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Abstract In this work, several discontinuous Galerkin (DG) methods are introduced and
analyzed to solve a variational inequality from the stationary Navier—Stokes equations with
a nonlinear slip boundary condition of friction type. Existence, uniqueness and stability of
numerical solutions are shown for the DG methods. Error estimates are derived for the velocity
in a broken H'-norm and for the pressure in an LZ-norm, with the optimal convergence
order when linear elements for the velocity and piecewise constants for the pressure are
used. Numerical results are reported to demonstrate the theoretically predicted convergence
orders, as well as the capability in capturing the discontinuity, the ability in handling the shear
layers, the capacity in dealing with the advection-dominated problem, and the application to
the general polygonal mesh of the DG methods.
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1 Introduction

The Navier—Stokes equations characterize a variety of flows and play an important role in
many engineering applications. Let £2 C R? be an open bounded domain with a Lipschitz
boundary I" = 952. For the two-dimensional stationary incompressible flow problem in 2,
the momentum and continuity equations are

—vAu+ (u-Vyu+Vp=f in £, (1)
V.-u=0 in £, 2)

where u is the fluid velocity, p is the pressure, v > 0 denotes the kinematic viscosity, and f
is a given external force density. Throughout this paper, the boldface symbols denote vector-
valued quantities. We assume I consists of two components I 'p and I's: I’ = T'pUTsg,
I'p N I's = ¢ with both I'p and I's non-empty. Over I'p, we specify the homogeneous
Dirichlet boundary condition:

u=0 onIlp. 3)

For the boundary condition on I's, we consider the normal direction and tangential direction
separately. Letn = (ng, np)” be the unit outward normal on the boundary I's, and let T be the
unit tangential vector obtained by rotating n counterclockwise for an angle of 5 radians. Then
if v is a vector defined on the boundary, we write v, = v - n for its normal component, and
vy = v - T for its tangential component. Denote by o7 (w) = v 33“; the tangential component
of stress vector defined on I's. Over I's, we specify a slip and non-leak boundary condition

of friction type:

up =0, |og| <g, orur+glug|=0 onlly. “4)

The function g : I's — [0, co) is known as the threshold slip or barrier function. If g = 0,
then (4) reduces to the ordinary slip boundary condition: u, = 0 and o7 = 0. The second
and third relations in (4) are equivalent to the following implications:

ozl <g = ur =0, 4y >0=0r=-g, uy<0=o07=g. ©)

This friction type of boundary conditions was first introduced by Fujita [21] for applications
in the blood flow in a vein of an arterial sclerosis patient, and flow through a canal with its
bottom covered by sherbet of mud and pebbles.

The problem (1)-(4) is difficult to solve numerically because of the nonlinearity, the
coupling between the velocity and the pressure, and the inequality form of the slip boundary
condition. Well-posedness of the Stokes and Navier—Stokes equations with nonlinear slip
boundary conditions has been discussed in several papers, e.g. [22-25,42,43,51,52]. Uzawa
iterative algorithms were introduced in [37,44] for solving the inequality problem governed
by Stokes equations, motivated by ideas presented in [32]. In addition, one can find analyses
of finite element discretization for such variational inequalities in [2,18,35,36,38,41].

For discontinuous Galerkin (DG) methods of a second-order partial differential equa-
tion, discontinuous functions are used to approximate the unknown solution, and by adding
some penalty terms, the approximate solutions between neighboring elements are connected.
Relaxing the continuity of approximation functions across the finite element boundaries
allows the DG methods to be easily implemented on highly unstructured meshes. The local-
ity and flexibility also make the methods well suited for parallelization and applications
of domain decomposition techniques. Due to these advantages, DG methods have been an
active research area in recent years [3,5,8,10-13,19,29,45,49]. In particular, the methods
have been used to solve variational inequality problems [15-17,33,34,55-58,60]. A DG
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formulation and algorithm of gradient plasticity of the second kind were developed and ana-
lyzed in [16,17]. A unified analysis is provided on DG methods for both the first and second
kinds of elliptic variational inequality problems in [55], and DG methods for the obstacle
and Signorini problems [33,34,56,58,60] and contact problems [57]. The interior penalty
DG methods for the Stokes equations with a slip boundary condition were considered in
[15]. To our knowledge, there has been no analysis of DG methods for the Navier—Stokes
equations with such a nonlinear slip boundary condition of friction type. We note that the
reference [15] is on a variational inequality for the Stokes equation, it provides sub-optimal
order error estimates, and there is no numerical example. The reference [11,12,28] is on
ordinary equality problems for the Stokes equations and for the Navier—Stokes equations,
and it does not address the intrinsically more complicated inequality problems. In this paper,
following the unified framework developed in [4,5,8,11,15,47,55], we present the interior
penalty DG methods, local discontinuous Galerkin, discontinuous Galerkin of Brezzi and
discontinuous Galerkin of Bassi for the problem (1)—(4), explore stability of the numerical
schemes, prove existence and uniqueness of the solutions of the discrete problem, and derive
error estimates under some solution regularity assumptions.

The outline of this paper is as follows. In Sect. 2, we bring in some notation and preliminary
materials. In Sect. 3, we introduce four kinds of DG methods for the problem (1)-(4) and
present some results needed later in the error analysis. In Sect. 4, we prove the stability,
existence and uniqueness of the DG approximations. In Sect. 5, we derive error estimates for
the numerical solutions in a broken H ' -norm for the velocity and the Z?-norm for the pressure.
This paper ends with a section on numerical results, to illustrate the sharpness of the theoretical
convergence orders and capability of the methods to capture the discontinuous velocity when
slip phenomenon occurs; a wall-driven semi-circular cavity flow is also simulated on the
ability of the methods in handling the boundary layers and on the effects by the nonlinear
advection term; and finally, the interior penalty DG method is applied on general polygonal
meshes. Throughout this paper, the letter C denotes a generic positive constant independent
of the mesh size.

2 Variational Inequality

In this section, we introduce a variational inequality formulation for the problem (1)—(4).
First, we introduce some notation. For a given integer m, we shall use the standard Sobolev
space H™($2) [1]

H™(2)={ve L*(Q): 3 e L>(2)Vk: k| <m},

where k = (k1, k2), k1 and k, being nonnegative integers, |k| = k; + k3, and

. alkly
0"V = ————.
dxkigyka
It is a Hilbert space with the norm and the corresponding seminorm:
172 1/2
Mina=| > [ vwlax| e =| 3 [ ptveorax
0=kl =m 7€ el =m 7 <2

For functions vanishing on the boundary 952, we use

H}(2)={ve H'(2):v|se =0}.
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We shall also need the following space of functions with zero mean value:
L3(2) = =q e LX(Q): /Qq(x) dx = o} .

Define H' (£2) = [H'(£2)]? and
={veH' (2):vIr, =0, vulry =0}, Q=L§R2), Y=I[L*(2),

and V is equipped with the norm ||V (-)|o,s. For simplicity, we drop $§2 in the notation for
norms in the rest of this paper. The scalar product and norm in Q are the usual L2(£2) inner
product and the corresponding norm || - ||o. In addition, define

Vav={ueV:V.-u=0in £2}.

‘We use the notation

(.q) :=f9p<x)q<x>dx Vp.q e LXQ).

2
(v, w) ::/ Zvi(x)wi(x) dx Vv,wey,
Q

i=1

av; 9 v; dw;
(Vv., Vw) _/ Z Vi Wi Vi OWi) 4y Wy, w e H (),
9x ox 8y dy

and define
a(u,v) = (Vu,Vv), dv,p)=—NV-v,p), c@v,w)=(u-V)v,w)

foru,v,we V,and p € Q.
The following inequality will be used repeatedly [26,54]:

lc(u; v, w)| < N[[VulolIVVlollVWlo Yu,v,weV,

where

c(ua; v, w)

N = sup
wv.wev [VulolIVviollVwiio

Following [20,22,32], the variational inequality formulation of the problem (1)—(4) is to
find (u, p) € V x Q such that

va(u,v—uw)+cu;u,v—u)+d(v—u,p)+ jvy) —jluy) >, v—u) Vvey,
d(u,g) =0 VqeQ, (6)

where
j<n>=/ glnlds, neL’(Ts).
I's

Obviously, j is a continuous functional defined on L2(I). 1t is known that there exists a
positive constant 8 > 0 such that [51]

d
Bligllo < sup 2 4)

e Q.
vev IVVllo
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Thus, the variational inequality (6) is equivalent to finding u € Vg, such that
vam,v—u)+cuu,v—u)+ j(v¢) — jlue) = (f,v—u) Vve V. )
Existence and uniqueness of a solution to the problem (7) is guaranteed if [43]
feY, gel’Ts). 4N(ltlo+lglory) <>
where « > 0 is a constant found in the inequality
I(F,v) — j(vo)l = «(lifllo + lIgllo,r) Vo ¥V € Vaiy.

Moreover, the solution can be bounded as follows,

2K
Vallo < T(IIfllo + llgllo.rg)-

3 Discontinuous Galerkin Methods
3.1 Notation

To simplify the exposition, we assume 2 is an open bounded polygon. Let {7, } be a family of
locally quasi-uniform partitions of the domain §2 into triangles, i.e., it is regular and satisfies
the inverse assumption [9], & being the mesh size. For .7}, = {K},lete = 0K; N0K; (i # j)
be the common boundary between two elements K; and K ; in .7;. The diameters of K and
e are denoted by hg and h,. Let &, and édhl be the union of all the edges of the subdivision
7, and the set of interior edges, respectively. Besides, we denote by é”hs the set of all edges
lying on I's and & = & U éohs.

For vectors v and n, let v ® n denote the matrix whose (i, j)th component is v;n;. For two
matrix-valued variables A and B, we define A : B = Zijzl A;jB;;.Lete = dK1NJK>, and
n; and n; be the unit normal vectors on e pointing to the exterior of K| and K>, respectively.
We define the average {-} and jump [-] on e for a scalar ¢, a vector v, and a matrix A,
respectively, by

1
{q} = 5(‘]|6K1 +qlak,), lq] = qlak, i + qlak, 2,

1
{v}= E(V|8K1 +Vlok,), [Vl =Vlsk, -1 + Vi, - M2,

1
{A} = 5(A|3K1 +Alk,), [Al=Alyg,m + Alyk,n.

We also define a matrix-valued jump [[-]] for a vector v by [v]] = V[sx, ® nj + V|5, @ np
on e. If e is a part of the boundary 042, the above definitions are modified as follows:

(g} =¢q, {(vi=v, {A}=A and [g]l=gq, [vl=vVv, [A]=A, [v]=v®n.

By a straightforward computation, we know that

Z/ qV~nds:/ [q]-{v}ds+/ {q}vlds,
9K &t &

KeTy

Z / V-Ands:/ [A]-{v}ds + {A} : v] ds.
Ke7y K ghl En
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Let k > 1 be an integer. Define the finite element space V, for the velocity by
= {(ve[L2(@)P :vIx € [P(K)T VK € ),
and the finite element space Q, for the pressure by
On=1lq € L§(2) : qlx € Po1(K) VK € F),
where Py (K) denotes the space of polynomials of a degree at most k over the set K.

3.2 DG Methods for the Variational Inequality
We define the usual interior penalty forms for Navier—Stokes problem. The forms a; (-, -),

dy(-, ), j(-) and F(-) correspond to the DG discretization of the viscous term, divergence
term, friction term and the right term of the Eq. (1), respectively,

ap(v,w) = Z / Vv: dex—/ {Vv}: [wlds,

Ke7y,
a(v,w) = Z yvh, /[[v]] [w]ds,
ey
dn(v,q) = Z / qV - de+/ {g}[v]ds,
KeTy "
J(Vr)—/ glvelds,  F(v) = Z /f vdx,

KeTy

where y > 0 is a parameter to be specified later.

Let us briefly sketch the derivation of the consistency term in ay (-, -) and the cause of
the inequality. Since Vu is continuous on the elements, [Vu] = 0 on the interior edges. For
an arbitrary v € V;, multiplying (1) by v — u, integrating on an element K, performing an
integration by parts, and summing over all elements, we see that

/ —vAu- (v—wdx= Y / vWu: Vv —udx— Y / v— (v —u)ds. (8)
KeTy KeTy
We rewrite the edge integral term in (8):

—Z/ V—u)ds——/ v{Vu}:[[V—u]]ds—/lv[Vu]-{v—u}ds
&n &

KeTy h

=—f v{Vu}:[[v—u]]ds—/ va—u~(v—u)ds. )
& &S om

For the second term in (9), by the definition of o, and with the boundary conditions (4),
there holds

—/ vaj-(V—u)ds=—/ v<(aun)n+amr)t)'((Vn—un)n-i-(Vr—ur)T) ds
&S on &S
h h

on on
d 0]
—/ vﬂ'(vn—un)ds—/ v s - (vz —ug)ds

on on
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d
=—/ v uT~(V1—u1)ds=f or(Uy —vy)ds
g}f on &S

h

5/ (glvel - glugl) ds. (10)
&3
Using (9), (10) in (8), we have

/—vAu~(v—u)dx§ Z/vVu:V(v—u)dx—/ v{Vu}: [v—u]ds
Q K *

Ke7y, &)
+/ (glve| — glue|) ds.
&3

We then use the following variant of Lesaint—Raviart upwinding scheme [40] introduced
in [29] to discretize the nonlinear convection term in (8). The superscript int (resp. ext) refers
to the trace of the function on a side of K coming from the interior of e (resp. coming from
the exterior of e on that side). When the side of K belongs to 952, we take the exterior trace
to be zero. Define

L.
cn (s wp; Vi, W) = ) / ((Uh'VVh)'Wh‘l'Eleuth'Wh) dx
Ke Ty, K

1
—5/ [wp){vy - wp}ds
&y

+ 2 / SIL DR (V},m—"ﬁm)'wilmds V2, wy, Vi, Wy € Vi,
KeT, AK\&,

and

VL . .
N ups v W) = Y g -] (V™ — Vi) - wittds,
aK"M\&S
Keg, Y IKI\S,
where
AK™ = {x € 3K : z;(x) - n < 0},

and the superscript z; indicates the dependence of 9K on z,.

Now, we study DG methods for the Navier-Stokes equations with a nonlinear slip
boundary conditions of friction type. In [4] several DG methods are discussed for the ellip-
tic problem and are extended to the elliptic variational inequalities in [55], for the sake
of simplicity, we select the following DG methods for the considered problem here. Let
L:Vy,— X, ={vell’(2)]>?: v|k € [P(K)]***> VK € Z}and r, : V), — X, be
the two lifting operators defined by o

/Q(V):de=/ [v] : {wn}ds,
2 &

/ re(V) - wp dx = /[[v]] Hwpldx VveVy, wyeX,.

Q2 e

The bilinear form, trilinear form and friction term dj, (-, -), ¢, (+; -, -) and j (-) will be the same
as the definitions above, we present the choice of aj, (-, -) for various DG methods.

1. IPG method [3,19,50,59]

ayf (v, w) = a; (v, w) + e/ (Vw) : [vlds + a(v,w) VYv,weV,,
&
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Remark 1

(i) When € = 0, ay(-, -) is the incomplete interior penalty DG(IIPG) scheme. When
€ = —1and 1, a;(-, -) becomes the symmetric interior penalty DG (SIPG) scheme and
non-symmetric interior penalty DG (NIPG) scheme, respectively.

(i) «(v, w) is the penalty term, and the selection of y will affect the stability of the discrete
scheme.

2. LDG method [10,11,13]

apPé (v, w) = aj (v, w) — f {Vw} : [vIds + (L£(v), LW)a + (v, w) VV,we V.
&

3. Brezzi et al. [8]

,Efr(v, w) = aj; (v, w) — / {Vw}: [vlds + (L(V), L(W) e +a*(v,w) Vv,w eV,
e

and

af (v, w) = Z/ Yhy're(v) -re(w)dx Vv, w € V.

[

4. Bassi et al. [5]

a,lfa(v, w) = a; (v, w) — /g*{Vw} c[vlds +a*(v,w) Yv,weV,
“h

These four methods can all be expressed as follows: find (wy, pn) € Vi x Qp such that

vap Wy, Vi —up) +dp (Vi — g, pp) + cp (s Ugs ay, vy —up) + j (Vi) — j(apg)

> F(vp —wp) Vv €V, (11)
dp(up, qn) =0 VYaqn € Qn, (12)
where aj, (-, -) stands for any one of a a}l‘DG Br and a

It is easy to check that the solution of (6) sat1sﬁes the following consistency condition:

vap(u,v—u) +dp(v—u, p) +cp(m;u;u,v—u) + j(vy) — j(uy) > F(v—u) VveVh),
(13)
dp(u,q) =0 Vg€ Q. (14)

4 Stability, Existence and Uniqueness

In this section, we consider the well-posedness of the DG methods (11)—(12).
Let e be an edge of K € .7,. There exists a constant C that depends only on the lower
bound of the minimum angle of K such that for any function ¢ € H'(K),

hxleld, < € (leld x +hkIVold k). hKn ||Oe < C (g k +hxIVeli k). (15)
In particular, for any v € Vj,, the following inequalities are valid [7,9,39]:

hellVVIk G < C(IVVIG ¢ + Mk IAVIG k). hxIAVIG ¢ < CUVVIG .. (16)
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Let V(h) = V;, + HX(£2) NV, Q(h) = Q) + O N H'(£2), we define the broken Sobolev
norms on V (/) and norm on Q(h) as follows:

Vie= D —nﬂvﬂnoe, VI = VB + Ve VP =1V IE+ D7 AxIVE

eed)t he KeTy
gl = llglg+ > hxlali k.
Ke7y,
where | - 1 n=2Kl- | .Infact, ||| - ||| and ||| - |||1 are equivalent by the standard inverse
inequality forv e Vi (6, 7 9] Let us recall some properties of aj (-, -), dp, (-, -) and ¢ (+; -5 -, -)
before presenting the well-posedness result of problem (11)—(12).
Note that
ap(v,v) =vlf, — /g*{vV} (Ivlds, a(v,v) =y|vii,. (17)
“h

By inequalities (15) and (16), we find that (cf. [11,39] for more information)

(1—e)
4; L3

(18)

(1— e)/ {Vv}) : [Vl ds
&

—|a-o [ or:(vmas| et +
2

For the global lifting operator £, we observe that it can be extended to operator £ : V(h) —
X, and from [4,53], there holds

ILWIIG < Cunl VI3, (19)

Besides, as in [4,5,53], using the definition of the local lifting operator r,, the Cauchy-
Schwarz inequality, the trace inequality and the inverse inequality, we get for all v € V;,,

Chy - lreWIF < V2, < (Ce) ™" - re W 3. (20)
From (17) and (18), we obtain

(1—e)
" ILWIG+yIvEE,

(-
4e

1P 2 2
a, (v,v) > |V|1,h - 5|V|1,h -

€)
> (L—e)vl}, + <J/ + Clift) V2. = o lll v,

with yp = min{l — ¢, y + (1_6) Crift).
Combining (19) and with the definition of aj; LDG (. ) we obtain

1
apPo (v, v) = vIT, —elvli, — gng(v)n% +ILWIG +yIvE2,
> (1 — 2 1 — b 2 2
> (1—e)lv}, + — JILOIG + v IVE,

2
2 1 2
> (1 — 8)|V|1’h + |y + g -1 Clifl |V|*,e
1

1
>wllvil, » =min{1 —&, Y+ (2— - 1>C]iﬁ} with 1 > ¢ > —.
£

\S}
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Then in view of a}?r(-, -) and using (20), one can see that
1
ap (v, v) = |v[{ , —elvli, — gngv)n% + LW + llre (I

1
>(1-— 5)|v|i,1 + (CBr + <£ - 1) Clift) |V|i,e

N —

1
=y llvllli, =min{1 —¢,Cp + (7 - 1) Clift} with 1 > & >
)

From (20), it is easy to obtain that

1
ap*(v,v) = IvI1, —elvii, — %ngv)n% + llreWII

Ciif
> (1 —e)vli, + (CBr + 21;) V2,

. Ciif
= il =min {1 oo+ 2.

The above analysis leads to a coercivity result on the bilinear form ay, (-, -).

Lemma 1 (Stability) There exists a constant yy independent of h such that
a;v.v) = w I VIIT Vv e Vi,
where x = 1P, LDG, Br, Ba and

(I—e)
4e

=min{l, y}, e=1, forany 0 <e¢ <1,

if*:IP,y():min{l—s,y—i— C]ift}} e=0o0r —1,

1 1
if* =LDG, yo:min{l—s,y+<2——l>C1iﬁ}, for any > <g<l,
3
. . 1 1
ifx = Br, y()=rn1n{l—a,CBr—i—(z——l)Cﬁﬁ}, for any 3 <e<l,
&

C4
if*=Ba, yozminll—s,CBr—i— 2hft
&

’, forany 0 <¢ < 1.

Regarding boundedness of the bilinear forms ay, (-, -) and dj, (-, -), we have the following
result.

Lemma 2 (Boundedness) [4,39,53] There exists a constant C independent of h such that
forallv,w e V(h),q € Q(h),

lan(w, W) < ClIwl vl
dp(v,q) < C I vl llgllx. 20

Moreover, for all (v,q) € Vi, x Qp,

dn(v.q) = C [ vl ligllo- (22)
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Lemma 3 [27-29] There exist constants Co and C| independent of h such that

cn (Vs Vi Wi, Wi) =0 Vv, wy €V,
len @ns wis Vi, Wi)l < Co ||l wn [e va i lIwe 1 Y2z, wp, vi, Wi € Vi,

NL() o . NL (o - v -
le ™ @ns Wi 2, Vi) — ¢ = (Was Wi 2, Vi) | < Crllz — WillillzelliIvellt Yz, Wi, vi € Vi

We recall properties of the Raviart-Thomas interpolation operator I which is useful in

the following argument. Define a subspace Vj, of Vj,:

Vi ={vh € Vi : [Ville =0 Ve € &, vple =0 Ve € &),

Lemma 4 [28,47,48] The Raviart—Thomas interpolation operator Il € ,?([Hl (Q)]z; Vi)
satisfies: for all v e H'(£2),

/ qV-(Ilv—v)dx =0 VK € 9, Vq € Pr—1(K),
K

/q(l'[v—v)-nds =0 Veeé&), Vg € Pr_1(e),
e

[v], -me Pr_1(e) Vee€ &y,
1TV — vllo.x + Ak IVIIV = V)|lo.x < Chk|Vlio.x YK € T,
[l TIv|l[1 < ClIVvllo,

with a constant C independent of hk.

Lemma 5 [47,48] There exists a constant B > 0, independent of h, such that

dp (v,
B < inf sup M (23)
ac0n o vl -llgllo
vevy,
We now present an existence and uniqueness result for the DG methods (11)—(12).
Theorem 1 Letf € Yand g € L3(I'g) be given with
2k(2Co + Cy)
—— 5 (fllo+liglo.rs) < 1. 24)
VY5

Then, the problem (11)—(12) admits a unique solution (ay,, pp) € S, where
~ 2k
S=10hqn) €V x Qp: vl < o (IIfllo + Niglo, ry) »

1 2Ck

lignllo = - <||f||o + (K + 7) (1fllo + ||g||0,rs)>} .
B Y0

Proof The proof of this theorem is divided into three steps.

First, we show the existence of u,. Define Vi, = {v;, € Vi, dn(vi, qn) =0, Yqn € On}.
We then give the equivalent problem to (11)—(12): find u;, € Vj,, such that

vap Wy, vip —up) + j(Vpe) — jUpe) = F(vp —up) — cp(ap; up up, vy —up) Vv € Vg,

(25)
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Given uy, € Vy, = {v;, € Vp,dn(vi,qn) = 0, Vgqn € Qp}, consider the following
variational inequality:
Find w;, € V},; such that
vap (Wi, Vi — Wi) + j(Vir) — J(Wie) = F (Vi — W) — cp(up; ups up, vy — W) Vv € Vg
(26)

Coercivity of ay, (-), continuities of j (-) and F(-), along with Lemma 3 imply that the problem
(26) admits a unique solution wj, € Vj,. Thus problem (26) defines amap Gy, : Vo — Vi,
and uy, is the solution of problem (25) is equivalent to the existence of a fixed point of the
map G, defined by

Gn(up) = ay.

Now we show Gy, is continuous. Setting v; = 0 and v, = 2w, in (26), respectively, we
obtain
vap(Wp, Wp) + j(Wpe) = F(Wp) — cp(ap; wp; Wy, Wp).

Then

vyo | WalllF < FWin) — j(Wne) — ch (s wys wy, W)

< x(lIfllo + liglo,rs) Il wa It +Co [l wn 11T 1w Iy -

Define a sphere S in Vj,,:

2k
8 = {wi € Vio = lwalls = == (lflo + lglo.ry)}-
Yo

Thus we have

A

K Co
[lwallli < —Clifllo + llgllo, ry) + — || wallF
VYo VYo

Co 4k (Ifllo + ligllo, ry)?
VYo 2y

IA

K
—(lIfllo + ligllo.rs) +
VYo

IA

2K
—(Ifllo + llgllo, ry)-
VYo

Then, we demonstrate that G, is a continuous map. Given uyy,, Wy € Vs, Wi = Gp(uyp)
and wy;, = G (upy) satisfy

vap(Wip, Vi —Wip) +J (Vag) — j (Wing) = F (v —Wip) —cp(Wig; Uy Wig, Ve —wWig) (27)
and
vap(Wap, Vi —=Wop) +j (Vie) — j (Wane) = F (Vi —Wop) —cp(Uop; Wop; U, Vi —Wop). (28)

Choosing v, = Wy, in (27) and v, = wy in (28) and adding the two resulting inequalities,
we have

vap(Wip — Wop, Wip — Wap) < cp(Upp; Wips Uy, Wop — Wip) — ¢ (W U W, W — Wip).
(29)
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Since

cp(yp; Wips Wy, Wop — Wip) — cp (W2 Wop; Wop, Wop — Wip)
= ¢ (Wp; Wops Wy — W2, Wop — Wip) + ¢ (Wi Wy — U2 Wpp, Wop — Wip)
NL .o . NLo o
+ ¢ T (W W Wi, Wop — Wig) — ¢ (Wop; Uop; Wip, Wop — Wip),

we apply Lemmas 1 and 3 in (29) to obtain

vyo [l win = wanlllT < Co lll win —wan [l [win — waa [l (llwia [l + 1l w2l
+ Co l[win [l (llows —w2p ([0 Wi — wanllh
2k(2Co + C)
< ——Ifllo + llglo,rs) Mlwir — w2 |l [IIWin — wanllli
VYo
by (24), which implies
[W1ir — Wanll[1 < [[[wip —wop 1 -
So the map Gj, : Vi — Vi is a contraction. By the Brouwer fixed point theorem, Gy, has

a fixed point. Hence the discrete problem (25) admits a solution u;, € Vj,.
Next, we show the existence of pj by the inf-sup condition.

For all v, € Vy, notice that the integral term on slip boundary is not included in this
subspace, then the similar technique can be applied as the Stokes equations with Dirichlet

boundary condition on 9£2. Define the polar set of V; as

o *

Vv, = {¢ e (Vi) (V) =0 Vv, e\of,,}.

o *
We define the map B’ : Q, — V,, by

B'qn(vi) = dy (Vi qn) ¥(¥h,qn) € Vi x Qp,
o *
and, using the solution uy, found in the preceding step, then we can define a map ¢ in V,, by
the following equation

o (vi) = F(vi) —vap(ap, vi) — cp(Uy; ap; wy, Vi),
o *
From Lemma 5 and B’ is the isomorphism from Qj, to V,,, there exists a p, € Qj, such that
[26,47,54]
B'py =9,

equivalently,

o
dn(Vi, pr) = F(Vp) — vapQap, vip) — cp(up; ug; up, vy) Yy € Vi,
Moreover,

dn(Vi, qn) - F(Vp) — vap (g, Vi) — c(uy; wp; uy, Vi)

Bliprllo < sup
o vallh o Vel
neVy v,EV),

< [Ifllo + Cvlllws il + Colllus 17

2Ck
< |Ifllo+ | « + Y (Ifllo + lIgllo, rs)-
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Thus the pair (uy, py) is the solution to (11)-(12).

Finally, we show that the solution pair (uy, pp) is unique. Suppose that (uy;, p1) and
(uyp, pon) are two solutions of the problem (11)—(12). We similarly derive the following
inequality

(Ifllo + gllo,rs) |l win — o [I? -

2k(2Co + C1)
)

Recalling the assumption (24), we see that uj;, = up,. We use uy, for uy;, and uyy, for all
o

w;, € Vi, g € Q). Replacing vy, by v, == wy in (11), we have

vapy, Vu) + dp(Vp, p1a) = F(Va) — cp(Up; Ugs ap, Vi),
and
vay Wy, Vi) + dp (i, pan) = F(Vp) — cp(ap; Wps g, Vp).
Thus,
dp (i, p1h — pan) = 0.

From Lemma 5, there holds

d(Vh, pih — p2n)

Bllpin — parllo < sup
Ivalll1

o
vV

s

implying that || p1;, — pasllo = 0, and so p1, = pap. ]

5 Error Estimates

In this section, our task is to bound the errors ||jlu — uy|||; and ||p — pnllo. By the triangle
inequality,

o —wy |1 +llp — pallo < [lup — va It +lpr — grllo + llw—vu It +l2 — gnllo,

where we choose the Crouzeix—Raviart type interpolation v, of the velocity u and classical
interpolation g, of the pressure p [7,14,26,30,47], which satisfies

dp(vp —u,¥) =0 YueV(h), ¥y €O (30)

Then we have the following error estimate:

Theorem 2 Assume (24) and g € L>®(I's). If (u, p) and (uy,, pp) are the solutions of the
problems (6) and (11)—(12), respectively, then

1P = pallo + llw = wall = C(Clw = va 1y +lue = vacllg/7) + 1P = anllo). 31
where C = C(v, yo, 1, g, £2).
Proof First, we bound |||u;, — vp]||1. Applying Lemma 1, we see that
vyo [l wn = vallT < van(u, — vi, w — vi) = Ty + T, (32)

where
Ty =vap(u, —w,uy —vy), Tr =va,(u— vy, u, —vy).
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We rewrite 7 as follows:
Ty = vay(up, up, — vp) —vap(u, up — vp).
In (13), choosing v = uj, and v = 2u — vy, respectively, we have
vap (W, wy, — vp) + cp(u; s u, uy — Vi) +dp(uy — v, p) + j(2ur — vpr)
+ jQupr) — 2j(ur) = F(ap — vp).
From (11),
vap (W, Wy —vy) < dp(Vp—p, pp)+cp(Wg; ay; Wy, V=) +j (Vig) — j (Up ) +F (U —vp).
Then T} is bounded as follows:
Ty <dp(Vvih —ap, pp — p) + jQur — vpr) — 2j(ug) + j (Vae)
+ cp(ups ups uy, vy —uy) — cp(U; s w, v, — up). (33)
Considering (12), (14), (30), we have
dn (Vi —p, pp — p) = dp (Vi — W, pi — qn) + dp (Vi — W, qp — p)
=dp(vip — 0, pp —qn) +dp@ —wp, pp — qn) + dp (Vi — W, g — p)
=dp(Vp — Uy, gp — p).

The terms on the right side of (33) are bounded as follows:

C2
dn (Vi — W qn — P)I < C [l wp =i [l Ip —anllo < el wp —va |17 +EIIP —anl3,

(34)

|jQue —vpe) —2j(ug) + j(vpo)l < 4lj(ur — vig)| < C”g”oo,FS lur — Vht'lO,Fs~ (35)
Using the fact that u € V and ¢, (v; vi; Wy, W) > 0, we can write
[cn (ups ups up, Vi —up) — cp (U w; w, vy, — up)|
= |en(ups wps up, vy —up) — cp(up; w;w, vy —up)|
= |ep(ap; wps Uy — Vi, Vi — W) + cp(Up; 05V — W, vy — Up)

+ ey uy — Vi Vi, Vi — ) + cp Wy Vi — W5 Vi, Vi — ay)|

< Colllva lllt lwa = va [IF +Collw Il + 11 valllD) Il wa = va [l e = va [l
VY0 1
= Ilwy — v I3 +yn+ vy llwn = vi lll e = v [l
2.,2 2
%0 vy (1 +vy)
= Ilwp = vi 1T +e l wg = va |17 +—2——22 " O =i |lIT - (36)

Applying the bounds (34)—(36) in (33), we obtain

Vg +vd)

VYo
Ty < 222 || wy = v (I 426 [ wy — i I} + llw =i I} +Cllur = vaello.r

2 4e
c? 5
—Ip— . 37
+ lp —anlls 37
As for T, it is easy to see that
2 Cc? 2
T < Clla—vu 1 [llup = vl < e lllup —va l{ e [fu=wully. (38
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From (37) and (38), choosing ¢ = % we see that

8v2y5 (14 y3) +8C?
VYo

8C?
2 2 2
vyolllup —vallly < llw—vr 7 +Tm||l7—61h||o+c||ur —Viello,r-

(39)
Next, taking u 4= wy, as a test function in (13), with an arbitrary wj, € \O’h, yields
vap(u, Wp) + cp (W u;u, W) + dp (Wi, p) = F(Wp).
Similarly, we can obtain from (11) that
vap Wy, Wi) + cp(Ups ps Wy, Wi) + dp (Wi, pp) = F(Wp).

By subtraction of the above two equations, there holds

vap(—uwy, Wp) +cp (W w;w, Wy) — ¢ (Wg3 Uy Wy, Wy) —dp(Wh, p—pp) =0 VW, € V.
According to Lemma 5, there holds

dn(Wn, pp — qn)
Blpn —anllo < sup ——————

W
o Twll
< sup dp(Wp, pp — p) +dp(Wp, p — qn)
T lllwalll+
wipeV,
< sup cp(ups up; uy, wy) — cp(u; s w, wy) — vap(a —wy, wi) + dp (Wi, p— qn)
= 7 llIwalll
wpeVy,
< C([la=up [t +Ilp = qnllo)- (40)

The bound (40) follows from (39). Further with the estimate (39), this theorem is completed.
m}

Remark 2 By the standard finite element approximation theory [7,9,26], if
ue[H P, ulrg € H(I's), p € H'(2),
then for k = 1, there exist v, € Vj and g5, € Qp, such that
[lw=vi [lli +llp = gnllo < Ch(lul2 +IpllD),  llur = Vacllo,rg < Chzlluzllgz(ps)~
Thus, from Theorem 2, we have the optimal order error bound

lla —wy ([t +lp = prllo < Ch.

If
ue [H* (P, uclry € H (I's), p e HX(£2),

then for k = 2, there exist v, € V;, and g, € Qj, such that [7,9,26]
llw =i Il +lp = gnllo < CH2(ulls + 1pl2),  lur = Vielors < Ch3lue s -
Thus, we have the error bound
llw = wy [[ls +1lp — pallo < CHY>.

And here, the space HS(Is)(s = 2,3) is defined as follows: let I's be represented
as I's = Uj<j<yIs,; with each I's ; a closed subset of an affine hyperplane in R2.
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Then ﬁS(I"S) consists of functions v such that v € H*(I's j)(1 < j < J) with norm

- — J 2 2
|X|Hx([‘s) - (Zj:] |X|HJ([‘SY‘].)) .

6 Numerical Simulations

We apply the SIPG method to the following three test problems. The Uzawa iterative algorithm
[32,37,44] is employed to solve the variational inequality problem numerically:
Choose an arbitrary A} € A, A = { € L?(I's) : |n(x)| < 1a.e. on I's}. Thenforn > 1,

with the known A}, we seek (u)}, pj) and AZH by

vay (), Vi) + cp (uz_l; u v;,) +dy, (V. p})
= F(vp) —f Ay gvheds Vv, €V,
dp(ay, gn) =0 ‘gSCIh € O,
and
1= Pa (k) + pguye)

where P, () = sup{—1, inf{l, u}}. If a prescribed error tolerance is reached, stop. Note
that the nonlinear term has been linearized by Picard’s iteration method and the zero vector
has been taken as the iterative initial value of the velocity. In addition, the results served to
verify the error bound are exhibited for k = 1, 2 (k represents the degree of the polynomial
for the velocity function space in Sect. 3), while the others shown in figures are for k = 1
since there is no obvious difference between different k.

Example 6.1 Let £2 = (0, 1)2, and consider a boundary split into the slip boundary I's =
(0, 1) x {1} and the Dirichlet boundary I'p = 952 \ I's. Motivated by the numerical example
in [37], let us consider

up(x,y) =20x%(x — D?y(y — D@2y — 1),
ur(x,y) = —20x(x — (2x — Dy>(y — )2, (41)
p(x,y) =202x — D2y — 1),

which turns out to be the solution of the Navier—Stokes equations (1) under the adhesive
boundary condition u|3; = 0. Here, the external force f is defined by

filx,y) = —40v(6x> — 6x + Dy(y — D2y — 1) — 120vx%(x — 1)’y — 1)
+40Q2y — 1) +400x° (x — 1*Q2x — Dy*(y — D?Q2y* =2y + 1),
fr(x,y) = 12002x — 1)y*(y — 1)? +40vx(x — 1)(2x — 1)(6y* — 6y + 1)
+40(2x — 1) +400x%(x — 1D?2x% = 2x + Dy (y — D3@2x — 1).
By a direct computation, we find

max |oz| = max [20vx(x — 1)%] = 1.25v.
Ts 0<x<l1

Now, instead of the adhesive boundary condition, we impose the slip boundary condition on
I, for a fixed function g. Then it can be seen that

g(x) > o7 (x) forall x € I's = (41) remains the solution = No-slip occurs.
g(x0) = o7 (xo) for some xg € I's = (41) is no longer a solution = Slip occurs.
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Fig. 1 SIPG method (¢ = —1): velocity field in §2 with different constant and function g under k¥ = 1.

ag=20.bg=08.cg=02.dg=x.eg= 1l fo—20x2(x — 1)

In particularly, for a constant g, it can be intuitively observed:

g > 1.25v = (41) remains the solution = No-slip occurs.
g < 1.25v = (41) is no longer a solution = Slip occurs.

The slip and non-slip phenomena are clearly observed in Fig. 1 for different values of g on
auniform 16 x 16 grid. In fact, slip phenomena (uy,; # 0) take place on I's for g = 0.2, 0.8,
whereas no slip is observed for g = 2.0 (v = 1.0). When g is a fixed function, if the values
of g(xp) is bigger than o7 (Xg), no slip occurs along the top boundary of the computational
domain, while slip phenomena appear at the positions where the values of g(x¢) are less than
oz (Xp), and the degree of slip is closely related to the value of the friction function g (see
Fig. 1).

Figures 2 and 3 display the tangential velocities u;; along the slip boundary for the
SIPG method and finite element method, corresponding to Fig. 1, respectively. We see that
the locations, where slip and non-slip switch, are captured by the DG methods through
discontinuous velocities, while these discontinuous points are connected in the finite element
method since continuous function spaces are used (lowest order finite element pair [36,42]).
These comparisons suggest that the DG methods are superior than continuous finite element
method on capturing the discontinuity phenomena. In addition, we fix y = 10 for better
accuracy for Figs. 1, 2, and 3 and v = 1.0, which is omitted in g for simplicity.

In Table 1, we report the numerical errors of the velocity and pressure with different
friction constant g, respectively. Since the explicit solution is unknown when g = 0.2, we
regard the approximate solution on grid of 128 x 128 as a reference solution (s, pref) for
k =1, and on a 64 x 64 grid as a reference solution (W, p,or) for k = 2 in this example.
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Uy along the slip boundary U, along the slip boundary
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Fig. 2 SIPG method (¢ = —1): values of uj, along the slip boundary under different constant and function

gk=1.ag=02.bg=08cg=x.dg=3F g =20x2(x — 1)?

u,. along the slip boundary u,. along the slip boundary
0.05 0.05

@ )

Fig. 3 Finite element method: values of uj; along the slip boundary under different constant g (stabilized
lowest order finite element pair). ag =0.2. b g =0.8.
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Table 1 SIPG method (¢ = —1): numerical errors for g = 0.2 and g = 2.0

+ g=02 g=20
llu—wyll;  Order llp—pyllo  Order [ju—wyll; Order |p—pyllo  Order
k=1 y=4 y =3
8 1.5384e+00 - 9.5763e—01 5.4842e—01 - 9.9278¢—01 -

16 7.2479%e—01 1.09  4871le—01 098  23638¢—01 121  4.9287e—01  1.01

32 32932e-01 114 24211e-01 1.00  1.0693e—02 1.14  24483e—01  1.00

64  13553e—01 113 1.0968e—01 1.14  50372¢—02 109  12189%—01  1.00
k=2 y=10 y =

8 2.8419-01 - 1.3589%e—01 — 5.9491e—02 - 5714502 -

16 1.0907e—01 138  5263le—01 137  12786e—03 210  11.4165e—03 2.01

32 37839e—02 153 1.9626e—02 142  2.8938¢—03 206  3.5287e—03  2.01

However, we know the exact solution (41) when g = 2.0 and thus we take u,.y = u,
Pref = p. The specific penalty parameters y given in Table 1 are the smallest integer values
which guarantee the provided methods are stable, besides, the viscosity coefficient remain
to be 1.0, which is also left out here in g as Figs. 1, 2 and 3.

Moreover, convergence behaviors for different v (1.0, 0.025, 0.01) and different constant
g are exhibited in Fig. 4, at this time y = 10, 200, 2000, respectively. From Table 1 and
Fig. 4, we see that when k = 1, the expected first order convergence is observed in both the
broken H '-norm for velocity and L2-norm for pressure; when k = 2, an error of size O(h?)
is obtained when no slip occurs, while the convergence order reaches % as slip occurs, these
results are consistent with the theoretical analysis.

Example 6.2 A wall-driven semi-circular cavity flow is simulated. We investigate properties
of the numerical method: its stability, and its ability in handling the boundary layers and the
effects associated with the nonlinear advection. The geometric region is

Q=|x=@yeR|y<0x*+y* <1/4}.

On the straight part of the boundary I'p, we specify a velocity condition: u = (1, 0). The
curvilinear part I's is chosen as the slip boundary, cf. Fig. 5a.

Non-uniform grid is obtained by the Delaunay mesh generation with 5258 triangles (Fig.
5b). Different values of the viscosity coefficient v are used combined with constant or variable
g. When v = 0.001 the penalty parameter y = 200, and otherwise, y = 10. From Fig. 6 we
see that when slip occurs, the DG method has the ability to handle the slip layers, while the
slip phenomenon disappears as the viscosity coefficient becomes small. The capability of the
DG method in dealing with the advection-dominated cases is illustrated in Fig. 6c, f, which
is consistent with the known results in [31]. When g are the set functions, whether the slip
phenomenon occurs depends on the values of g on I's (see Fig. 6a, d), which is reasonable
according to the analysis in Example 6.1.

Example 6.3 This example provides an application of the interior penalty DG method on gen-
eral polygonal meshes [46] for solving the variational inequality problem.
Let 2 = (0, 1) x (0, 1), the two slip boundariesare [s = {x = 1,0 <y < 1}JU{y =1,0 <
x < 1}, and the remain boundaries naturally become the Dirichlet boundaries I'p (see Fig.
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Fig.4 Convergence behavior for different viscosity coefficient v and different constant g for the SIPG method
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Fig. 5 Wall-driven flow in a semi-circular cavity and the triangulation of this domain. a A semi-circular
cavity. b Triangulation of .7},

7a). The general polygonal mesh generation of £2 is shown in Fig. 7b. The exact solution
(u, p) of the Navier—Stokes equations (1)—(2) is [42,44]:

—x2y(x — D3y —2)

u(x,y) = 2y — 1)3x — 2) »oply) =Q2x - D2y - D).

Then the body force f can be calculated by (1), and it is easy to verify that the u satisfies the
boundary conditions (3)—(4) on I'p and Is, respectively. We can specify o as follows:

oz =4vy2(y— 1) on Sy,

or = 4vx2(x —1) on 5.
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Fig. 6 Streamlines of SIPG method (¢ = —1) for different viscosity coefficient v and different function g

underk =l.ag=10,v=10.bg=10,v=01cg=10,v=0.000.dg =4x2+y2 v =10.
eg = 4x2 +yz, v=0.1.fg = 10(cos(rx) + 1), v=1.0

) 1

0.3

0.2

0.1

OO 0.1 02 03 04 05 06 07 08 09 1

I.‘D
(a) (b)

Fig.7 The computational domain and general polygonal meshes. a £2 with I'p and I's = S;US>. b Polygonal
meshes

Moreover, the position friction function g can be chosen as —o7 on each slip boundary I's by
(4). In Tables 2 and 3, errors and convergence orders of velocity and pressure are displayed
for the SIPG and NIPG methods, where % represents the average value of the radius of all the
polygons, N is the total number of the polygons, and v = 1. We see that the numerical results
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Table 2 SIPG method (¢ = —1): numerical errors and convergence behaviors
h N k=1 k=2

lu—uwpllly  Order [[p—ppllo Order [lu—wylly  Order |lp—ppllo Order
2.88e—01 10 1.6628e—01 - 4.4608e—01 - 6.3820e—02 - 9.625%9¢—01 -

9.61e—02 64 7.1598¢—02 0.77 1.2553e—01 1.16 1.33012e—02 1.43 1.0487e—01 2.02
4.6le—02 256 3.700le—02 0.90 4.4286e—02 1.42 3.1469e—03 196 2.0947e—02 2.19
2.26e—02 1024 1.8140e—02 1.00 1.7784e—02 1.28 8.1071e—04 1.90 5.0710e—03 1.99

Table 3 NIPG method (¢ = 1): numerical errors and convergence behaviors

h N k=1 k=2

lu—upllly Order [p—pullo Order [lu—uwylly Order [p—ppllo Order

2.88e—01 10 1.6644e—01 - 2.2243e—-01 - 6.4343e—02 — 1.2722e+00 —

9.61e—02 64 7.2582e—02 0.77 8.0056e—02 0.93  1.4053e—02 1.37 1.3743e—01 2.03
4.6le—02 256 3.8826e—02 0.85 3.6553e—02 1.07 3.6459¢e—03 1.84 2.7910e—02 2.17
2.26e—02 1024 2.0037e—02 0.93 1.7207e—02 1.05 8.5856e—04 2.02  6.7345¢e—03 1.99

match our theoretical analysis and show some superconvergence. This example shows the
potential of extending DG methods to arbitrary polygonal meshes.

7 Conclusion and Future Work

Several discontinuous Galerkin methods are employed to solve the steady Navier—Stokes
equations with a nonlinear slip boundary condition of friction type. We establish the sta-
bility of the DG scheme, existence and uniqueness of the numerical solution. We prove the
optimal order error bound O(h) when piecewise linear functions are used for the velocity
and piecewise constant functions for the pressure. We provide numerical simulation results
to illustrate the slip and non-slip phenomena, convergence behaviors, the capability of the
DG methods to capture the discontinuity of the velocity, the ability of handling the boundary
layers when slip phenomenon appears, the capacity of the proposed methods in dealing with
the advection-dominated cases, and extension of the methods to general polygonal meshes.

In future studies, a p-adaptive technique would be introduced to improve the error bound
when the quadratic or higher order polynomial velocity subspaces are used, extension to a
3D domain, the theoretical analysis for the polymesh and other high-precision numerical
method, e.g. hybrid discontinuous Galerkin method, will be also considered.
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