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In this paper, a new theory is developed for first-order stochastic convex optimization,
showing that the global convergence rate is sufficiently quantified by a local growth rate
of the objective function in a neighborhood of the optimal solutions. In particular, if the
objective function F'(w) in the e-sublevel set grows as fast as ||w — W*H;/e, where w
represents the closest optimal solution to w and 6 € (0,1] quantifies the local growth
rate, the iteration complexity of first-order stochastic optimization for achieving an e-
optimal solution can be 5(1/62(179>), which is optimal at most up to a logarithmic
factor. To achieve the faster global convergence, we develop two different accelerated
stochastic subgradient methods by iteratively solving the original problem approx-
imately in a local region around a historical solution with the size of the local region
gradually decreasing as the solution approaches the optimal set. Besides the theoretical
improvements, this work also includes new contributions towards making the proposed
algorithms practical: (i) we present practical variants of accelerated stochastic subgradi-
ent methods that can run without the knowledge of multiplicative growth constant and
even the growth rate 6; (ii) we consider a broad family of problems in machine learning
to demonstrate that the proposed algorithms enjoy faster convergence than traditional
stochastic subgradient method. We also characterize the complexity of the proposed
algorithms for ensuring the gradient is small without the smoothness assumption.
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1. Introduction

In this paper, we are interested in solving the following stochastic optimization
problem:
min F(w) £ B[ f(ws )], (L1)
where ¢ is a random variable, f(w;¢) is a convex function of w, E¢[] is the expec-
tation over £ and K is a convex domain. We denote by 0f(w; &) a subgradient of
f(w;&). Let K, denote the optimal set of (1.1) and F, denote the optimal value.
In recent years, it becomes very important to develop efficient and effective
optimization algorithms for solving large-scale machine learning problems [12,17,6].
Traditional stochastic subgradient (SSG) method updates the solution according to

w1 = Iic[wy — m0f (we; &)l (1.2)
for t = 1,...,T, where & is a sampled value of ¢ at ¢-th iteration, n; is a step
size and Ix[w] = argminyex ||[w — v||% is a projection operator that projects a

point into K. Previous studies have shown that under the following assumptions
i) [|0f(w;€)]l2 < G, ii) there exists w, € K, such that ||w, — w.|2 < B for
t=1,...,T? and by setting the step size n; = GL&T in (1.2), with a high probability
1 — 9 we have

F(Wr) - F. <0 (GB(1 +\/log(1/8)/VT) . (1.3)

where wr = 23:1 w;/T. The above convergence implies that in order to obtain
an e-optimal solution by SSG, i.e., finding an w such that F(w) — F, < e with a
high probability 1 — &, one needs at least T = O(G?B?(1 + /log(1/5))?/€?) in the
worst-case.

It is commonly known that the slow convergence of SSG is due to the variance in
the stochastic subgradient and the non-smoothness nature of the problem as well,
which therefore requires a decreasing step size or a very small step size. Recently,
there emerges a stream of studies on various variance reduction techniques to ac-
celerate stochastic gradient method [43,56,21,47,10]. However, they all hinge on
the smoothness assumption. The proposed algorithms in this work tackle the issue
of variance of stochastic subgradient without the smoothness assumption from
another pespective.

The main motivation for addressing this problem is from a key observation: a
high probability analysis of the SSG method shows that the variance term of the
stochastic subgradient is accompanied by an upper bound of distance of interme-
diate solutions to the target solution. This observation has also been leveraged in
previous analysis to design faster convergence for stochastic convex optimization
that use a strong or uniform convexity condition [19,22] or a global growth condi-
tion [40] to control the distance of intermediate solutions to the optimal solution

aThis holds if we assume the domain K is bounded such that maxy vex ||W — v]2 < B or if
assume dist(w1,Ky) < B/2 and project every solution w¢ into K N B(w1, B/2).



July 15, 2019 11:9 aa-assg

Accelerate Stochastic Subgradient Method by Leveraging Local Growth Condition 3

by their functional residuals. However, we find these global assumptions are com-
pletely unnecessary, which may not only restrict their applications to a broad family
of problems but also worsen the convergence rate due to the larger multiplicative
growth constant that could be domain-size dependent. In contrast, we develop a
new theory only relying on the local growth condition to control the distance of
intermediate solutions to the e-optimal solution by their functional residuals but
achieving a fast global convergence.

Besides the fundamental difference, the present work also possesses several
unique algorithmic contributions compared with previous similar work on stochastic
optimization: (i) we have two different ways to control the distance of intermedi-
ate solutions to the e-optimal solution, one by explicitly imposing a bounded ball
constraint and another one by implicitly regularizing the intermediate solutions,
where the later one could be more efficient if the projection into the intersection of
a bounded ball and the problem domain is complicated; (ii) we develop more prac-
tical variants that can be run without knowing the multiplicative growth constant
though under a slightly stringent condition; (iii) for problems whose local growth
rate is unknown we still develop an improved convergence result of the proposed
algorithms comparing with the SSG method. In addition, the present work will
demonstrate the improved results and practicability of the proposed algorithms for
many problems in machine learning, which is lacking in similar previous work.

We summarize the main results below. The proposed algorithms and their anal-
ysis are developed under the following generic local growth condition (LGC):

|lw — w2 < ¢(F(w)— F,), VYwes., (1.4)
where 6 € (0,1], ¢ > 0 and S, denotes the e-sublevel set with € being a small value.

e In Section 4, we present two variants of accelerated stochastic subgradient
(ASSG) methods and analyze their iteration complexities for finding an
e-optimal solution with high probability. The two variants use different
ways to mitigate the effect of variance of stochastic subgradient with one
using shrinking ball constraints and the second variant using increasing
regularization. With complete knowledge of ¢ and 6, we show that both
variants can find an e-optimal solution with a complexity of O(1/¢2(1=9))
for 8 € (0, 1], where 9] suppresses a logarithmic factor in terms of 1/e.

e In Section 5, we present a practical variant of ASSG with partial or no
knowledge about the LGC. In particular, when ¢ is unknown and 6 € (0, 1)
is known the practical variant of ASSG enjoys an improved complexity of
O(1/€21-9). When both ¢ and # are unknown, we show that the practical
variant still enjoys a better complexity than that of traditional SSG. In
particular, the dependence on the distance from the initial solution to the
optimal set of SSG’s complexity is reduced to a much smaller distance
multiplied by a logarithmic factor dependent on the quality of the initial
solution.
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e In Section 6, we consider an extension to proximal algorithms that handle
non-smooth but simple regularizers by a proximal mapping. In Section 7,
we consider the complexity of the proposed ASSG algorithms for ensuing
the gradient of the objective function is small.

e In Section 8, we consider the applications in machine learning and present
many examples with the local growth rate 6 explicitly exhibited. In Sec-
tion 9, we present numerical experiments for demonstrating the effective-
ness of the proposed algorithms.

2. Related Work

The most similar work to the present one is [40], which studied stochastic convex
optimization under a global growth condition, which they called Tsybakov noise
condition. One major difference from their result is that we achieve the same order of
iteration complexity up to a logarithmic factor under only a local growth condition.
As observed later on, the multiplicative growth constant in local growth condition is
domain-size independent that is smaller than that in global growth condition, which
could be domain-size dependent. Besides, the stochastic optimization algorithm in
[40] assume the optimization domain K is bounded, which is removed in this work. In
addition, they do not address the issue when the multiplicative constant is unknown
and lack study of applicability for machine learning problems. [22] presented primal-
dual subgradient and stochastic subgradient methods for solving problems under
the uniform convexity assumption (see the definition under Observation 3.1). As
exhibited shortly, the uniform convexity condition covers only a smaller family of
problems than the considered local growth condition. However, when the problem
is uniform convex, the iteration complexity obtained in this work resembles that in
[22].

Recently, there emerge a wave of studies that attempt to improve the conver-
gence of existing algorithms under no strong convexity assumption by considering
certain weaker conditions than strong convexity [34,29,55,28,16,24,53,38,45]. Sev-
eral recent works [34,24,53] have unified many of these conditions, implying that
they are a kind of global growth condition with § = 1/2. Unlike the present work,
most of these developments require certain smoothness assumption except [38].

Luo and Tseng [31,32,33] pioneered the idea of using local error bound condition
to show faster convergence of gradient descent, proximal gradient descent, and many
other methods for a family of structured composite problems (e.g., the LASSO
problem). Many follow-up works [20,58,57] have considered different regularizers
(e.g., £1,2 regularizer, nuclear norm regularizer). However, these works only obtained
asymptotically faster (i.e., linear) convergence and they hinge on the smoothness on
some parts of the problem. [50,49] have considered the same local growth condition
(aka local error bound condition in their work) for developing faster deterministic
algorithms for non-smooth optimization. However, they did not address the problem
of stochastic convex optimization, which restricts their applicability to large-scale
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problems in machine learning.

Finally, we note that the improved iteration complexity in this paper does not
contradict to the lower bound in [35,36]. The bad examples constructed to derive
the lower bound for general non-smooth optimization do not satisfy the assumptions
made in this work (in particular Assumption 3.1(b)). Recently, [59] characterize the
local minimax complexity of stochastic convex optimization by introducing modulus
of continuity that measures the size of the “flat set” where the magnitude of the
subderivative is a small value. They established a local minimax complexity result
when the modulus of continuity has polynomial growth and proposed an adaptive
stochastic optimization algorithm for only one-dimensional problems that achieves
the local minimax complexity upto a logarithmic factor. It remains unclear which
is more generic between LGC and the polynomial growing modulus of continuity.

3. Preliminaries

Recall the notations K, and F, that denote the optimal set of (1.1) and the optimal
value, respectively. For the optimization problem in (1.1), we make the following
assumption throughout the paper.

Assumption 3.1. For a stochastic optimization problem (1.1), we assume

(1) there exist wo € K and €y > 0 such that F(wo) — Fi < eo;
(2) There exists a constant G such that ||0f(w;&)|2 < G.

Remark: (1) essentially assumes the availability of a lower bound of the optimal
objective value, which usually holds for machine learning problems (due to non-
negativeness of the objective function). (2) is a standard assumption also made in
many previous stochastic gradient-based methods [19,39,40]. By Jensen’s inequality,
we also have ||0F (w)|l2 < G. It is notable that unlike previous analysis of SSG,
we do not assume the domain K is bounded. Instead, we will assume the problem
satisfies a generic local growth condition as presented shortly.

For any w € IC, let w* denote the closest optimal solution in I, to w, i.e., w* =
arg minyex, ||[v—w]||%, which is unique. We denote by L, the e-level set of F(w) and
by S, the e-sublevel set of F(w), respectively, i.e., L. = {w € K : F(w) = F. + €},
Sc={weK:F(w)<F,+e¢}. Let w! denote the closest point in the e-sublevel
set to w, i.e.,

w] = arg min [[v - w3 (3.1)

It is easy to show that w/ € L. when w ¢ S. (using the KKT condition). Let
B(w,r) = {u € R?: |u—wlj2 <r} denote an Euclidean ball centered at w with a
radius r. Denote by dist(w,K,) = minyex,
the set K., by 0°F(w) the projection of 0 onto the nonempty closed convex set
OF (w), ie., [|[0°F(w)|2 = minyegp(w) [|V]2-

w — v||2 the distance between w and
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3.1. Functional Local Growth Rate

We quantify the functional local growth rate by measuring how fast the functional
value increase when moving a point away from the optimal solution in the e-sublevel
set. In particular, we state the local growth condition in the following assumption.

Assumption 3.2. The objective function F(-) satisfies a local growth condition on
S. if there exists a constant ¢ > 0 and 0 € (0, 1] such that:

|w — w2 < c(F(w) — F.)?, VvweS,, (3.2)
where w, is the closest solution in the optimal set K, to w.

Note that the local growth rate 6 is at most 1. This is due to that F(w) is
G-Lipschitz continuous and limy v, [|[W — w,|[3"® = 0 if @ < 1. The inequality
in (3.2) is also called as local error bound condition in [50]. In this work, to avoid
confusion with earlier work by [31,32,33] who also explored a related but different
local error bound condition, we refer to the inequality in (3.2) or (1.4) as local
growth condition (LGC). It is worth noting that LGC is a general condition, com-
paring with several other error bound conditions. For example, the polyhedral error
bound condition [50] implies LGC with § = 1; while the function has a Lipschitz-
continuous gradient, then the Polyak-Lojasiewicz condition is equivalent to the LGC
with § = 1/2. In Section 8, we will present several applications in risk minimiza-
tion problems that satisfying LGC. For more details about the relationship between
LGC and other conditions, we refer the reader to [24,8,54,50]. If the function F'(x)
is assumed to satisfy (3.2) for all w € K, it is referred to as global growth condition
(GGC). Note that since we do not assume a bounded KC, the GGC might be ill
posed. In the following discussions, when compared with GGC we simply assume
the domain is bounded.

Below, we present several observations mostly from existing work to clarify
the relationship between the LGC (1.4) and previous conditions, and also justify
our choice of LGC that covers a much broader family of functions than previous
conditions and induces a smaller multiplicative growth constant ¢ than that induced

by GGC.

Observation 3.1. Strong convexity or uniform convexity condition implies LGC
with 6 = 1/2, but not vice versa.

F(w) is said to satisfy a uniform convexity condition on K with convexity pa-
rameters p > 2 and p if:
_vlP
F(u) > F(v) + OF(v) T (u—v) + M,Vu,v e K.
If we let u = w, v = w,, then 3F(W*)T(W —w,) > 0 for any w € K, and we
have (3.2) with @ = 1/p € (0,1/2]. Clearly LGC covers a broader family of functions
than uniform convexity.
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Observation 3.2. The weak strong convexity [34], essential strong convexity [29],
restricted strong convexity [55], optimal strong convexity [28], semi-strong convex-
ity [16] and other error bound conditions considered in several recent work [24,53]
imply a GGC on the entire optimization domain K with 8 = 1/2 for a convex
function.

Some of these conditions are also equivalent to the GGC with 6 = 1/2. We refer
the reader to [34], [24] and [53] for more discussions of these conditions.

The third observation shows that LGC could imply faster convergence than that
induced by GGC.

Observation 3.3. The LGC could induce a smaller constant ¢ in (1.4) that is
domain-size independent than that induced by the GGC on the entire optimization
domain K.

To illustrate this, we consider a function f(z) = 22 if |x| < 1 and f(z) = |z if
1 < |z| < s, where s specifies the size of the domain. In the e-sublevel set (e < 1),
the LGC (1.4) holds with # = 1/2 and ¢ = 1. In order to make the inequality

lz| < cf(x)'/? hold for all x € [—s,s], we can see that ¢ = max|, <, ﬂ%)‘l/z =

max|q|<s \/m = /s. As a result, GGC induces a larger ¢ that depends on the
domain size.

The next observation shows that Luo-Tseng’s local error bound condition is
closely related to the LGC with = 1/2. To this end, we first give the definition
of Luo-Tseng’s local error bound condition. Let F(w) = h(w) 4+ P(w), where h(w)
is a proper closed function with an open domain containing X and is continuously
differentiable with a locally Lipschitz continuous gradient on any compact set within
dom(h) and P(w) is a proper closed convex function. Such a function F'(w) is said
to satisfy Luo-Tseng’s local error bound if for any ¢ > 0, there exists ¢,e > 0 so
that

[lw — w.l2 < cl[proxp(w — VA(w)) — w2,

whenever ||proxp(w — Vh(w)) — w2 < € and F(w) — F,. < (, where proxp(w) =
arg minyex 3 lu — w3 + P(w).

Observation 3.4. If F'(w) = h(w) 4+ P(w) is defined above and satisfies the Luo-
Tseng’s local error bound condition, it then implies that there exists a sufficiently
small ¢ > 0 and C > 0 such that [|[w — w.|2» < C(F(w) — F.)'/? for any w €
B(w,,€).

This observation was established in [27, Theorem 4.1]. Note that the LGC con-
dition with e = Ge’ and 6 = 1/2 also implies that ||w — w.|[s < C(F(w) — F.)/?
for any w € B(w,,€'). Nonetheless, Luo-Tseng’s local error bound imposes some
smoothness assumption on h(w).

The last observation is that the LGC is equivalent to a Kurdyka - Lojasiewicz
inequality (KL), which was proved in [8, Theorem 5].
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Observation 3.5. If F(w) satisfies a KL inequality, ie., ¢ (F(w) —
FI0°F(w)|la > 1 for w € {x € K,F(x) — F. < €} with ¢(s) =
LGC (1.4) holds, and vice versa.

¢s?, then

The above KL inequality has been established for continuous semi-algebraic
and subanalytic functions [3,7,8], which cover a broad family of functions therefore
justifying the generality of the LGC.

Finally, we present a key lemma that can leverage the LGC to control the
distance of intermediate solutions to an e-optimal solution, which is due to [50].

Lemma 3.1. For any w € K and € > 0, we have

< dist(w], K,)
€

(F(w) = F(w)),

lw — w2 ‘

where wi € S, is the closest point in the e-sublevel set to w as defined in (3.1).

Remark: In view of LGC, we can sce that ||w — w/||z < % (F(w) — F(w]))
for any w € K. Yang and Lin [50] have leveraged this relationship to improve the
convergence of the standard subgradient method. In this work, we will build on this
relationship to further develop novel stochastic optimization algorithms with faster
convergence in high probability.

4. Accelerated Stochastic Subgradient Methods under LGC

In this section, we will present the proposed accelerated stochastic subgradient
(ASSG) methods and establish their improved iteration complexity with a high
probability. The key to our development is to control the distance of intermediate
solutions to the e-optimal solution by their functional residuals that are decreasing
as the solutions approach the optimal set. It is this decreasing factor that help
mitigate the non-vanishing variance issue in the stochastic subgradient. To formally
illustrate this, we consider the following stochastic subgradient update:

Wil = H}CﬂB(wl,D) [(wr =V f(wr; )] (4.1)
Then we present a lemma regarding the update of (4.1).
Lemma 4.1. Given wy € K, apply t iterations of (4.1). For any fivzed w € K N

B(wy,D) and 6 € (0,1), with a probability at least 1 — ¢, the following inequality
holds

/ 1
F(wy) — F(w) < nc” il — w3 + 16Dy 1o8(3)
k =2 2t Vi ’

where W, = 23:1 w,/t.

Remark: The proof of the above lemma follows similarly as that of Lemma
10 in [19]. We note that the last term is due to the variance of the stochastic
subgradients. In fact, due to the non-smoothness nature of the problem the variance
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Algorithm 1 ASSG-c(wg, K, t, D1, €)

1: Input: wo € K, K, t, ¢g and Dy > 1%

2: Set m = 60/(3G2)

3: fork=1,...,K do

4: Let Wlf = Wg_1
forr=1,...,t—1do

W = TcnB(w, 1,0 [Wh — nk0f (W5; €F)]

end for
Let wy, = %Zj—:l wh
9: Let Ne+1 = nk/Q and Dk+1 = Dk/Q
10: end for
11: OQutput: wg

of the stochastic subgradients cannot be reduced, we therefore propose to address
this issue by reducing D in light of the inequality in Lemma 3.1.

The updates in (4.1) can be also understood as approximately solving the orig-
inal problem in the neighborhood of wy. In light of this, we will also develop a
regularized variant of the proposed method.

4.1. Accelerated Stochastic Subgradient Method: the Constrained
variant (ASSG-c)

In this subsection, we present the constrained variant of ASSG that iteratively
solves the original problem approximately in an explicitly constructed local neigh-
borhood of the recent historical solution. The detailed steps are presented in Al-
gorithm 1. We refer to this variant as ASSG-c. The algorithm runs in stages and
each stage runs ¢ iterations of updates similar to (4.1). Thanks to Lemma 3.1,
we gradually decrease the radius Dy in a stage-wise manner. The step size keeps
the same during each stage and geometrically decreases between stages. We notice
that ASSG-c is similar to the Epoch-GD method by Hazan and Kale [19] and the
(multi-stage) AC-SA method with domain shrinkage by Chadimi and Lan [14] for
stochastic strongly convex optimization, and is also similar to the restarted sub-
gradient method (RSG) proposed by Yang and Lin [50]. However, the difference
between ASSG and Epoch-GD/AC-SA lies at the initial radius D; and the num-
ber of iterations per-stage, which is due to difference between the strong convexity
assumption and Lemma 3.1. Compared to RSG, the solutions updated along gradi-
ent direction in ASSG are projected back into a local neighborhood around wy_1,
which is the key to establish the faster convergence of ASSG. The convergence of
ASSG-c is presented in the theorem below.

Theorem 4.1. Suppose Assumptions 3.1 and 3.2 hold for a target ¢ < 1. Given
6 € (0,1), let 6 = 0/K, K = [logy(2)], D1 > 5% and t be the smallest in-

teger such that t > max{9,1728 log(l/S)}Gif?%, Then ASSG-c guarantees that,
-0
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with a probability 1 — 6, F(wk) — Fy < 2e. As a result, the iteration complex-
ity of ASSG-c for achieving an 2e-optimal solution with a high probability 1 — § is
O(c*G?[logy (<) log(1/6) /e=)) provided Dy = O(5%;).

Remark: It is notable that the faster local growth rate 6 implies the faster global
convergence, i.e., lower iteration complexity. In light of the lower bound presented
in [40] under a GGC, our iteration complexity under the LGC is optimal up to
at most a logarithmic factor. It is worth mentioning that unlike traditional high-
probability analysis of SSG that usually requires the domain to be bounded, the
convergence analysis of ASSG does not rely on such a condition. Furthermore, the
iteration complexity of ASSG has a better dependence on the quality of the initial
solution or the size of domain if it is bounded. In particular, if we let ¢¢ = GB
assuming dist(wg, K.) < B, though this is not necessary in practice, then the
iteration complexity of ASSG has only a logarithmic dependence on the distance of
the initial solution to the optimal set, while that of SSG has a quadratic dependence
on this distance. The above theorem requires a target precision € in order to set D;.
In Section 5, we alleviate this requirement to make the algorithm more practical.
Next, we prove Theorem 4.1 regarding the convergence of ASSG-c.

Proof. Let wl _ denote the closest point to wi in S.. Define ¢, = . Note that
ke 2

Dy, = Qijl > = and np = J55. We will show by induction that F(wy) — F. <

er + € for k=0,1,... with a high probability, which leads to our conclusion when
k = K. The inequality holds obviously for k = 0. Conditioned on F(wy_1) — Fi <

€x—1 + €, we will show that F(wy) — F. < €, + € with a high probability. By
Lemma 3.1, we have

C€k—1
"9 < D (4.2)

cC ,
Wi = Wi-tlls £ <5 (Flwio) = Flw]_, ) <

We apply Lemma 4.1 to the k-th stage of Algorithm 1 conditioned on randomness
in previous stages. With a probability 1 — § we have

e ) W1 — WL_LGH% . 4G Dy y/31log(1/6)

2 2nyt Vit
Combining (4.2) and (4.3), we get

Pl pwl )< MG DE 4G Dy \/31log(1/9)
(Wk) (wk—l,e) = 9 + 277kt + \/{: .

Since n, = % and t > max{9,1728 log(l/g)}%, we have each term in the
0

F(wy) = F(w}_, ) < (4.3)

R.H.S of above inequality bounded by €x/3. As a result,
F(wi) = F(wj_, ) < e,
which together with the fact that F(W};il,e) — F, < e by definition of W;il’e implies
F(wy) — Fr < e+ €.
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Therefore by induction, with a probability at least (1 — 6)% we have
F(wg)—F, <ex+e<2e
Since 6 = 6/K, then (1 — &)X > 1 — ¢ and we complete the proof. |

Theorem 4.1 shows the high probability convergence bound for ASSG-c. We
also prove the following expectational convergence bound, which is an immediate
consequence of Theorem 4.1. Its proof is provided in Appendix A.

Corollary 4.1. Suppose Assumptions 3.1 and 3.2 hold for a target ¢ < 1. Given

6 € (0,1), let 6 < sgpges K = [logy(2)], D1 > 5% and t be the small-

est integer such that t > max{9,1728 log(K/é)}szf. Then ASSG-c achieves that
0

E[F(wg) — F.] < 2¢ using at most O ([logy(<2)] log (2921t<) 2G2 /2(1=0)) jter-
ations provided Dy = O(7%y).

4.2. Accelerated Stochastic Subgradient Method: the Regularized
variant (ASSG-r)

One potential issue of ASSG-c is that the projection into the intersection of the
problem domain and an Euclidean ball might increase the computational cost per-
iteration depending on the problem domain K. To address this issue, we present
a regularized variant of ASSG. Before delving into the details of ASSG-r (Algo-
rithm 2), we first present a common strategy that solves the non-strongly convex
problem (1.1) by stochastic strongly convex optimization. The basic idea is from
the classical deterministic prozimal point algorithm [41] which adds a strongly con-
vex regularizer to the original problem and solve the resulting proximal problem.
In particular, we construct a new problem
min F(w) = Plw) + 5w = wi [},

where wi € K is called the regularization reference point. Let w, denote the opti-
mal solution to the above problem given w;. It is easy to know ﬁ(w) isa %—strongly
convex function on K. There are many stochastic methods can be used to solve the
above strongly convex optimization problem with an O (8/T) convergence, includ-
ing stochastic subgradient, proximal stochastic subgradient [11], Epoch-GD [19],
stochastic dual averaging [46], etc. We employ the stochastic subgradient method
suited for strongly convex problems to solve the above problem. The update is given
by

Wi = Ilg[wiy,] = arg min [w — wi,, I5. (4.4)
where wi ;= wy — (0 f (W &) + %(Wt —wyp)), and n = ? b 'We present a
lemma below to bound ||[W. — w¢||2 and ||[w; — w1]||2 by the above update, which
will be used in the proof of convergence of ASSG-r for solving (1.1).

bThe factor 2 in the step size is used for proving the high probability convergence.
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Algorithm 2 the ASSG-r algorithm for solving (1.1)

1: Input: wg € K, K, t, ¢g and 51 > ngf%g)
2: fork=1,...,K do
3. Let W’fzwk,l

4. forT=1,...,t—1do

5 Let w/o; = (1— 2) wh 4 2wk — 289 f(wh; ¢h)
6: Let wk | =TIxc(w),,)

7. end for

8 Let wy = %23:1 wr and Byy1 = Bi/2

9: end for

10: Output: wg

Lemma 4.2. For anyt > 1, we have ||[W, — w||2 < 368G and |w: — w12 < 28G.

Remark: The lemma implies that the regularization term implicitly imposes a
constraint on the intermediate solutions to center around the regularization refer-
ence point, which achieves a similar effect as the ball constraint in Algorithm 1. We
include its proof in Appendix B.

Next, we present a high probability convergence bound, whose proof can be
found in Appendix C.

Lemma 4.3. Given wi € K, apply T-iterations of (4.4). For any fized w € I,
0 €(0,1), and T > 3, with a probability at least 1 — &, following inequality holds

_ 2 2
F(#r) — F(w) < 1R%% 25\7\71”2 n 348G= (1 +10gTT+ 10g(4logT/5))’

where Wy = S0, wy /t.

Remark: From the above result, we can see that one can set 5 to be a large
value to ensure convergence. In particular, by assuming that dist(wy,K.) < B, we
canset 8= 2 and T > 68G°B (1+l°g(4log T/9)+10eT) o4 as to obtain F(Wr)—F, < ¢
with a high probablhty 1 — ¢, which y1elds the same order of iteration complexity
to SSG for directly solving (1.1).

Recall that the main iteration of the proximal point algorithm [41] is

wi, & arg min F(w) + = [w = wi_1[3, (4.5)

2ﬁ
where wy, approximately solves the minimization problem above with ; changing
with k. With the same idea, our regularized variant of ASSG generates wy, from
stage k by solving the minimization problem (4.5) approximately using (4.4). The
detailed steps are presented in Algorithm 2, which starts from a relatively large
value of the parameter 5 = (5, and gradually decreases 3 by a constant factor after
running a number of ¢ iterations (4.4) using the solution from the previous stage as
the new regularization reference point. Despite of its similarity to the proximal point
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Algorithm 3 ASSG-s(wq, K, t,¢€p)

1: Input: wg € K, K, t, €

2: Set 1 = 60/(3G2)

3: fork=1,...,K do

4:  Let w’f = Wg_1

5: forr=1,...,t—1do

6 whyy = Tclwh — df(whi b))

7. end for

8  Let wp = %Zj—:l wr and np1 = /2.
9: end for

10: Output: wg

algorithm, ASSG-r incorporates the LGC into the choices of 5 and the number of
iterations per-stage and obtains new iteration complexity described below.

Theorem 4.2. Suppose Assumptions 3.1 and 3.2 hold for a target ¢ < 1. Given
6€(0,1/e), let 6 =/K, K = [logy(2)], B1 > 351 =559 and t be the smallest integer

such that t > max{3, 13651G2(Hlog(“ogt/é)ﬂogt )Y, Then ASSG-r guarantees that,

with a probability 1 — 6, F(wg) — F < 2¢e. As a result, the iteration complexity
of ASSG-r for achieving an 2¢-optimal solution with a high probability 1 — § is

O(*G?[logy (<) los(1/0)/21-) provided By = O(25%).

With Lemma 4.3, the proof of Theorem 4.2 is similar to the proof of Theorem 4.1.
For completeness, we include it in Appendix D.

4.3. A Simple Variant of ASSG under GGC

As a byproduct of similar analysis, we can show that a simpler variant of ASSG
without using shrinking domain constraint or increasing regularization can have
an improved complexity in expectation under GGC for 6 € (0,1/2]. When the
problems satisfy GGC with 6 € (1/2,1] and F(w) — F is bounded over K, one can
always show that the problem satisfies a GGC with § = 1/2 [48]. The details of
updates are presented in Algorithm 3, which is referred to ASSG-s. The algorithm
is almost the same to Algorithm 1 except that the projection is simply done onto
the original domain K without intersecting with a bounded ball at each epoch. At
each epoch, the update is exactly the same to the stochastic subgradient update

w1 = Hg[wr —ndf(wr; &)l (4.6)

To establish the convergence result, we first need the following lemma, whose proof
is included in Appendix E.

Lemma 4.4. Given wy € K, apply t iterations of (4.6). For any fixed w € K, the
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following inequality holds

. nG* | |lwi —wl|3
E|F —F <
[F(we) = F(w)] < -+ I

where Wy = YL wi/t.
We then give the convergence result of ASSG-s in the following theorem.

Theorem 4.3. Suppose Assumption 3.1 holds and F(w) obeys GGC (1.4) with
0 € (0,1/2]. Given e > 0, K = [logy(2)]| and t be the smallest integer such

that t > BEC Then ASSG-s guarantees that E[F(wg) — Fi] < €. As a re-

2(1—0) -
sult, the iteration complezity of ASSG-s for achieving an e-optimal solution is
O(c2G?[logy(2)]/e*1=9) in expectation.

Proof. Let define ¢, = 5. Note that n, = $53. We will show by induction that
E[F(wy) — F,] < ¢ for k = 0,1,..., which leads to our conclusion when k = K.
The inequality holds obviously for & = 0. Conditioned on E[F (wj_1) — Fi] < €x_1,

we will show that E[F(wy) — Fi] < €. By GGC, we have for any wi_; € K,

Wit — Wi lla < e(P(wi_1) — F.)".
Then by the condition E[F(wy_1) — F.] < €x—1, we have
Elllwi 1 = wi_i[l2] < cel_;. (4.7)

We apply Lemma 4.4 to the k-th stage of Algorithm 3 conditioned on random-
ness in previous stages. For any w, € I, we have

_mG? | Bflwi w3

E[F(wg) — F(w.)] < 9 2nyt

(4.8)

By using GGC (1.4) with 6 € (0,1/2] we have

SnkGQ n E[F(wyi_1) — F(W*)Po
2 2’1’}kt

G AB[F(w )~ Fw )]}
- 2 2nt

mG? ¥ e e
< < = — <
R R

E[F(wy) — F(w.)]

where the second inequality uses the concavity of E[X %] < {E[X]}* whith 0 < o <
2 ~2

1; the fourth inequality using the fact that ny = 5%z and ¢t > ;8(‘1,% with € < e.

Therefore by induction, we have

E[F(WK)—F*}SEKSE. O
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Algorithm 4 ASSG with Restarting: RASSG
1: Input: w(, K| Dgl), t1, €0 and w € (0,1]
2: Set e(()l) = ¢p, M1 = €0/(3G?)
3: fors=1,2,...,5 do
4 Let w(® =ASSG-c(w=1 K, t,, D" )
5
6
7

Let typq = t,220=9), DgSH) = D;S)Ql_g, and e((JSH) = we(()s)
: end for
. Output: w(®

5. Practical Variants of ASSG

Readers may have noticed that the presented algorithms require appropriately set-
ting up the initial values of Dy or 1 or t that depend on potentially unknown c
and unknown 6. As we show later, the value of # is exhibited for many problems.
However, the parameter c is usually difficult to estimate, which leads to a challenge
to set the value of . Overestimate of ¢ leads to waste of iterations while underesti-
mate of ¢ leads to a less accurate solution so that it may not reach the target level
of accuracy. This section is devoted to more practical variants of ASSG that can
be implemented without knowing parameter ¢ or . For ease of presentation, we
focus on the constrained variant of ASSG. Similar extensions can be made for the
regularized variant ASSG-r and the simple variant ASSG-s, which are omitted here.
In the following subsections, we divide the problem into two cases: (1) unknown c;
(2) unknown 6.

5.1. ASSG with unknown ¢

When c is unknown, we present the details of a restarting variant of ASSG in
Algorithm 4, to which we refer as RASSG. When discussing the restarting variants
of ASSG-c, ASSG-r and ASSG-s, we refer to them as RSSG-¢, RSSG-r, and RSSG-
s, respectively, for clarity. The key idea is to use an increasing sequence of ¢ and
another level of restarting for ASSG. The convergence analysis for RASSG without
knowing c is presented in the following theorem.

Theorem 5.1 (RASSG with unknown c¢). Let ¢ < e/4, w = 1, and
K = [logy()] in Algorithm 4. Suppose D%l) is sufficiently large so that
there exists €4 € [e,€0/2], with which F(-) satisfies a LGC (3.2) on Se with
6 € (0,1) and the constant ¢, and Dgl) = %. Let § = =

1
. 2
max{9,17281og(1/d)} (GD%l)/Eo) . Then with at most S = [logy(é1/€)] + 1 calls

of ASSG-c, Algorithm 4 finds a solution w3 such that F(w'®)) — F, < 2¢ with
probability 1 — 6. The total number of iterations of RASSG for obtaining 2e-optimal
solution is upper bounded by Ts = O([logy(<2)] log(1/8)c?/e2(1=9)).
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Remark: The above theorem requires a slightly stringent LGC condition on
Se, that is induced by the initial value of D;. If the problem satisfies the LGC
with 8 = 1, we can give a slightly smaller value for € in order to run Algo-
rithm 4. If the target precision € is not specified, we can give it a sufficiently
small value € (e.g., the machine precision) that only affects K marginally. The
corresponding iteration complexity for achieving an e-optimal solution is given by
O([log,(<2)]log(1/5)/e**=9). The parameter w € (0,1] is introduced to increase
the practical performance of RASSG, which accounts for decrease of the objective
gap of the initial solutions for each call of ASSG-c.

Proof. Since K = [logy(2)] = [logy(£)], Dgl) = %, and t; =
€1

max{9, 1728 log(1/6)} (

) following the proof of Theorem 4.1, we can show
that with a probability 1 — i_

F(wW) - F, <2¢. (5.1)

By running ASSG-c starting from w() which satisfies (5.1) with K =

[logo(2)] > Hng(éé/lzﬂa D§2) = @G 2 %, and to =

. 2
max{9, 1728log(1/4)} (GD§2)/60> , Theorem 4.1 ensures that

Fw®)—F, <&

with a probability at least (1 — /(K + 1))2. By continuing the process, with S
[log2 (é1/€)] + 1 we can prove that with a probability at least (1 — &/(K + 1))°

S
6K+12175

>

Fw®) - F, <2¢ /257! < 2.

The total number of iterations for the S calls of ASSG-c is bounded by

S

s s
S—
Tg = KZTS = Kzt122(571)(170) — Kt,22(5-D(1-0) Z (1/22(1,9)>
s=1 s=1 s=1

Kt,22(5-1)(1-0) & 2(1-0) _ 2(1-9)
< W <O | Kt - < O(log(1/6)/e ). 0

As a corollary of the above theorem, we present a result of RASSG for problems
satisfying GGC with 8 = 1/2 but without knowing the value of ¢ (or satisfying
strong convexity but without knowing the strong convexity parameter), which is
of interest to a broad audience who are familiar with stochastic strongly convex
optimization. It has been shown many machine learning problems satisfy GGC with
0 = 1/2 (see examples presented in Section 8). Almost all existing algorithms and
analysis for stochastic strongly convex optimization or problems satisfying GGC
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with @ = 1/2 require knowing the value of strong convexity parameter in order to
run the algorithms [19,39]. The result is presented below.

Corollary 5.1. Suppose F(-) satisfies a GGC on K with § = 1/2 and some
unknown constant ¢ > 0. Let € < eo/4, w = 1, and K = [logy(<2)] in Algo-

rithm 4. Suppose Dgl) is sufficiently large so that there exists €1 € [e,e0/2] such

. . 2
that Dgl) = \C;—E% Let 6 = m, and t; = max{9,17281og(1/4)} (GDgl)/eo) .

Then with at most S = [logy(é1/€)] + 1 calls of ASSG-c, Algorithm 4 finds a
solution w) such that F(w(s)) — F, < 2¢ with probability 1 — 6. The total num-

ber ofNitemtions of RASSG for obtaining 2e-optimal solution is upper bounded by
Ts = O(log(1/8)c?/e).

Remark: It is notable that when the objective function is A-strongly convex,
then ¢ = 1/X and the above complexity O(log(1/8)/Ae) is optimal up to a log-
arithmic factor. The advantage of RASSG over previous stochastic algorithms for
strongly convex optimization is that RASSG does not need to know the value of

strong convexity parameter.

5.2. ASSG with unknown 0

When 6 is unknown, we can set @ = 0. Then the problem will satisfy the LGC (3.2)
with 8 = 0 and ¢ = B, with any € > €, where B, = maxye,s, minyeg,

w — vl is
the maximum distance between the points in the e-level set £. and the optimal set
K. The following theorem states the convergence result.

Theorem 5.2 (RASSG with unknown 0). Let 0 = 0, ¢ < ¢/4 , w = 1,
and K = [logy(2)] in Algorithm 4. Assume Dgl) is sufficiently large so that

there exists €1 € [e,€0/2] rendering that Dgl) = B‘e—fo Let 6 = and

5
K(K+1)
. 2
t; = max{9,1728log(1/4)} (GD:(Ll)/eo) . Then with at most S = [logy(é1/€)] + 1

calls of ASSG-c, Algorithm 4 finds a solution W' such that F(w®)) — F, < 2e.

The total number of iterations of RASSG for obtaining 2e-optimal solution is upper
2 2

bounded by Ts = O([logy(2)] log(1/6)S5).

Remark: The Lemma Appendix F.1 shows that BE <

ing function in terms of €, which guarantees the existence of €; given a sufficiently
large Dgl). The iteration complexity of RASSG could be still better with a smaller
factor Be, than the B in the iteration complexity of SSG (see (1.3)), where B is
the domain size or the distance of initial solution to the optimal set.

is a monotonically decreas-

Proof. The proof is similar to the proof of Theorem 5.1, and we reprove it for
13689 G2 (1+1og(4 log t1 /8)+log t1)
€0

the proof of Theorem 4.2, we then can show that with a probability 1 — %,
FwW) - F, <2¢ (5.2)

completeness. It is easy to show that t; > . Following
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with K = [log,(<2)] > [logy(£2)] and B%l) = jfffg>. By running ASSG-r starting
from w() which satisfies (5.2) with K = [logy ()] > [logz(%)], ty = 1,220-9) >

1368{> G2 (1+log(4log t2/8)+log t2) 2) _ 2 2622, /2
P and 5,7 = GYDEED) > @ /220 Theorem 4.2

ensures that
Fw®)—-F, <&

with a probality at least (1 — §/S)2. By continuing the process, with S =
[logs(é1/€)] + 1, we can prove that with a probality at least (1 —§/5)° >1—§

F(w) - F, <2¢/2571 < 2¢

The total number of iterations for the S calls of ASSG-¢ is bounded by

s s S s
Tg = KZTS _ Kztﬂz(sq)(ke) = Kt,22(5-1)(1-0) Z (1/22(170)>S
s=1 s=1 s=1
Kt,22(5-1)(1-0) & 2(1-90) _ 2(1-6)

Finally, we make several remarks about the Algorithm 4: (1) if # = 1, in order
to obtain an increasing sequence of t,, € can be set to a little smaller value than 1
(for example, 0.95); (2) if D§1) in RASSG-c and ,6’%1) in RASSG-r are determined,
the starting number of iterations ¢; can be automatically set since t; o Dgl) in
RASSG-c and t; B%l) in RASSG-r; (3) after the first call of ASSG, one can re-
calibrate the €y in the implementation to improve the performance or equivalently
tune w in practice; (4) the tradeoff is that the stopping criterion for RASSG is not
as automatic as ASSG.

6. Proximal ASSG for Non-smooth Composite Optimization

To obtain solutions with certain structures, many machine learning problems add
a regularizer to the objective function (e.g., adding ¢; regularizer for sparsity).
When the regularizers are non-smooth but have closed form of proximal mapping,
some proximal algorithms can be employed to solve the regularized problems. As
an extension of ASSG, in this section, we will present a proximal variant of ASSG
for solving the following non-smooth composite optimization problem:

min F(w) £ E¢[f(w;€)] +R(w), (6.1)

—_——

weRd
f(w)

where both f(w) and R(w) are non-smooth convex functions. The above problem
commonly appears in machine learning, which is also known as regularized risk
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minimization. We assume that the function R(w) is simple enough such that the
proximal mapping given below is easy to compute

1
Prox( ¥ [w] = argmin = |ju — w||2 + nR(u),
ueQ 2

where Q C R? is a bounded ball. An example of R(w) is the ¢;-norm R(w) =
A|w||1. We also make the following assumption throughout this section.

Assumption 6.1. For a stochastic optimization problem (6.1), we assume

(1) there exist wo € R and ¢y > 0 such that F(wq) — F. < €o;
(2) There exist two constants G and p such that ||0f(w;&)|2 < G and
[OR(w; &)l|2 < p-
Assumption 6.1 is quite similar as Assumption 3.1 except for an additional
assumption of ||OR(w;&)|2 < p.
We present the detail steps of proximal ASSG (ProxASSG) in Algorithm 5,
which is similar to Algorithm 1 except that Step 5 is replaced by a proximal map-
ping:

R oL ok
wh oy = Prox [wh — o f(whieh)],

where € is a ball centered at wy_q with a radius Dj. The convergence result is
stated in the following theorem:

Theorem 6.1. Suppose Assumptions 6.1 and 3.2 hold for a target ¢ < 1. Given

6 €(0,1), let 6 = /K, K = [logy(2)], D1 > %% and t be the smallest integer

such that t > max {max(16,3072 10g(1/5))¥7 %}, Then ProzASSG guaran-
0

tees that, with a probability 1 — 0,

Fwg)— F. < 2e.

As a result, the iteration complezity oj ProxASSG for achieving an 2e-optimal so-
lution with a high probability 1 —§ is O(log(1/8)/e1=9)) provided D, = O (=% )-

To prove Theorem 6.1, we need the following lemma for each stage of ProxASSG.

Lemma 6.1. Let D be the upper bound of ||wi — WI,CHQ. Apply t-iterations of
following steps:

. 1
W1 = ATy sy ) W W3 4 0 (s €) T R(w).
Given wy € RY, for any 6 € (0,1), with a probability at least 1 — §,

2 w2
F(#,) — F(wl ) < LS w1 —wy 3 | AGDy/3log(1/8)  pD
Le 2 2t NG t’

where Wy = S0 wi/t.
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Algorithm 5 the ProxASSG algorithm for solving (6.1)
1: Input: the number of stages K, the number of iterations ¢ per stage, and the

initial solution wo, 1 = €o/(4G?) and D; > £
2: fork=1,...,K do
3 Let W’f =wg_1, Q= B(Wk_l,Dk)
4. forT=1,...,tdo
5: Update w¥_ , = Proxg’:R [wh — npd f(wh;eh)]
6 end for
7. Let wy = %23:1 wk

8: Let ng+1 = ni/2 and Dyyq = Dy /2.
9: end for
10: Output: wg

The proof of Lemma 6.1 is deferred to Appendix G. With the above lemma,
the proof of Theorem 6.1 is similar to that of Theorem 4.1. We include the details
in Appendix H.

Before ending this section, we note that the presented ProxASSG algorithm in
Algorithm 5 is based on the constrained version of ASSG. One can also develop a
proximal variant based on the regularized version of ASSG. We include the details
in Appendix I. However, the convergence guarantee of proximal ASSG based on the
regularized version is slightly worse than that based on the constrained version by
a constant factor depending on G and p.

7. Complexity of ASSG for Ensuing the Gradient is Small

Recently, there has been an increasing interest in the complexity of stochastic al-
gorithms for finding a solution for a convex optimization problem with a small
gradient [1,13]. However, these studies assume the smoothness of the objective
function. The non-smoothness of the objective function make it more challenging
to design stochastic algorithms and characterize their complexity of making the
gradient small.

The first challenge is how to quantify the convergence in terms of gradi-
ent for a non-smooth problem. A traditional measure is using the distance from
0 to the subgradient (a set) of the objective function at a solution x € K,
i.e., dist(0,0(f(x) + 1k(x)), where 1k is the indicator function of the domain
K. However, for a non-smooth function finding an e-level stationary point (i.e.,
dist(0, O(f(x) + 1x(x)) < €) is difficult. For example, considering the simple func-
tion f(z) = |z|, as long as « # 0 the traditional measure dist(0, 9(f(x)+1x(x)) =1
is never 0. To address this challenge, previous studies on non-smooth optimization
have used a new convergence measure based on the Moreau envelop of the objective
function. A Moreau envelope of F'(w) associated with a positive constant A > 0 is



July 15, 2019 11:9 aa-assg

Accelerate Stochastic Subgradient Method by Leveraging Local Growth Condition 21
defined as:
Fa(w) = min { F(v) + 2 [v — wl? (1)
W) = min v —||lv—w .
A vek 2 ’
and the associated proximal mapping is defined as
N . A )
W = Proxp/\(w) := argmin { F(v) + < ||lv —w]|" 7. (7.2)
vek 2

It is easy to show that F)\(-) is a smooth function whose gradient is A-Lipchitz
continuous [5] and w satisfies [9]:
F(w) < F(w),
VE\(w) = ANw —w)
dist(0; OF (w)) < ||[VEx(W)].

It means that if ||[VF\(w)|| < € then w is close to some point w that is an -
stationary solution for the problem (1.1). This gives a new convergence measure
in terms of gradient for a non-smooth function. We call a solution w an e-nearly
stationary point if the following inequality holds for some constant A > 0:

[VE (W[ <e. (7.3)

It is also notable that when F' is L-smooth ¢ and the constraint domain is the
whole space K = R?, then an e-nearly stationary point w also implies that it is
O(e)-stationary in the traditional sense, i.e., |[VF(w)|| < O(e). This can be easily
seen from [[VE(w)|| < [VF(w)|[ 4+ VE(w) = VF(w)| < [[VEx(W)||+ L][w—w| =
1+ DIVE(W)] < 1+ L/Ne.

Next, we give a simple lemma that will be useful for our analysis later.

Lemma 7.1. For any w € K, it holds
IVEA(W)||* < 2M(F(w) — F(w.)), (7.4)

where w,, € K.

Proof. We first show that arg minyex F\ (W) = arg minyex F'(w). Let us consider
any W, € K.. Then for any v,w € K, F)\(W,) < Fx\(w) < F(v) + 3|[v — w|/. Let
vV =W = w,, we have

Fr(W,) < Fx(w,) < F(w.). (7.5)

On the other hand, if we let ¥V := argminyexc{F(v) + 3||v — W.||*}, then

F(w.) < F) < FE) 4 9~ %] = (W), (7.

“whose gradient is L-Lipchitz continuous.
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Therefore, by (7.5) and (7.6) we have F(w.) = F)(W,). Next, let w :=
arg minyex F(v) + 3[|v — w||?>. By the smoothness of F)(w), we have

~ ~ A~
F\(W) = Fx(w) SVEA(W) T (W = w) + J||w — w]|?
1 1
- _ F 2 i F 2
SIVEWI + 5 [VE(w)]
Rewriting above inequality and combining with F)(w.) < Fy(w) we get
1 ) _
DIVEAWIIIT < Fa(w) — Fa(w.).

By the definition of F(w), for any w € K, we have F)(w) < F(w). Therefore, we
have

S VAW < F(w) — F(w.). D

Next, we will characterize the complexity of ASSG for finding an e-nearly sta-
tionary point for the problem (1.1) under the LGC by leveraging the result in
Lemma 7.1.

Theorem 7.1. Under the same setting in Theorem 4.1 or Theorem 4.2, then with
a high probability 1 — &, ASSG-c or ASSG-r guarantees that ||V I 4(Wk)|| < € with

the iteration complezity of 6(1/64(1—9))'

Remark. Allen-Zhu [1] considered stochastic gradient descent (SGD) with re-
cursive regularization to solve smooth and convex problems and provided a complex-
ity O(1/€2) for achieving an e-stationary point. In contrast, we focus on non-smooth
problems in this paper. When 6 > %, our methods achieve better complexities.

Proof. Let A =1 and w = wg in (7.4) of Lemma 7.1, we get

IVEFa(wi)l? < 5 (F(wi) = F(w.)). (7.7)

N | =

Let € = €? in Theorem 4.1 or Theorem 4.2, we know that with high probability
1-9,

F(wg) — F(w,) < 262 (7.8)
By (7.7) and (7.8) we have

IVFa(wi)l| < e (7.9)
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8. Applications in Risk Minimization

In this section, we present some applications of the proposed ASSG to risk min-
imization in machine learning. Let (x;,¥;),¢ = 1,...,n denote a set of pairs of
feature vectors and labels that follow a distribution P, where x; € X C R? and
y; € Y. Many machine learning problems end up solving the regularized empirical
risk minimization problem:

1 n
in F(w) ==Y {w'x;,y;)+ AR 8.1
nin F(w) = ; (wTxi,9i) + AR(w), (8.1)
where R(w) is a regularizer, A is the regularization parameter and £(z,y) is a loss
function. Below we will present several examples in machine learning that enjoy
faster convergence by the proposed ASSG than by SSG.

8.1. Piecewise Linear Minimization

First, we consider some examples of non-smooth and non-strongly convex problems
such that ASSG can achieve linear convergence. In particular, we consider the
problem (8.1) with a piecewise linear loss and ¢, o or {1 o regularizers.

Piecewise linear loss includes hinge loss [44], generalized hinge loss [4], absolute
loss [18], and e-insensitive loss [42]. For particular forms of these loss functions,
please refer to [51]. The epigraph of F(w) defined by sum of a piecewise linear
loss function and an ¢;, ¢ or ¢; o, norm regularizer is a polyhedron. According
to the polyhedral error bound condition [50], for any € > 0 there exists a constant
0 < ¢ < oo such that

dist(w,K,) < c(F(w) — Fy)

for any w € S, meaning that the proposed ASSG has an O(log(egp/€)) iteration
complexity for solving such family of problems. Formally, we state the result in the
following corollary.

Corollary 8.1. Assume the loss function £(z,y) is piecewise linear, then the prob-
lem in (8.1) with {1, lss or {1 o norm regularizer satisfy the LGC in (1.4) with
0 = 1. Hence ASSG can have an iteration complexity of O(log(1/d)log(eo/€)) with
a high probability 1 — 6.

8.2. Piecewise Convexr Quadratic Minimization

In this subsection, we consider some examples of piecewise quadratic minimization
problems in machine learning and show that ASSG enjoys an iteration complexity
of O (%) We first give an definition of piecewise convex quadratic functions, which
is from [26]. A function g(w) is a real polynomial if there exists k& € NT such

that g(w) = ocjaiicr b [Tics wﬁ where \; € R and of € NFU{0}, o/ =
(af,...,ad), and |af] = Z?:l «7. The constant k is called the degree of g. A
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continuous function F(w) is said to be a piecewise convex polynomial if there exist
finitely many polyhedra Pi,..., Py, with UJL, P; = R? such that the restriction
of F' on each P; is a convex polynomial. Let F}; be the restriction of F' on P;.
The degree of a piecewise convex polynomial function F' is the maximum of the
degree of each Fj. If the degree is 2, the function is referred to as a piecewise
convex quadratic function. Note that a piecewise convex quadratic function is not
necessarily a smooth function nor a convex function [26].

For examples of piecewise convex quadratic problems in machine learning, one
can consider the problem (8.1) with a huber loss, squared hinge loss or square loss,
and #1, s, {1 00, or huber norm regularizer [52]. The huber function is defined as

122 2] <6,
o) = {2
(]z| = 39)otherwise,
which is a piecewise convex quadratic function. The huber loss function ¢(z,y) =
¢5(z — y) has been used for robust regression. A huber regularizer is defined as
R(w) =30, £5(w;).

It has been shown that [26], if F'(w) is convex and piecewise convex quadratic,
then it satisfies the LGC (1.4) with = 1/2. The corollary below summarizes the
iteration complexity of ASSG for solving these problems.

Corollary 8.2. Assume the loss function ¢(z,y) is a convex and piecewise convex
quadratic, then the problem in (8.1) with {1, ls, {1 00 or huber norm regularizer
satisfy the LGC'in (1.4) with @ = 1/2. Hence ASSG can have an iteration complexity
of 5(%) with a high probability 1 — 9.

Remark: The Lipschitz continuity assumption for some loss functions (e.g.,
squared hinge loss and square loss) can be easily satisfied by adding a boundness
constraint on the solution. We note that a recent work [30] also studied the piecewise
convex quadratic minimization problems under the error bound condition. They
explore the smoothness of the loss functions and develop deterministic accelerated
gradient methods with a linear convergence. In contrast, the proposed ASSG is a
stochastic algorithm and does not rely on the smoothness assumption. One might
also notice that several recent works [16,24] have showed the linear convergence of
SVRG by exploring the smoothness of the loss function and a similar condition as
in (1.4) with = 1/2. However, their required condition is a global growth condition
that is required to hold for any w € R9,

Indeed, a convex and piecewise convex quadratic function enjoy a global growth
condition [26]:

dist(w,K,) < ¢[F(w) — F, + (F(w) — F.)'/?], vw e R%

It remains an open problem that how to leverage such a global growth condition
to develop a linear convergence for SVRG and other similar algorithms for solving
finite-sum smooth problems, which is beyond the scope of this work. Nevertheless,
using the above global growth condition we can reduce the iteration complexity by
a log(eg/€) factor for ASSG. We include the details in Appendix J.
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8.3. Structured composite non-smooth problems

Next, we present a corollary of our main result regarding the following structured
problem:
min F(w) £ h(Xw) + R(w). (8.2)
weR?
where X € R™*4 Rh(u) is a strongly convex function (not necessarily a smooth
function) on any compact set and R(w) is {1, s Or {1 oo norm regularizer. The
corollary below formally states the LGC of the above problem and the iteration
complexity of ASSG.

Corollary 8.3. Assume h(u) is a strongly convexr function on any compact set
and P(w) is polyhedral, then the problem in (8.2) satisfies the LGC in (1.4) with
0 = 1/2. Hence ASSG can have an iteration complezity of 5(%) with a high
probability 1 — 6.

The proof of the first part of Corollary 8.3 can be found in [50]. One example of
h(u) is p-norm error (p € (0,1)), where h(u) = L 3" | |u; — y;|P. The local strong
convexity of the p-norm error (p € (1,2)) is shown in [15].

Finally, we give an example that satisfies the LGC with intermediate values
6 € (0,1/2). We can consider an ¢; constrained ¢, norm regression [37]:

min F(w) 2 1 Z(xjw —y;)?, pe€2NT.
i=1

[30] have shown that the problem above satisfies the LGC in (1.4) with § = 11;.

Table 1. Statistics of real datasets

Dataset #Training (n)  #Features (d) Problem Type
covtype.binary 581,012 54 Classification
real-sim 72,309 20,958 Classification
url 2,396,130 3,231,961 Classification
avazu 40,428,967 1,000,000 Classification
gisette 6,000 5,000 Classification
kdd 2010 raw 19,264,097 1,163,024 Classification
news20.binary 19,996 1,355,191 Classification
rcvl.binary 20,242 47,236 Classification
webspam 350,000 16,609,143 Classification
million songs 463,715 90 Regression
E2006-tfidf 16,087 150,360 Regression
E2006-loglp 16,087 4,272,227 Regression

9. Experiments

In this section, we perform some experiments to demonstrate effectiveness of pro-
posed algorithms. For the first two experimens, we use very large-scale datasets
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from libsvin website in experiments, including covtype.binary, real-sim, url for
classification, million songs, E2006-tfidf, E2006-loglp for regression. While for the
last experimenst, we only consider classification problem and use nine datasets
from libsvm website including covtype.binary, real-sim, avazu, gisette, kdd 2010
raw, news2(.binary, rcvl.binary, url and webspam. The detailed statistics of these
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Fig. 3. Comparison of different algorithms for solving different problems on different datasets.

Effectiveness of ASSG-c and RASSG-c for non-smooth problems. We first
compare ASSG with SSG on three tasks: 1 norm regularized hinge loss minimiza-
tion for linear classification, 1 norm regularized Huber loss minimization for linear
regression, and ¢; norm regularized p-norm robust regression with a loss function
{(wTx;,y;) = |[w'x; — y;|P. The regularization parameter X is set to be 1074/1072
in all tasks. We set v+ = 1 in Huber loss and p = 1.5 in robust regression. In all
experiments, we use the constrained variant of ASSG, i.e., ASSG-c. For fairness,
we use the same initial solution with all zero entries for all algorithms. We use a
decreasing step size proportional to 1/4/7 (7 is the iteration index) in SSG. The
initial step size of SSG is tuned in a wide range to obtain the fastest convergence.
The step size of ASSG in the first stage is also tuned around the best initial step size
of SSG. The value of D; in both ASSG and RASSG is set to 100 for all problems.
In implementing the RASSG, we restart every 5 stages with ¢ increased by a factor
of 1.15, 2 and 2 respectively for hinge loss, Huber loss and robust regression. We
tune the parameter w among {0.3,0.6,0.9, 1}. We report the results of ASSG with a
fixed number of iterations per-stage ¢t and RASSG with an increasing sequence of t.
The results are plotted in Figure 1 and Figure 2 in which we plot the log difference
between the objective value and the smallest obtained objective value (to which
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Fig. 4. Comparison of SSG and RASSG-s on different datasets (A = 1074).

we refer as objective gap) versus number of iterations. The figures show that (i)
ASSG can quickly converge to a certain level set determined implicitly by ¢; (ii)
RASSG converges much faster than SSG to more accurate solutions; (iii) RASSG
can gradually decrease the objective value.

Effectiveness of ASSG-c and RASSG-c for smooth problems. Second, we
compare RASSG with state-of-art stochastic optimization algorithms for solving
a finite-sum problem with a smooth piecewise quadratic loss (e.g., squared hinge
loss, huber loss) and an ¢; norm regularization. In particular, we compare with two
variance-reduction algorithms that leverage the smoothness of the function, namely
SAGA [10] and SVRG++ [2]. We conduct experiments on two high-dimensional
datasets url and E2006-loglp and fix the regularization parameter A = 10~* or
A = 1072, We use 6 = 1 in Huber loss. For RASSG, we start from D; = 100
and ¢; = 103, then restart it every 5 stages with ¢ increased by a factor of 2. We
tune the initial step sizes for all algorithms in a wide range and set the values
of parameters in SVRG++ followed by [2]. We plot the objective versus the CPU
time (second) in Figure 3. The results show that RASSG converges faster than other
three algorithms for the two tasks. This is not surprising considering that RASSG,
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SAGA and SVRG++ suffer from an iteration complexity of O(1/e), O(n/e), and
O(nlog(1/e) + 1/e), respectively.

Effectiveness of RASSG-s. Finally, we compare RASSG-s with SSG on ¢; norm
regularized hinge loss minimization for linear classification. The regularization pa-
rameter X is set to be 1074, and the initial iteration number of RASSG-s is set to
be 10, 000. We fixed the total number of iterations as 1,000,000 both for SSG and
RASSG-s. Although the parameter # = 1 in the considered task, we can always
reduce it to § = % [48]. Thus we set GGC parameter § = 3 in this experiment.
The other parameters of SSG and RASSG-s are set as same as the first experiment.
The results are presented in Figure 4, showing that RASSG-s converges much faster
than SSG to more accurate solutions.

10. Conclusion

In this paper, we have proposed accelerated stochastic subgradient methods for
solving general non-strongly convex stochastic optimization under the functional
local growth condition. The proposed methods enjoy a lower iteration complexity
than vanilla stochastic subgradient method and also a logarithmic dependence on
the impact of the initial solution. We have also made an extension by developing
a more practical variant. Applications in machine learning have demonstrated the
faster convergence of the proposed methods.

Appendix A. Proof of Corollary 4.1

Proof. First, we show that for any 1 < k < K,
Wi — woll2 < 2Dy (A1)
When k£ = 1, it is easy to show that ||w; — wg|l2 < D;, which satisfies inequality
(A.1). When k > 2, we have
Wi — woll2
Wi — Witz + [[Wr—1 — Wr_allo + - 4 [[Wa — wil2 + [[w1 — wol|2
<Dy /2"t 4+ Dy /282 4.+ Dy /2 + Dy < 2Dy
where the second inequality is based on the updates of Algorithm 1. With proba-
bility 1, we have
F(wy) — F(wo) =F(wy) — Fx + F. — F(wy)
<[|OF (wi)ll2llwk — woll2 + Fu — F(wo) < 2GD1 + € (A.2)

where the last inequality using the fact that [|0F (wy)|l2 < G, inequality (A.1) and
Assumption 3.1 (a). Based on Theorem 4.1, ASSG-c guarantees that

Prob(F(wg) —F,)<e)>1-4 (A.3)



July 15, 2019 11:9 aa-assg

30 Yi Xu, Qihang Lin, Tianbao Yang

Then
E[F(wk) — F. =E[F(wk) — Fi|F(Wk) — Fx < €] Prob(F(wg) — Fy) <€)
+E[F(wg)— Fi|F(wg) — Fy > €] Prob(F(wg) — Fy) > ¢€)
<e+ (2GD1 + €)d < 2¢
where the first inequality uses inequalities (A.2) and (A.3), and the second inequalty
is due to § < 555 Therefore, ASSG-c achieves that E[F(wgk)— Fi] < 2

using at most O ([logy(<2)] log (m%) 2G?/e21-9)) iterations provided D; =
Oz )- D

Appendix B. Proof of Lemma 4.2

Proof. By the optimality of w., we have for any w € K

(ap(vm) 4 %(w* - wl)>T (w— %) > 0.

Let w = w1y, we have

I, —wil3
B
Because ||0F (W.)||2 < G due to ||0f(w; )]s < G, then

OF (%) (w1 — W) >

[W. —will2 < BG.
Next, we bound ||w; — w||2. According to the update of w;; we have
[Wirr —will2 < Wy = willa = | = 0:0f (Wes &) + (1 — e/ B) (Wi — w1)]l2.

We prove ||w; — w1 |2 < 268G by induction. First, we consider ¢ = 1, where 7, = 20,
then

[wa — wil2 < [1280f(we; &)l < 28G.

Then we consider any ¢ > 2, where 1, /8 < 1. Then

[Wers — wills < H—Vgﬁaﬂwt;ft) + (1 - %) (Wi —w1)

g%BG n (1 - ’g) 268G < 26G.

2

Therefore

[W. — willa < 35G. D
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Appendix C. Proof of Lemma 4.3

In this proof, we need the following lemma.

Lemma Appendix C.1. (Lemma 3 [23]) Suppose Xi,...,Xr is a martingale
difference sequence with | X¢| < b. Let

Vary Xy = Var(X| X1, ..., Xe—-1).

where Var denotes the variance. Let V = Zthl Var X; be the sum of conditional
variance of X;’s. Further, let o =+/V. Then we have for any § < 1/e and T > 3,

T
Pr (Z X > max{20, 3b\/10g(1/5)}\/10g(1/5)> <4élogT.

t=1
Then, let us start the proof of Lemma 4.3.
Proof. Let g, = 0f(wy;&) + (wy —wq)/f and 8}/7\(wt) = 0F(wy) + (wy —wq)/p.

Note that ||g:||2 < 3G. According to the standard analysis for the stochastic gradi-
ent method we have

~ 1 ~ ~ Nt
T 2 2 3 2
—W,) < — - Wik - 5 - Wik - .
B (w1 = W) < oL = Wl = 5w — 9+ g
Then
OF (wy) " (w; — W) Sfl [wi — W.ll5 — L Wit — Wall3 + 2 g3
2 2 2

+(OF (wi) — )T (wy — W),

By strong convexity of F we have

1

F(9.) = F(we) 2 0 (w0) (8. = w) + 5%~ wil}.
Then
Flwr) = B(0.) <o [[we — Wa2 = o [[weer — W2+ 2 g2
_277t 277t 2
n T = Lo 2
+(OF(wi) = )T (wi = ) = 5 . — wil}
1 =N 1 N s
ST?HHWt — w3 - Tmllvvm — W3+ 5“&”3
N 1, .
+ O (wi) = 0 (wis )T (wi = W) ~ 5 [ = wi.

Gt
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By summing the above inequalities across t = 1,...,7T, we have

T -1, 1

Z F(wg) — ( -— = ) W — Wt+1||2+ZCt

t=1 t=1 Me+1 e =1

2 Lo
Z W — wel|3 — HW* willz + ﬂllw* w13+ Zﬂt
T 1 I
<> G- i Z W — we||2 4+ 9BG(1 + log T).

t=1 t=1

where the last inequality uses 1, = B

Next, we bound R.H.S of the above inequality by using Lemma Appendix C.1.
To proceed the proof of Lemma 4.3. We let X; = (; and Dy = Zthl |w: — W3
Then Xi,..., X7 is a martingale difference sequence. Let D = 338G. Note that
|¢t] < 2GD. By Lemma Appendix C.1, for any § < 1/e and T' > 3, with a probability
1 — 6§ we have

T T
ZQ < max { 24/log(4logT/d) Z\/art(tﬁGD log(4logT/4)
t=1 t=1

Note that
T T T
D VarG <) Ei[¢7] <4G? ) |[wi — Wal3 = 4G Dy
t=1 t=1 t=1

As a result, with a probability 1 — 4,

T
> ¢ <4G/log(41og T/5)\/Dr + 6GD log(41og T/6)
t=1

1
— Dr + 6GDlog(41logT/6).

<163G?log(41log T/5) + 5

As a result, with a probability 1 — 4,

T
ZQ 4ﬂ Z [W. — w5 <168G?log(4log T/6) + 6G D log(4log T/6)
t=1

=348G?log(41og T/$).
Thus, with a probability 1 — ¢
—~ ~ 2 2
F(wp) — F(%.) S346G logz(jllogT/é) N 98G (1;— logT)

< 34BG?(1 + log T + log(41og T'/6))
< T :
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Using the facts that F(Wr) < F(Wr) and F(w,) < F(w) = F(w) + %= W1u2 , we
have

lw — w13 _ 348G>(1 + log T + log(410g T/5))

F(Sor) = F(w) = T2 < - S

Appendix D. Proof of Theorem 4.2

Proof. Let W;e denote the closest point to wy, in the € sublevel set. Define €5, = S

First, we note that 3;, > Q:jfﬁg)l . We will show by induction that F(wy)—F. < ex+e€
for K =0,1,... with a high probability, which leads to our conclusion when k = K.
The inequality holds obviously for k& = 0. Conditioned on F(wy_1) — Fy < €x_1 +¢,
we will show that F'(wy)— F. < ex+¢ with a high probability. We apply Lemma 4.3
to the k-th stage of Algorithm 2 conditioned on the randomness in previous stages.
With a probability at least 1 — & we have

2 logt
Wi, —wii]2 348G <1+logt—|—log( 2 ))
F(wy) —F(WLLE) < =L 2+

2By, t
(D.1)
Similar to the proof of Theorem 4.1, by Lemma 3.1, we have
C€k—1
(Wit e = Wiall2 < S5 (D.2)

Combining (D.1) and (D.2), we have

1 (cek_l )2 34B8,G?(1 + logt + log(4 log t/g))

F(wy) = F(w 1) < 55 (5 -

20k
2 2 N
Using the fact that B, > 2:2(1655)1 and ¢t > 988kG (1tlogitlog(4logt/d))

€k
13681 G2 (1+log t+log(4logt/d))
€0

, we get

-1

_|_

F(wy) — F(w]_,,) <€ = e,

M\Q

4
which together with the fact that F(WL_M) F, < e by definition of wk 1, implies
F(wy) — Fu <€+ ¢
Therefore by induction, we have with a probability at least (1 — 5)[( ,

F(WK)—F*§€K+6:2€%+€S2€,

where the last inequality is due to the value of K = [log,(<2)]. Since 6 =0/K,
then (1 —6)K >1-4. O
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Appendix E. Proof of Lemma 4.4
Proof. Let rewrite the update of w1 in k-th epoch as

w' = Wi — Uaf(wr§§r)7wr+1 = HIC[WI]~

Then for any fixed w € K we have

1 1 1
%HWT-H —w|? S%HW’ —wl*= %IIWT —nof(wr; &) — w?
1 n
=%HWT —w* = (0f (wWri&), wr —w) + §||6f(wr;57)||2,

which implies

1 1
(OF (wW7), wr — W) S%HWT —w|?* - %”W'ﬂrl —w*+ gllaf(wr;&)\l2
—(O0f(Wr; &) — OF (Wy), w, — w).

By the convexity of F(w), i.e., F(w) — F(w;,) > (OF(w,),w — w,), and Assump-
tion 3.1 (c), then
1 nG?
Fwr) = F(w) o [wr = wl = L fweps = wi? + 2

- <af(w7—7€7') - 8F(WT)7WT - W>

Taking expectation over 1,...,7, we have
1 1 G?
BIF(w,) = F(w)] < 5B, =l = 5-Ellw - wl]+ 25—
where uses the fact that E[(0f(w,; &) — OF(w,), w, — w)] = 0. By summing the
above inequalities across 7 = 1,...,t, we have
t
1 nG>t
S (EIF(w,) — F(w))) < o-flwi - wl? + 100
T=1 N
It implies
t
1 1 nG?
E|>) (F(w,)-F < —|lwy — w4+ =
()~ Fw)| < gl =l + 2
We complete the proof by using the convexity of F(w). O

Appendix F. Monotonicity of B./e

Lemma Appendix F.1. B: is monotonically decreasing in €.
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Proof. Consider ¢ > ¢ > 0. Let xo be any point on L. such that dist(x, ) =
Be and x} be the closest point to x.s in €2, so that ||x¥, —x./ || = Be. We define a
new point between x. and x}, as

_ Be Be’ - Be *
X=—Xo+ —— X
Bo ¢ B, ¢
Since 0 < B, < By, X is strictly between xo and x% and dist(x,Q,) = ||x5 —x|| =
gj x¥, — X || = Be. By the convexity of F', we have

F&) —F. _ Fxo)-F _ ¢

dist(%, Q) ~ dist(xe,Q)  Be'

Note that we must have F(X) — F. > e since, otherwise, we can move X towards
X until F(X) — F, = € but dist(x,Q,) > B, contradicting with the definition of
B.. Then, the proof is completed by applying F(X) — Fi > € and dist(X, Q) = B.
to the previous inequality. O

Appendix G. Proof of Lemma 6.1
In this proof, we need the following lemma.

Lemma Appendix G.1 (Lemma 2 of [25]). Let Xi,...,X; be a martingale
difference sequence, i.e. E[X;|X1,...,X,—1] = 0 for all 7. Suppose that for some

values o, for r = 1,...,t, we have E |exp (f—;) \Xl,...,XT_l} < exp(l). Then
with probability at least 1 — 5, we have

¢ ¢
ZXT < 310g(1/5)20$.
T=1

T=1

Then, let us start the proof of Lemma 6.1.

Proof. Based on the fact that §||w —w,|3+n0f(w-; &) Tw+nR(w) is 4-stongly

convex in terms of w, then for any w € B(wy, D), we have

1
§||W‘r+1 - WT”% +nof(wr; f’r)TW'rJrl + nR(Wr1)
1 1
<5l = w3+ 00w ) Tw R (w) — Sl — w3
Rewrite the inequality and then it becomes

Of (Wi &) T (Wri1 — W) + R(Wri1) — R(W)

1 1
Soplv - w3 - I~ Wrll3 — oy IWr 1 = wr 3. (G.1)
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Then we can lower bound the first term, that is

of (wr; fr)T(WTH w)
=0f(Wr; &) (Wrp1 = wr) + 0f(Wri &) T (Wy — w)
=0f(wWr; fr)T(W'rJrl wo) + [0f(Wri&r) — af(WT)]T(WT -w)
+ (9f(WT)T(W.,. w)
>0f(Wri &) (Wri1 = Wo) + [0f (Wri &) = Of (wo)] T (wr — W) + f(wr) = f(w).
(G.2)

The last inequality uses the convexity of f(w). Plugging inequality (G.2)
into (G.1), we get

f(we) = f(w) + R(wr11) — R(w)

1 1
Sgplv - w3 — i w3 - oy W1 = w3

- 8f(WT;€T>T(WT+1 - WT) + [8f(W-,—) - af(wr;gT)]T(WT - W) . (G3)
Cr(w)
On the other hand, by the Cauchy-Shwartz Inequality,

1 1
*af(w‘r;gf)—r(wf—kl - W) S%”W‘r+l - WT”% + 577||8f(w7'75‘r)H§
1 1
S%HWTH — w3+ 577672. (G.4)
Combining inequalities (G.3) and (G.4) it will have
f(WT) + R(WT+1) - f(W) - R(W)
1 1 1
S%HW — w3 - %HW = Wepallz + 51G7 + G (w).

Taking summation over 7 from 1 to ¢ and dividing by ¢ on both sides of the in-
equality, then

DY F(wn) - Fw)
<H(R(w) = Rwer)) + o = wal + 25 o+ 1 ZcT

Since ||OR(w)]||2 < p and the convexity of F(w), let w = WL67 then we get

i 2 t
. pllwi — wypall2  llwi — Wl,e||2 nG 1
F(wy) — F(WL) < | ; 41l + ot + = g ¢ ( w1 o)

w VVT 2 9
PD || 1= 16”2 nG 1 +
<— : - ~(wi ). G.5
<=+ ot +2+t§_1C(1,e> (G.5)
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Next, we will use the Lemma Appendix G.1 of martingale inequality to upper
bound 23:1 CT(WL) with a high probability. By using the Jensen’s inequality,
we have [9f(w,)lls = [E[0f(wri&)]lz < EBlIOf(wri&)a] < G. Let's denote
X, =CG(wl ) = [0f(w.) — 0f (wr&)] T (wy —wl ), then E[X,] =0 and

X | <0 (W) = 0f (Wi & )l|allwr — wi |2

< (10 (wo)lla + 10 (w3 ll2) (Iwr = willz + wy = w] ]I2) < 4GD,

where we use the fact that w, € B(wi, D) and ||wy — wq || < D. This implies
that

X2
E [exp (16(}’2TD2>] < exp(1).

Then with probability at least 1 — J, we have

t t
> X, < |3log(1/6) Y " 16G2D? = 4GD+/3log(1/6)t. (G.6)
T7=1 T7=1

We complete the proof by combining (G.5) and (G.6). m|
Appendix H. Proof of Theorem 6.1

Proof. This proof is similar to that of Theorem 4.1. Let W;Q)E denote the closest
point to wy, in Sc. Define ¢, = §¢. Note that D, = 2{?—_11 > ZE and my = G55
We will show by induction that F(wy) — Fy, < €, + € for k = 0,1,... with a
high probability, which leads to our conclusion when k = K. The inequality holds
obviously for k = 0. Conditioned on F(wy_1) — Fix < €x_1 + €, we will show that

F(wy) — Fx < €x + € with a high probability. By Lemma 3.1, we have

k-1~ p,. (H.1)

W) _1c = Wioall2 < G0 =

We apply Lemma 6.1 to the k-th stage of Algorithm 1 conditioned on randomness
in previous stages. With a probability 1 — § we have

—wl |2 4GDyy/3log(1/5)
pDy  mpG? W1 — Wiy I3 k\/?
F(Wk) - F(W};—l,e) < t + 2 + 277;,@15 * \/E

(H.2)

We now consider two cases for wy_1. First, we assume F(wy_1) — F, < ¢, i.e.
wi_1 € Sc. Then we have w,Ll .= Wg_1 and

Dk T]kG2 4GDk 310g(1/(§) €L €L €L—1 3€k
) = Flwia ) s 574 Tt Vi S T
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G*D3?

The second inequality using the fact that . = 5%z, t > 3072 log(1/4) —+ and
0

t> %. As a result,

3
F(wy) — F, < F(wl_, )~ F.+ % < e+t e

Next, we consider F(wy_1)—F, > €,i.e. wi_1 ¢ S.. Then we have F(WJ,Q_LE)—F* =
€. Combining (H.1) and (H.2), we get

2 2 4GDyy/3log(1/4)
et ) < PDe omG? | Df ’“\/7
F(wg) = F(w_; ) < ;T T 2t M Vit .

: _ €k 5\ G°D} 8pD,
Since ni, = 5 and ¢ > max § max{16,3072log(1/6)} =51, £ ¢, we have
0

pDyx < pDreg €

t = 8pD; 4’

mwG® e
2 4
Dz < (Dy/2"12 @

2t = 26,/(2G?) 16G2D2 ~ 4
4G Dy+/31og(1/6) - 4G (Dy /2% 1)1/31og(1/0)en &

Vi T GDyy/307210g(1/6) 4
As a result,
F(wy)—F(w)_, ) <ex= F(wy) - F. < e +e

with a probability 1 — 4. Therefore by induction, with a probability at least (1- ) VK
we have,

F(wg)—F. <ex+e<2e

Since 6 = 0/K, then (1 —8)% > 1 —§ and we complete the proof. ]

Appendix I. Proximal ASSG based on the regularized variant

In this section, we will present a proximal ASSG based on the regularized variant,
which is referred to ProxASSG-r. Similar to ASSG-r, we construct a new problem
by adding a strongly convex term %Hw — w1]|3 to the original problem (6.1):

_— 1 2
V?géldF(W) :F(W)+%HW*W1H2> (L1)

where F'(w) is defined in (6.1). We denote W, the optimal solution to problem (I.1)
given the regularization reference point w;. We first extend SSGS to its proximal
version as presented in Algorithm 6. To give the convergence analysis of ProxASSG-
r for solving (6.1), we first present a lemma below to bound ||Ww, — w||2 and ||w; —
W1 ||2
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Algorithm 6 Proxmal SSG for solving (6.1) with a Strongly convex regularizer:
ProxSSGS(w1, 8,T)
1: fort=1,...,T do

Compute w1 = ProxlzRg/t’R [(1 — %)Wt + %Wl - ?c’ﬂf(vvt; £t)}

2
3: end for
4: Qutput: wr = 23:1 w; /T

Lemma Appendix I.1. For any t > 1, we have |W, — w¢|ls < 38(G + p) and
[wi —willa < 28(G + p).
Proof. By the optimality of W,, we have for any w € R¢
(OF(W,) + (. — w1)/8) (w = #.) > 0,
Let w = wq, we have

~ 2
OF (W) T (wy — W) > ”W*5W1H2

We have [|0F (W.)|l2 < G + p due to [|0g(w; )|z < G and ||OR(w)||2 < p, then

[W. —willa < B(G +p).

Next, we bound ||w; — wql|a. According to the update of wyyq, there exists a
subgradient OR(w;41) such that

Wip1 — (Wt —ne[0f (W5 &) + %(Wt - Wl)]) +n0R(Wiy1) =0,

where n; = ? Thus,

[witr —willa = [[ = ne(0f (we; &) + OR(Weg1)) + (L= 1/ B) (Wi — W) 2.
We prove ||w; — willa < 25(G + p) by induction. First, we consider ¢t = 1, where
1y = 203, then

[wa = Wil = [128(0f (wi; &) + OR(Wi1)) [, < 26(G + p).

Then we consider any ¢ > 2, where %* < 1. Then

|Wip1 —will2 = H % (Of (We; &) + OR(Wip1)) + (1 — %)(Wt —wi)
2
<TG+ p)+ (1= FI26(G +p) <26(G+p).
Therefore
W — will2 < 38(G + p). H

Next, we present a high probability convergence bound of ProxSSGS for opti-
mizing F'(w).
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Theorem Appendix I.1. Suppose Assumption 3.2.c holds. Let Wt be the returned
solution of Algorithm 6. Given wy € R?, § < 1/e and T > 3, with a high probability
1 — 9 we have

34B(G + p)*(1 + log T + log(4log T/5)

lw —w1l3 + .

T

Proof. Based on the update of w; 1 and the fact that §[|w—wy||3-+m[0f (wy; &)+
(wy —w1)/B]Tw+mn.R(w) is 2-stongly convex in terms of w, then for any w € R,
we have

1
§||Wt+1 — w3+ m[0f (Wi &) + (Wi — w1) /B8] T Wegt + 0 R(Wig1)
1 1
< Wil 0 (wis &) + (we —wi) /8] T () — Sl = wa
Rearranging the inequality gives
m[0f (wi) + (we — w1)/B] T (Wig1 — W) + n(R(Wep1) — R(w))
1 1 1
§§||W — w3~ §HW — Wil - §||Wt+1 — w3
+ e [0f (wi) — Of (Wi &)] T (W1 — w). (1.2)
By the strong convexity of f(w) + ﬁ”w — w1]|3, we have

m0f(we) + (we — w1)/B] T (Wep1 — w)
=n:[0f (W) + (Wi — Wl)/mT(Wt — W) + 1 [0f (W) + (Wi — Wl)/ﬂ]T(Wtﬂ —Wy)
1 9 1 2 Tt 2
o i)+ gl = wnlB] = | £) + e = wall) ] + 2 s = wi
+ e [0f (we) + (Wi — w1)/B] T (W1 — wy). (I.3)

Plugging inequality (I.3) into (1.2), we get

e £+ gl = wal3] = | )+ g5l = B + (ROwii) — (w)

1

23
1 2 1 2 T

§§||W — w3 — §HW —Wirilla +e[0f(Wi) = Of (We; )] (Weg1 — W)

1 7 2 Mt
283

[[w — WH% —ne[0f (W) + (wy — Wl)/ﬂ]T(Wﬁ-l — Wy).
(1.4)
On the other hand, by the Cauchy-Shwartz inequality we have
—ne[0f (W) + (Wi — Wl)/B]T(WHl —Wy)

1
< Iween = will3 + nZl10f (wi) + (we = w1) /813

1
< lIwepr = well3 + 207 (G2 + 4(G + p)?] (I5)
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and

mlOf(we) — 0f (Wi &) T (Wig1 — W)
=ne[0f (wi) — Of (wi; &) T (Wi — W) + 0 [0 (We) — Of (Wi &)] T (Wig1 — Wy)

<ne[0f (W) — Of (Wis &)] T (we — w) + iHWtH — w3+ n7ll0f (wi) — 0f(we; &)l5

<m0 f(wi) — Of (Wi &)] T (W — w) + %HWHI — w3+ 4nf G*. (1.6)

Plugging inequalities (I.5) and (I.6) into inequality (I.4), we get

1 1
f(we) + R(wep) + %IIWt - Wl%} - [f(W) + R(w) + %IIW —wi3
1 1
So—|lw = w3 — s—[lw — Wi |13+ [0F (wi) = Of (Wi; &) (Wi — w)
2y 2n;
Ge(w)
1
= 55 % = wills + 2m[3G* +4(G + )%
By summing the above inequalities across ¢ = 1,...,T and setting w = w,, we
have
T ~ ~
> (F(wi) = F(W.))
t=1
T—1 T T
1/ 1 1 1Y\,. ) N 1 _ )
< = —— == | ||Ws—W + W) — — W, — W
D T LI CED SITUSE ) DL
T
1 —~ 2 1 ~ 2 2 2
= 5%~ Wil 4 gl = wall3 4 (662 +8(G +9)) 3+ Rlwn) — R(wria)
t=1

T T
ST D I = will + 512" + 16(G -+ p))(1+108T) + 20(G + p),

where the last inequality uses 1, = ? and R(wi1) — R(wri1) < pllwy —wryq|2 <
2B8p(G + p). Next, we bound R.H.S of the above inequality. By using Lemma Ap-
pendix C.1, we employ the same technique in the proof of Theorem 4.2 to proceed
our proof. The only difference is that we set D = 35(G + p). We omit the detailed
steps but present the key results: with a probability 1 — §, we have

T T

1 .
> G- ] > [IW. — w3 <168G? log(41og T/6) + 6GD log(41og T/6)
t=1 t=1

—=B(34G? + 18Gp) log(4log T/9).
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Algorithm 7 the ProxASSG-r algorithm for solving (6.1)
1: Input: the number of stages K and the number of iterations t per-stage, the
initial solution wg € K, and 31 > 63(0127_6‘;)
fork=1,..., K do
Let wj, = ProxSSGS(wy_1, B, t)
Update Bixi1 = Br/2
end for
: Output: wg

S

Thus, with a probability 1 — 6,
34G? + 18Gp) log(41og T/5)

Psr) — P(w.) <p )
(12G? +16(G + p)*)(1 +1og T) + 2p(G + p)
+8 T
- 34B(G + p)?(1 +1og T + log(410g T/6))
< T .
We complete the proof by using the facts that F(Wr) < F(Wr) and F(W,) <
F(w) + 2w — wil3. :

Finally, we present ProxASSG-r in Algorithm 7 and its convergence guaratnee
is presented in theorem below.

Theorem Appendix I.2. Suppose Assumptions 3.1 and 3.2 hold for a target
e < 1. Given 6 € (0,1/e), let 6 = §/K and K = [logy(=)] and t be the smallest

integer such that t > max{ 136,81(G+p)2(1+1;g(410gt/g)-&-logt)73}. Then ProzASSG-r
guarantees that, with a probability 1 — 6,

F(wg)— F. < 2e.
As a result, the iteration complezity of ASSG-r for achieving an 2e-optimal solution

with a high probability 1 — & is O(log(1/8) /2= provided 8, = Q(jﬁ%g;))

Proof. The proof is the same to the proof of Theorem 4.2 by replacing G by G+ @

Appendix J. ASSG for Piecewise Convex Quadratic Minimization

In this section, we develop an ASSG for piecewise convex quadratic minimization
under the global error bound condition:

dist(w,K.,) < c[F(w) — F, + (F(w) — F.)'/?], VYw e R% (J.1)

We assume that an upper bound of ¢ < ¢ is given. Here, we only show the results for
the constrained variant of ASSG, which is presented in Algorithm 8. The regularized
variant is a simple exercise.
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Algorithm 8 the ASSG-c algorithm under the global error bound condition (J.1)
1: Input: the number of stages K, the number of iterations ¢ per stage, and the

initial solution wo, 71 = €9/(3G?) and ¢ > ¢
5 fork=1,..., K do

3. Let wf = wy_y and Dy, > é(ep—1 + /er1)
4: forT=1,...t; do
5 Update wE,, = Mg,y o W8 — 10 (wh; €8]
6 end for
1 t k
7. Let wy = ¢ Yo W
8  Let npr1 = nx/2
9: end for

10: Output: wg

Theorem Appendix J.1. Suppose Assumption 3.1 holds and F(w) is convezr and
piecewise conver quadratic function. Given § € (0,1), let § = §/K, K = [loga(<2)],
and ty, be the smallest integer such that ty > 6912G%¢log(1/6) max{1, i} Then
Algorithm 8 guarantees that, with a probability 1 — 6,

F(wg)—F, <e.

As a result, the iteration complexity of Algorithm 8 for achieving an e-optimal
solution with a high probability 1 — 6 is O(log(1/d)/e).

Proof. Define ¢, = 5. Note that n, = 53’“521. We will show by induction that
F(wy) — F. < ¢ for k = 0,1,... with a high probability, which leads to our
conclusion when k£ = K. The inequality holds obviously for £ = 0. Conditioned on
F(wi_1) — F < €;_1, we will show that F(wy) — Fi < €; with a high probability.

First, we have
Wiy = W12 <c[F(wi_1) = Fu + (F(wi_1) — F.)"/?]
<c(ex—1 + ex—1) < Dy,

where wj_; € K, is the closest point to w,_; in the optimal set, the second
inequality follows the global error bound (J.1) and the last inequality uses the value
of Dy,. We apply Lemma 4.1 replacing WLE with wi to the k-th stage of Algorithm 1

conditioned on randomness in previous stages. With a probability 1 — 4 we have

B mG? Wi — w2 4GDiy/3log(1/0)
2 20tk Vik
mG?2 D2 4GDpy/3 log(1/6)
< ko4 :
T2kt i
Since ny = 2% and ¢ > 6912G2¢2 log(1/8) max{1, -}, we can derive that F(wy,) —

F, < ¢, with a probability 1 — 5. Therefore by induction, with a probability at least
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(1—0)% we have F(wg) — F, < e < e. Since § = §/K, then (1—0)K >1—6 and
we complete the proof. In fact, the total number of iterations of ASSG-c is bounded

K 5 K log(1/38
by T = 4 1 < 0 (loa(1/8) S, 1) = 0 (Tei), =
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