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Appendix A: Proof of Proposition 1

For anyf € HJ, we can write
FO) = wis() + wic(-),
k=1

wherew = (wi,w$,- -, w3, we,) " are the coefficients. Then we have

? m?

F) =wlzp(x), I3, 0</dUI\f(U)HQeXp(UQHUIIQ/2):WT(WOW),

where the functional norm follow5][2}, denotes element-wise dot product, and
Y= R ) = = exp(o”[wil*/2),

weights the Fourier component. We then finish the proof by replacing the linear form/dgk)
and the functional norm of into equation (5) to obtain equation (6) in the paper.

Appendix B: Proof of Proposition 2

By noting that for anyf(-) = Z;Zl w;p;(-) € HY, we have
Fx) =Y wii(a) = wlzaxa), |IF15, = Iwl3,
j=1

where@;(x;) = z,(x;) follows the equality in (2) in the paper, and the functionaim follows
the fact thatp;,j = 1,--- ,r are normalized orthonomal eigenfunctions. By replacirggs¢hinto
equation (10) in the paper, we obtain an equivalent fornaran equation (9) in the paper.

Appendix C: Proof of Theorem 2

To prove Theorem 2. We first prove the following lemma.
Lemma 1. DefineL(f) as

A 1
L(F) = SIS I3e, + 55 D E(f (i), wa).
=1
We have
C
<

— 2N)\||K - KTH27

0 < L(fr) = £(f¥)

1



whereC'is the bound on the gradient of the loss function, {€,¢(z,y)| < C, | - ||2 stands for the
spectral norm of a matrix.

Proof. Let ¢*(«) denote the Fenchel conjugate/gt, y) in terms ofz, i.e.,
() = sup (az — U(z,y))
ac)

where) is the range of the mapping./(z,y) : R — R. Using the conjugate of(z, y), we can
write

N
Lfi) = min 213, + ;af(xi),yi),

into an equivalent form

L(fy) = ma ——Z a;) 2ANQ( oy) K(aoy)
wherea = (ay,--- ,ay) . Similarly, we can cast

N
£057) = min SR, + 5 D0 €S0x), i),
i=1

_feH 2
into
1 & 1
* _ * T
L(fn) = {agg?il_ﬁgé (ai) — 2/\N2(a0y) KKK} (aoy).
Then
)= mex L3 ) - o woy) K(aoy)
= X _— i
m {Omeﬂ}fvzl N P 2AN2 oy y
1 ~
+ W(a oy)T(K - KbKTKJ)(a oy)
< w3 ) L (@ey) TK(aoy)
- A o
- {af&ﬁ( N & YT N2 XY Y
1 T >t T
+{a323ii1 vz @oy) (K- KKK, )(acy)
< LU + gy lBIK ~ KuR'KT s < £x(73) + gy 1K~ Rl
where the last inequality follows:| < C,Va € Q due to|V.£(z, y)| < C, and the definition of<,.
in equation (7) in the paper. O

Proof of Theorem 2

Define loss functio(f(x),y) = 3 fII3, + ¢(f(x),y). To simplify our notation, we defin&y
andP as

N
= & S UG ) = £(), PEo ) = B[{(7(),9)] = F(F).
=1

Using this notation, we have

A(f) =A%) = P(Eo i~ To f3) = Px(To f3, Lo fi) + (P~ Pa)(To £~ Lo f3)
< Py(lofr —éofN)—i-(fIr;fa;)é (P—Py)(lof—lof),



whereg is defined as

- {(f7fl) € M X Hy : ”f_fI”fz <, ”f_fI”HN = R}’
where| flle, = VE[f2(x)] < || fll3., andr, R are given byr = R = || f;, — f{ [, < 4/VA.
Using Lemma 9 from([i1], we have with a probability- 2N =3, for anyer < eV, 2R < eV,

sup (P —Pn)(lof' —lof')<CoL(re4+ R +e V)< CiL(re + e ),
(f,.f1)€g

whereCy, C; are numerical constants, afids the upper bound of the gradientfor functions in
G and is given byL, < v\ + C. Sincemax (|| £33, I £5]17.) < 2/VA and16e2e=2N < ), we
have the conditiolar < ¢ satisfied, and therefore, with a probability- 2N —3, we have

P(lo fr = Lo fX) < Pn(€o fr,—Co i) + Ci(VA+ C)(re + e V)

C|| K - K. |5 N

< U7z TTrRe

<= +CL(VA+C)(re+ e V),

where we use the result in Lemfa 1. Using the definition, @ind for any scales, we have
Alfm = NI, | 88 _ A . Allpe o 8s”
27’5S%+T§Z”fm_f H%N+Z||f _fN”%-L,i_FT
1 ~ 1 - - 852
< 3P0 fy Lo f*) + 3P(Wo fiy — o f) + .

where the last step explores the strong convexity &fsing the bound fo2r[C, (VX + C)e/2], we
have

P(loft —Tofs) —C (x/X+c) e N

C|K - K, = s 1_ - e 5 s
< QBB Lo gy o )4 Lpo fi— Fo 1) +

Using the factA(f) = P(f o f — £ o f*), we have

208 (VA+CP? 4
A

ClK = Krllo , 2C3(VA+C) ,
2N\ A
We complete the proof by absorbing the constant terms intan@enical constant’s.

%A(f;;) < gA(fj‘v) +C (ﬁ + c) e N+

Appendix D: Proof of Theorem 3

To prove Theorem 3, we fist prove the following lemma thattes&/,. andﬁr to matricesk, and
K, respectively.

Lemma 2. Assum&r > 0 and\, > 0. We have

[f{TLJ:<n(xi,-),ﬁrn(xj,-)>m, (K], = (k) Hy(Xg, D 655 = Loeeo, N

Proof. By the definition offl, and expression ap;, we have

T

~ 1 - ~
</€(Xi; ')a Hr’{(xjv )> - Z /\_<’%(Xia ')a (pk><’%(xja ')a (pk>
=1 Ak
m r 1~ - R R
- Z Z /\_‘/s,k‘/t,k <K,(X1', ')7 K(Xs7 )><I{(X37 ')7 K’(Xta )>
s,t=1k=1 Ak
m T "/\v ‘7 m ~
=Y EKis[Kolie = > [Kolio KL (Kol = (KKK iy = (K]
s,t=1k=1 )\k s,t=1



where in the second equality we use equation (2) in the papepf, and last line usedl =
St i@,ﬁ;. Similarly, we have

T

(s, ) Hylo ) = 3 5 (i ) ond (03 )

k=1
VS-,kVt-,k<H(Xi7 ')7 H(Xsa ')><H(Xj’ ')a ’{(Xtv )>
T N

=K s[K]je = [Ki o[, ot [Kje = KKK i = (KD

r
s, t=1 k=1 s, t=1

O

Proof of Theorem 3

Definer (x4, %;) = (k(Xq, ), AHK(x;,-))3,. - By Lemmd2, we have
(K, — K, Jia = R(Xa,Xi).

We have

|K, — K,||? = max ZZU UiR(Xq, Xi )R (Xq, Xj)

<
lul2<1 4=

Hu|\2<1 Z Z uZuJ (Xa, )y AHK(X4, *)) 2, (F(Xa, *), AHK(xj, NH,. (1)

=la=1

Using the definition oILN in equaiton (1) in the paper and the reproducing propertyafy f, g €
‘H.., we can have

N N
Z<H(Xiv')vf> XZ?' g :Z le' y g Z):N<LNfag>
1=1 1=
Applying the above equality t¢§ = AHk(x;, -),g = AHk(xj,-), we have
N
Z(m(xa, D, AHE(Xq, ) (kX ), AHK(x5, ) = N(LNAHK(x;, ), AHk(xj,))
a=1

= N(k(x;,), AHLNAHK(x;,-)) (2)
Using equality[(R) in[(lL), we have
|K, — K,||?= max N Z wiug(k(x4, ), AHLNAHK(Xj, ), -

lul2<1 "

Definef(-) = vazl u;k(X;, -). We note thak(x;, -) can be expressed as an eigen-expansion form,
ie.,

Xla' Z\/_VZJ<PJ (3)

Using the relationship betweerix;, -) and e|genfunct|on$]( ) in equation[(B), we have
N N
= 3>/ AVigei() = VNLY[gl(),
i=1 j=1

whereg(-) = vaj LuiVijo;(). Sincelul, < 1, we have||g|3, = u"VVTu < 1, where
V = (vi,...,vn). We thus have

|K, — K2 = N? max (LN?¢, AHLNAHLY?g)3, = N> max (g, L\>’AHLNAHLY g)3,
llgll#¢, <1 llgll#, <1

= N?|LN?AHLNyAHLY?||, = N?|LY?AHLY?|3.



Appendix E: Proof of Theorem 4

To prove Theorem 4, we first prove the following lemma.

Lemma 3. AssumeA = (A, — A\y1)/N > 3||[Ln — Ln|las, where|| - ||gzs stands for the
Hilbert Schmidt norm of an integral operator. L& = (%1,...,%,),® = (¢1,...,0:),® =
(@r41,---,0n) . Then, there exists a matriR € RV -7)x" satisfying

2| Ly = Ln|lus
A —||Ly = Lul|las

|1 P||F <
such that® = (® + ®P)(I + PTP)~1/2,

Proof of Lemma 3we need the following perturbation result f]

Lemma 4. (Theorem 2.7 of Chapter 6][3]) Let\;,v;),i € [n] be the eigenvalues and eigen-
vectors of a symmetric matrid € R™*" ranked in the descending order of eigenvalues. Set
X = (v1,...,v,)andY = (vy41,...,V,). Given a symmetric perturbation matri, let

Ey1  Ea

Let|| - || represent a consistent family of norms and set

B=(X,V)TE(X,Y) = < Eu L >

vy = 1Ea1l,6 = A = Arg1 — [[En1]| — || Baz||.

If § > 0 and2y < 4, then there exists a unique matdk € R("~")*" satisfying|| P|| < 2 such
that

X' = (X+YP)(I+P'P)"YV2
Y = (Y-XPO(I+PP")"'/2

are the eigenvectors of + F.

Define matrixB as
RN N
Bij = — > Xl Brs i) (B )
k=1
Letz; be the eigenvector aB corresponding to eigenvalﬁe/m. It is straightforward to show that
z; = (<9013 $i>Hm7 sy <(pN7 @i>7{n)—rai € [m]a
and therefore we have

N
i = Zzi,kcpk,i € [m], or® = (¢,9)Z,
k=1
whereZ = (zy,---,z.). To decide the relationship betweé@;}7_, and{y;}Y ,, we need to
determine matriZ. We define matrixD = diag(A\1 /N, ..., Ay /N) and matrixt = B — D, i.e.

Eij = Bij—Xibij/N = (pi, (Lm — LN)pj)#,-

Following the notation of Lemma 4, we defidé = (eq,...,e.) andY = (e;41,...,en), Where
e1,...,ey are the canonical basesf', which are also eigenvectors bf (which corresponds to
matrix A in Lemma 4). Definé and~ as follows

r N
o= 4D D (i (Ly = L)ei)d,

i=1 j=r+1
T N
6 = A- Z (@i, (LN — Lm)‘ﬁjﬁiﬁ - Z (@i, (LN — Lm)‘ﬁjﬁiﬁ-
i,j=1 1,j=r+1

1We simplify the statement to make it better fit with our obijet



It is easy to verify thaty, 6 are defined with respect to the Frobenius nornfon Lemma 4. In
order to apply the resultin Lemma 4, we need to shiow 0 andy < §/2. To this end, we need to
provide the lower and upper bounds foandd, respectively. We first bountlas

N
§—A > —$ D {pi Ly = L)@k, = —l1Ln = Lunllms.
i,j=1
We then bound as

r N
vo= 42 D (i Iy = L)ei)d,
=1 j=r+1
N N
< XS e (L — Lu)ei)3y, = IILx = Lullsrs.
i=1 j=1

Hence, whe\ > 3| Ly — L, || us, we have) > 2y > 0, which satisfies the condition specified in

Lemma 4. Thus, according to Lemma 4, there exisis@ RN —")*" satisfying|| P|| < 2v/d, such
that

Z=(21,...,2,) = (X +YP)(I+P"P)"'/2 = (X,Y) (IT;T>(I+PTP)‘1/2.

implying
0 =(2,2)Z = (,P)(X,Y) (IT;T) (I+ PP = (@+3P)(I+P"P) "2,
where we uséX,Y) = I. O

Proof of Theorem 4

Since 1/2 1/2 1/2 1/2
ILN2AHLY? |2 = e (f LY PAHLY? ),
Hn

we need to boundf, LY > AHLY?f)5.. To this end, we writef(-) = SN uip;(-), where
SN w2 =1, and have

i=1 "

N
LN H LN P, = Y wingleos, Ly H-LY 0),
i,5=1
1 N
Z wij/ N, (pZ,HT<pJ>H =u'DA?Du,

z]:l

whereu = (u1,...,un)", D = diag\/\/N,...,\/An/N) andA = [(¢i,0j)u.INxr =
(®,®)TO. SinceA > 3||Lx—L| zs, according to Lemma 3, there exists a maffix RV —)x"
satisfying

2|Ln = Li|lus
A—||[Ly = Ll|las’
such tha® = ((I) + EP) (I + PTP)~1/2, Using the expression &, we computed as

A = (2,9)'0=(9,9)" (¢ +TP)(I+P'P)"1/?

= (£>(1+PTP)—1/2.

I1Pllr <

Thus, we have

I 0
AL = wTD((( g ) - aaT) pu

= u'DBDu,



whereB is given by
B - I-(I+P'P)"Y (I1+P"P)PT
- PI4+PTP)"Y PUI+PTP)"'PT
B PI+P'P)-'PT  (I+PTP)"tPT
- PUI+P"P)"Y  PUI+PTP)'PT
Rewriteu = (u,, u;) whereu,, € R" includes the first entries inu andu, includes the rest of the

entries inu. DefineD,, = diag(\/\1/N,...,/A-/N)andD, = diag(\/A\r+1/N,...,\/An/N).

LetQ = (I + PTP)~!. We have
u' DBDu < |[u,|*|| DaPQP " Dall2 + [lus|* || Dy PQP T Dyl + 2| ua | [ us | [ DaQP T Dyl2

)\1 /\1/\r+1
< (uaall + lhuy ]2 masx (NIPH; VoS Ple | < 2max (P13, VA /N Pll2)

N

where we use the following fachPQPTH2 < IP3 [|QP |2 = \/TPQ2PT], < |P|l2, and
A1 < N. We complete the proof by using the fact

”L}\%QAHL}V/Q”Z: max <faL}\/(2AHL}V{2f>’HN = max u' DBDu.

[f 7, <1 lufl2<1

and the bound ofiP||> in Lemma 3.
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