4.5]. Consider a gradient recovery operator Gp, : Vi, — (V4)? defined
as follows:

1
Ghvh(®) = Y Gpva(@@a(®),  Gpvp(a) = N—/whdx.
aeNy |Ka|~

Kq

From (1.11) and (1.12), we get the Galerkin orthogonality
a(up—2z,vp) =0 Vvpe V.

Using the above equation, for any v € V, we get

a(up—z,v)=a(up —z,v — I1v)

=Iy+ / Gpup - V(v — H,lv)dx—}—/uh(v — ITyv)dx —a(z,v — IILv)
Q 2
where
o= /(Vuh — Gpup) - V(v — [Tv) dx < C||Vup — Gpupll2lviie-
Q
Perform element-wise integration by parts,

fchuh.V(v—nhv)dx= > /Ghuh-V(v—Hhv)dx

) KeTy
= Z /—div(Ghuh)(v—Hhv)dx+ Z /(Ghuh~n1<)(v—17hv)ds.
KeTh Keﬂg(K)

The first summation is rewritten as
Z /div(Vuh — Gpup)(v — [v)dx + Z / —Aup (v — ITyv) dx.
KeT, i KeTn i
Since Gpup is continuous across the element boundaries,
Z (Gpup -ng)(v — [v)ds = Z (Gpup - ne)(v — IIyv) ds.
KEIE'S(K) ecéhr, e
Applying the above relations and using Eq. (1.12), we obtain that
aup —z,v)=Ilo+ 11 + 12+ I3, (3.1)

where

li= Y | div(Vup — Gpup)(v — Myv)dx,

KeTh i
L= /(—Auh +up— v = Myvydx= Y /RK(V — Iyv) dx,
K€7711( I<67711(

Is= Y [ (Gpup-ne + ghn)(v — Myv)ds.

eeé‘h.pz e
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It is shown in [6] (see also [4]) that

1/2
I < C|V|1,9< > IV - Ghuh||%<) :

KeTp

b<Cvine Y (hIVunl3 +h2min|if - ful, ).

aeNy0 facR
1/2
13<C|v|m< > henchuh-ne+gxhn§) :
ecénr,

Taking v =up — z in (3.1) and recalling Theorem 1.1, we obtain the next result.

Theorem 3.2. Let u and uy, be the solutions of (1.1) and (1.8), respectively. Then

I =} 13 = 22 < O+ 3 (GIVanlE, 4+ min I — fal ). (3:2)
aENhyo a4
where
me=> ek Mex=IVun—Gpuplk + D hellGuup-ne + ghnllZ. (33)
KeTy ee:.‘?(l()ﬁé?hf2

The term (Y qc h§||Vuh||f~<a)1/2 is bounded by 0O (h?), and CaeNho h2ming,eg || f — fa||f~(a)1/2 is bounded by o(h) if

f €L%(£2) or bounded by 0(h?) if f € H'(£2) (see [6]), which guarantees the reliability of estimator 7.
For the efficiency of the estimator, it is shown in Lemma 3.1 in [6] that

né,K<C( Y helRelZ+ D he/nRe/uﬁ/),

eeS(I()ﬂS,Lr2 e'eEpy

where &,, denotes the set of inner sides of the patch wg corresponding to the element K. Using the relation (2.7), we
obtain the following results.

Theorem 3.3. Let u and uy, be the solutions of (1.1) and (1.8), respectively, and let n¢ i be the estimator (3.3). Then

ek < C(nu —uplf g + A= A2+ R NF = Flog + D hellan - th?). (3.4)
ec€(K)NEp, 1,

This theorem shows the efficiency of gradient recovery type estimators n¢ k. The inequality (3.4) is comparable to (2.8).
4. Summary

In this paper, we study a posteriori error estimation of finite element methods for a frictional contact problem, and
establish a compact framework to derive reliable residual type and gradient recovery type error estimators by applying a
posteriori error analysis for a related linear elliptic problem. Furthermore, we prove the efficiency of the error estimators,
which was an open problem stated in [6]. This framework can also be used to derive reliable and efficient a posteriori error
estimators for other variational inequalities of the second kind.
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