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/0/16!WU0/!%=*+.-%8!,$%7!+*7!4$%4G!*--!*//*7!90'()18!*()!*--!)232120(!0.%/*,20(18!5%(A
%/*,2(5!/%403%/*9-%!%=4%.,20(1!<$%(!&0/92))%(!%//0/1!<0'-)!$*..%(6X!#$%!4$%4G2(5
./04%11!2(!,$%1%!-*(5'*5%1!21!4*--%)!

!

(,$90+*!*1.*2+$6

!

I!J;C_!21!*(!%=*+.-%!0&!1'4$!*
-*(5'*5%6!#$%1%!-*(5'*5%1!*/%!1,/0(5-7!4$%4G%)!%3%(!,$0'5$!,$%7!$*3%!(%2,$%/!1,*,24
4$%4G2(58!(0/!*!,7.%!171,%+6

>3%(! 1,*,24*--7! 4$%4G%)! -*(5'*5%1!'1'*--7!(%%)! ,0!.%/&0/+! ,%1,1! *,! /'(! ,2+%! ,0
*4$2%3%!1*&%,76!U0/!%=*+.-%8!*//*7!90'()1!+'1,!2(!5%(%/*-!9%!,%1,%)!)7(*+24*--76!#$%
&*4,!,$*,!*!-*(5'*5%!21!1,*,24*--7!4$%4G%)!)0%1!(0,!(%4%11*/2-7!+%*(!,$*,!%=%4',20(!4*(
./04%%)!%(,2/%-7!9-2()-76

C%3%/*-!-*(5'*5%1!,*G%!*)3*(,*5%!0&!,$%2/!1,*,24!,7.%!1,/'4,'/%1!,0!.%/&0/+!10.$21A
,24*,%)!)7(*+24!,%1,16!U0/!%=*+.-%!C2+'-*RS^1!;ZC_>K#!*()!F0)'-*AO^1!#`_>K@C>
40(1,/'4,1!)214/2+2(*,%!0(! ,$%! /'(! ,2+%! ,7.%!0&! *(!09H%4,6!#$%1%! -*(5'*5%1! */%! 1,2--
W1-25$,-7!2+./0.%/-7X!40(12)%/%)!1,*,24*--7!4$%4G%)8!.*/,2*--7!9%4*'1%!,$%!)7(*+24!,7.%
,%1,1!*/%!)%&2(%)!0(!,$%!9*121!0&!,$%!1,*,24!,7.%!171,%+6!#$*,!218!,$%!)7(*+24!,%1,1!&0/
,7.%!%:'*-2,7!*/%!40+.*,29-%!<2,$!,$%!*-50/2,$+!,$*,!,$%!,7.%4$%4G%/!'1%1!,0!)%,%/+2(%
,7.%!%:'*-2,7!*,!40+.2-%!,2+%6

!

@9*2!'>!/9>.%,

!

a7!0'/!)%&2(2,20(18!*!<%--!9%$*3%)!./05/*+!21!1*&%6!C*&%,7!21!*!+0/%!./2+2,23%!*()!.%/A
$*.1!+0/%!2+.0/,*(,!./0.%/,7!,$*(!500)!9%$*320/6!#$%!./2+*/7!50*-!0&!*!,7.%!171,%+
21! ,0!%(1'/%! -*(5'*5%!1*&%,7!97!/'-2(5!0',!

 

all

!

!'(,/*..%)!%//0/1! 2(!*--!./05/*+!/'(16
[0<%3%/8!+01,!,7.%!171,%+1!*/%!)%125(%)!,0!%(1'/%!,$%!+0/%!5%(%/*-!500)!9%$*320/
./0.%/,78!*()!2+.-242,-7!1*&%,76!#$'18!,$%!)%4-*/%)!50*-!0&!*!,7.%!171,%+!21!'1'*--7!,0
%(1'/%!500)!9%$*320/!0&!*--!./05/*+18!97!)21,2(5'21$2(5!9%,<%%(!<%--!,7.%)!*()!2--
,7.%)!./05/*+16
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!

;(!/%*-2,78!4%/,*2(!1,*,24*--7!4$%4G%)!-*(5'*5%1!)0!(0,!%(1'/%!1*&%,76!#$*,!218!,$%2/
1%,!0&!&0/92))%(!%//0/1!)0%1!(0,!2(4-')%!*--!'(,/*..%)!%//0/16!#$%1%!-*(5'*5%1!4*(!9%
%'.$%+21,24*--7!4*--%)!

!

<.927,!*1.*2.(

!

!W0/!

 

weakly typed

!

8!2(!,$%!-2,%/*,'/%X!+%*(2(5!,$*,
10+%!'(1*&%!0.%/*,20(1!*/%!)%,%4,%)!1,*,24*--7!*()!10+%!*/%!(0,!)%,%4,%)6!J*(5'*5%1
2(!,$21!4-*11!3*/7!<2)%-7!2(!,$%!%=,%(,!0&!,$%2/!<%*G(%116!U0/!%=*+.-%8!_*14*-!21!'(1*&%
0(-7!<$%(!'(,*55%)!3*/2*(,!,7.%1!*()!&'(4,20(!.*/*+%,%/1!*/%!'1%)8!<$%/%*1!K!$*1
+*(7!'(1*&%!*()!<2)%-7!'1%)!&%*,'/%18!1'4$!*1!.02(,%/!*/2,$+%,24!*()!4*1,2(56!;,!21!2(A
,%/%1,2(5!,0!(0,24%!,$*,!,$%!&2/1,!&23%!0&!,$%!,%(!40++*()+%(,1!&0/!K!./05/*++%/1!bNVc
*/%!)2/%4,%)!*,!40+.%(1*,2(5!&0/!,$%!<%*GA4$%4G2(5!*1.%4,1!0&!K6!C0+%!0&!,$%!./09-%+1
4*'1%)!97!<%*G!4$%4G2(5!2(!K!$*3%!9%%(!*--%32*,%)!2(!Kdd8!*()!%3%(!+0/%!$*3%!9%%(
*))/%11%)!2(!e*3*8!40(&2/+2(5!*!,/%()!*<*7!&/0+!<%*G!4$%4G2(56!F0)'-*AO!1'..0/,1
'(1*&%!&%*,'/%18!9',!0(-7!2(!+0)'-%1!,$*,!*/%!%=.-242,-7!+*/G%)!*1!'(1*&%8!*()!./%3%(,1
1*&%!+0)'-%1!&/0+!2+.0/,2(5!'(1*&%!2(,%/&*4%16!

F01,!'(,7.%)!-*(5'*5%1!*/%8!97!(%4%112,78!40+.-%,%-7!1*&%!W%6568!J;C_X6!D,$%/<21%8
./05/*++2(5!<0'-)!9%!,00!&/'1,/*,2(5!2(!,$%!*91%(4%!0&!90,$!40+.2-%!,2+%!*()!/'(
,2+%!4$%4G1!,0!./0,%4,!*5*2(1,!40//'.,20(6!@11%+9-7!-*(5'*5%1!9%-0(5!,0!,$%!'(.-%*1A
*(,!4*,%50/7!0&!'(,7.%)!'(1*&%!-*(5'*5%16

!

39=7.!"A!49>.%,

41')7(!79$6)96./!=.!/9>.B

!

J*4G!0&!1*&%,7!2(!*!-*(5'*5%!)%125(!21!+0,23*,%)!97!.%/&0/+*(4%!40(12)%/*,20(1!W<$%(
(0,!2(,/0)'4%)!97!+21,*G%X6!#$%!/'(!,2+%!4$%4G1!(%%)%)!,0!*4$2%3%!1*&%,7!*/%!10+%A
,2+%1!40(12)%/%)!,00!%=.%(123%6!C*&%,7!$*1!*!401,!%3%(!2(!-*(5'*5%1!,$*,!)0!%=,%(123%
1,*,24! *(*-7121E! ,%1,1! 1'4$! *1! *//*7!90'()1! 4$%4G1! 4*((0,! 9%8! 2(! 5%(%/*-8! 40+.-%,%-7
%-2+2(*,%)!*,!40+.2-%!,2+%6

C*&%,78!$0<%3%/8!21!401,!%&&%4,23%!*440/)2(5!,0!)2&&%/%(,!+%*1'/%16!C*&%,7!./0)'4%1
&*2-A1,0.! 9%$*320/! 2(! 4*1%! 0&! %=%4',20(! %//0/18! /%)'42(5! )%9'552(5! ,2+%6!F0/%03%/8
1*&%,7!5'*/*(,%%1!,$%!2(,%5/2,7!0&!/'(!,2+%!1,/'4,'/%18!*()!,$%/%&0/%!%(*9-%1!5*/9*5%
40--%4,20(6!;(!,'/(8!5*/9*5%!40--%4,20(!40(12)%/*9-7!/%)'4%1!40)%!12B%!*()!40)%!)%3%-A
0.+%(,!,2+%8!*,!,$%!./24%!0&!10+%!.%/&0/+*(4%6!

#$'18!,$%!4$024%!9%,<%%(!*!1*&%!*()!'(1*&%!-*(5'*5%!+*7!9%!'-,2+*,%-7!/%-*,%)!,0
*!,/*)%0&&!9%,<%%(!)%3%-0.+%(,!,2+%!*()!%=%4',20(!,2+%6!@-,$0'5$!'()%(2*9-%8!,$%
*)3*(,*5%1!0&!1*&%,7!$*3%!(0,!7%,!4*'1%)!*!<2)%1./%*)!*)0.,20(!0&!1*&%!-*(5'*5%16!;(A
1,%*)!0&!/%5*/)2(5!-*4G!0&!1*&%,7!*1!9*)8!+*(7!)%3%-0.%/1!40(12)%/!*-+01,!1*&%,7!*1!*-A
+01,!500)8!*()!-23%!<2,$!,$%!40(1%:'%(4%16

#7.%) \(,7.%)
C*&% FJ J;C_
\(1*&% K @11%+9-%/
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!

41')7(!79$6)96./!=.!%,-.(B

!

#$%! 211'%! 0&!<$%,$%/! ./05/*++2(5! -*(5'*5%1! 1$0'-)! $*3%! ,7.%1! W%3%(!<2,$!<%*G
4$%4G2(5X!21!1,2--!1'9H%4,!,0!10+%!)%9*,%6!#$%/%!21!-2,,-%!)0'9,8!,$0'5$8!,$*,!./0)'4,20(
40)%!</2,,%(!2(!'(,7.%)!-*(5'*5%1!4*(!9%!+*2(,*2(%)!0(-7!<2,$!5/%*,!)2&&24'-,76!U/0+
,$%!.02(,!0&!32%<!0&!+*2(,*2(*92-2,78!%3%(!<%*G-7!4$%4G%)!'(1*&%!-*(5'*5%1!*/%!1'.%A
/20/!,0!1*&%!9',!'(,7.%)!-*(5'*5%1!W%6568!K!316!J;C_X6![%/%!*/%!,$%!*/5'+%(,1!,$*,!$*3%
9%%(!.',!&0/<*/)!2(!&*30/!0&!,7.%)!-*(5'*5%18!&/0+!*(!%(52(%%/2(5!.02(,!0&!32%<E

]

 

Economy of execution

!

6!#7.%!2(&0/+*,20(!<*1!&2/1,!2(,/0)'4%)!2(!./05/*++2(5!,0
2+./03%!40)%!5%(%/*,20(!*()!/'(!,2+%!%&&242%(47!&0/!('+%/24*-!40+.',*,20(18
&0/! %=*+.-%8! 2(! UDM#M@Z6! ;(!FJ8! *44'/*,%! ,7.%! 2(&0/+*,20(! %-2+2(*,%1! ,$%
(%%)!&0/!

 

nil

!

A4$%4G2(5!0(!.02(,%/!)%/%&%/%(42(56!;(!5%(%/*-8!*44'/*,%!,7.%!2(&0/A
+*,20(!*,!40+.2-%!,2+%!-%*)1!,0!,$%!*..-24*,20(!0&!,$%!*../0./2*,%!0.%/*,20(1!*,
/'(!,2+%!<2,$0',!,$%!(%%)!0&!%=.%(123%!,%1,16!

]

 

Economy of small-scale development

!

6! ?$%(! *! ,7.%! 171,%+! 21! <%--! )%125(%)8
,7.%4$%4G2(5!4*(!4*.,'/%!*!-*/5%!&/*4,20(!0&!/0',2(%!./05/*++2(5!%//0/18!%-2+A
2(*,2(5!-%(5,$7!)%9'552(5!1%1120(16!#$%!%//0/1!,$*,!)0!044'/!*/%!%*12%/!,0!)%A
9'58!12+.-7!9%4*'1%!-*/5%!4-*11%1!0&!0,$%/!%//0/1!$*3%!9%%(!/'-%)!0',6!F0/%03%/8
%=.%/2%(4%)!./05/*++%/1!*)0.,!*!40)2(5!1,7-%!,$*,!4*'1%1!10+%!-0524*-!%//0/1
,0!1$0<!'.!*1!,7.%4$%4G2(5!%//0/1E!,$%7!'1%!,$%!,7.%4$%4G%/!*1!*!)%3%-0.+%(,
,00-6!WU0/!%=*+.-%8!97!4$*(52(5!,$%!(*+%!0&!*!&2%-)!<$%(!2,1!2(3*/2*(,1!4$*(5%
%3%(!,$0'5$!2,1!,7.%!/%+*2(1!,$%!1*+%8!10!*1!,0!5%,!%//0/!/%.0/,1!0(!*--!2,1!0-)
'1%16X

]

 

Economy of compilation

!

6!#7.%!2(&0/+*,20(!4*(!9%!0/5*(2B%)!2(,0!

 

interfaces 

!

&0/!./0A
5/*+!+0)'-%18!&0/!%=*+.-%!*1!2(!F0)'-*AN!*()!@)*6!F0)'-%1!4*(!,$%(!9%!40+A
.2-%)! 2()%.%()%(,-7!0&!%*4$!0,$%/8!<2,$!%*4$!+0)'-%!)%.%()2(5!0(-7!0(! ,$%
2(,%/&*4%1!0&!,$%!0,$%/16!K0+.2-*,20(!0&!-*/5%!171,%+1!21!+*)%!+0/%!%&&242%(,!9%A
4*'1%8!*,!-%*1,!<$%(!2(,%/&*4%1!*/%!1,*9-%8!4$*(5%1!,0!*!+0)'-%!)0!(0,!4*'1%!0,$%/
+0)'-%1!,0!9%!/%40+.2-%)6

]

 

Economy of large-scale development

!

6!;(,%/&*4%1!*()!+0)'-%1!$*3%!+%,$0)0-0524*-
*)3*(,*5%1!&0/!40)%!)%3%-0.+%(,6!J*/5%!,%*+1!0&!./05/*++%/1!4*(!(%50,2*,%
,$%!2(,%/&*4%1!,0!9%!2+.-%+%(,%)8!*()!,$%(!./04%%)!1%.*/*,%-7!,0!2+.-%+%(,!,$%
40//%1.0()2(5!.2%4%1!0&!40)%6!L%.%()%(42%1!9%,<%%(!.2%4%1!0&!40)%!*/%!+2(2A
+2B%)8!*()!40)%!4*(!9%!-04*--7!/%*//*(5%)!<2,$0',!&%*/!0&!5-09*-!%&&%4,16!W#$%1%
9%(%&2,1!4*(!9%!*4$2%3%)!*-10!97!2(&0/+*-!2(,%/&*4%!1.%42&24*,20(18!9',!2(!./*4,24%
,7.%4$%4G2(5!$%-.1!%(0/+0'1-7!2(!3%/2&72(5!*)$%/%(4%!,0!,$%!1.%42&24*,20(16X

]

 

Economy of language features

!

6!#7.%!40(1,/'4,20(1!*/%!(*,'/*--7!40+.01%)!2(!0/A
,$050(*-!<*716!U0/!%=*+.-%8!2(!_*14*-!*(!*//*7!0&!*//*71!+0)%-1!,<0A)2+%(A
120(*-!*//*71I! 2(!FJ8!*!./04%)'/%!<2,$!*!12(5-%!*/5'+%(,! ,$*,! 21!*! ,'.-%!0&!

 

n

!

.*/*+%,%/1!+0)%-1!*!./04%)'/%!0&!

 

n

!

!*/5'+%(,16!#$'18!,7.%!171,%+1!./0+0,%!0/A
,$050(*-2,7!0&! -*(5'*5%! &%*,'/%18! :'%1,20(! ,$%!',2-2,7!0&! */,2&242*-! /%1,/24,20(18
*()!,$'1!,%()!,0!/%)'4%!,$%!40+.-%=2,7!0&!./05/*++2(5!-*(5'*5%16
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!

:;-.*%.(!-&'-.&%+./!'>!%,-.!/,/%.0/

!

;(!,$%!/%1,!0&!,$21!4$*.,%/!<%!./04%%)!'()%/!,$%!*11'+.,20(!,$*,!-*(5'*5%1!1$0'-)!9%
90,$!1*&%!*()!,7.%)8!*()!,$%/%&0/%!,$*,!,7.%!171,%+1!1$0'-)!9%!%+.-07%)6!;(!,$%!1,')7
0&!,7.%!171,%+18!<%!)0!(0,!)21,2(5'21$!9%,<%%(!,/*..%)!*()!'(,/*..%)!%//0/18!(0/!9%A
,<%%(!1*&%,7!*()!500)!9%$*320/E!<%!40(4%(,/*,%!0(!500)!9%$*320/8!*()!<%!,*G%!1*&%,7
*1!*(!2+.-2%)!./0.%/,76

#7.%18!*1!(0/+*--7!2(,%()%)!2(!./05/*++2(5!-*(5'*5%18!$*3%!./*5+*,24!4$*/*4A
,%/21,241!,$*,!)21,2(5'21$!,$%+!&/0+!0,$%/!G2()1!0&!./05/*+!*((0,*,20(16!;(!5%(%/*-8!*(A
(0,*,20(1!*90',!,$%!9%$*320/!0&!./05/*+1!4*(!/*(5%!&/0+!2(&0/+*-!40++%(,1!,0!&0/+*-
1.%42&24*,20(1!1'9H%4,!,0!,$%0/%+!./032(56!#7.%1!12,!2(!,$%!+2))-%!0&!,$21!1.%4,/'+E!,$%7
*/%!+0/%!./%421%!,$*(!./05/*+!40++%(,18!*()!+0/%!%*12-7!+%4$*(2B*9-%!,$*(!&0/+*-
1.%42&24*,20(16![%/%!*/%!,$%!9*124!./0.%/,2%1!%=.%4,%)!0&!*(7!,7.%!171,%+E

] #7.%!171,%+1!1$0'-)!9%!

 

decidably verifiable

!

E!,$%/%!1$0'-)!9%!*(!*-50/2,$+!W4*--%)
*!,7.%4$%4G2(5!*-50/2,$+X!,$*,!4*(!%(1'/%!,$*,!*!./05/*+!21!<%--!9%$*3%)6!#$%
.'/.01%!0&!*!,7.%!171,%+!21!(0,!12+.-7!,0!1,*,%!./05/*++%/!2(,%(,20(18!9',!,0
*4,23%-7!4*.,'/%!%=%4',20(!%//0/1!9%&0/%!,$%7!$*..%(6!W@/92,/*/7!&0/+*-!1.%42&2A
4*,20(1!)0!(0,!$*3%!,$%1%!./0.%/,2%16X

] #7.%!171,%+1!1$0'-)!9%!

 

transparent

!

E!*!./05/*++%/!1$0'-)!9%!*9-%! ,0!./%)24,
%*12-7!<$%,$%/!*!./05/*+!<2--!,7.%4$%4G6!;&!2,!&*2-1!,0!,7.%4$%4G8!,$%!/%*10(!&0/
,$%!&*2-'/%!1$0'-)!9%!1%-&A%32)%(,6!W@',0+*,24!,$%0/%+!./032(5!)0%1!(0,!$*3%
,$%1%!./0.%/,2%16X

] #7.%! 171,%+1! 1$0'-)! 9%!

 

enforceable

!

E! ,7.%! )%4-*/*,20(1! 1$0'-)! 9%! 1,*,24*--7
4$%4G%)!*1!+'4$!*1!.01129-%8!*()!0,$%/<21%!)7(*+24*--7!4$%4G%)6!#$%!40(121A
,%(47!9%,<%%(!,7.%!)%4-*/*,20(1!*()!,$%2/!*11042*,%)!./05/*+1!1$0'-)!9%!/0'A
,2(%-7! 3%/2&2%)6! W_/05/*+! 40++%(,1! *()! 40(3%(,20(1! )0! (0,! $*3%! ,$%1%
./0.%/,2%16X

!

C'<!%,-.!/,/%.0/!9&.!>'&097+D.(

!

@1!<%!$*3%!)214'11%)8!,7.%!171,%+1!*/%!'1%)!,0!)%&2(%!,$%!(0,20(!0&!<%--!,7.2(58!<$24$
21!2,1%-&!*!1,*,24!*../0=2+*,20(!0&!500)!9%$*320/!W2(4-')2(5!1*&%,7X6!C*&%,7!&*42-2,*,%1!)%A
9'552(5!9%4*'1%!0&! &*2-A1,0.!9%$*320/8!*()!%(*9-%1!5*/9*5%!40--%4,20(!97!./0,%4,2(5
/'(!,2+%!1,/'4,'/%16!?%--!,7.2(5!&'/,$%/!&*42-2,*,%1!./05/*+!)%3%-0.+%(,!97!,/*..2(5
%=%4',20(!%//0/1!9%&0/%!/'(!,2+%6

a',!$0<!4*(!<%!5'*/*(,%%!,$*,!<%--!,7.%)!./05/*+1!*/%!/%*--7!<%--!9%$*3%)f!#$*,
218!$0<!4*(!<%!9%!1'/%!,$*,!,$%!,7.%!/'-%1!0&!*!-*(5'*5%!)0!(0,!*442)%(,*--7!*--0<!2--
9%$*3%)!./05/*+1!,0!1-2.!,$/0'5$f

 

Formal type systems

!

!*/%!,$%!+*,$%+*,24*-!4$*/*4,%/2B*,20(1!0&!,$%!2(&0/+*-!,7.%!171A
,%+1!,$*,!*/%!)%14/29%)!2(!./05/*++2(5!-*(5'*5%!+*('*-16!D(4%!*!,7.%!171,%+!21!&0/A
+*-2B%)8! <%! 4*(! *,,%+.,! ,0! ./03%! *!

 

type soundness

!

! ,$%0/%+! 1,*,2(5! ,$*,!

 

well-typed
programs are well behaved

!

6!;&!1'4$!*!10'()(%11!,$%0/%+!$0-)18!<%!1*7!,$*,!,$%!,7.%!171A
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!

,%+!21!10'()6!Wg00)!9%$*320/!0&!*--!./05/*+1!0&!*!,7.%)!-*(5'*5%!*()!10'()(%11!0&!2,1
,7.%!171,%+!+%*(!,$%!1*+%!,$2(56X

;(!0/)%/!,0!&0/+*-2B%!*!,7.%!171,%+!*()!./03%!*!10'()(%11!,$%0/%+!<%!+'1,!2(!%1A
1%(4%!&0/+*-2B%!,$%!<$0-%!-*(5'*5%!2(!:'%1,20(8!*1!<%!(0<!1G%,4$6

#$%!&2/1,!1,%.!2(!&0/+*-2B2(5!*!./05/*++2(5!-*(5'*5%!21!,0!)%14/29%!2,1!17(,*=6!U0/
+01,! -*(5'*5%1!0&! 2(,%/%1,! ,$21! /%)'4%1! ,0!)%14/292(5! ,$%!17(,*=!0&! ,7.%1!*()!

 

terms

!

6
#7.%1!%=./%11!1,*,24!G(0<-%)5%!*90',!./05/*+18!<$%/%*1!,%/+1!W1,*,%+%(,18!%=./%1A
120(18!*()!0,$%/!./05/*+!&/*5+%(,1X!%=./%11!,$%!*-50/2,$+24!9%$*320/6!

#$%!(%=,!1,%.!21!,0!)%&2(%!,$%!

 

scoping

!

!/'-%1!0&!,$%!-*(5'*5%8!<$24$!'(*+925'0'1-7
*11042*,%!044'//%(4%1!0&!2)%(,2&2%/1!,0!,$%2/!92()2(5!-04*,20(1!W,$%!-04*,20(1!<$%/%!,$%
2)%(,2&2%/1!*/%!)%4-*/%)X6!#$%!140.2(5!(%%)%)!&0/!,7.%)!-*(5'*5%1!21!2(3*/2*9-7!

 

static

!

8
2(! ,$%!1%(1%!,$*,! ,$%!92()2(5!-04*,20(1!0&! 2)%(,2&2%/1!+'1,!9%!)%,%/+2(%)!9%&0/%!/'(
,2+%6!a2()2(5!-04*,20(1!4*(!0&,%(!9%!)%,%/+2(%)!.'/%-7!&/0+!,$%!17(,*=!0&!*!-*(5'*5%8
<2,$0',!*(7!&'/,$%/!*(*-7121I!1,*,24!140.2(5!21!,$%(!4*--%)!

 

lexical scoping

!

6#$%!-*4G!0&!1,*,A
24!140.2(5!21!4*--%)!

 

dynamic scoping

!

6
C40.2(5!4*(!9%!&0/+*--7!1.%42&2%)!97!)%&2(2(5!,$%!1%,!0&!

 

free variables

!

!0&!*!./05/*+
&/*5+%(,!W<$24$!2(30-3%1!1.%42&72(5!$0<!3*/2*9-%1!*/%!90'()!97!)%4-*/*,20(1X6!#$%!*1A
1042*,%)!(0,20(!0&!

 

substitution

!

!0&!,7.%1!0/!,%/+1!&0/!&/%%!3*/2*9-%1!4*(!,$%(!9%!)%&2(%)
W1%%!K$*.,%/!YOVX6

?$%(!,$21!+'4$!21!1%,,-%)!0(%!4*(!./04%%)!,0!)%&2(%!,$%!,7.%!/'-%1!0&!,$%!-*(5'*5%8
<$24$!)%14/29%!*!/%-*,20(!

 

has-type

!

!0&!,$%!&0/+!

 

M

!

E

 

A 

!

9%,<%%(!,%/+1!

 

M

!

!*()!,7.%1!

 

A

!

6!C0+%
-*(5'*5%1!*-10!/%:'2/%!*!/%-*,20(!

 

subtype-of

!

!0&!,$%!&0/+!

 

A

!

hE

 

B

!

!9%,<%%(!,7.%18!*()!0&,%(
*!/%-*,20(!

 

equal-type

!

!0&!,$%!&0/+!

 

A

!

i

 

B

!

!0&!,7.%!%:'23*-%(4%6!#$%!40--%4,20(!0&!,7.%!/'-%1!0&
*!-*(5'*5%!&0/+1!2,1!,7.%!171,%+6!@!-*(5'*5%!,$*,!$*1!*!,7.%!171,%+!21!4*--%)!*!,7.%)
-*(5'*5%6

#$%!,7.%!/'-%1!4*((0,!9%!&0/+*-2B%)!<2,$0',!&2/1,!2(,/0)'42(5!*(0,$%/!&'()*+%(A
,*-!2(5/%)2%(,!,$*,!21!(0,!/%&-%4,%)!2(!,$%!17(,*=!0&!,$%!-*(5'*5%E!

 

static typing environ-
ments

!

6!#$%1%!*/%!'1%)!,0!/%40/)! ,$%! ,7.%1!0&! &/%%!3*/2*9-%1!)'/2(5! ,$%!./04%112(5!0&
./05/*+!&/*5+%(,1I!,$%7!40//%1.0()!4-01%-7!,0!,$%!17+90-!,*9-%!0&!*!40+.2-%/!)'/2(5
,$%!,7.%4$%4G2(5!.$*1%6!#$%!,7.%!/'-%1!*/%!*-<*71!&0/+'-*,%)!<2,$!/%1.%4,!,0!*!1,*,24
%(32/0(+%(,!&0/!,$%!&/*5+%(,!9%2(5!,7.%4$%4G%)6!U0/!%=*+.-%8!,$%!$*1A,7.%!/%-*,20(

 

M

!

E

 

A

!

!21!*11042*,%)!<2,$!*!1,*,24!,7.2(5!%(32/0(+%(,!

 

"

!

!,$*,!40(,*2(1!2(&0/+*,20(!*90',
,$%!&/%%!3*/2*9-%1!0&!

 

M

!

!*()!

 

A

!

6!#$%!/%-*,20(!21!</2,,%(!2(!&'--!*1!

 

"

!

!

 

∫

!

!

 

M

!

E

 

A

!

8!+%*(2(5!,$*,

 

M

!

!$*1!,7.%!

 

A

!

!2(!%(32/0(+%(,!

 

"

!

6
#$%!&2(*-!1,%.!2(!&0/+*-2B2(5!*!-*(5'*5%!21!,0!)%&2(%!2,1!1%+*(,241!*1!*!/%-*,20(!

 

has-
value

!

! 9%,<%%(! ,%/+1! *()! *! 40--%4,20(! 0&!

 

results

!

6! #$%! &0/+! 0&! ,$21! /%-*,20(! )%.%()1
1,/0(5-7!0(!,$%!1,7-%!0&!1%+*(,241!,$*,!21!*)0.,%)6!;(!*(7!4*1%8!,$%!1%+*(,241!*()!,$%
,7.%! 171,%+!0&! *! -*(5'*5%! */%! 2(,%/40((%4,%)E! ,$%! ,7.%1! 0&! *! ,%/+!*()!0&! 2,1! /%1'-,
1$0'-)!9%!,$%!1*+%!W0/!*../0./2*,%-7!/%-*,%)XI!,$21!21!,$%!%11%(4%!0&!,$%!10'()(%11!,$%A
0/%+6

#$%!&'()*+%(,*-!(0,20(1!0&!,7.%!171,%+!*/%!*..-24*9-%!,0!32/,'*--7!*--!40+.',2(5
.*/*)25+1!W&'(4,20(*-8!2+.%/*,23%8!40(4'//%(,8!%,46X6!;()232)'*-!,7.%!/'-%1!4*(!0&,%(!9%
*)0.,%)!'(4$*(5%)!&0/!)2&&%/%(,!.*/*)25+16!U0/!%=*+.-%8!,$%!9*124!,7.%!/'-%1!&0/!&'(4A
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!

,20(1!*/%!,$%!1*+%!<$%,$%/!,$%!1%+*(,241!21!4*--A97A(*+%!0/!4*--A97A3*-'%!0/8!0/,$050A
(*--78!&'(4,20(*-!0/!2+.%/*,23%6

;(!,$21!4$*.,%/!<%!)214'11!,7.%!171,%+1!2()%.%()%(,-7!0&!1%+*(,2416!;,!1$0'-)!9%
'()%/1,00)8!,$0'5$8!,$*,!'-,2+*,%-7!*!,7.%!171,%+!+'1,!9%!/%-*,%)!,0!*!1%+*(,2418!*()
,$*,!10'()(%11!1$0'-)!$0-)!&0/!,$*,!1%+*(,2416!C'&&24%!2,!,0!1*7!,$*,!,$%!,%4$(2:'%1!0&
1,/'4,'/*-!0.%/*,20(*-!1%+*(,241!W1%%!K$*.,%/1!YOV!*()!YPYX!)%*-!'(2&0/+-7!<2,$!*!-*/5%
40--%4,20(!0&!./05/*++2(5!.*/*)25+18!*()!&2,!3%/7!<%--!<2,$!,$%!,/%*,+%(,!&0'()!2(
,$21!4$*.,%/6

!

3,-.!.E)+897.$*.

@1!+%(,20(%)!*903%8!+01,!(0(,/232*-!,7.%!171,%+1!/%:'2/%!,$%!)%&2(2,20(!0&!*!/%-*,20(
equal type!0&!,7.%!%:'23*-%(4%6!#$21!21!*(!2+.0/,*(,!211'%!<$%(!)%&2(2(5!*!./05/*+A
+2(5!-*(5'*5%E!<$%(!*/%!1%.*/*,%-7!</2,,%(!,7.%!%=./%1120(1!%:'23*-%(,f!K0(12)%/8
&0/!%=*+.-%8!,<0!)21,2(4,!,7.%!(*+%1!,$*,!$*3%!9%%(!*11042*,%)!<2,$!12+2-*/!,7.%1E

;&!,$%!,7.%!(*+%1!S!*()!T!+*,4$!97!32/,'%!0&!9%2(5!*11042*,%)!<2,$!12+2-*/!,7.%18!<%
$*3%!structural equivalence6!;&!,$%7!&*2-!,0!+*,4$!97!32/,'%!0&!9%2(5!)21,2(4,!,7.%!(*+%1
W<2,$0',!-00G2(5!*,!,$%!*11042*,%)!,7.%1X8!<%!$*3%!by-name equivalence6!

;(!./*4,24%8!*!+2=,'/%!0&!1,/'4,'/*-!*()!97A(*+%!%:'23*-%(4%!21!'1%)!2(!+01,!40+A
.2-%/18!9',!,$%!./%421%!+2=,'/%!21!/*/%-7!./%14/29%)!2(!,$%!40//%1.0()2(5!-*(5'*5%!)%&2A
(2,20(6!;(!40(,/*1,8!.'/%!1,/'4,'/*-!%:'23*-%(4%!4*(!9%!%*12-7!*()!./%421%-7!)%&2(%)!97
+%*(1!0&!,7.%!/'-%16!F0/%03%/8!1,/'4,'/*-!%:'23*-%(4%!$*1!'(2:'%!*)3*(,*5%1!<$%(
,7.%)!)*,*!$*1!,0!9%!1,0/%)!0/!,/*(1+2,,%)!03%/!*!(%,<0/G!W*1!2(!F0)'-*AOX6!a7A(*+%
%:'23*-%(4%!4*((0,!)%*-!%*12-7!<2,$!2(,%/*4,2(5!./05/*+!10'/4%1!,$*,!$*3%!9%%(!)%3%-A
0.%)!*()!40+.2-%)!1%.*/*,%-7!2(!,2+%!0/!1.*4%6

?%!*11'+%!1,/'4,'/*-!%:'23*-%(4%!2(!<$*,!&0--0<1!W*-,$0'5$!,$21!211'%!)0%1!(0,
*/21%!0&,%(X6!;&!97A(*+%!%:'23*-%(4%!21!)%12/%)!&0/!*!-*(5'*5%8!0(%!1$0'-)!*,,%+.,!,0
</2,%!,$%!*../0./2*,%!,7.%!/'-%1E!,$%!*/92,/*/7!(*,'/%!0&!97A(*+%!%:'23*-%(4%!,$%(!9%A
40+%1!*..*/%(,6!F0/%03%/8!1*,21&*4,0/7!%+'-*,20(!0&!97A(*+%!%:'23*-%(4%!4*(!9%!09A
,*2(%)! <2,$2(! 1,/'4,'/*-! %:'23*-%(4%8! *1! )%+0(1,/*,%)! 97! ,$%! F0)'-*AO! branding
+%4$*(21+6

F!!31.!79$6)96.!'>!%,-.!/,/%.0/
@!,7.%!171,%+!1.%42&2%1!,$%!,7.%!/'-%1!0&!*!./05/*++2(5!-*(5'*5%!2()%.%()%(,-7!0&
.*/,24'-*/!,7.%4$%4G2(5!*-50/2,$+16!#$21!21!*(*-050'1!,0!)%14/292(5!,$%!17(,*=!0&!*!./0A
5/*++2(5!-*(5'*5%!97!*!&0/+*-!5/*++*/8!2()%.%()%(,-7!0&!.*/,24'-*/!.*/12(5!*-50A
/2,$+16!

;,!21!90,$!40(3%(2%(,!*()!'1%&'-!,0!)%40'.-%!,7.%!171,%+1!&/0+!,7.%4$%4G2(5!*-50A
/2,$+1E!,7.%!171,%+1!9%-0(5!,0!-*(5'*5%!)%&2(2,20(18!<$2-%!*-50/2,$+1!9%-0(5!,0!40+A
.2-%/16!;,!21!%*12%/!,0!%=.-*2(!,$%!,7.2(5!*1.%4,1!0&!*!-*(5'*5%!97!*!,7.%!171,%+8!/*,$%/

type!S!i!Bool
type!T!i!Bool
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,$*(!97!,$%!*-50/2,$+!'1%)!97!*!523%(!40+.2-%/6!F0/%03%/8!)2&&%/%(,!40+.2-%/1!+*7
'1%!)2&&%/%(,!,7.%4$%4G2(5!*-50/2,$+1!&0/!,$%!1*+%!,7.%!171,%+6

@1!*!+2(0/!./09-%+8!2,! 21!,%4$(24*--7!.01129-%!,0!)%&2(%!,7.%!171,%+1!,$*,!*)+2,
0(-7! '(&%*129-%! ,7.%4$%4G2(5! *-50/2,$+18! 0/! (0! *-50/2,$+1! *,! *--6! #$%! '1'*-! 2(,%(,8
$0<%3%/8!21!,0!*--0<!&0/!%&&242%(,!,7.%4$%4G2(5!*-50/2,$+16

G)(60.$%/

#7.%!171,%+1!*/%!)%14/29%)!97!*!.*/,24'-*/!&0/+*-21+8!<$24$!<%!(0<!2(,/0)'4%6!#$%
)%14/2.,20(!0&!*!,7.%!171,%+!1,*/,1!<2,$!,$%!)%14/2.,20(!0&!*!40--%4,20(!0&!&0/+*-!',,%/A
*(4%1!4*--%)!H')5+%(,16!@!,7.24*-!H')5+%(,!$*1!,$%!&0/+E

?%!1*7!,$*,!" entails!#6![%/%!"!21!*!static typing environmentI!&0/!%=*+.-%8!*(!0/)%/%)!-21,
0&!)21,2(4,!3*/2*9-%1!*()!,$%2/!,7.%18!0&!,$%!&0/+!8!xYEAY8!6668!xnEAn6!#$%!%+.,7!%(32/0(A
+%(,!21!)%(0,%)!97!8!*()!,$%!40--%4,20(!0&!3*/2*9-%1!xY!666!xn!)%4-*/%)!2(!"!21!2()24*,%)
97!domW"X6!#$%!&0/+!0&!,$%!assertion!#!3*/2%1!&/0+!H')5+%(,!,0!H')5+%(,8!9',!*--!,$%!&/%%
3*/2*9-%1!0&!#!+'1,!9%!)%4-*/%)!2(!"6

#$%!+01,! 2+.0/,*(,! H')5+%(,8! &0/!0'/!./%1%(,!.'/.01%18! 21! ,$%!typing judgment8
<$24$!*11%/,1!,$*,!*!,%/+!M!$*1!*!,7.%!A!<2,$!/%1.%4,!,0!*!1,*,24!,7.2(5!%(32/0(+%(,
&0/!,$%!&/%%!3*/2*9-%1!0&!M6!;,!$*1!,$%!&0/+E

D,$%/!H')5+%(,!&0/+1!*/%!0&,%(!(%4%11*/7I!*!40++0(!0(%!*11%/,1!12+.-7!,$*,!*(
%(32/0(+%(,!21!<.77!>'&0.(E

@(7!523%(!H')5+%(,!4*(!9%!/%5*/)%)!*1!valid!W%6568!"!∫!true E!BoolX!0/!invalid!W%6568!"
∫!true E!NatX6!j*-2)2,7!&0/+*-2B%1!,$%!(0,20(!0&!<%--!,7.%)!./05/*+16!#$%!)21,2(4,20(!9%A
,<%%(!3*-2)!*()!2(3*-2)!H')5%+%(,1!40'-)!9%!%=./%11%)!2(!*!('+9%/!0&!<*71I!$0<%3%/8
*!$25$-7!1,7-2B%)!<*7!0&!./%1%(,2(5!,$%!1%,!0&!3*-2)!H')5+%(,1!$*1!%+%/5%)6!#$21!./%A
1%(,*,20(!1,7-%8!9*1%)!0(!,7.%!/'-%18!&*42-2,*,%1!1,*,2(5!*()!./032(5!,%4$(24*-!-%++*1
*()!,$%0/%+1!*90',!,7.%!171,%+16!F0/%03%/8!,7.%!/'-%1!*/%!$25$-7!+0)'-*/E!/'-%1!&0/
)2&&%/%(,!40(1,/'4,1!4*(!9%!</2,,%(!1%.*/*,%-7!W2(!40(,/*1,!,0!*!+0(0-2,$24!,7.%4$%4G2(5
*-50/2,$+X6!#$%/%&0/%8!,7.%!/'-%1!*/%!40+.*/*,23%-7!%*17!,0!/%*)!*()!'()%/1,*()6

3,-.!&)7./

#7.%!/'-%1!*11%/,!,$%!3*-2)2,7!0&!4%/,*2(!H')5+%(,1!0(!,$%!9*121!0&!0,$%/!H')5+%(,1!,$*,
*/%!*-/%*)7!G(0<(!,0!9%!3*-2)6!#$%!./04%11!5%,1!0&&!,$%!5/0'()!97!10+%!2(,/2(124*--7
3*-2)!H')5+%(,!W'1'*--7E! ∫ Q8!1,*,2(5!,$*,!,$%!%+.,7!%(32/0(+%(,!21!<%--!&0/+%)X6!

"!∫!# #!21!*(!*11%/,20(I!,$%!&/%%!3*/2*9-%1!0&!#!*/%!)%4-*/%)!2(!"

"!∫!M!E!A M!$*1!,7.%!A!2(!"

>=*+.-%16
 ∫!true!E!Bool true!$*1!,7.%!Bool
8!xENat!∫!xdY!E!Nat xdY $*1!,7.%!Nat8!./032)%)!,$*,!x!$*1!,7.%!Nat

"!∫ Q "!21!<%--A&0/+%)!W26%68!2,!$*1!9%%(!./0.%/-7!40(1,/'4,%)X
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>*4$!,7.%!/'-%!21!</2,,%(!*1!*!('+9%/!0&!premise!H')5+%(,1!"i!∫!#i!*903%!*!$0/2B0(A
,*-!-2(%8!<2,$!*!12(5-%!conclusion!H')5+%(,!"!∫!#!9%-0<!,$%!-2(%6!?$%(!*--!0&!,$%!./%+21%1
*/%!1*,21&2%)8!,$%!40(4-'120(!+'1,!$0-)I!,$%!('+9%/!0&!./%+21%1!+*7!9%!B%/06!>*4$!/'-%
$*1!*!(*+%6!Wa7!40(3%(,20(8!,$%!&2/1,!<0/)!0&!,$%!(*+%!21!)%,%/+2(%)!97!,$%!40(4-'120(
H')5+%(,I!&0/!%=*+.-%8!/'-%!(*+%1!0&!,$%!&0/+!kWj*-!666!Xl!*/%!&0/!/'-%1!<$01%!40(4-'A
120(!21!*!3*-'%!,7.2(5!H')5+%(,6X!?$%(!(%%)%)8!40()2,20(1!/%1,/24,2(5!,$%!*..-24*92-2,7
0&!*!/'-%8!*1!<%--!*1!*99/%32*,20(1!'1%)!<2,$2(!,$%!/'-%8!*/%!*((0,*,%)!(%=,!,0!,$%!/'-%
(*+%!0/!,$%!./%+21%16!

U0/!%=*+.-%8!,$%!&2/1,!0&!,$%!&0--0<2(5!,<0!/'-%1!1,*,%1!,$*,!*(7!('+%/*-!21!*(!%=A
./%1120(!0&!,7.%!Nat8!2(!*(7!<%--A&0/+%)!%(32/0(+%(,!"6!#$%!1%40()!/'-%!1,*,%1!,$*,
,<0!%=./%1120(1!M!*()!N!)%(0,2(5!(*,'/*-!('+9%/1!4*(!9%!40+92(%)!2(,0!*!-*/5%/!%=A
./%1120(!MdN8!<$24$!*-10!)%(0,%1!*!(*,'/*-!('+9%/6!F0/%03%/8!,$%!%(32/0(+%(,!"!&0/
M!*()!N8!<$24$!)%4-*/%1!,$%!,7.%1!0&!*(7!&/%%!3*/2*9-%!0&!M!*()!N8!4*//2%1!03%/!,0!MdN6

@!&'()*+%(,*-!/'-%!1,*,%1!,$*,!,$%!%+.,7!%(32/0(+%(,!21!<%--!&0/+%)8!<2,$!(0!*11'+.A
,20(1E

@!40--%4,20(!0&!,7.%!/'-%1!21!4*--%)!*!(formal) type system6!#%4$(24*--78!,7.%!171,%+1
&2,!2(,0!,$%!5%(%/*-!&/*+%<0/G!0&!formal proof systemsE!40--%4,20(1!0&!/'-%1!'1%)!,0!4*//7
0',!1,%.A97A1,%.!)%)'4,20(16!#$%!)%)'4,20(1!4*//2%)!0',!2(!,7.%!171,%+1!40(4%/(!,$%
,7.2(5!0&!./05/*+16

3,-.!(.&+89%+'$/

@!)%/23*,20(!2(!*!523%(!,7.%!171,%+!21!*!,/%%!0&!H')5+%(,1!<2,$!-%*3%1!*,!,$%!,0.!*()!*
/00,!*,!,$%!90,,0+8!<$%/%!%*4$!H')5+%(,!21!09,*2(%)!&/0+!,$%!0(%1!2++%)2*,%-7!*903%
2,!97!10+%!/'-%!0&!,$%!171,%+6!@!&'()*+%(,*-!/%:'2/%+%(,!0(!,7.%!171,%+1!21!,$*,!2,
+'1,!9%!.01129-%!,0!4$%4G!<$%,$%/!0/!(0,!*!)%/23*,20(!21!./0.%/-7!40(1,/'4,%)6

@!897+(!5)(60.$%!21!0(%!,$*,!4*(!9%!09,*2(%)!*1!,$%!/00,!0&!*!)%/23*,20(!2(!*!523%(
,7.%!171,%+6!#$*,!218!*!3*-2)!H')5+%(,!21!0(%!,$*,!4*(!9%!09,*2(%)!97!40//%4,-7!*..-72(5
,$%!,7.%!/'-%16!U0/!%=*+.-%8!'12(5!,$%!,$/%%!/'-%1!523%(!./%320'1-7!<%!4*(!9'2-)!,$%!&0-A

WM'-%!(*+%X!!!!W@((0,*,20(1X

"Y!∫!#Y!!!666!!!"n!∫!#n!!!W@((0,*,20(1X g%(%/*-!&0/+!0&!*!,7.%!/'-%6

"!∫!#

Wj*-!nX!!!Wn!i!m8!Y8!666X Wj*-!dX

"!∫!Q "!∫!M!E!Nat!!!!!!"!∫!N!E!Nat

"!∫!n!E!Nat "!∫!MdN!E!Nat

W>(3!X

!∫!Q



12

-0<2(5!)%/23*,20(8!<$24$!%1,*9-21$%1!,$*,!!∫!YdN!E!Nat!21!*!3*-2)!H')5+%(,6!#$%!/'-%!*.A
.-2%)!*,!%*4$!1,%.!21!)21.-*7%)!,0!,$%!/25$,!0&!%*4$!40(4-'120(E

H.77!%,-+$6!9$(!%,-.!+$>.&.$*.

;(!*!523%(!,7.%!171,%+8!*!,%/+!M!21!<%--!,7.%)!&0/!*(!%(32/0(+%(,!"8!2&!,$%/%!21!*!,7.%
A!1'4$!,$*,!"!∫!M!E!A!21!*!3*-2)!H')5+%(,I!,$*,!218!2&!,$%!,%/+!M!4*(!9%!523%(!10+%!,7.%6!

#$%!)21403%/7!0&!*!)%/23*,20(!W*()!$%(4%!0&!*!,7.%X!&0/!*!,%/+!21!4*--%)!,$%!%,-.!+$?
>.&.$*. ./09-%+6!;(!,$%!12+.-%!,7.%!171,%+!40(121,2(5!0&!,$%!/'-%1!W>(3!X8!Wj*-!nX8!*()
Wj*-!dX8!*!,7.%!4*(!9%!inferred!&0/!,$%!,%/+!YdN!2(!,$%!%+.,7!%(32/0(+%(,6!#$21!,7.%!21
Nat8!97!,$%!./%4%)2(5!)%/23*,20(6

C'..01%!<%!(0<!*))!*!,7.%!/'-%!<2,$!./%+21%!"!∫!Q!*()!40(4-'120(!"!∫!true!E!Bool6
;(!,$%!/%1'-,2(5!,7.%!171,%+!<%!4*((0,!2(&%/!*(7!,7.%!&0/!,$%!,%/+!Ydtrue8!9%4*'1%!,$%/%
21!(0!/'-%!&0/!1'++2(5!*!(*,'/*-!('+9%/!<2,$!*!900-%*(6!a%4*'1%!0&!,$%!*91%(4%!0&!*(7
)%/23*,20(1!&0/!Ydtrue8!<%!1*7!,$*,!Ydtrue!21!not typeable8!0/!,$*,!2,!21!2--!,7.%)8!0/!,$*,!2,
$*1!*!%,-+$6!.&&'&6

?%!40'-)!&'/,$%/!*))!*!,7.%!/'-%!<2,$!./%+21%1!"!∫!M!E!Nat!*()!"!∫!N!E!Bool8!*()
<2,$!40(4-'120(!"!∫!MdN!E!Nat!W%6568!<2,$!,$%!2(,%(,!0&!2(,%/./%,2(5!true!*1!YX6!;(!1'4$!*
,7.%!171,%+8!*!,7.%!40'-)!9%!2(&%//%)!&0/!,$%!,%/+!Ydtrue8!<$24$!<0'-)!(0<!9%!<%--
,7.%)6

#$'18!,$%!,7.%!2(&%/%(4%!./09-%+!&0/!*!523%(!,%/+!21!3%/7!1%(12,23%!,0!,$%!,7.%!171A
,%+!2(!:'%1,20(6!@(!*-50/2,$+!&0/!,7.%!2(&%/%(4%!+*7!9%!3%/7!%*178!3%/7!$*/)8!0/!2+A
.01129-%!,0!&2()8!)%.%()2(5!0(!,$%!,7.%!171,%+6!;&!&0'()8!,$%!9%1,!*-50/2,$+!+*7!9%
3%/7!%&&242%(,8!0/!$0.%-%11-7!1-0<6!@-,$0'5$!,7.%!171,%+1!*/%!%=./%11%)!*()!0&,%(!)%A
125(%)!2(!,$%!*91,/*4,8!,$%2/!./*4,24*-!',2-2,7!)%.%()1!0(!,$%!*3*2-*92-2,7!0&!500)!,7.%!2(A
&%/%(4%!*-50/2,$+16

#$%!,7.%!2(&%/%(4%!./09-%+!&0/!%=.-242,-7!,7.%)!./04%)'/*-!-*(5'*5%1!1'4$!*1!_*1A
4*-!21!&*2/-7!%*12-7!10-3%)I!<%!,/%*,!2,!2(!1%4,20(!T6!#$%!,7.%!2(&%/%(4%!./09-%+!&0/!2+.-24A
2,-7!,7.%)!-*(5'*5%1!1'4$!*1!FJ!21!+'4$!+0/%!1'9,-%8!*()!<%!)0!(0,!,/%*,!2,!$%/%6!#$%
9*124!*-50/2,$+!21!<%--!'()%/1,00)!W1%3%/*-!)%14/2.,20(1!0&!2,!*..%*/!2(!,$%!-2,%/*,'/%X
*()!21!<2)%-7!'1%)6![0<%3%/8!,$%!3%/120(1!0&!,$%!*-50/2,$+!,$*,!*/%!'1%)!2(!./*4,24%!*/%
40+.-%=!*()!*/%!1,2--!9%2(5!2(3%1,25*,%)6!

#$%!,7.%!2(&%/%(4%!./09-%+!9%40+%1!.*/,24'-*/-7!$*/)!2(!,$%!./%1%(4%!0&!-'7,0'&?
-1+/0! W)214'11%)!2(!1%4,20(!QX6!#$%!,7.%!2(&%/%(4%!./09-%+1!&0/!,$%!%=.-242,-7!,7.%)
.0-7+0/.$24!&%*,'/%1!0&!@)*8!KJ\8!*()!C,*()*/)!FJ!*/%!,/%*,*9-%!2(!./*4,24%6![0<%3A
%/8!,$%1%!./09-%+1!*/%!,7.24*--7!10-3%)!97!*-50/2,$+18!<2,$0',!&2/1,!)%14/292(5!,$%!*1A
1042*,%)!,7.%!171,%+16!#$%!.'/%1,!*()!+01,!5%(%/*-!,7.%!171,%+!&0/!.0-7+0/.$21+!21
%+90)2%)!97!*!!A4*-4'-'1!)214'11%)!2(!1%4,20(!Q6!#$%!,7.%!2(&%/%(4%!*-50/2,$+!&0/!,$21
.0-7+0/.$24!!A4*-4'-'1!21!&*2/-7!%*178!*()!<%!./%1%(,!2,!2(!1%4,20(!T6!#$%!12+.-242,7!0&

 ∫ Q !!!!97!W>(3!X  ∫ Q !!!!!97!W>(3!X

!∫!Y!E!Nat!!!!97!Wj*-!nX !∫!N!E!Nat !!!!!97!Wj*-!nX

!∫!YdN!E!Nat !!!!!97!Wj*-!dX
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,$%!10-',20(8!$0<%3%/8!)%.%()1!0(!2+./*4,24*--7!3%/901%!,7.2(5!*((0,*,20(16!#0!+*G%
,$21!5%(%/*-!.0-7+0/.$21+!./*4,24*-8!10+%!,7.%!2(&0/+*,20(!$*1!,0!9%!0+2,,%)6!C'4$
,7.%!2(&%/%(4%!./09-%+1!*/%!1,2--!*(!*/%*!0&!*4,23%!/%1%*/4$6

3,-.!/')$($.//

?%!$*3%!(0<!%1,*9-21$%)!*--!0&!,$%!5%(%/*-!(0,20(1!40(4%/(2(5!,7.%!171,%+18!*()!<%
4*(!9%52(!%=*+2(2(5!.*/,24'-*/! ,7.%!171,%+16!C,*/,2(5! 2(!1%4,20(!O8!<%!/%32%<!10+%
3%/7!.0<%/&'-!9',!/*,$%/!,$%0/%,24*-!,7.%!171,%+16!#$%!2)%*!21!,$*,!97!&2/1,!'()%/1,*()A
2(5!,$%1%!&%<!171,%+18!2,!9%40+%1!%*12%/!,0!</2,%!,$%!,7.%!/'-%1!&0/!,$%!3*/2%)!*()!40+A
.-%=!&%*,'/%1!,$*,!0(%!+*7!%(40'(,%/!2(!./05/*++2(5!-*(5'*5%16

?$%(!2++%/12(5!0'/1%-3%1!2(!,7.%!/'-%18!<%!1$0'-)!G%%.!2(!+2()!,$*,!*!1%(129-%
,7.%!171,%+!21!+0/%!,$*(!H'1,!*(!*/92,/*/7!40--%4,20(!0&!/'-%16!?%--!,7.2(5!21!+%*(,!,0
40//%1.0()!,0!*!1%+*(,24!(0,20(!0&!500)!./05/*+!9%$*320/6!;,!21!4'1,0+*/7!,0!4$%4G!,$%
2(,%/(*-!40(121,%(47!0&!*! ,7.%!171,%+!97!./032(5!*! ,7.%!10'()(%11! ,$%0/%+. #$21! 21
<$%/%!,7.%!171,%+1!+%%,!1%+*(,2416!;(!,$%!(0,*,20(!0&!K$*.,%/!YPY8!&0/!)%(0,*,20(*-!1%A
+*(,241!<%!%=.%4,!,$*,!2&!!∫!M!E!A!21!3*-2)8!,$%(![M]!Ï [A]!$0-)1!W,$%!3*-'%!0&!M!9%-0(51
,0!,$%!1%,!0&!3*-'%1!)%(0,%)!97!,$%!,7.%!AX8!*()!&0/!0.%/*,20(*-!1%+*(,2418!<%!%=.%4,
,$*,!2&!!∫!M!E!A!*()!M!/%)'4%1!,0!M’!,$%(!!∫!M’!E!A6!;(!90,$!4*1%1!,$%!,7.%!10'()(%11
,$%0/%+!*11%/,1!,$*,!<%--!,7.%)!./05/*+1!40+.',%!<2,$0',!%=%4',20(!%//0/16!C%%!bYY8
OOc!&0/!1'/3%71!0&!,%4$(2:'%18!*1!<%--!*1!1,*,%A0&A,$%A*/,!10'()(%11!./00&16

I!!J+&/%?'&(.&!3,-.!4,/%.0/
#$%!,7.%!171,%+1!&0'()!2(!+01,!40++0(!./04%)'/*-!-*(5'*5%1!*/%!4*--%)!>+&/%!'&(.&6
;(!,7.%A,$%0/%,24*-!H*/50(!,$21!+%*(1!,$*,!,$%7!-*4G!,7.%!.*/*+%,%/2B*,20(!*()!,7.%!*9A
1,/*4,20(8!<$24$!*/%!/.*'$(!'&(.&! &%*,'/%16!U2/1,A0/)%/! ,7.%! 171,%+1! 2(4-')%! W/*,$%/
40(&'12(5-7X!$25$%/!0/)%/!&'(4,20(16!_*14*-!*()!@-50-RT!$*3%!/24$!&2/1,A0/)%/!,7.%!171A
,%+18!<$%/%*1!UDM#M@Z!*()!@-50-Rm!$*3%!3%/7!.00/!0(%16!

@!+2(2+*-! &2/1,A0/)%/! ,7.%! 171,%+!4*(!9%!523%(! &0/! ,$%!'(,7.%)!!A4*-4'-'1!)%A
14/29%)!2(!K$*.,%/!YOV6!#$%/%8!,$%!'(,7.%)!!A*91,/*4,20(!!x6M!/%./%1%(,1!*!&'(4,20(!0&
.*/*+%,%/!x!*()!/%1'-,!M6!#7.2(5!&0/!,$21!4*-4'-'1!/%:'2/%1!0(-7!&'(4,20(!,7.%1!*()
10+%!9*1%!,7.%1I!<%!<2--!1%%!-*,%/!$0<!,0!*))!0,$%/!40++0(!,7.%!1,/'4,'/%16

#$%!&2/1,A0/)%/!,7.%)!!A4*-4'-'1!21!4*--%)!171,%+!UY6!#$%!+*2(!4$*(5%!&/0+!,$%!'(A
,7.%)!!A4*-4'-'1!21!,$%!*))2,20(!0&!,7.%!*((0,*,20(1!&0/!!A*91,/*4,20(18!'12(5!,$%!17(,*=
!xEA6M8!<$%/%!x!21!,$%!&'(4,20(!.*/*+%,%/8!A!21!2,1!,7.%8!*()!M!21!,$%!90)7!0&!,$%!&'(4A
,20(6!W;(!*!,7.%)!./05/*++2(5!-*(5'*5%!<%!<0'-)!-2G%-7!2(4-')%!,$%!,7.%!0&!,$%!/%1'-,8
9',!,$21!21!(0,!(%4%11*/7!$%/%6X!#$%!1,%.!&/0+!!x6M!,0!!xEA6M!21!,7.24*-!0&!*(7!./05/%1A
120(!&/0+!*(!'(,7.%)!,0!*!,7.%)!-*(5'*5%E!90'()!3*/2*9-%1!*4:'2/%!,7.%!*((0,*,20(16!

C2(4%!UY!21!9*1%)!+*2(-7!0(!&'(4,20(!3*-'%18!,$%!+01,!2(,%/%1,2(5!,7.%1!*/%!&'(4,20(
,7.%1E!A$B!21!,$%!,7.%!0&!&'(4,20(1!<2,$!*/5'+%(,1!0&!,7.%!A!*()!/%1'-,1!0&!,7.%!B6!#0
5%,!1,*/,%)8!,$0'5$8!<%!*-10!(%%)!10+%!9*124!,7.%1!03%/!<$24$!,0!9'2-)!&'(4,20(!,7.%16
?%!2()24*,%!97!Basic *!40--%4,20(!0&!1'4$!,7.%18!*()!97!ZÏBasic!*(7!1'4$!,7.%6!@,!,$21
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.02(,!9*124!,7.%1!*/%!.'/%-7!*!,%4$(24*-!(%4%112,78!9',!1$0/,-7!<%!<2--!40(12)%/!2(,%/%1,A
2(5!9*124!,7.%1!1'4$!*1!Bool!*()!Nat6

#$%!17(,*=!0&!UY!21!523%(!2(!#*9-%!N6!;,!21!2+.0/,*(,!,0!40++%(,!9/2%&-7!0(!,$%!/0-%
0&!17(,*=!2(!,7.%)!-*(5'*5%16!;(!,$%!4*1%!0&!,$%!'(,7.%)!!A4*-4'-'18!,$%!40(,%=,A&/%%
17(,*=!)%14/29%1!%=*4,-7!,$%!-%5*-!./05/*+16!#$21!21!(0,!,$%!4*1%!2(!,7.%)!4*-4'-28!12(4%
500)!9%$*320/!21!(0,!W'1'*--7X!*!40(,%=,A&/%%!./0.%/,76!#$%!,*1G!0&!)%14/292(5!,$%!-%5*-
./05/*+1!21!,*G%(!03%/!97!,$%!,7.%!171,%+6!U0/!%=*+.-%8!!xEZ6xWyX!/%1.%4,1!,$%!17(,*=
0&!UY!523%(!2(!#*9-%!N8!9',!21!(0,!*!./05/*+!0&!UY!9%4*'1%!2,!21!(0,!<%--!,7.%)8!12(4%!Z!21
(0,!*!&'(4,20(!,7.%6!#$%!40(,%=,A&/%%!17(,*=!21!1,2--!(%%)%)8!9',!0(-7!2(!0/)%/!,0!)%&2(%
,$%!(0,20(1!0&!&/%%!*()!90'()!3*/2*9-%1I!,$*,!218!,0!)%&2(%!,$%!140.2(5!/'-%1!0&!,$%!-*(A
5'*5%6!a*1%)!0(!,$%!140.2(5!/'-%18!,%/+1!,$*,!)2&&%/!0(-7!2(!,$%2/!90'()!3*/2*9-%18!1'4$
*1!!xEZ6x!*()!!yEZ6y8!*/%!40(12)%/%)!syntactically identical6!#$21!40(3%(2%(,!2)%(,2&24*A
,20(!21!2+.-242,-7!*11'+%)!2(!,$%!,7.%!/'-%1!W0(%!+*7!$*3%!,0!/%(*+%!90'()!3*/2*9-%1
2(!0/)%/!,0!*..-7!4%/,*2(!,7.%!/'-%1X6

39=7.!FA!4,$%9;!'>!J"

#$%!)%&2(2,20(!0&!&/%%!3*/2*9-%1!&0/!UY!21!,$%!1*+%!*1!&0/!,$%!'(,7.%)!!A4*-4'-'1!&/0+
K$*.,%/!YOV8!12+.-7!25(0/2(5!,$%!,7.2(5!*((0,*,20(16!

?%!(%%)!0(-7!,$/%%!12+.-%!H')5+%(,1!&0/!UYI!,$%7!*/%!1$0<(!2(!#*9-%!O6!#$%!H')5A
+%(,!"!∫!A 21!2(!*!1%(1%!/%)'()*(,8!12(4%!*--!17(,*4,24*--7!40//%4,!,7.%1!A!*/%!*',0+*,A
24*--7!<%--!&0/+%)!2(!*(7!%(32/0(+%(,!"6!;(!1%40()!0/)%/!171,%+18!$0<%3%/8!,$%!<%--
&0/+%)(%11!0&!,7.%1!21!(0,!4*.,'/%)!97!5/*++*/!*-0(%8!*()!,$%!H')5%+%(,!"!∫!A!9%A
40+%1!%11%(,2*-6!;,!21!40(3%(2%(,!,0!*)0.,!,$21!H')5+%(,!(0<8!10!,$*,!-*,%/!%=,%(120(1
*/%!%*12%/6

39=7.!IA!G)(60.$%/!>'&!J"

j*-2)2,7!&0/!,$%1%!H')5+%(,1!21!)%&2(%)!97!,$%!/'-%1!2(!#*9-%!P6!#$%!/'-%!W>(3!X!21
,$%!0(-7!0(%!,$*,!)0%1!(0,!/%:'2/%!*11'+.,20(1!W26%68!2,!21!,$%!0(-7!axiomX6!;,!1,*,%1!,$*,
,$%!%+.,7!%(32/0(+%(,!21!*!3*-2)!%(32/0(+%(,6!#$%!/'-%!W>(3!xX!21!'1%)!,0!%=,%()!*(
%(32/0(+%(,!"!,0!*!-0(5%/!%(32/0(+%(,!"8!xEA8!./032)%)!,$*,!A! 21!*!3*-2)!,7.%!2(!"6

A8B!!!EEi
Z ZÏBasic
A$B

,7.%1
9*124!,7.%1
&'(4,20(!,7.%1

M,N!EEi
x
!xEA6M
M!N

,%/+1
3*/2*9-%
&'(4,20(
*..-24*,20(

"!∫ Q
"!∫!A
"!∫!M!E!A

"!21!*!<%--A&0/+%)!%(32/0(+%(,
A!21!*!<%--A&0/+%)!,7.%!2(!"
M 21!*!<%--A&0/+%)!,%/+!0&!,7.%!A!2(!"
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Z0,%!,$*,!,$%!*11'+.,20(!"!∫!A!2+.-2%18!2()'4,23%-78!,$*,!"!21!3*-2)6!#$*,!218!2(!,$%!./0A
4%11!0&!)%/232(5!"!∫!A!<%!+'1,!$*3%!)%/23%)!"!∫!Q6!@(0,$%/!/%:'2/%+%(,!0&!,$21!/'-%!21
,$*,!,$%!3*/2*9-%!x!+'1,!(0,!9%!)%&2(%)!2(!"6!?%!*/%!4*/%&'-!,0!G%%.!3*/2*9-%1!)21,2(4,!2(
%(32/0(+%(,18!10!,$*,!<$%(!"8!xEA!∫!M E!B!$*1!9%%(!)%/23%)8!*1!2(!,$%!*11'+.,20(!0&
Wj*-!U'(X8!<%!G(0<!,$*,!x!4*((0,!044'/!2(!domW"X6!

39=7.!KA!L)7./!>'&!J"

#$%!/'-%1!W#7.%!K0(1,X!*()!W#7.%!@//0<X!40(1,/'4,!,7.%16!#$%!/'-%!Wj*-!xX!%=,/*4,1
*(!*11'+.,20(!&/0+!*(!%(32/0(+%(,E!<%!'1%!,$%!(0,*,20(!"’8!xEA8!"[8!/*,$%/!2(&0/+*--78
,0!2()24*,%!,$*,!xEA!044'/1!10+%<$%/%!2(!,$%!%(32/0(+%(,6!#$%!/'-%!Wj*-!U'(X!523%1!,$%
,7.%!A$B!,0!*!&'(4,20(8!./032)%)!,$*,!,$%!&'(4,20(!90)7!/%4%23%1!,$%!,7.%!B!'()%/!,$%
*11'+.,20(!,$*,!,$%!&0/+*-!.*/*+%,%/!$*1!,7.%!A6!Z0,%!$0<!,$%!%(32/0(+%(,!4$*(5%1
-%(5,$!2(!,$21!/'-%6!#$%!/'-%!Wj*-!@..-X!*..-2%1!*!&'(4,20(!,0!*(!*/5'+%(,E!,$%!1*+%!,7.%
A!+'1,!*..%*/!,<24%!<$%(!3%/2&72(5!,$%!./%+21%16

#*9-%!Q!1$0<1!*!/*,$%/!-*/5%!)%/23*,20(!<$%/%!*--!0&!,$%!/'-%1!0&!UY!*/%!'1%)6

39=7.!MA!N!(.&+89%+'$!+$!J"

W>(3!X W>(3!xX

"!∫!A!!!!!!xÌdomW"X

!∫ Q "8!xEA!∫ Q

W#7.%!K0(1,X W#7.%!@//0<X

"!∫!Q!!!!!!ZÏBasic "!∫!A!!!!!!"!∫!B

"!∫!Z "!∫!A$B

Wj*-!xX Wj*-!U'(X Wj*-!@..-X

"’8!xEA8!"[!∫ Q "8!xEA!∫!M E!B "!∫!M E!A$B!!!!!!"!∫!N E!A

"’8!xEA8!"[!∫!xEA "!∫!!xEA6M!E!A$B "!∫!M!N!E!B

!∫ Q !!!!97!W>(3!X  !∫ Q !!!!97!W>(3!X !∫ Q !!!!97!W>(3!X !∫ Q !!!!97!W>(3!X

!∫ Z !!!!97!W#7.%!K0(1,X  !∫ Z !!!!97!W#7.%!K0(1,X !∫ Z !!!!97!W#7.%!K0(1,X !∫ Z !!!!97!W#7.%!K0(1,X

!∫ Z$Z !!!!97!W#7.%!@//0<X !∫ Z$Z !!!!97!W#7.%!@//0<X

8!yEZ$Z!∫ Q !!!!97!W>(3!xX 8!yEZ$Z!∫ Q !!!!97!W>(3!xX

8!yEZ$Z!∫ Z !!!!97!W#7.%!K0(1,X 8!yEZ$Z!∫ Z !!!!97!W#7.%!K0(1,X

8!yEZ$Z8!zEZ ∫ Q !!!!97!W>(3!xX 8!yEZ$Z8!zEZ ∫ Q !!!!97!W>(3!xX

8!yEZ$Z8!zEZ!∫!y!E!Z$Z !!!!97!Wj*-!xX 8!yEZ$Z8!zEZ!∫!z!E!Z !!!!97!Wj*-!xX

8!yEZ$Z8!zEZ!∫!yWzX!E!Z !!!!97!Wj*-!@..-X

8!yEZ$Z!∫!!zEZ6yWzX!E!Z$Z !!!!97!Wj*-!U'(X
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Z0<!,$*,!<%!$*3%!%=*+2(%)!,$%!9*124!1,/'4,'/%!0&!*!12+.-%!&2/1,A0/)%/!,7.%!171,%+8
<%!4*(!9%52(!%(/24$2(5!2,!,0!9/2(5!2,!4-01%/!,0!,$%!,7.%!1,/'4,'/%!0&!*4,'*-!./05/*++2(5
-*(5'*5%16!?%!*/%!502(5!,0!*))!*!1%,!0&!/'-%1!&0/!%*4$!(%<!,7.%!40(1,/'4,20(8!&0--0<2(5
*!&*2/-7!/%5'-*/!.*,,%/(6!?%!9%52(!<2,$!10+%!9*124!)*,*!,7.%1E!,$%!,7.%!Unit8!<$01%!0(-7
3*-'%!21!,$%!40(1,*(,!unitI!,$%!,7.%!Bool8!<$01%!3*-'%1!*/%!true!*()!falseI!*()!,$%!,7.%
Nat8!<$01%!3*-'%1!*/%!,$%!(*,'/*-!('+9%/16!

#$%!Unit!,7.%!21!0&,%(!'1%)!*1!*!&2--%/!&0/!'(2(,%/%1,2(5!*/5'+%(,1!*()!/%1'-,1I!2,!21
4*--%)!Void!0/!Null!2(!10+%!-*(5'*5%16!#$%/%!*/%!(0!0.%/*,20(1!0(!Unit8!10!<%!(%%)!0(-7
*!/'-%!1,*,2(5!,$*,!Unit!21!*!-%5*-!,7.%8!*()!0(%!1,*,2(5!,$*,!unit!21!*!-%5*-!3*-'%!0&!,7.%
Unit!W#*9-%!RX6

39=7.!OA!P$+%!3,-.

?%!$*3%!*!12+2-*/!.*,,%/(!0&!/'-%1!&0/!Bool8!9',!900-%*(1!*-10!$*3%!*!'1%&'-!0.%/*A
,20(8!,$%!40()2,20(*-8!,$*,!$*1!2,1!0<(!,7.2(5!/'-%!W#*9-%!SX6!;(!,$%!/'-%!Wj*-!K0()X!,$%
,<0!9/*(4$%1!0&!,$%!40()2,20(*-!+'1,!$*3%!,$%!1*+%!,7.%!A8!9%4*'1%!%2,$%/!+*7!./0A
)'4%!,$%!/%1'-,6!

#$%!/'-%!Wj*-!K0()X!2--'1,/*,%1!*!1'9,-%!211'%!*90',!,$%!*+0'(,!0&!,7.%!2(&0/+*,20(
(%%)%)!&0/!,7.%4$%4G2(56!?$%(!%(40'(,%/2(5!*!40()2,20(*-!%=./%1120(8!*!,7.%4$%4G%/
$*1!,0!2(&%/!1%.*/*,%-7!,$%!,7.%1!0&!NY!*()!NN8!*()!,$%(!&2()!*!12(5-%!,7.%!A!,$*,!21!40+A
.*,29-%!<2,$!90,$6!;(!10+%!,7.%!171,%+1!2,!+25$,!(0,!9%!%*17!0/!.01129-%!,0!)%,%/+2(%
,$21!12(5-%!,7.%!&/0+!,$%!,7.%1!0&!NY!*()!NN6!#0!*440'(,!&0/!,$21!.0,%(,2*-!,7.%4$%4G2(5
)2&&24'-,78!<%!'1%!*!1'914/2.,%)!,7.%!,0!%=./%11!*))2,20(*-!,7.%!2(&0/+*,20(E!ifA!21!*!$2(,
,0!,$%!,7.%4$%4G%/!,$*,!,$%!/%1'-,!,7.%!1$0'-)!9%!A8!*()!,$*,!,7.%1!2(&%//%)!&0/!NY!*()
NN!1$0'-)!9%!1%.*/*,%-7!40+.*/%)!<2,$!,$%!523%(!A6!;(!5%(%/*-8!<%!'1%!1'914/2.,%)
,7.%1! ,0! 2()24*,%! 2(&0/+*,20(! ,$*,!+*7!9%!'1%&'-!0/!(%4%11*/7! &0/! ,7.%4$%4G2(58!)%A
.%()2(5! 0(! ,$%! <$0-%! ,7.%! 171,%+! '()%/! 40(12)%/*,20(6! ;,! 21! 0&,%(! ,$%! ,*1G! 0&! *
,7.%4$%4G%/!,0!17(,$%12B%!,$21!*))2,20(*-!2(&0/+*,20(6!?$%(!2,!21!.01129-%!,0!)0!108!1'9A
14/2.,1!+*7!9%!0+2,,%)6!WF01,!40++0(!-*(5'*5%1!)0!(0,!/%:'2/%!,$%!*((0,*,20(!ifA6X

39=7.!QA!R''7!3,-.

W#7.%!\(2,X Wj*-!\(2,X

"!∫!Q "!∫!Q

"!∫!Unit "!∫!unit E!Unit

W#7.%!a00-X Wj*-!#/'%X Wj*-!U*-1%X

"!∫!Q "!∫!Q "!∫!Q

"!∫!Bool "!∫!true!E!Bool "!∫!false E!Bool

Wj*-!K0()X

"!∫!M E!Bool      "!∫!NY E!A      "!∫!NN E!A

"!∫!WifA M then NY else NNX E!A
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#$%!,7.%!0&!(*,'/*-!('+9%/18!Nat!W#*9-%!TX8!$*1!m!*()!succ!W1'44%110/X!*1!5%(%/*A
,0/16!@-,%/(*,23%-78!*1!<%!)2)!%*/-2%/8!*!12(5-%!/'-%!40'-)!1,*,%!,$*,!*--!('+%/24!40(1,*(,1
$*3%!,7.%!Nat6!K0+.',*,20(1!0(!Nat!*/%!+*)%!.01129-%!97!,$%!pred!W./%)%4%110/X!*()
is_ero!W,%1,!&0/!B%/0X!./2+2,23%1I!0,$%/!1%,1!0&!./2+2,23%1!4*(!9%!4$01%(6

39=7.!SA!T9%!3,-.

Z0<!,$*,!<%!$*3%!*!40--%4,20(!0&!9*124!,7.%18!<%!4*(!9%52(!-00G2(5!*,!1,/'4,'/%)
,7.%18!1,*/,2(5!<2,$!product types!W#*9-%!VX6!@!./0)'4,!,7.%!AY"AN!21!,$%!,7.%!0&!.*2/1!0&
3*-'%1!<2,$!&2/1,!40+.0(%(,!0&!,7.%!AY!*()!1%40()!40+.0(%(,!0&!,7.%!AN6!#$%1%!40+A
.0(%(,1!4*(!9%!%=,/*4,%)!<2,$!,$%!./0H%4,20(1!first!*()!second8!/%1.%4,23%-76!;(1,%*)!0&
W0/!2(!*))2,20(!,0X!,$%!./0H%4,20(18!0(%!4*(!'1%!*!with!1,*,%+%(,!,$*,!)%40+.01%1!*!.*2/
M!*()!92()1!2,1!40+.0(%(,1!,0!,<0!1%.*/*,%!3*/2*9-%1!xY!*()!xN!2(!,$%!140.%!N6!#$%!with
(0,*,20(!21!/%-*,%)!,0!.*,,%/(!+*,4$2(5!2(!FJ8!9',!*-10!,0!_*14*-^1!withI!,$%!40((%4,20(
<2,$!,$%!-*,,%/!<2--!9%40+%!4-%*/%/!<$%(!<%!40(12)%/!/%40/)!,7.%16

_/0)'4,!,7.%1!4*(!9%!%*12-7!5%(%/*-2B%)!,0!tuple types!AY"..."An8!<2,$!40//%1.0()A
2(5!5%(%/*-2B%)!./0H%4,20(1!*()!5%(%/*-2B%)!with6

39=7.!UA!V&'()*%!3,-./

\(20(!,7.%1!W#*9-%!YmX!*/%!0&,%(!03%/-00G%)8!9',!*/%!H'1,!*1!2+.0/,*(,!*1!./0)'4,
,7.%1!&0/!%=./%1123%(%116!@(!%-%+%(,!0&!*!'(20(!,7.%!AYdAN!4*(!9%!,$0'5$,!0&!*1!*(!%-A
%+%(,!0&!AY!,*55%)!<2,$!*!left!,0G%(!W4/%*,%)!97!inLeftX8!0/!*(!%-%+%(,!0&!AN!,*55%)!<2,$
*!right!,0G%(!W4/%*,%)!97!inRightX6!#$%!,*51!4*(!9%!,%1,%)!97!isLeft!*()!isRight8!*()!,$%

W#7.%!Z*,X Wj*-!n%/0X Wj*-!C'44X

"!∫!Q "!∫!Q "!∫!M!E!Nat

"!∫!Nat "!∫!m!E!Nat "!∫!succ!M E!Nat

Wj*-!_/%)X Wj*-!;1n%/0X

"!∫!M!E!Nat "!∫!M!E!Nat

"!∫!pred!M E!Nat "!∫!is_ero!M E!Bool

W#7.%!_/0)'4,X Wj*-!_*2/X

"!∫!AY!!!!!!"!∫!AN "!∫!MY E!AY!!!!!!"!∫!MN E!AN

"!∫!AY"AN "!∫!ÜMY8MNá!E!AY"AN

Wj*-!U2/1,X Wj*-!C%40()X

"!∫!M E!AY"AN "!∫!M E!AY"AN

"!∫!first!M!E!AY "!∫!second M!E!AN

Wj*-!?2,$X

"!∫!M E!AY"AN      "8!xYEAY8!xNEAN!∫!N E!B

"!∫!Wwith WxYEAY8!xNEANX Ei!M do NX E!B
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40//%1.0()2(5!3*-'%!%=,/*4,%)!<2,$!asLeft!*()!asRight6!;&!asLeft!21!+21,*G%(-7!*..-2%)!,0
*!/25$,A,*55%)!3*-'%8!*!,/*..%)!%//0/!0/!%=4%.,20(!21!./0)'4%)I!,$21!,/*..%)!%//0/!21!(0,
40(12)%/%)!*!&0/92))%(!%//0/6!Z0,%!,$*,!2,!21!1*&%!,0!*11'+%!,$*,!*(7!/%1'-,!0&!asLeft!$*1
,7.%!AY8!9%4*'1%!%2,$%/!,$%!*/5'+%(,!21!-%&,!,*55%)8!2(!<$24$!4*1%!,$%!/%1'-,!21!2()%%)!0&
,7.%!AY8!0/!2,!21!/25$,!,*55%)8!2(!<$24$!4*1%!,$%/%!21!(0!/%1'-,6!C'914/2.,1!*/%!'1%)!,0!)21A
*+925'*,%!10+%!0&!,$%!/'-%18!*1!<%!)214'11%)!2(!,$%!4*1%!0&!,$%!40()2,20(*-6!

#$%!/'-%!Wj*-!K*1%X!)%14/29%1!*(!%-%5*(,!40(1,/'4,!,$*,!4*(!/%.-*4%!isLeft8!isRight8
asLeft8!asRight8!*()!,$%!/%-*,%)!,/*..%)!%//0/16! W;,!*-10!%-2+2(*,%1!*(7!)%.%()%(4%!0&
'(20(!0.%/*,20(1!0(!,$%!Bool!,7.%X6!#$%!case!40(1,/'4,!%=%4',%1!0(%!0&!,<0!9/*(4$%1!)%A
.%()2(5!0(!,$%!,*5!0&!M8!<2,$!,$%!'(,*55%)!40(,%(,1!0&!M!90'()!,0!xY!0/!xN!2(!,$%!140.%
0&!NY!0/!NN8!/%1.%4,23%-76!@!3%/,24*-!9*/!1%.*/*,%1!,$%!9/*(4$%16

39=7.!"WA!P$+'$!3,-./

;(!,%/+1!0&!%=./%1123%(%11!W2&!(0,!0&!2+.-%+%(,*,20(X!(0,%!,$*,!,$%!,7.%!Bool!4*(!9%
)%&2(%)!*1!Unit d!Unit8!2(!<$24$!4*1%!,$%!case!40(1,/'4,!/%)'4%1!,0!,$%!40()2,20(*-6!#$%
,7.%!Int!4*(!9%!)%&2(%)!*1!Nat d!Nat8!<2,$!0(%!40.7!0&!Nat!&0/!,$%!(0((%5*,23%!2(,%5%/1
*()!,$%!0,$%/!&0/!,$%!(%5*,23%!0(%16!?%!4*(!)%&2(%!*!./0,0,7.24*-!,/*..%)!%//0/!*1!errorA

i!asRightWinLeftAWunitXX!E!A6!#$'18!<%!4*(!9'2-)!*(!%//0/!%=./%1120(!&0/!%*4$!,7.%6
_/0)'4,!,7.%1!*()!'(20(!,7.%1!4*(!9%!2,%/*,%)!,0!./0)'4%!,'.-%!,7.%1!*()!+'-,2.-%

'(20(16![0<%3%/8!,$%1%!)%/23%)!,7.%1!*/%!/*,$%/!2(40(3%(2%(,8!*()!*/%!/*/%-7!1%%(!2(
-*(5'*5%16!;(1,%*)8!labeled!./0)'4,1!*()!'(20(1!*/%!'1%)E!,$%7!50!'()%/!,$%!(*+%1!0&
record types *()!variant types8!/%1.%4,23%-76

@!/%40/)!,7.%!21!,$%!&*+2-2*/!(*+%)!40--%4,20(!0&!,7.%18!<2,$!*!3*-'%A-%3%-!0.%/*A
,20(!&0/!%=,/*4,2(5!40+.0(%(,1!97!(*+%6!#$%!/'-%1!2(!#*9-%!YY!*11'+%!,$%!17(,*4,24
2)%(,2&24*,20(!0&!/%40/)!,7.%1!*()!/%40/)1!'.!,0!/%0/)%/2(5!0&!,$%2/!-*9%-%)!40+.0(%(,1I

W#7.%!\(20(X Wj*-!2(J%&,X Wj*-!2(M25$,X

"!∫!AY!!!!!!"!∫!AN "!∫!MY E!AY!!!!!!"!∫!AN "!∫!AY!!!!!!"!∫!MN E!AN

"!∫!AYdAN "!∫!inLeftAN!MY!E!AYdAN "!∫!inRightAY!MN!E!AYdAN

Wj*-!21J%&,X Wj*-!21M25$,X

"!∫!M!E!AYdAN "!∫!M!E!AYdAN

"!∫!isLeft!M E!Bool "!∫!isRight!M E!Bool

Wj*-!*1J%&,X Wj*-!*1M25$,X

"!∫!M!E!AYdAN "!∫!M!E!AYdAN

"!∫!asLeft!M E!AY "!∫!asRight!M E!AN

Wj*-!K*1%X

"!∫!M E!AYdAN      "8!xYEAY!∫!NY E!B      "8!xNEAN!∫!NN E!B

"!∫!WcaseB M of xYEAY then NY!o!xNEAN then NNX E!B
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,$21!21!*(*-050'1!,0!,$%!17(,*4,24!2)%(,2&24*,20(!0&!&'(4,20(1!'.!,0!/%(*+2(5!0&!90'()
3*/2*9-%16

#$%!with!1,*,%+%(,!0&!./0)'4,!,7.%1!21!5%(%/*-2B%)!,0!/%40/)!,7.%1!2(!Wj*-!M%40/)
?2,$X6!#$%!40+.0(%(,1!0&!,$%!/%40/)!M!-*9%-%)!lY8!6668!ln!*/%!90'()!,0!,$%!3*/2*9-%1!xY8
6668!xn!2(!,$%!140.%!0&!N6!_*14*-!$*1!*!12+2-*/!40(1,/'4,8!*-10!4*--%)!with8!9',!<$%/%!,$%
92()2(5! 3*/2*9-%1! */%! -%&,! 2+.-242,6! W#$21! $*1! ,$%! /*,$%/! '(&0/,'(*,%! 40(1%:'%(4%! 0&
+*G2(5!140.2(5!)%.%()!0(! ,7.%4$%4G2(58!*()!0&!4*'12(5!$*/)A,0A,/*4%!9'51!)'%! ,0
$2))%(!3*/2*9-%!4-*1$%16X

_/0)'4,!,7.%1!AY"AN!4*(!9%!)%&2(%)!*1!RecordW!firstEAY8!secondEA2X6

39=7.!""A!L.*'&(!3,-./

j*/2*(,!,7.%1!W#*9-%!YNX!*/%!(*+%)!)21H02(,!'(20(1!0&!,7.%1I!,$%7!*/%!17(,*4,24*--7
2)%(,2&2%)!'.!,0!/%0/)%/2(5!0&!40+.0(%(,16!#$%!is l!40(1,/'4,!5%(%/*-2B%1!isLeft!*()!is-
Right8!*()!,$%!as l!40(1,/'4,!5%(%/*-2B%1!asLeft!*()!asRight6!@1!<2,$!'(20(18!,$%1%!40(A
1,/'4,1!+*7!9%!/%.-*4%)!97!*!case!1,*,%+%(,8!<$24$!$*1!(0<!+'-,2.-%!9/*(4$%16

\(20(!,7.%1!AYdAN!4*(!9%!)%&2(%)!*1!VariantWleftEAY8!rightEA2X6!>('+%/*,20(!,7.%18
1'4$!*1!pred8!green8!blueq8!4*(!9%!)%&2(%)!*1!VariantWredEUnit8!greenEUnit8!blueEUnitX6

39=7.!"FA!X9&+9$%!3,-./

W#7.%!M%40/)X!Wli!)21,2(4,X Wj*-!M%40/)X!Wli!)21,2(4,X

"!∫!AY!!!666!!!"!∫!An "!∫!MY E!AY!!!666!!!"!∫!Mn E!An

"!∫!RecordWlYEAY8!6668!lnEAnX "!∫!recordWlYiMY8!6668!lniMnX!E!RecordWlYEAY8!6668!lnEAnX

Wj*-!M%40/)!C%-%4,X

"!∫!M E!RecordWlYEAY8!6668!lnEAnX!!!!!!jÏY66n

"!∫!M6lj!E!Aj

Wj*-!M%40/)!?2,$X

"!∫!M E!RecordWlYEAY8!6668!lnEAnX      "8!xYEAY8!6668!xnEAn!∫!N E!B

"!∫!Wwith WlYixYEAY8!6668!lnixnEAnX Ei!M do NX E!B

W#7.%!j*/2*(,X!Wli!)21,2(4,X Wj*-!j*/2*(,X!Wli!)21,2(4,X

"!∫!AY!!!666!!!"!∫!An "!∫!AY!!!666!!!"!∫!An!!!!!!"!∫!MH E!AH!!!!!!jÏY66n

"!∫!VariantWlYEAY8!6668!lnEAnX "!∫!variantWlYEAY8!6668!lnEAnXWlHiMHX!E!VariantWlYEAY8!6668!lnEAnX

Wj*-!j*/2*(,!;1X

"!∫!M!E!VariantWlYEAY8!6668!lnEAnX!!!!!!jÏY66n

"!∫!M is lj!E!Bool

Wj*-!j*/2*(,!@1X

"!∫!M!E!VariantWlYEAY8!6668!lnEAnX!!!!!!jÏY66n

"!∫!M as lj!E!Aj
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M%&%/%(4%!,7.%1!W#*9-%!YOX!4*(!9%!'1%)!*1!,$%!&'()*+%(,*-!,7.%!0&!+',*9-%!-04*A
,20(1!2(!2+.%/*,23%!-*(5'*5%16!@(!%-%+%(,!0&!RefWAX!21!*!+',*9-%!4%--!40(,*2(2(5!*(!%-A
%+%(,!0&!,7.%!A6!@!(%<!4%--!4*(!9%!*--04*,%)!97!Wj*-!M%&X8!'.)*,%)!97!Wj*-!@1125(X8!*()
%=.-242,-7!)%/%&%/%(4%)!97!Wj*-!L%/%&X6!C2(4%!,$%!+*2(!.'/.01%!0&!*(!*1125(+%(,!21!,0
.%/&0/+!*!12)%!%&&%4,8!2,1!/%1'-,2(5!3*-'%!21!4$01%(!,0!9%!unit6

39=7.!"IA!L.>.&.$*.!3,-./

K0++0(!+',*9-%!,7.%1!4*(!9%!)%/23%)!&/0+!Ref6!F',*9-%!/%40/)!,7.%18!&0/!%=*+A
.-%8!4*(!9%!+0)%-%)!*1!/%40/)!,7.%1!40(,*2(2(5!Ref!,7.%16!

39=7.!"KA!N$!+0-7.0.$%9%+'$!'>!9&&9,/

Wj*-!j*/2*(,!K*1%X

"!∫!M E!VariantWlYEAY8!6668!lnEAnX      "8!xYEAY!∫!NY E!B   666   "8!xnEAn!∫!Nn E!B

"!∫!WcaseB M of lYixYEAY then NY!o!666!o!lnixnEAn then NnX E!B

W#7.%!M%&X Wj*-!M%&X

"!∫!A "!∫!M E!A

"!∫!Ref!A "!∫!ref!M!E!Ref!A

Wj*-!L%/%&X Wj*-!@1125(X

"!∫!M E!Ref!A "!∫!M E!Ref!A!!!!!!"!∫!N E!A

"!∫!deref!M!E!A "!∫!M Ei!N E!Unit

ArrayWAX!!!@! @//*7!,7.%
Nat " WNat$RefWAXX *!90'()!.-'1!*!+*.!&/0+!2()24%1!

-%11!,$*(!,$%!90'()!,0!/%&1

arrayAWN8MX!!!@! @//*7!40(1,/'4,0/!W&0/!N!/%&1!2(2,2*-2B%)!,0!MX
let cellm!E!RefWAX!i!refWMX!and!666!and!cellNAY!E!RefWAX!i!refWMX!
in!ÜN8!!xENat6 if!xim!then!cellm!else if!666!else if!xiNAY!then!cellNAY else errorRefWAXá

boundWMX!!!@!!! @//*7!90'()
first!M

MbNcA!!!@!!! @//*7!2()%=2(5
if N < first M 
then deref!WWsecond!MXWNXX
else errorA

MbNc!Ei!P!!!@!!! @//*7!'.)*,%
if N < first M 
then WWsecond!MXWNXX!Ei!P
else errorUnit
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F0/%! 2(,%/%1,2(5-78!*//*71!*()!*//*7!0.%/*,20(1!4*(!9%!+0)%-%)!*1! 2(!#*9-%!YP8
<$%/%!ArrayWAX!21!,$%!,7.%!0&!*//*71!0&!%-%+%(,1!0&!,7.%!A!0&!10+%!-%(5,$6!W#$%!40)%
'1%1!10+%!*/2,$+%,24!./2+2,23%1!*()!-04*-!let!)%4-*/*,20(16X!#$%!40)%!2(!#*9-%!YP!21!0&
40'/1%!*(!2(%&&242%(,!2+.-%+%(,*,20(!0&!*//*718!9',!2,!2--'1,/*,%1!*!.02(,E!,$%!,7.%!/'-%1
&0/!+0/%!40+.-%=!40(1,/'4,20(1!4*(!9%!)%/23%)!&/0+!,$%!,7.%!/'-%!&0/!12+.-%/!40(1,/'4A
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32/0(+%(,1!*/%!%=,%()%)!,0!2(4-')%!,7.%!3*/2*9-%1!S6!#$%1%!,7.%!3*/2*9-%1!*/%!'1%)!2(
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M,N!EEi
x
!xEA6M
M!N
!S6M
M A

,%/+1
3*/2*9-%
&'(4,20(
*..-24*,20(
.0-7+0/.$24!*91,/*4,20(
,7.%!2(1,*(,2*,20(

"!∫ Q
"!∫!A
"!∫!M!E!A

"!21!*!<%--A&0/+%)!%(32/0(+%(,
A!21!*!<%--A&0/+%)!,7.%!2(!"
M 21!*!<%--A&0/+%)!,%/+!0&!,7.%!A!2(!"

W>(3!X W>(3!xX W>(3!SX

"!∫!A!!!!!!xÌdomW"X "!∫!Q!!!!!!SÌdomW"X

!∫ Q "8!xEA!∫ Q "8!S ∫ Q

W#7.%!SX W#7.%!@//0<X W#7.%!U0/*--X

"’8!S8!"[!∫!Q "!∫!A!!!!!!"!∫!B "8!S!∫!A

"’8!S8!"[!∫!S "!∫!A$B "!∫!ÓS6A

Wj*-!xX Wj*-!U'(X Wj*-!@..-X

"’8!xEA8!"[!∫ Q "8xEA!∫!M E!B "!∫!M E!A$B!!!!!!"!∫!N E!A

"’8!xEA8!"[!∫!xEA "!∫!!xEA6M!E!A$B "!∫!M!N!E!B
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#$%!H')5+%(,1!&0/!UN!W#*9-%!NPX!*/%!,$%!1*+%!0(%1!*1!&0/!UY8!9',!,$%!%(32/0(+%(,1
*/%!/24$%/6!?2,$!/%1.%4,!,0!UY8!,$%!(%<!/'-%1!W#*9-%!NQX8!*/%E!W>(3!sX8!<$24$!*))1!*!,7.%
3*/2*9-%!,0!,$%!%(32/0(+%(,I!W#7.%!U0/*--X8!<$24$!40(1,/'4,1!*!:'*(,2&2%)!,7.%!ÓS6A
&/0+!*!,7.%!3*/2*9-%!S!*()!*!,7.%!A!<$%/%!S!+*7!044'/I!Wj*-!U'(NX8!<$24$!9'2-)1!*
.0-7+0/.$24!*91,/*4,20(I!*()!Wj*-!@..-NX8!<$24$!2(1,*(,2*,%1!*!.0-7+0/.$24!*91,/*4A
,20(!,0!*!523%(!,7.%8!<$%/%!bBrScA!21!,$%!1'91,2,',20(!0&!B!&0/!*--!,$%!&/%%!044'//%(4%1
0&!S!2(!A6!U0/!%=*+.-%8!2&!id!$*1!,7.%!ÓS6S$S!*()!A 21!*!,7.%8!,$%(!97!Wj*-!@..-NX!<%
$*3%!,$*,!id!A!$*1!,7.%!bArScWS$SX!7 A$A6!@1!*!12+.-%!9',!2(1,/'4,23%!%=%/421%8!,$%
/%*)%/!+*7!<*(,!,0!9'2-)!,$%!)%/23*,20(!&0/!idWÓS6S$SXWidX6

@1!%=,%(120(1!0&!UN!<%!40'-)!*)0.,!*--!,$%!&2/1,A0/)%/!40(1,/'4,20(1!,$*,!<%!*-/%*)7
)214'11%)! &0/! UY6! @!+0/%! 2(,%/%1,2(5! %=,%(120(! ,0! 40(12)%/! 21! existentially quantified
,7.%18!*-10!G(0<(!*1!,7.%!*91,/*4,20(1E

39=7.!FOA!:;+/%.$%+97!%,-./

#0!2--'1,/*,%!,$%!'1%!0&!%=21,%(,2*-18!<%!40(12)%/!*(!9=/%&9*%!%,-.!&0/!900-%*(16!@1
<%!1*2)!%*/-2%/8!900-%*(1!4*(!9%!/%./%1%(,%)!*1!,$%!,7.%!UnitdUnit6!?%!4*(!(0<!1$0<
$0<!,0!$2)%!,$21!/%./%1%(,*,20(!)%,*2-!&/0+!*!4-2%(,!<$0!)0%1!(0,!4*/%!$0<!900-%*(1!*/%
2+.-%+%(,%)8!9',!<$0!<*(,1!,0!+*G%!'1%!0&!true8!false!*()!cond!W40()2,20(*-X6!?%!&2/1,
)%&2(%!*(!2(,%/&*4%!&0/!1'4$!*!4-2%(,!,0!'1%8

#$21!2(,%/&*4%!)%4-*/%1!,$*,!,$%/%!%=21,1!*!,7.%!Bool!W<2,$0',!/%3%*-2(5!2,1!2)%(,2,7X!,$*,
1'..0/,1!,$%!0.%/*,20(1!true8!false!*()!cond!0&!*../0./2*,%!,7.%16!#$%!40()2,20(*-!21!.*A
/*+%,%/2B%)!<2,$!/%1.%4,!,0!2,1!/%1'-,!,7.%!T8!<$24$!+*7!3*/7!)%.%()2(5!0&!,$%!40(,%=,
0&!'1*5%6

Z%=,!<%!)%&2(%!*!.*/,24'-*/!2+.-%+%(,*,20(!0&!,$21!2(,%/&*4%I!0(%!,$*,!/%./%1%(,1
Bool!*1!UnitdUnit8!*()!,$*,!2+.-%+%(,1!,$%!40()2,20(*-!32*!*!4*1%!1,*,%+%(,6!#$%!900-A
%*(!/%./%1%(,*,20(!,7.%!*()!,$%!/%-*,%)!900-%*(!0.%/*,20(1!*/%!.*4G*5%)!,05%,$%/!97
,$%!pack!40(1,/'4,6

Wj*-!U'(NX Wj*-!@..-NX

"8!S!∫!M E!A "!∫!M E!ÓS6A!!!!!!"!∫!B

"!∫!!S6M!E!ÓS6A "!∫!M!B E!bBrScA

W#7.%!>=21,1X Wj*-!_*4GX

"8!S!∫!A "!∫!bBrScM E!bBrScA

"!∫!ÔS6A "!∫!WpackÔS6A SiB with MX E!ÔS6A

Wj*-!D.%(X

"!∫!M E!ÔS6A      "8!S8!xEA!∫!N E!B      "!∫!B

"!∫!WopenB M as S8!xEA in NX E!B

BoolInterface   @   ÔBool6!RecordWtrueE!Bool8!falseE!Bool8!condE!ÓT6!Bool$T$T$TX
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U2(*--78!*!4-2%(,!40'-)!+*G%!'1%!0&!,$21!+0)'-%!97!0.%(2(5!2,8!*()!,$'1!5%,,2(5!*4A
4%11!,0!*(!*91,/*4,!(*+%!Bool!&0/!,$%!900-%*(!,7.%8!*()!*!(*+%!boolOp!&0/!,$%!/%40/)!0&
900-%*(!0.%/*,20(16!#$%1%!(*+%1!*/%!'1%)!2(!,$%!(%=,!%=*+.-%!&0/!*!12+.-%!40+.',*A
,20(!,$*,!/%,'/(1!*!(*,'/*-!('+9%/6!W#$%!40+.',*,20(!&0--0<2(5!in!218!%11%(,2*--78!if bool-
Op6true then!Y!else!m6X

#$%!/%*)%/!1$0'-)!3%/2&7!,$*,!,$%1%!%=*+.-%1!,7.%4$%4G!*440/)2(5!,0!,$%!/'-%1!./%32A
0'1-7!523%(6!Z0,%!,$%!4/2,24*-!,$2/)!*11'+.,20(!0&!Wj*-!D.%(X!,$*,!&0/92)1!</2,2(58!&0/
%=*+.-%8!boolOp6true!*1!,$%!90)7!0&!open!2(!,$%!./%4%%)2(5!%=*+.-%6!a%4*'1%!0&!,$*,!*1A
1'+.,20(8!,$%!*91,/*4,!(*+%!0&!,$%!/%./%1%(,*,20(!,7.%!WBoolX!4*((0,!%14*.%!,$%!140.%
0&!open8!*()!,$%/%&0/%!3*-'%1!$*32(5!,$%!/%./%1%(,*,20(!,7.%!4*((0,!%14*.%!%2,$%/6!@!/%A
1,/24,20(! 0&! ,$21! G2()! 21! (%4%11*/78! 0,$%/<21%! ,$%! /%./%1%(,*,20(! ,7.%!+25$,! 9%40+%
G(0<(!,0!4-2%(,16

O!!4)=%,-+$6
#7.%)!09H%4,A0/2%(,%)!-*(5'*5%1!$*3%!.*/,24'-*/-7!2(,%/%1,2(5!*()!40+.-%=!,7.%!171A
,%+16!#$%/%!21!-2,,-%!40(1%(1'1!*90',!<$*,!4$*/*4,%/2B%1!,$%1%!-*(5'*5%18!9',!*,!-%*1,
0(%!&%*,'/%!21!*-+01,!'(23%/1*--7!./%1%(,E!/)=%,-+$66!C'9,7.2(5!4*.,'/%1!,$%!2(,'2,23%
(0,20(!0&!2(4-'120(!9%,<%%(!,7.%18!<$%/%!,7.%1!*/%!1%%(!*1!40--%4,20(1!0&!3*-'%16!@(!%-A
%+%(,!0&!*!,7.%!4*(!9%!40(12)%/%)!*-10!*1!*(!%-%+%(,!0&!*(7!0&!2,1!1'.%/,7.%18!,$'1!*-A
-0<2(5!*!3*-'%!W09H%4,X!,0!9%!'1%)!&-%=29-7!2(!+*(7!)2&&%/%(,!,7.%)!40(,%=,16

?$%(!40(12)%/2(5!*!1'9,7.2(5!/%-*,20(8!1'4$!*1!,$%!0(%!&0'()!2(!09H%4,A0/2%(,%)
./05/*++2(5!-*(5'*5%18!2,!21!4'1,0+*/7!,0!*))!*!(%<!H')5+%(,!"!∫!A!hE!B!1,*,2(5!,$*,
A!21!*!1'9,7.%!0&!B6!#$%!2(,'2,20(!21!,$*,!*(7!%-%+%(,!0&!A!21!*(!%-%+%(,!0&!B!0/8!+0/%
*../0./2*,%-78!*(7!./05/*+!0&!,7.%!A!21!*-10!*!./05/*+!0&!,7.%!B6

D(%!0&!,$%!12+.-%1,!,7.%!171,%+1!<2,$!1'9,7.2(5!21!*(!%=,%(120(!0&!UY!4*--%)!UYhE6
#$%!17(,*=!0&!UY!21!'(4$*(5%)8!%=4%.,!&0/!,$%!*))2,20(!0&!*!,7.%!Top!,$*,!21!*!1'.%/,7.%
0&!*--!,7.%16!#$%!%=21,2(5!,7.%!/'-%1!*/%!*-10!'(4$*(5%)6!#$%!1'9,7.2(5!H')5+%(,!21!2(A
)%.%()%(,-7!*=20+*,2B%)8!*()!*!12(5-%!,7.%!/'-%8!4*--%)!/)=/)0-%+'$8!21!*))%)!,0!40(A
(%4,!,$%!,7.2(5!H')5+%(,!,0!,$%!1'9,7.2(5!H')5+%(,6!

boolModule!E!BoolInterface   @   
packBoolInterface BooliUnitdUnit 
with recordW

true i!inLeftWunitX8!
false i!inRightWunitX8!
cond i!!T6!!xEBool6!!yYET6!!yNET6!

caseT x of xYEUnit then yY!o!xNEUnit then yNX

openNat boolModule 
as Bool8!boolOpERecordWtrueE!Bool8!falseE!Bool8!condE!ÓT6!Bool$T$T$TX 
in!boolOp6condWNatXWboolOp6trueXWYXWmX
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39=7.!FQA!G)(60.$%/!>'&!%,-.!/,/%.0/!<+%1!/)=%,-+$6

#$%!1'91'+.,20(!/'-%!1,*,%1!,$*,!2&!*!,%/+!$*1!,7.%!A8!*()!A!21!*!1'9,7.%!0&!B8!,$%(
,$%!,%/+!*-10!$*1!,7.%!B6!#$*,!218!1'9,7.2(5!9%$*3%1!3%/7!+'4$!-2G%!1%,!2(4-'120(8!<$%(
,7.%!+%+9%/1$2.!21!1%%(!*1!1%,!+%+9%/1$2.6

#$%!1'9,7.2(5!/%-*,20(!2(!#*9-%!NT!21!)%&2(%)!*1!*!/%&-%=23%!*()!,/*(12,23%!/%-*,20(
<2,$!*!+*=2+*-!%-%+%(,!4*--%)!Top8!<$24$!21!,$%/%&0/%!2(,%/./%,%)!*1!,$%!,7.%!0&!*--!<%--
,7.%)!,%/+16!

#$%!1'9,7.%!/%-*,20(!&0/!&'(4,20(!,7.%1!1*71!,$*,!A$B!21!*!1'9,7.%!0&!A’$B’!2&!A’
21!*!1'9,7.%!0&!A8!*()!B!21!*!1'9,7.%!0&!B’6!Z0,%!,$*,!,$%!2(4-'120(!21!2(3%/,%)!W*'$%&9?
89&+9$%X! &0/! &'(4,20(! */5'+%(,18!<$2-%! 2,! 50%1! 2(! ,$%! 1*+%!)2/%4,20(! W*'89&+9$%X! &0/
&'(4,20(!/%1'-,16!C2+.-%A+2()%)!/%*10(2(5!/%3%*-1!,$*,!,$21!21!,$%!0(-7!1%(129-%!/'-%6!@
&'(4,20(!M!0&!,7.%!A$B!*44%.,1!%-%+%(,1!0&!,7.%!AI!09320'1-7!2,!*-10!*44%.,1!%-%+%(,1
0&!*(7!1'9,7.%!A’!0&!A6!#$%!1*+%!&'(4,20(!M!/%,'/(1!%-%+%(,1!0&!,7.%!BI!09320'1-7!2,
/%,'/(1!%-%+%(,1!,$*,!9%-0(5!,0!*(7!1'.%/,7.%!B’!0&!B6!#$%/%&0/%8!*(7!&'(4,20(!M!0&
,7.%!A$B8!97!32/,'%!0&!*44%.,2(5!*/5'+%(,1!0&!,7.%!A’!*()!/%,'/(2(5!/%1'-,1!0&!,7.%!B’8
$*1!*-10!,7.%!A’$B’6!#$%! -*,,%/! 21!40+.*,29-%!<2,$!1*72(5!,$*,!A$B! 21!*!1'9,7.%!0&
A’$B’6

;(!5%(%/*-8!<%!1*7!,$*,!*!,7.%!3*/2*9-%!044'/1!40(,/*3*/2*(,-7!<2,$2(!*(0,$%/!,7.%
0&!UY8!2&!2,!*-<*71!044'/1!0(!,$%!-%&,!0&!*(!0))!('+9%/!0&!*//0<1!W)0'9-%!40(,/*3*/2*(4%
%:'*-1!403*/2*(4%X6!U0/!%=*+.-%8!S$Unit!*()!WUnit$SX$Unit!*/%!40(,/*3*/2*(,!2(!S8
<$%/%*1!Unit$S!*()!WS$UnitX$S!*/%!403*/2*(,!2(!S6

39=7.!FSA!N((+%+'$97!&)7./!>'&!J"\]

@)!$04!1'9,7.2(5!/'-%1!4*(!9%!*))%)!0(!9*124!,7.%18!1'4$!*1!Nat!hE!Int!bYVc6
@--!0&!,$%!1,/'4,'/%)!,7.%1!<%!40(12)%/%)!*1!%=,%(120(1!0&!UY!*)+2,!12+.-%!1'9,7.A

2(5!/'-%1I!,$%/%&0/%8!,$%1%!1,/'4,'/%)!,7.%1!4*(!9%!*))%)!,0!UYhE!*1!<%--!W#*9-%!NVX6!#7.A
24*--78!<%!(%%)!,0!*))!*!12(5-%!1'9,7.2(5!/'-%!&0/!%*4$!,7.%!40(1,/'4,0/8!,*G2(5!4*/%!,$*,
,$%!1'9,7.2(5!/'-%!21!10'()!2(!40(H'(4,20(!<2,$!1'91'+.,20(6!#$%!1'9,7.2(5!/'-%1!&0/
./0)'4,1!*()!'(20(1!<0/G!40+.0(%(,<21%6!#$%!1'9,7.2(5!/'-%1!&0/!/%40/)1!*()!3*/2A

"!∫ Q
"!∫!A
"!∫!A!hE!B
"!∫!M!E!A

"!21!*!<%--A&0/+%)!%(32/0(+%(,
A!21!*!<%--A&0/+%)!,7.%!2(!"
A!21!*!1'9,7.%!0&!B!2(!"
M 21!*!<%--A&0/+%)!,%/+!0&!,7.%!A!2(!"

WC'9!M%&-X WC'9!#/*(1X Wj*-!C'91'+.,20(X

"!∫ A "!∫!A!hE!B!!!!!!"!∫!B!hE!C "!∫!a!E!A!!!!!!"!∫!A!hE!B

"!∫!A!hE!A "!∫!A!hE!C "!∫!a!E!B

W#7.%!#0.X WC'9!#0.X WC'9!@//0<X

"!∫ Q "!∫!A "!∫!A’!hE!A!!!!!!"!∫!B!hE!B’

"!∫!Top "!∫!A!hE!Top "!∫!A$B!hE!A’$B’
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*(,1!0.%/*,%!*-10!-%(5,$<21%E!*!-0(5%/!/%40/)!,7.%!21!*!1'9,7.%!0&!*!1$0/,%/!/%40/)!,7.%
W*))2,20(*-!&2%-)1!4*(!9%!&0/50,,%(!97!1'9,7.2(5X8!<$%/%*1!*!1$0/,%/!3*/2*(,!,7.%!21!*
1'9,7.%!0&!*!-0(5%/!3*/2*(,!,7.%!W*))2,20(*-!4*1%1!4*(!9%!2(,/0)'4%)!97!1'9,7.2(5X6!U0/
%=*+.-%8

#$%(8

M%&%/%(4%!,7.%1!)0!(0,!$*3%!*(7!1'9,7.2(5!/'-%E!RefWAX!hE!RefWBX!$0-)1!0(-7!2&!AiB
W2(!<$24$!4*1%!RefWAX!hE!RefWBX!&0--0<1!&/0+!/%&-%=232,7X6!#$21!1,/24,!/'-%!21!(%4%11*/7!9%A
4*'1%!/%&%/%(4%1!4*(!9%!90,$!/%*)!*()!</2,,%(8!*()!$%(4%!9%$*3%!90,$!403*/2*(,-7!*()
40(,/*3*/2*(,-76!U0/!,$%!1*+%!/%*10(8!*//*7!,7.%1!$*3%!(0!*))2,20(*-!1'9,7.2(5!/'-%16

39=7.!FUA!N((+%+'$97!&)7./!>'&!.;%.$/+'$/!'>!J"\]

@1!<*1!,$%!4*1%!&0/!UY8!*!4$*(5%!,0!,$%!1,/'4,'/%!0&!%(32/0(+%(,1!21!(%4%11*/7!<$%(
40(12)%/2(5!/%4'/123%!,7.%16!#$21!,2+%8!<%!+'1,!*))!bounded variables!,0!%(32/0(+%(,1
W#*9-%!OmX6!j*/2*9-%1!90'()!97!Top!40//%1.0()!,0!0'/!0-)!'(40(1,/*2(%)!3*/2*9-%16!#$%
10'()(%11!0&!,$%!1'9,7.2(5!/'-%!WC'9!M%4X!&0/!/%4'/123%!,7.%1!W#*9-%!OYX!21!(0,!09320'18
9',!,$%!2(,'2,20(!21!&*2/-7!1,/*25$,&0/<*/)6!#0!4$%4G!<$%,$%/!#S6A!hE!#T6B!<%!*11'+%
ShET!*()!<%!4$%4G!A!hE!BI!,$%!*11'+.,20(!$%-.1!'1!<$%(!&2()2(5!+*,4$2(5!044'//%(4A
%1!0&!S!*()!T!2(!A!*()!B8!*1!-0(5!*1!,$%7!*/%!2(!403*/2*(,!40(,%=,16!@!12+.-%/!/'-%!*11%/,1
,$*,!#S6A!hE!#S6B!<$%(%3%/!A!hE!B!&0/!*(7!S8!9',!,$21!/'-%!21!'(10'()!<$%(!S!044'/1
2(!40(,/*3*/2*(,!40(,%=,1!W%6568!2++%)2*,%-7!0(!,$%!-%&,!0&!*(!*//0<X6

WorkingAge!!!@!!!VariantWstudentE!Unit, adultE!UnitX
Age!!!@!!!VariantWchildE!Unit, studentE!Unit, adultE!Unit, seniorE!UnitX
Worker!!!@!!!RecordWnameE!String8!ageE!WorkingAge8!professionE!StringX
Person!!!@!!!RecordWnameE!String8!ageE!AgeX

WorkingAge!hE!Age
Worker!hE!Person

WC'9!_/0)'4,X WC'9!\(20(X

"!∫!AY!hE!BY!!!!!!"!∫!AN!hE!BN "!∫!AY!hE!BY!!!!!!"!∫!AN!hE!BN

"!∫!AY"AN!hE!BY"BN "!∫!AYdAN!hE!BYdBN

WC'9!M%40/)X!Wli!)21,2(4,X

"!∫!AY!hE!BY!!!666!!!"!∫!An!hE!Bn!!!!!!"!∫!AndY!!!666!!!"!∫!Andm

"!∫!RecordWlYEAY8!6668!lndmEAndmX!hE!RecordWlYEBY8!6668!lnEBnX

WC'9!j*/2*(,X!Wli!)21,2(4,X

"!∫!AY!hE!BY!!!666!!!"!∫!An!hE!Bn!!!!!!"!∫!BndY!!!666!!!"!∫!Bndm

"!∫!VariantWlYEAY8!6668!lnEAnX!hE!VariantWlYEBY8!6668!lndmEBndmX
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39=7.!IWA!:$8+&'$0.$%/!<+%1!=')$(.(!89&+9=7./

39=7.!I"A!4)=%,-+$6!&.*)&/+8.!%,-./

#$%!90'()%)!3*/2*9-%1!2(!%(32/0(+%(,1!*/%!*-10!,$%!9*121!&0/!,$%!%=,%(120(!0&!UN
<2,$!1'9,7.2(58!<$24$!523%1!*!171,%+!4*--%)!UNhE6!;(!,$21!171,%+!,$%!,%/+!!ShEA6M!2(A
)24*,%1!*!./05/*+!M!.*/*+%,%/2B%)!<2,$!/%1.%4,!,0!*!,7.%!3*/2*9-%!S!,$*,!1,*()1!&0/!*(
*/92,/*/7!1'9,7.%!0&!A6!#$21!21!*!5%(%/*-2B*,20(!0&!UN8!12(4%!,$%!UN!,%/+!!S6M!4*(!9%!/%.A
/%1%(,%)!*1!!ShETop6M6!K0//%1.0()2(5!,0!,$%!,%/+1!!ShEA6M8!<%!$*3%!90'()%)!,7.%
:'*(,2&2%/1!0&!,$%!&0/+!ÓShEA6B6

39=7.!IFA!4,$%9;!'>!JF\]

C40.2(5!&0/!UNhE! ,7.%1!*()!,%/+1! 21!)%&2(%)!12+2-*/-7! ,0!UN8!%=4%.,! ,$*,!ÓShEA6B
92()1!S!2(!B!9',!(0,!2(!A8!*()!!ShEA6M!92()1!S!2(!M!9',!(0,!2(!A6!

#$%!,7.%!/'-%1!&0/!UNhE!40(121,!0&!+01,!0&!,$%!,7.%!/'-%1!&0/!UYhE!W(*+%-78!W>(3!X8
W>(3!xX8!W#7.%!#0.X8!W#7.%!@//0<X8!WC'9!M%&-X8!WC'9!#/*(1X8!WC'9!#0.X8!WC'9!@//0<X8
Wj*-!C'91'+.,20(X8!Wj*-!xX8!Wj*-!U'(X8!*()!Wj*-!@..-XX8!.-'1!,$%!/'-%1!&0/!90'()%)!3*/2A
*9-%1!W(*+%-78!W>(3!ShEX8!W#7.%!ShEX8!*()!WC'9!ShEXX8!*()!,$%!0(%1!-21,%)!2(!#*9-%!OO!&0/
90'()%)!.0-7+0/.$21+6

W>(3!S<:X W#7.%!ShEX WC'9!ShEX

"!∫ A!!!!!!SÌdomW"X "’8!ShEA8!"[!∫!Q "’8!ShEA8!"[!∫!Q

"8!ShEA ∫ Q "’8!ShEA8!"[!∫!S "’8!ShEA8!"[!∫!ShEA

W#7.%!M%4X WC'9!M%4X

"8!ShETop!∫!A "!∫!#S6A      "!∫!#T6B      "8!ThETop8!ShET ∫!A!hE!B

"!∫!#S6A "!∫!#S6A!hE!#T6B

A8B!!!EEi
S
#0.
A$B
ÓShEA6B

,7.%1
,7.%!3*/2*9-%
,$%!9255%1,!,7.%
&'(4,20(!,7.%
90'()%)!'(23%/1*--7!:'*(,2&2%)!,7.%

M,N!EEi
x
!xEA6M
M!N
!ShEA6M
M A

,%/+1
3*/2*9-%
&'(4,20(
*..-24*,20(
90'()%)!.0-7+0/.$24!*91,/*4,20(
,7.%!2(1,*(,2*,20(
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39=7.!IIA!L)7./!>'&!=')$(.(!)$+8.&/97!E)9$%+.&/

@1!&0/!UN8!<%!)0!(0,!(%%)!,0!*))!0,$%/!,7.%!40(1,/'4,20(1!,0!UNhE8!12(4%!*--!0&!,$%
40++0(!0(%1!4*(!9%!%=./%11%)!<2,$2(!2,!W%=4%.,!&0/!/%4'/120(X6!F0/%03%/8!2,!,'/(1!0',
,$*,!,$%!%(40)2(51!'1%)!&0/!UN!1*,21&7!,$%!%=.%4,%)!1'9,7.2(5!/'-%16!U0/!%=*+.-%8!2,!21
.01129-%!,0!%(40)%!90'()%)!%=21,%(,2*-!,7.%1!10!,$*,!,$%!/'-%1!)%14/29%)!2(!#*9-%!OP!*/%
1*,21&2%)6!#$%! ,7.%!ÔShEA6B! /%./%1%(,1!*!partially abstract type8!<$01%! /%./%1%(,*,20(
,7.%!S!21!(0,!40+.-%,%-7!G(0<(8!9',!21!G(0<(!,0!9%!*!1'9,7.%!0&!A6!#$21!G2()!0&!.*/,2*-
*91,/*4,20(!044'/1!2(!10+%!-*(5'*5%1!9*1%)!0(!1'9,7.2(5!W%6568!2(!F0)'-*AOX6

39=7.!IKA!L)7./!>'&!=')$(.(!.;+/%.$%+97!E)9$%+.&/!Y(.&+89=7.Z

C0+%!(0(,/232*-!<0/G!21!(%%)%)!,0!09,*2(!%(40)2(51!0&!/%40/)!*()!3*/2*(,!,7.%1!2(
UNhE!,$*,!1*,21&7!,$%!%=.%4,%)!1'9,7.2(5!/'-%18!9',!%3%(!,$01%!4*(!9%!&0'()!bRc6

Q!!:E)+897.$*.
U0/!12+.-242,78!<%!$*3%!*302)%)!)%14/292(5!4%/,*2(!H')5+%(,1!,$*,!*/%!(%4%11*/7!<$%(
,7.%!171,%+1!9%40+%!40+.-%=!*()!<$%(!0(%!<21$%1!,0!4*.,'/%!,$%!1%+*(,241!0&!./0A
5/*+1!2(!*))2,20(!,0!,$%2/!,7.2(56!?%!9/2%&-7!)214'11!10+%!0&!,$%1%!H')5+%(,16

@!type equivalence!H')5+%(,8!0&!,$%!&0/+!"!∫!A i!B8!4*(!9%!'1%)!<$%(!,7.%!%:'23*A
-%(4%!21!(0(,/232*-!*()!/%:'2/%1!./%421%!)%14/2.,20(6!U0/!%=*+.-%8!10+%!,7.%!171,%+1
2)%(,2&7!*!/%4'/123%!,7.%!*()!2,1!'(&0-)2(58!2(!<$24$!4*1%!<%!<0'-)!$*3%!"!∫!#S6A!i

W#7.%!U0/*--hEX WC'9!U0/*--hEX
"8!ShEA!∫!B "!∫!A’!hE!A!!!!!!"8!ShEA’!∫!B!hE!B’

"!∫!ÓShEA6B "!∫!WÓShEA6BX!hE!WÓShEA’6B’X

Wj*-!U'(NhEX Wj*-!@..-NhEX

"8!ShEA!∫!M E!B "!∫!M E!ÓShEA6B!!!!!!"!∫!A’!hE!A

"!∫!!ShEA6M!E!ÓShEA6B "!∫!M!A’ E!bA’rScB

W#7.%!>=21,1hEX WC'9!>=21,1hEX
"8!ShEA!∫!B "!∫!A!hE!A^!!!!!!"8!ShEA!∫!B!hE!B’

"!∫!ÔShEA6B "!∫!WÔShEA6BX!hE!WÔShEA’6B’X

Wj*-!_*4GhEX

"!∫!C hE!A!!!!!!"!∫!bCrScM E!bCrScB

"!∫!WpackÔShEA6B ShEAiC with MX E!ÔShEA6B

Wj*-!D.%(hEX

"!∫!M E!ÔShEA6B      "!∫!D      "8!ShEA8!xEB!∫!N E!D

"!∫!WopenD M as ShEA8!xEB in NX E!D
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b#S6ArScA!<$%(%3%/!"!∫!#S6A6!@1!*(0,$%/!%=*+.-%8!,7.%!171,%+1!<2,$!,7.%!0.%/*,0/1
!S6A!W&'(4,20(1!&/0+!,7.%1!,0!,7.%1X!$*3%!*!/%)'4,20(!/'-%!&0/!0.%/*,0/!*..-24*,20(!0&
,$%!&0/+!"!∫!W!S6AX!B i!bArScB6!#$%!,7.%!%:'23*-%(4%!H')5+%(,!21!'1'*--7!%+.-07%)
2(!*!retyping rule!1,*,2(5!,$*,!2&!"!∫!M!E!A!*()!"!∫!A i!B!,$%(!"!∫!M!E!B6

@!term equivalence!H')5+%(,!)%,%/+2(%1!<$24$!./05/*+1!*/%!%:'23*-%(,!<2,$!/%A
1.%4,!,0!*!40++0(!,7.%6!;,!$*1!,$%!&0/+!"!∫!M!i!N!E!A6!U0/!%=*+.-%8!<2,$!*../0./2*,%
/'-%1!<%!40'-)!)%,%/+2(%!,$*,!"!∫!NdY!i!O!E!Int6!#$%!,%/+!%:'23*-%(4%!H')5+%(,!4*(!9%
'1%)!,0!523%!*!,7.%)!1%+*(,241!,0!./05/*+1E!2&!N!21!*(!2//%)'429-%!%=./%1120(8!,$%(!<%
4*(!40(12)%/!N!*1!,$%!/%1'-,2(5!3*-'%!0&!,$%!./05/*+!M6

S!!3,-.!+$>.&.$*.
#7.%!2(&%/%(4%!21!,$%!./09-%+!0&!&2()2(5!*!,7.%!&0/!*!,%/+!<2,$2(!*!523%(!,7.%!171,%+8
2&!*(7!,7.%!%=21,16!;(!,$%!,7.%!171,%+1!<%!$*3%!40(12)%/%)!%*/-2%/8!./05/*+1!$*3%!*9'(A
)*(,!,7.%!*((0,*,20(16!#$'18!,$%!,7.%!2(&%/%(4%!./09-%+!0&,%(!*+0'(,1!,0!-2,,-%!+0/%
,$*(!4$%4G2(5!,$%!+','*-!40(121,%(47!0&!,$%!*((0,*,20(16!#$%!./09-%+!21!(0,!*-<*71
,/232*-!9',8!*1!2(!,$%!4*1%!0&!UY8!12+.-%!,7.%4$%4G2(5!*-50/2,$+1!+*7!%=21,6!

@!$*/)%/!./09-%+8!4*--%)!typability!0/!%,-.!&.*'$/%&)*%+'$8!40(121,1!2(!1,*/,2(5!<2,$
*(!'(,7.%)!./05/*+!M8!*()!&2()2(5!*(!%(32/0(+%(,!"8!*!,7.%A*((0,*,%)!3%/120(!M’!0&
M8!*()!*!,7.%!A!1'4$!,$*,!A!21!*!,7.%!&0/!M’!<2,$!/%1.%4,!,0!"6!W@!,7.%A*((0,*,%)!./0A
5/*+!M’!21!12+.-7!0(%!,$*,!1,/2..%)!0&!*--!,7.%!*((0,*,20(1!/%)'4%1!9*4G!,0!M6X!#$%
,7.%!/%40(1,/'4,20(!./09-%+!&0/! ,$%!'(,7.%)!!A4*-4'-'1! 21!10-3*9-%!<2,$2(!UY!97!,$%
[2()-%7AF2-(%/!*-50/2,$+!'1%)!2(!FJ!bYScI!2(!*))2,20(8!,$*,!*-50/2,$+!$*1!,$%!./0.%/,7
0&!./0)'42(5!*!'(2:'%!/%./%1%(,*,20(!0&!*--!.01129-%!UY!,7.2(51!0&!*!!A,%/+6!#$%!,7.%
/%40(1,/'4,20(!./09-%+!&0/!,$%!'(,7.%)!!A4*-4'-'18!$0<%3%/8!21!(0,!10-3*9-%!<2,$2(!UN
bOYc6!#7.%!/%40(1,/'4,20(!<2,$2(!171,%+1!<2,$!1'9,7.2(5!21!1,2--!-*/5%-7!*(!0.%(!./09A
-%+8!*-,$0'5$!1.%42*-!10-',20(1!*/%!9%52((2(5!,0!%+%/5%!bY8!Ym8!YO8!NPc6

?%!40(4%(,/*,%!$%/%!0(!,$%!,7.%!2(&%/%(4%!*-50/2,$+1!&0/!10+%!/%./%1%(,*,23%!171A
,%+1E!UY8!UN8!*()!UNhE6!#$%!&2/1,!,<0!171,%+1!$*3%!,$%!'(2:'%!,7.%!./0.%/,7E!2&!*!,%/+!$*1
*!,7.%!2,!$*1!0(-7!0(%!,7.%6!;(!UNhE!,$%/%!*/%!(0!'(2:'%!,7.%18!12+.-7!9%4*'1%!,$%!1'9A
1'+.,20(!/'-%!*1125(1!*--!0&!,$%!1'.%/,7.%1!0&!*!,7.%!,0!*(7!,%/+!,$*,!$*1!,$*,!,7.%6
[0<%3%/8!*!+2(2+'+!,7.%!./0.%/,7!$0-)1E!2&!*!,%/+!$*1!*!40--%4,20(!0&!,7.%18!,$*,!40-A
-%4,20(!$*1!*!-%*1,!%-%+%(,!2(!,$%!1'9,7.%!0/)%/!bTc6!#$%!+2(2+'+!,7.%!./0.%/,7!$0-)1
&0/!+*(7!40++0(!%=,%(120(1!0&!UNhE!*()!0&!UYhE!9',!+*7!&*2-!2(!,$%!./%1%(4%!0&!*)A$04
1'9,7.2(51!0(!9*124!,7.%16

!"#$%&'#$()*#+#),#$'+-./#0

;(!*!523%(!,7.%!171,%+8!523%(!*(!%(32/0(+%(,!"!*()!*!,%/+!M!21!,$%/%!*!,7.%!A!1'4$
,$*,!"!∫!M E!A!21!3*-2)f!#$%!&0--0<2(5!*/%!%=*+.-%1E

] ;(!UY8!523%(!M 7 !xEZ6x!*()!*(7!<%--A&0/+%)!"!<%!$*3% ,$*,!"!∫ M!E!Z$Z6!

] ;(!UY8!523%(!M 7 !xEZ6yWxX!*()!" 7 "’8!yEZ$Z!<%!$*3%!,$*,!"!∫!M!E!Z$Z6

] ;(!UY8!,$%/%!21!(0!,7.2(5!&0/!!xEB6xWxX8!&0/!*(7!,7.%!B6!



34

] [0<%3%/8! 2(!UYhE! ,$%/%!21!,$%!,7.2(5!"!∫!!xETop$B6xWxX! E! WTop$BX$B8! &0/!*(7
,7.%!B8!12(4%!x!4*(!*-10!9%!523%(!,7.%!Top6

] F0/%03%/8!2(!UY!<2,$!/%4'/123%!,7.%18!,$%/%!21!,$%!,7.2(5!"!∫!!xEB6WunfoldB!xXWxX!E
B$B8!&0/!B!7 #S6S$S8!12(4%!unfoldB!x!$*1!,7.%!B$B6

] U2(*--78!2(!UN!,$%/%!21!,$%!,7.2(5!"!∫!!xEB6!xWBXWxX!E!B$B8!&0/!B!7 ÓS6S$S8!12(4%
xWBX!$*1!,7.%!B$B6

W@(!*-,%/(*,23%!&0/+'-*,20(!0&!,$%!,7.%!2(&%/%(4%!./09-%+!/%:'2/%1!"!,0!9%!&0'()8!2(A
1,%*)!0&!523%(6![0<%3%/8!2(!./05/*++2(5!./*4,24%!0(%!21!2(,%/%1,%)!0(-7!2(!,7.%!2(&%/A
%(4%!&0/!./05/*+1!%+9%))%)!2(!*!40+.-%,%!./05/*++2(5!40(,%=,8!<$%/%!"!21!,$%/%&0/%
523%(6X

?%!9%52(!<2,$!,$%!,7.%!2(&%/%(4%!*-50/2,$+!&0/!.'/%!UY8!523%(!2(!#*9-%!OQ6!#$%!*-A
50/2,$+!4*(!9%!%=,%()%)!2(!1,/*25$,&0/<*/)!<*71!,0!*--!0&!,$%!&2/1,A0/)%/!,7.%!1,/'4A
,'/%1!1,')2%)!%*/-2%/6!#$21!21!,$%!9*121!0&!,$%!,7.%4$%4G2(5!*-50/2,$+1!'1%)!2(!_*14*-!*()
*--!12+2-*/!./04%)'/*-!-*(5'*5%16

#$%!+*2(!/0',2(%!TypeW"8!MX8!,*G%1!*(!%(32/0(+%(,!"!*()!*!,%/+!M!*()!./0)'4%1
,$%!'(2:'%!,7.%!0&!M8!2&!*(76!#$%!2(1,/'4,20(!fail!4*'1%1!*!5-09*-!&*2-'/%!0&!,$%!*-50/2,$+E
2,!2()24*,%1!*!,7.2(5!%//0/6!;(!,$21!*-50/2,$+8!*1!2(!,$%!0(%1!,$*,!&0--0<8!<%!*11'+%!,$*,
,$%!2(2,2*-!%(32/0(+%(,!.*/*+%,%/!"!21!<%--!&0/+%)!10!*1!,0!/'-%!0',!,$%!.011292-2,7!0&
&%%)2(5! 2(3*-2)!%(32/0(+%(,1! ,0! 2(,%/(*-!4*--16! WU0/!%=*+.-%8!<%!+*7!1,*/,!<2,$! ,$%
%+.,7!%(32/0(+%(,!<$%(!4$%4G2(5!*!&'--!./05/*+6X!;(!*(7!4*1%8!2,!21!%*17!,0!</2,%!*
1'9/0',2(%!,$*,!4$%4G1!,$%!<%--!&0/+%)(%11!0&!*(!%(32/0(+%(,8!&/0+!,$%!40)%!<%!./0A
32)%6!#$%!4*1%!&0/!!xEA6M!1$0'-)!$*3%!*!/%1,/24,20(!/%:'2/2(5!,$*,!x!Ì domW"X8!12(4%!x!21
'1%)!,0!%=,%()!"6![0<%3%/8!,$21!/%1,/24,20(!4*(!9%!%*12-7!12)%1,%..%)!97!/%(*+2(58!%6568
97!+*G2(5!*--!92()%/1!'(2:'%!9%&0/%!/'((2(5!,$%!*-50/2,$+6!?%!0+2,!,$21!G2()!0&!/%A
1,/24,20(1!&/0+!#*9-%1!OQ8!OR8!*()!OS6

39=7.!IMA!3,-.!+$>.&.$*.!976'&+%10!>'&!J"

@1!*(!%=*+.-%8!-%,!'1!40(12)%/!,$%!,7.%!2(&%/%(4%!./09-%+!&0/!,%/+!!zEZ6yWzX!2(!,$%
%(32/0(+%(,!8!yEZ$Z, &0/!<$24$!<%!5*3%!*!&'--!UY!)%/23*,20(!2(!1%4,20(!O6!#$%!*-50A
/2,$+!./04%%)1!*1!&0--0<1E

TypeW"8!xX!!!@ 
if xEA Ï " for some A then A else fail

TypeW"8!!xEA6MX!!!@
A$TypeWW"8!xEA)8!MX

TypeW"8!M!NX!!!@
if TypeW"8!MX!7 TypeW"8!NX$B for some B then B else fail

TypeWW8!yEZ$Z)8!!zEZ6yWzXX
i Z$TypeWW8!yEZ$Z8!zEZ)8!yWzXX
i Z$Wif TypeWW8!yEZ$Z8!zEZ)8!yX!7 TypeWW8!yEZ$Z8!zEZ)8!zX$B for some B 

then B else failX
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#$%!,7.%!2(&%/%(4%!*-50/2,$+!&0/!UN!W#*9-%!ORX!21!(0,!+'4$!$*/)%/!,$*(!,$%!0(%!&0/
UY8!9',!2,!/%:'2/%1!*!1'9/0',2(%!GoodW"8!AX!,0!3%/2&7!,$*,!,$%!,7.%1!%(40'(,%/%)!2(!,$%
10'/4%!./05/*+!*/%!<%--!&0/+%)6!#$21!4$%4G!21!(%4%11*/7!9%4*'1%!,7.%1!2(!UN!40(,*2(
,7.%!3*/2*9-%1!,$*,!+25$,!9%!'(90'()6!@!1'91,2,',20(!1'9/0',2(%!+'1,!*-10!9%!'1%)!2(
,$%!,7.%!2(1,*(,2*,20(!4*1%8!M A6

39=7.!IOA!3,-.!+$>.&.$*.!976'&+%10!>'&!JF

#$%!,7.%!2(&%/%(4%!*-50/2,$+!&0/!UNhE8!523%(!2(!#*9-%!OS8!21!+0/%!1'9,-%6!#$%!1'9/0'A
,2(%!SubtypeW"8!A, BX!*,,%+.,1!,0!)%42)%!<$%,$%/!A!21!*!1'9,7.%!0&!B!2(!"8!*()!21!*,!&2/1,
125$,!1,/*25$,&0/<*/)6!;,!$*1!9%%(!1$0<(8!,$0'5$8!,$*,!Subtype!21!0(-7!*!1%+2*-50/2,$+E
2,! +*7! )23%/5%! 0(! 4%/,*2(! .*2/1! A8B! ,$*,! */%! (0,! 2(! 1'9,7.%! /%-*,20(6! #$*,! 218! ,$%
,7.%4$%4G%/!&0/!UNhE!+*7!)23%/5%!0(!2--!,7.%)!./05/*+18!*-,$0'5$!2,!<2--!1,2--!40(3%/5%
*()!./0)'4%!*!+2(2+'+!,7.%!&0/!<%--!,7.%)!./05/*+16!F0/%!5%(%/*--78!,$%/%!21!(0!)%A
42120(!./04%)'/%!&0/!1'9,7.2(5E!,$%!,7.%!171,%+!&0/!UNhE!21!'()%42)*9-%!bNQc6!C%3%/*-!*,A
,%+.,1!$*3%!9%%(!+*)%!,0!4',!UNhE!)0<(!,0!*!)%42)*9-%!1'91%,I!,$%!12+.-%1,!10-',20(!*,
,$%!+0+%(,!40(121,1! 2(!/%:'2/2(5!%:'*-!:'*(,2&2%/1!90'()1! 2(! WC'9!U0/*--hEX6! ;(!*(7
4*1%8!,$%!9*)!.*2/1!A8B!*/%!%=,/%+%-7!'(-2G%-7!,0!*/21%!2(!./*4,24%6!#$%!*-50/2,$+!21!1,2--
10'()!2(!,$%!'1'*-!1%(1%E!2&!2,!&2()1!*!,7.%8!,$%!./05/*+!<2--!(0,!50!</0(56!#$%!0(-7
,/0'9-%10+%!4*1%!21!2(!,$%!1'9,7.2(5!0&!:'*(,2&2%/1I!,$%!/%1,/24,20(!0&!,$%!*-50/2,$+!,0
UYhE!21!)%42)*9-%!*()!./0)'4%1!+2(2+'+!,7.%16

39=7.!IQA!3,-.!+$>.&.$*.!976'&+%10!>'&!JF\]

i Z$Wif Z$Z!7 Z$B for some B then B else failX!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!W,*G2(5!B7ZX
i Z$Z

GoodW"8!SX!!!@!!!S!Ï domW"X
GoodW"8!A$BX!!!@!!!GoodW"8!AX!and!GoodW"8!BX
GoodW"8!ÓS6!AX!!!@!!!GoodWW"8!SX8!AX

TypeW"8!xX!!!@ 
if xEA Ï " for some A then A else fail

TypeW"8!!xEA6MX!!!@
if GoodW"8!AX!then!A$TypeWW"8!xEA)8!MX else fail

TypeW"8!M!NX!!!@
if TypeW"8!MX!7 TypeW"8!NX$B for some B then B else fail

TypeW"8!!S6MX!!!@
ÓS6 TypeWW"8!S)8!MX

TypeW"8!M!AX!!!@
if TypeW"8!MX!7 ÓS6B for some S,B and GoodW"8!AX then bArScB else fail

GoodW"8!SX!!!@!!!S!Ï domW"X
GoodW"8!TopX!!!@!!!true
GoodW"8!A$BX!!!@!!!GoodW"8!AX!and!GoodW"8!BX
GoodW"8!ÓShEA6!BX!!!@!!!!GoodW"8!AX!and!GoodWW"8!ShEAX8!BX
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UNhE!./032)%1!*(!2(,%/%1,2(5!%=*+.-%!0&!,$%!*(0+*-2%1!0(%!+*7!%(40'(,%/!2(!,7.%
2(&%/%(4%6!#$%!,7.%!2(&%/%(4%!*-50/2,$+!523%(!*903%!21!,$%0/%,24*--7!'()%42)*9-%!9',!21
./*4,24*--7!*..-24*9-%6!;,!21!40(3%/5%(,!*()!%&&242%(,!0(!32/,'*--7!*--!./05/*+1!0(%!+*7
%(40'(,%/I!2,!)23%/5%1!0(-7!0(!10+%!2--!,7.%)!./05/*+18!<$24$!1$0'-)!9%!/%H%4,%)!*(7A
<*76!#$%/%&0/%8!UNhE!12,1!4-01%!,0!,$%!90'()*/7!9%,<%%(!*44%.,*9-%!*()!'(*44%.,*9-%
,7.%!171,%+18!*440/)2(5!,0!,$%!4/2,%/2*!%('(42*,%)!2(!,$%!2(,/0)'4,20(6

U!!4)009&,!9$(!L./.9&*1!#//)./

H19%!<.!7.9&$.(

Z*,'/*-!:'%1,20(1!&0/!*!9%52((%/!./05/*++%/!*/%E!?$*,!21!*(!%//0/f!?$*,!21!,7.%!1*&%A
,7f!?$*,!21!,7.%!10'()(%11f!W.%/$*.1!.$/*1%)8!/%1.%4,23%-78!*1!?$24$!%//0/1!<2--!,$%
40+.',%/!,%--!+%!*90',f!?$7!)2)!+7!./05/*+!4/*1$f!?$7!)0%1!,$%!40+.',%/!/%&'1%
,0!/'(!+7!./05/*+fX6!#$%!*(1<%/18!%3%(!2(&0/+*-!0(%18!*/%!1'/./212(5-7!2(,/24*,%6!?%
$*3%!.*2)!.*/,24'-*/!*,,%(,20(!,0!,$%!)21,2(4,20(!9%,<%%(!,7.%!1*&%,7!*()!,7.%!10'()A

SubtypeW"8!A8!TopX!!!@   true
SubtypeW"8!S8!SX!!!@   true
SubtypeW"8!S8!AX!!!@   for!A=S8Top

if!ShEB!Ï "!for some B then SubtypeW"8!B8!AX!else!false
SubtypeW"8!A$B8!A’$B’X!!!@   

SubtypeW"8!A’8!AX!and!SubtypeW"8!B8!B’X
SubtypeW"8!ÓShEA6!B8!ÓS’hEA’.!B’X!!!@

SubtypeW", A’, AX and SubtypeWW", S’hEA’X, bS’rScB, B’X
SubtypeW"8!A8!BX!!!@   false otherwise

ExposeW"8!SX!!!@   if!ShEA!Ï "!for some A then ExposeW"8!AX!else!fail
ExposeW"8!AX!!!@   A otherwise

TypeW"8!xX!!!@ 
if xEA Ï " for some A then A else fail

TypeW"8!!xEA6MX!!!@
if GoodW"8!AX!then!A$TypeWW"8!xEA)8!MX else fail

TypeW"8!M!NX!!!@
if ExposeW"8!TypeW"8!MXX!7 A$B for some A,B 

and SubtypeW"8!TypeW"8!NX8!AX then B else fail
TypeW"8!!ShEA6MX!!!@

if GoodW"8!AX!then!ÓShEA6TypeWW"8!ShEA)8!MX else fail
TypeW"8!M!AX!!!@

if ExposeW"8!TypeW"8!MXX!7 ÓShEA’6B for some S,A’,B
and GoodW"8!AX and SubtypeW"8!A8!A’X then bArScB else fail
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(%118!*()!<%!$*3%!/%32%<%)!,$%!3*/2%,2%1!0&!1,*,24!4$%4G2(58!)7(*+24!4$%4G2(58!*()!*9A
1%(4%!0&!4$%4G2(5!&0/!./05/*+!%//0/1!2(!3*/20'1!G2()1!0&!-*(5'*5%16

#$%!+01,!2+.0/,*(,!-%110(!,0!/%+%+9%/!&/0+!,$21!4$*.,%/!21!,$%!5%(%/*-!&/*+%A
<0/G!&0/!&0/+*-2B2(5!,7.%!171,%+16!\()%/1,*()2(5!,7.%!171,%+18!2(!5%(%/*-!,%/+18!21
*1!&'()*+%(,*-!*1!'()%/1,*()2(5!aZU!Wa*4G'1AZ*'/!U0/+XE!2,!21!$*/)!,0!)214'11!,$%
,7.2(5!0&!./05/*+1!<2,$0',!,$%!./%421%!-*(5'*5%!0&!,7.%!171,%+18!H'1,!*1!2,!21!$*/)!,0
)214'11!,$%!17(,*=!0&!./05/*+1!<2,$0',!,$%!./%421%!-*(5'*5%!0&!aZU6!;(!90,$!4*1%18!,$%
%=21,%(4%!0&!*!&0/+*-21+!$*1!4-%*/!9%(%&2,1!&0/!-*(5'*5%!)%125(8!40+.2-%/!40(1,/'4,20(8
-*(5'*5%!-%*/(2(58!*()!./05/*+!'()%/1,*()2(56!?%!)%14/29%)!,$%!&0/+*-21+!0&!,7.%
171,%+18!*()!$0<!2,!4*.,'/%1!,$%!(0,20(1!0&!,7.%!10'()(%11!*()!,7.%!%//0/16!

@/+%)!<2,$!&0/+*-!,7.%!171,%+18!<%!%+9*/G%)!0(!,$%!)%14/2.,20(!0&!*(!%=,%(123%
-21,!0&!./05/*+!40(1,/'4,20(1!*()!0&!,$%2/!,7.%!/'-%16!F*(7!0&!,$%1%!40(1,/'4,20(1!*/%
1-25$,-7!*91,/*4,%)!3%/120(1!0&!&*+2-2*/!&%*,'/%18!<$%/%*1!0,$%/1!*..-7!0(-7!,0!0914'/%
40/(%/1!0&!40++0(!-*(5'*5%16!;(!90,$!4*1%18!0'/!40--%4,20(!0&!,7.2(5!40(1,/'4,20(1!21
+%*(,!*1!*!G%7!&0/!2(,%/./%,2(5!,$%!,7.2(5!&%*,'/%1!0&!./05/*++2(5!-*(5'*5%16!C'4$!*(
2(,%/./%,*,20(!+*7!9%!(0(,/232*-8!.*/,24'-*/-7!9%4*'1%!+01,!-*(5'*5%!)%&2(2,20(1!)0!(0,
40+%!<2,$!*!,7.%!171,%+8!9',!<%!$0.%!,0!$*3%!./032)%)!1'&&242%(,!9*4G5/0'()!&0/!2(A
)%.%()%(,! 1,')76!C0+%!0&! ,$%!*)3*(4%)! ,7.%!40(1,/'4,20(1!<2--!*..%*/8!<%!%=.%4,8
+0/%!&'--78!4-%*(-78!*()!%=.-242,-7!2(!&','/%!-*(5'*5%16

;(!,$%!-*,,%/!.*/,!0&!,$%!4$*.,%/8!<%!/%32%<%)!10+%!&'()*+%(,*-!,7.%!2(&%/%(4%!*-A
50/2,$+1E!&0/!12+.-%!-*(5'*5%18!&0/!.0-7+0/.$24!-*(5'*5%18!*()!&0/!-*(5'*5%1!<2,$
1'9,7.2(56!#$%1%!*-50/2,$+1!*/%!3%/7!12+.-%!*()!5%(%/*-8!9',!*/%!+01,-7!0&!*(!2--'1,/*A
,23%!(*,'/%6!U0/!*!$01,!0&!./*5+*,24!/%*10(18!,7.%!2(&%/%(4%!&0/!/%*-!-*(5'*5%1!9%40+%1
+'4$!+0/%!40+.-%=6!;,!21!2(,%/%1,2(58!,$0'5$8!,0!9%!*9-%!,0!)%14/29%!40(421%-7!,$%!40/%
0&!,$%!,7.%!2(&%/%(4%!./09-%+!*()!10+%!0&!2,1!10-',20(16

J)%)&.!(+&.*%+'$/

#$%! &0/+*-2B*,20(!0&! ,7.%!171,%+1! &0/!./05/*++2(5! -*(5'*5%18!*1!)%14/29%)! 2(! ,$21
4$*.,%/8!%30-3%)!*1!*(!*..-24*,20(!0&!,7.%!,$%0/76!#7.%!,$%0/7!21!*!9/*(4$!0&!&0/+*-!-05A
246!;,!*2+1!,0!/%.-*4%!./%)24*,%!-05241!*()!1%,!,$%0/7!W<$24$!*/%!'(,7.%)X!<2,$!,7.%)
-052418!*1!*!&0'()*,20(!&0/!+*,$%+*,2416!

D(%!0&!,$%!+0,23*,20(1!&0/!,$%1%!-0524*-!,7.%!,$%0/2%18!*()!0(%!0&!,$%2/!+0/%!%=42,A
2(5!*..-24*,20(18!21!2(!,$%!+%4$*(2B*,20(!0&!+*,$%+*,241!32*!./00&!4$%4G%/1!*()!,$%0A
/%+!./03%/16!#7.2(5! 21!'1%&'-! 2(! ,$%0/%+!./03%/1! &0/!%=*4,-7! ,$%!1*+%!/%*10(1! 2,! 21
'1%&'-!2(!./05/*++2(56!#$%!+%4$*(2B*,20(!0&!./00&1!/%3%*-1!1,/2G2(5!12+2-*/2,2%1!9%A
,<%%(!./00&1!*()!./05/*+1E!,$%!1,/'4,'/2(5!./09-%+1!&0'()!2(!./00&!40(1,/'4,20(!*/%
*(*-050'1! ,0! ,$%!0(%1! &0'()! 2(!./05/*+!40(1,/'4,20(6!F*(7!0&! ,$%!*/5'+%(,1! ,$*,
)%+0(1,/*,%!,$%!(%%)!&0/!,7.%)!./05/*++2(5!-*(5'*5%1!*-10!)%+0(1,/*,%!,$%!(%%)!&0/
,7.%)!-052416

K0+.*/210(1!9%,<%%(!,$%!,7.%!1,/'4,'/%1!)%3%-0.%)!2(!,7.%!,$%0/7!*()!2(!./0A
5/*++2(5!*/%8!,$'18!3%/7!2(1,/'4,23%6!U'(4,20(!,7.%18!./0)'4,!,7.%18!W)21H02(,X!'(20(
,7.%18!*()!:'*(,2&2%)!,7.%1!044'/!2(!90,$!)2142.-2(%18!<2,$!12+2-*/!2(,%(,16!#$21!21! 2(
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40(,/*1,8!&0/!%=*+.-%8!,0!1,/'4,'/%1!'1%)!2(!1%,!,$%0/78!1'4$!*1!'(/%1,/24,%)!'(20(1!*()
2(,%/1%4,20(1!0&!1%,18!*()!,$%!%(40)2(5!0&!&'(4,20(1!*1!1%,1!0&!.*2/18!,$*,!$*3%!(0!40//%A
1.0()%(4%!2(!,$%!,7.%!171,%+1!0&!40++0(!./05/*++2(5!-*(5'*5%16!

a%70()!,$%!12+.-%1,!40//%1.0()%(4%1!9%,<%%(!,7.%!,$%0/7!*()!./05/*++2(58!2,
,'/(1!0',!,$*,!,$%!1,/'4,'/%1!)%3%-0.%)!2(!,7.%!,$%0/7!*/%!&*/!+0/%!%=./%1123%!,$*(!,$%
0(%1!40++0(-7!'1%)!2(!./05/*++2(56!#$%/%&0/%!,7.%!,$%0/7!./032)%1!*!/24$!%(32/0(A
+%(,!&0/!&','/%!./05/%11!2(!./05/*++2(5!-*(5'*5%16

K0(3%/1%-78!,$%!12B%!0&!171,%+1!,$*,!./05/*++%/1!9'2-)!21!3*1,-7!5/%*,%/!,$*(!,$%
12B%!0&!./00&1!,$*,!+*,$%+*,242*(1!'1'*--7!$*()-%6!#$%!+*(*5%+%(,!0&!-*/5%!./05/*+18
*()!2(!.*/,24'-*/!,$%!,7.%!1,/'4,'/%1!(%%)%)!,0!+*(*5%!-*/5%!./05/*+18!21!/%-%3*(,!,0
,$%!+*(*5%+%(,!0&!+%4$*(24*-!./00&16!K%/,*2(!,7.%!,$%0/2%1!)%3%-0.%)!2(!./05/*+A
+2(58!&0/!%=*+.-%8!&0/!09H%4,A0/2%(,*,20(!*()!&0/!+0)'-*/2B*,20(8!50!9%70()!,$%!(0/A
+*-!./*4,24%1!&0'()!2(!+*,$%+*,2418!*()!1$0'-)!$*3%!10+%,$2(5!,0!40(,/29',%!,0!,$%
+%4$*(2B*,20(!0&!./00&16

#$%/%&0/%8! ,$%!4/011!&%/,2-2B*,20(!9%,<%%(!-0524!*()!./05/*++2(5!<2--!40(,2('%8
<2,$2(!,$%!40++0(!*/%*!0&!,7.%!,$%0/76!@,!,$%!+0+%(,8!10+%!*)3*(4%)!40(1,/'4,20(1
'1%)!2(!./05/*++2(5!%14*.%!./0.%/!,7.%A,$%0/%,24*-!&0/+*-2B*,20(6!#$21!40'-)!9%!$*.A
.%(2(5!%2,$%/!9%4*'1%!,$%!./05/*++2(5!40(1,/'4,20(1!*/%!2--!40(4%23%)8!0/!9%4*'1%!0'/
,7.%!,$%0/2%1!*/%!(0,!7%,!1'&&242%(,-7!%=./%1123%E!0(-7!,$%!&','/%!<2--!,%--6!>=*+.-%1!0&
*4,23%!/%1%*/4$!*/%*1!*/%!,$%!,7.2(5!0&!*)3*(4%)!09H%4,A0/2%(,*,20(!*()!+0)'-*/2B*,20(
40(1,/'4,1!*()!,$%!,7.2(5!0&!40(4'//%(47!*()!)21,/29',20(6

[.$+$6!3.&0/
N=/%&9*%!%,-.]!@!)*,*!,7.%!<$01%!(*,'/%!21!G%.,!$2))%(8!2(!1'4$!*!<*7!,$*,!0(-7!*!./%A

)%,%/+2(%)!40--%4,20(!0&!0.%/*,20(1!4*(!0.%/*,%!0(!2,6
^'$%&989&+9$%]!@!,7.%!,$*,!3*/2%1!2(!,$%!2(3%/1%!)2/%4,20(!&/0+!0(%!0&!2,1!.*/,1!<2,$!/%A

1.%4,!,0!1'9,7.2(56!#$%!+*2(!%=*+.-%!21!,$%!40(,/*3*/2*(4%!0&!&'(4,20(!,7.%1!2(
,$%2/!)0+*2(6!U0/!%=*+.-%8!*11'+%!AhEB!*()!3*/7!S &/0+!A!,0!B!2(!S$CI!<%!09A
,*2(!A$C!Et!B$C6!#$'1!S$C!3*/2%1!2(!,$%!2(3%/1%!)2/%4,20(!0&!S6

^'89&+9$%]!@!,7.%!,$*,!3*/2%1!2(!,$%!1*+%!)2/%4,20(!*1!0(%!0&!2,1!.*/,1!<2,$!/%1.%4,!,0
1'9,7.2(56!U0/!%=*+.-%8!*11'+%!AhEB!*()!3*/7!S &/0+!A!,0!B!2(!D$SI!<%!09,*2(
D$A!hE!D$B6!#$'1!D$S!3*/2%1!2(!,$%!1*+%!)2/%4,20(!*1!S6

[.&+89%+'$]!@!,/%%!0&!H')5+%(,1!09,*2(%)!97!*..-72(5!,$%!/'-%1!0&!*!,7.%!171,%+6
[,$90+*!*1.*2+$6A!!@!40--%4,20(!0&!/'(!,2+%!,%1,1!*2+%)!*,!)%,%4,2(5!*()!./%3%(,2(5

&0/92))%(!%//0/16
[,$90+*977,!*1.*2.(!79$6)96.]!@!-*(5'*5%!<$%/%!500)!9%$*320/!21!%(&0/4%)!)'/2(5

%=%4',20(6
:;-7+*+%7,!%,-.(!79$6)96.]!@!,7.%)!-*(5'*5%!<$%/%!,7.%1!*/%!.*/,!0&!,$%!17(,*=6
J+&/%?'&(.&!%,-.!/,/%.0]!D(%!,$*,!)0%1!(0,!2(4-')%!:'*(,2&24*,20(!03%/!,7.%!3*/2*9-%16
J'&=+((.$!.&&'&]!#$%!044'//%(4%!0&!0(%!0&!*!./%)%,%/+2(%)!4-*11!0&!%=%4',20(!%//0/1I

,7.24*--7!,$%!2+./0.%/!*..-24*,20(!0&!*(!0.%/*,20(!,0!*!3*-'%8!1'4$!*1!notWOX6
_''(!=.198+'&]!C*+%!*1!9%2(5!<%--!9%$*3%)6
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#77!%,-.(]!@!./05/*+!&/*5+%(,!,$*,!)0%1!(0,!40+.-7!<2,$!,$%!/'-%1!0&!*!523%(!,7.%!171A
,%+6

#0-7+*+%7,!%,-.(!79$6)96.]!@!,7.%)!-*(5'*5%!<$%/%!,7.%1!*/%!(0,!.*/,!0&!,$%!17(,*=6
G)(60.$%]!@!&0/+*-!*11%/,20(!/%-*,2(5!%(,2,2%1!1'4$!*1!,%/+18!,7.%18!*()!%(32/0(+%(,16

#7.%!171,%+1!./%14/29%!$0<!,0!./0)'4%!3*-2)!H')5+%(,1!&/0+!0,$%/!3*-2)!H')5%A
+%(,16

V'7,0'&-1+/0]!#$%!*92-2,7!0&!*!./05/*+!&/*5+%(,!,0!$*3%!+'-,2.-%!,7.%1!W0..012,%!0&
+0(0+0/.$21+X6

49>.!79$6)96.]!@!-*(5'*5%!<$%/%!(0!'(,/*..%)!%//0/1!4*(!044'/6
4.*'$(?'&(.&!%,-.!/,/%.0]!D(%!,$*,!2(4-')%1!:'*(,2&24*,20(!03%/!,7.%!3*/2*9-%18!%2,$%/

'(23%/1*-!0/!%=21,%(,2*-6
4%9%+*!*1.*2+$6A!@!40--%4,20(!0&!40+.2-%!,2+%!,%1,18!+01,-7!40(121,2(5!0&!,7.%4$%4G2(56
4%9%+*977,!*1.*2.(!79$6)96.]!@!-*(5'*5%!<$%/%!500)!9%$*320/!21!)%,%/+2(%)!9%&0/%

%=%4',20(6
4%&'$67,!*1.*2.(!79$6)96.]!@!-*(5'*5%!<$%/%!(0!&0/92))%(!%//0/1!4*(!044'/!*,!/'(

,2+%!W)%.%()2(5!0(!,$%!)%&2(2,20(!0&!&0/92))%(!%//0/X6
4)=/)0-%+'$]!@!&'()*+%(,*-!/'-%!0&!1'9,7.2(58!*11%/,2(5!,$*,!2&!*!,%/+!$*1!*!,7.%!A8

<$24$!21!*!1'9,7.%!0&!*!,7.%!B8!,$%(!,$%!,%/+!*-10!$*1!,7.%!B6
4)=%,-+$6]!@! /%&-%=23%! *()! ,/*(12,23%! 92(*/7! /%-*,20(! 03%/! ,7.%1! ,$*,! 1*,21&2%1! 1'9A

1'+.,20(I!2,!*11%/,1!,$%!2(4-'120(!0&!40--%4,20(1!0&!3*-'%16
3&9--.(!.&&'&]!@(!%=%4',20(!%//0/!,$*,!2++%)2*,%-7!/%1'-,1!2(!*!&*'-,6
3,-.]!@!40--%4,20(!0&!3*-'%16!@(!%1,2+*,%!0&! ,$%!40--%4,20(!0&!3*-'%1! ,$*,!*!./05/*+

&/*5+%(,!4*(!*11'+%!)'/2(5!./05/*+!%=%4',20(6
3,-.!+$>.&.$*.]!#$%!./04%11!0&!&2()2(5!*!,7.%!&0/!*!./05/*+!<2,$2(!*!523%(!,7.%!171A

,%+6
3,-.!&.*'$/%&)*%+'$]!#$%!./04%11!0&!&2()2(5!*!,7.%!&0/!*!./05/*+!<$%/%!,7.%!2(&0/+*A

,20(!$*1!9%%(!0+2,,%)8!<2,$2(!*!523%(!,7.%!171,%+6
3,-.!&)7.]!@!40+.0(%(,!0&!*!,7.%!171,%+6!@!/'-%!1,*,2(5!,$%!40()2,20(1!'()%/!<$24$!*

.*/,24'-*/!./05/*+!40(1,/'4,!<2--!(0,!4*'1%!&0/92))%(!%//0/16
3,-.!/9>.%,]!#$%!./0.%/,7!1,*,2(5!,$*,!./05/*+1!)0!(0,!4*'1%!'(,/*..%)!%//0/16
3,-.!/')$($.//]!#$%!./0.%/,7!1,*,2(5!,$*,!./05/*+1!)0!(0,!4*'1%!&0/92))%(!%//0/16
3,-.!/,/%.0]!@!40--%4,20(!0&!,7.%!/'-%1!&0/!*!,7.%)!./05/*++2(5!-*(5'*5%6!C*+%!*1

1,*,24!,7.%!171,%+6
3,-.*1.*2.&]!#$%!.*/,!0&!*!40+.2-%/!0/!2(,%/./%,%/!,$*,!.%/&0/+1!,7.%4$%4G2(56
3,-.*1.*2+$6]!#$%!./04%11! 0&! 4$%4G2(5! *! ./05/*+!9%&0/%! %=%4',20(! ,0! %1,*9-21$! 2,1

40+.-2*(4%!<2,$!*!523%(!,7.%!171,%+!*()!,$%/%&0/%!,0!./%3%(,!,$%!044'//%(4%!0&
&0/92))%(!%//0/16

3,-.(!79$6)96.]!@!-*(5'*5%!<2,$!*(!*11042*,%)!W1,*,24X!,7.%!171,%+8!<$%,$%/!0/!(0,
,7.%1!*/%!.*/,!0&!,$%!17(,*=6

3,-+$6!.&&'&]!@(!%//0/!/%.0/,%)!97!*!,7.%4$%4G%/!,0!<*/(!*5*2(1,!.01129-%!%=%4',20(
%//0/16

P$%&9--.(!.&&'&]!@(!%=%4',20(!%//0/!,$*,!)0%1!(0,!2++%)2*,%-7!/%1'-,!2(!*!&*'-,6
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