4. Generating Graphs

t = GidGaph[7, 9];

ShowG aph [t = Set G aphOpti ons [t,
{{1, 10, 20, VertexStyle -> Disc[Large], VertexColor -> HotPink},
{{8, 9}, {32, 39}, EdgeStyle-»Fat}}]]

N
i
T
T

t = AddEdges[t, {{ {29, 30}}}1;
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ShowG aph[t, VertexNunber -> On, Pl ot Range -> Large[0.02]]

1 293 79— 5% % 7®

- Graphi cs -

? Gr aphUni on

GraphUnion[gl, g2, ...] constructs the union of

graphs g1, g2, and so forth. G aphUnion[n, g] constructs
n copi es of graph g, for any non-negative integer n.

NOTES
* GraphUniompreserveshegraphicsoptionsof thetwo graphs.
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ShowG aph [G aphUni on[t, t], PlotRange ->Large[0.02]]

- Graphi cs -
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ShowG aph [Gr aphUni on [Conpl et eGraph[3], Conpl eteG aph[5, 5], Star[4]],
Pl ot Range -> Large[0. 1]]

- Graphi cs -
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ShowG aph [ GraphUni on [6, Conpl et eG aph[3]1]]

- Graphi cs -

TIMING DISCUSSION
GraphUnionshouldbe extremelyfastandasympototicallylinearin the numberof edgest verticesin theresultinggraph.

Tabl e [Gi dG aph[20, 10i 1], {i, 20}1;

gt

rt Tabl e[ Tim ng[ GaphUnion[ gt [[i1], 9t [[i111; 1, {i, 20}]

{{0.016 Second, Null }, {0.046 Second, Null },
{0. 063 Second, Null }, {0.078 Second, Nul |}, {0.109 Second, Null },
{0. 125 Second, Null }, {0.141 Second, Null }, {0.172 Second, Null 3},
{0. 187 Second, Null }, {0.219 Second, Nul |}, {0.219 Second, Null 3},
{0. 25 Second, Null }, {0.266 Second, Null }, {0.281 Second, Nul | },
{0. 328 Second, Null }, {0.328 Second, Null }, {0.359 Second, Null },
{0. 375 Second, Null }, {0.375 Second, Null }, {0.422 Second, Null }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0.4}

0. 3}

- Graphi cs -

I—]erefis acomparisorbetweertheold andthenewimplementation®f GraphUnion.Theimprovementn timeis
significant.

a Di scret eMat h* A dConbi nat ori ca’ Wheel [200]; aa = Wheel [200];

(o
]

Di scret eivat h* A dConbi nat ori ca’ Conpl et eG aph[75]; bb = Conpl et eG aph[75];

{Ti m ng[Di screteMat h* A dConbi nat ori ca’ G aphUni on[a, b]l; 1],
Ti m ng[G aphUni on[aa, bb]; 1}

{{0.547 Second, Null }, {0.094 Second, Null }}

cc = Star [1000]; c = Discreteiath' A dConbi natorica‘ Star [10007;

Ti m ng[ G aphUni on[aa, cc]; ]

{0. 047 Second, Nul | }

Tim ng[ D screteMat h* d dConbi nat ori ca’ G aphUni on[a, c]; ]

{6. 484 Second, Nul |}
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? ExpandG aph

ExpandGraph[g, n] expands graph g to n vertices by addi ng di sconnected
vertices. This is obsolete. Use AddVertices[g, n] instead.

| don’t seethe needfor ExpandGraphAddVerticescanreplaceExpandGraph.
? AddVertices

AddVertices[g, n] adds n disconnected vertices to graph g. AddVertices]|
g, vList] adds vertices in vList to g. vList contains enbeddi ng
and graphics information and can have the form {x, y} or {{x1, yl},
{x2, y2}...} or the form {{{x1, yl1}, 91}, {{x2, y2}, 02},...},
where {x, y3}, {x1, yl1}, and {x2, y2} are point coordinates and
gl and g2 are graphics informati on associated with vertices.

ShowGr aph [ExpandGr aph [Wheel [10], 20]]

- Graphi cs -
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? G aphl nt ersecti on

G aphlntersection[gl, g2, ...] constructs the graph
defined by the edges that are in all the graphs g1, g2,

pl = ShowGr aph[s = Wheel [20], VertexCol or -> Red,
EdgeCol or -> Red, VertexNunber -> On, G aphics];

p2 = ShowG aph[r = GidG aph[4, 5], VertexCol or -> Bl ue,
EdgeCol or -> Bl ue, VertexNunber -> On, G aphics];

p3 = ShowGr aph[Graphl ntersection[s, r], VertexCol or -> G een,
EdgeCol or -> Green, VertexNumber -> On, G aphics];

Show[ Graphi csArray[{pl, p2, p3} ], |nmageSize ->600]

7 T8 T9 20
3 Z 5 16 8
9
9 TO TT 2
0
5 B 7 8 11
1
1 7 3 7

- G aphi csArray -

p4 = ShowG aph[G aphl ntersection[r, s], VertexCol or -> G een,
EdgeCol or -> Green, VertexNunmber -> On, Graphics];
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Show[ Graphi csArray [{pl, p2, p4} ], |mageSi ze -> 600]

! 18 19 20 7
3 14 15 16 3
9 10 11 12 9
5 §] / 8 5
1 2 3 4 1

- G aphi csArray -

NOTES

*Thereis anasymmetryin thefunctionasfar asinheritanceof graphicsinformationis concernedThe edgeandvertex
graphicsinformationof thefirst graphareinheritedby theresult.Usersshouldkeepthisin mind while choosingthe order
in whichto specifythegraphs.
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ShowG aph [Gr aphl nt er secti on[t,
Ver t exNunber -> On, Pl ot Range -> Large[0. 1]]

Conpl et eGraph[63]],

57958y 50t 60?617 627 637
50951 529 53¢ 54) 557 567
4392225 26Y 7Y 237 29Y
369379357 39| 700217 22Y
20930 31?327 33¢ 327 357
773 ) G2 O B 27T 23?
159167 17T 819 20 217
8T"'§' 10, — 117 127 137 147
1 293 7% 5% % Y

- Graphi cs -
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g = Set G aphOptions|[Star [5],

Vert exCol or » Red];

- Graphi cs -

ShowG aph [g]
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ShowG aph [Gr aphl nt ersecti on[g, Conpl eteG aph[5]]]

- Graphi cs -

TIMING DISCUSSION

Let g1 beanml-vertexyraphandg2 beanm2-vertexgraph.Let thenumberof ed esinglﬂ g2bed. Thentheasymp
totic runningtime of the Graphintersectiofunctionis #(m1 log (m1) + m2log(m2)+ m1d). Assumingthatgl andg2 are
identical,thisleadsto a functionthatis asymptotidn m, thenumberof edgedn thegraph.Let usseeif theseclaimsbear
outin experiments.

Table[ GidGaph[20, 10i], {i, 20}1;
Tabl e[Ti m ng[G aphlntersection [gt [[i]], gt[[i111;]1, (i, 20}]

gt
rt

$Abort ed
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ListPlot [ Map[#[[1, 111 & rt], PlotJoined -> True]

0.4}

0. 3}

- Graphi cs -

The plot aboveis clearly quadraticandthis bringsup the questionrwhetherGraphlintersectionould be rewrittensothatit
is sub—quadratio thenumberof edges.

Hereis atiming comparisorbetweerthe newandthe old implementation®f Graphintersectiorf-or densegraphsthe old
implementatiorseemgo be better whereador sparsegraphsthe newimplementatiorof graphintersectiordoesbetter.

a = Di screteMath’ A dConbi nat ori ca‘ Conpl et eGaph[80]; aa = Conpl et eGraph[80];

b = DiscreteMat h* A dConbi natorica' GidGaph[8, 10]; bb = GidGaph[8, 10];

{Ti M ng[Di screteMat h* A dConbi nat ori ca’' G aphl ntersectionf[a, b]; ],
Ti m ng[G aphl ntersection[aa, bb]; ], Timng[ G aphlntersection[bb, aa]; 1}

{{0.078 Second, Null }, {0.375 Second, Null }, {0.016 Second, Nul | }}

o))
]

Di scret eMat h* A dConbi nat ori ca’ Randonilr ee [100]; aa = Randoniree[100];

(e
1]

Di screteMat h* A dConbi natorica' Gi dGaph[10, 10]; bb = GidGaph[10, 107;

{Ti M ng[Di screteMat h* A dConbi nat ori ca’' G aphl ntersection[a, b]; ],
Ti m ng[G aphl ntersection[aa, bbl; 1}

{{0.093 Second, Null }, {0. Second, Null }}



Chapter4.nb

14

? GraphDi ff erence

G aphDi fference[g, h] constructs the graph resulting from
subtracting the edges of graph h fromthe edges of graph g.

Edges [GraphDi fference[t, t]]

{3

ShowG aph[s = EmptyG aph[V[t]1], VertexStyle ->Disc[Small]]

- G aphics -
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ShowG aph [GraphDi fference[t, s]]

B B
]
]
CT L]

NOTES
Again, graphicsnformationfrom thefirst arguments inherited.
TIMING DISCUSSION

The codefor GraphDifferences very similarto the codefor GraphlintersectiorSol expectthatexperimentsill show
thatthefunctionhasa similar worstcasequadratidoehaviour However the old implementatiorof GraphDifferenceés
fe}jsée_rthanthe newimplementationlt is impossibleto beatGraphDifferencesinceGraphDifferences simply matrix
addition.

QD
]

Di scret eivat h* A dConbi nat ori ca' Conpl et eG aph[100]; aa = Conpl et eG aph[100]

(o
]

Di scret evat h* A dConbi nat ori ca’ Randonilr ee [100]; bb = Randomlree[100];

{Ti m ng[Di screteMat h* A dConbi nat ori ca’' G aphbDi fference[a, al;],
Ti m ng[G aphDi ff erence[aa, aa]; ]}

{{0.031 Second, Null }, {0.062 Second, Null }}
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{Ti m ng[Di screteMat h* O dConbi nat ori ca' G aphDi f ference[b, b]; 1,
Ti m ng[G aphDi ff erence[bb, bbj; 1}

{{0. 031 Second, Null}, {0. Second, Nul |l }}

? G aphSum

GraphSum[gl, g2, ... ] constructs the graph resulting
fromjoining the edge lists of graphs gl, g2, and so forth.

ShowG aph [GraphSum[t, Path[63]]]

- G aphics -

Set G aphOpt i ons [Wheel [10], EdgeStyl e -> Fat, EdgeCol or -> Purpl el;

«
]

>
]

Set GraphOptions[Star [10], EdgeCol or -» Green];
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ShowG aph [GraphSum[g, Star [10]]]

- Graphi cs -

BUG

In theaboveexamplethe edgef Star[10]shouldkeeptheir graphicspropertiesandnotinheritthe graphicspropertieof
thefirst graph.Thefollowing examplealsoshowsthe sameproblem.l will fix thiswhenl work onthe graphdatastructure

pl = ShowG aph[a = Set G aphOptions[ Gi dG aph[3, 3], EdgeCol or -> Li ght Bl ue,
Vert exCol or -> Red, VertexStyle ->Disc[Large]], G aphics];

p2 = ShowG aph[b = Set GraphQOpti ons[ Wheel [9], EdgeCol or -> Yell ow,
Vert exCol or -> Li ght Bl ue, VertexStyle ->Di sc[Large]], G aphics];
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Show[Gr aphi csArray [{pl, p2}],

- Graphi csArray -

| mageSi ze -> 500, Background -> Bl ack]

i
%
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ShowGr aph[ GraphSum[ a, b ], Background -> Bl ack, Pl ot Range -> Large[0.01]]

= ———

- Graphi cs -

Whathappensf thegraphicsnformationin thesecondgraphis local?Thefollowing exampleshowsthatedge—graphics
informationis inheritedcorrectlyin this case.

b = Weel [9];
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ShowGr aph [b]

- Graphi cs -
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p2 = ShowG aph[b = Set GraphOpti ons[ b, Append[Edges[b], EdgeCol or -> Yel |l ow],

Vert exCol or -> Li ght Bl ue,

VertexStyl e -> Di sc[Large]],

Background -> Bl ack, Pl ot Range -> Large[0. 01]]

- G aphi cs -
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ShowGr aph[ GraphSum[ a, b ], Background -> Bl ack, Pl ot Range -> Large[0.01]]

= ———

- Graphi cs -

TIMING DISCUSSION

GraphSunis simply ajoin of theedgelists andfor all practicalpurposeshouldtakeO(1) time. Whetherthis is really true
dependmntheJo!n[.._.J]o erationln anycasethis functionis extremelyfastasrevealedy the experimentdelow.Given
how fastthefunctionis, the plot belowdoesnot makea wholelot of sense.

The old implementatiorof this functionis alsoquitefastsinceit involvesaddingtheadjacencymatrices.

Table[ Gi dG aph[20, 10i], {i, 20}7;
Tabl e [Ti M ng[G aphSum [ gt [[i 1], ot [[i]111;1, {i, 20}]

gt
rt

{{0. Second, Nul |}
{0. Second, Null }

, {0.015 Second, Null 3},
, {0.016 Second, Null }, {0.016 Second, Null },

{0. 015 Second, Null }, {0.016 Second, Nul | }, {0.015 Second, Null },
{0. 016 Second, Null }, {0.031 Second, Nul |}, {0.032 Second, Null 3},
{0. 031 Second, Null }, {0.047 Second, Nul |}, {0.031 Second, Null 3},
{0. 047 Second, Null }, {0.047 Second, Null }, {0.047 Second, Null 3},
{0. 062 Second, Null }, {0.063 Second, Nul |l }, {0.046 Second, Null }
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ListPlot [ Map[#[[1, 111 & rt], PlotJoined -> True]

06
. 05;¢
.04}
. 03¢
.02}

©O o o o o o

.01

- Graphi cs -

aa

Tabl e[ Di scret eiat h* A dConbi nat ori ca‘ Randonilree[i 2], {i, 10, 30, 10}1;

bb

Tabl e[ Di scret eivat h* A dConbi natorica' GidGaphfi, i], {i, 10, 30, 10}7;

Tabl e [
Ti mi ng[ Di screteMat h* A dConbi nat ori ca’ G aphSum[aa[[i ]], bb[[i111;1, {i, 3}]

{{0. Second, Null }, {0.016 Second, Null }, {0.219 Second, Null }}

? GraphJoin

GraphJoin[gl, g2, ...] constructs the join of graphs gl, g2, and
so on. This is the graph obtained by adding all possible edges
between different graphs to the graph union of gl, g2,

| =r =EnptyGaph[5];
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Chapter4.nb
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ShowG aph [GraphJoin[l, r1]]

- Graphi cs -

BUG

The samegraphicsinheritanceproblemcontinues Shouldthe vertexin ?2 looseits Greencolor?If the Greencolor were
specifiedasa local option,thenthisinformationis notlost (seeexamplefurther below). Shouldmakingtheright choice

betheusersburden?

Theprincipleis thatasmuchaspossiblegraphicsinformationis maintainedrom the original graphs This meanghatno,
g2's verticesshouldnotloosetheir greencolor.

g1 =
Set G aphOptions[ Cycl e[10], VertexStyle ->Di sc[Large], VertexCol or -> Bl uel;

g2 = Set GraphOpti ons [Conpl et eGraph[1],
Vert exCol or -> Green, VertexStyle ->Disc[Large]l;

g3 = Set GraphOpti ons [Conpl et eGraph[1],
{1, VertexCol or -> Geen}, VertexStyle ->Di sc[Large]];
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ShowG aph [GraphJoi n[gl, g2],

Pl ot Range -> Large[0. 1]]

- Graphi cs -
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ShowG aph [ GraphJoi n[gl, g3], PlotRange ->Large[0.1]]

- Graphi cs -

TIMING DISCUSSION

Therunningtime of thefunctionis #(n1n2+m1+m2wherenl andm1l arethe numberof verticesandedgesn graphl and
nlandm?2 arethe numberof verticesandedgesn graph2. Sotherunningtime is quadratidn thesizeof theinput. Thisis
confirmedby thefollowing experiment.

Furtherbelowthereis a comparisorof the runningtime of the newimplementatiorandthe runningtime of theold imple-
mentation.The newimplementations substantiallffasterby virtue of the sparsedatastructureit uses.

? GraphJoin

GraphJoin[gl, g2, ...] constructs the join of graphs gl, g2, and
so on. This is the graph obtained by adding all possible edges
between di fferent graphs to the graph union of gl, g2,

gt Table[ GidGaph[5, 5i1, {i, 5}1;

rt

Tabl e[Tim ng[GaphJoin[gt [[i1], gt[[i11]1;1, {i, 5}I;
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ListPlot [ Map[#[[1, 111 & rt], PlotJoined->True]

0.4

0. 3¢

0.2¢

- Graphi cs -

a = Tabl e[Di screteMat h* A dConbi nat ori ca’ Randomiree[i ], {i, 50, 70, 10}];
aa = Tabl e[Randonilree[i ], {i, 50, 70, 10}7;

= Tabl e[Di screteMat h A dConbi natorica' GidGaphli, i1, {i, 10, 30, 103}1;

b
bb = Table[GidGaph[i, i], {i, 10, 30, 10}1;

Tabl e[
Ti m ng[Di screteMat h* O dConbi natori ca' GaphJoin[a[[i]], b[[i]111;1, {i, 3}]

{{0. 328 Second, Null }, {4.812 Second, Null }, {22.579 Second, Null }}
Tabl e[ Ti M ng[G aphJoi n[aa[[i]], bb[[i1]11;]1, {i, 2}]

{{0.125 Second, Null }, {0.64 Second, Null }}

? G aphPr oduct

GraphProduct [g1, g2, ...] constructs
the product of graphs g1, g2, and so forth.



Chapter4.nb

29

| = Wheel [5];

r = GidGaph[3, 3];

ShowG aph [Gr aphPr oduct [l

rl,

VertexStyle ->Disc[Small ]]

- G aphi cs -



ShowGr aph [Gr aphPr oduct [Conpl et eGraph[3], Conpl eteG aph[5]]]
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ShowGr aph [Gr aphPr oduct [Conpl et eGraph[5],

- Graphi cs -

Conpl et eGraph[3]1]]
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ShowG aph [ Gr aphPr oduct [Conpl et eGraph[3], Star [3], Conpl eteG aph[3]]]
K
": 7 v\:\
- Graphi cs -
BUG

As with GraphSunetc. Graphicsnformationthatis localis notinherited. Thisis shownin thefollowing exampleln fact,
heregraphicsnformationfrom bothgraphss missing.Soin thatsensehisis a bugpeculiarto GraphProduct.
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ShowG aph[l = Set GraphOptions[l,
Background -> Bl ack]

Vert exCol or -> Gr een,

- G aphics -

EdgeCol or -> G een],
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ShowG aph[r = Set GraphOpti ons[r,
Background -> Bl ack]

- G aphics -

Vert exCol or -> Orange, EdgeCol or -> Orange],
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ShowGr aph [Gr aphPr oduct [I, r]]

- Graphi cs -

BUG
Thereis a problemwith inheritinglocal graphicsnformationassociateavith vertices.Thefollowing exampleshowsthis.
But, it not clearwhatconventionto usefor theverticesof theresultinggraph.Somethingo think about.

Themanycopiesof g1 shouldinheritgraphicsnformationof g1 andthe edgeghatconnecthesecopiesshouldinherit
informationfrom g2.
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ShowG aph[l 1 = Set G aphOpti ons[l, VertexCol or - Red, EdgeCol or » Orange],
Backgr ound - Bl ack]

AN

N

- Graphi cs -
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ShowG aph[rl = Set G aphOptions[r, VertexCol or -> O ange, EdgeCol or -> Orange],

Background -> Bl ack]

- G aphics -
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ShowGr aph [Gr aphPr oduct [I, r]]

- Graphi cs -

TIMING DISCUSSION

| needto look atthe GraphProductodesomewhatarefullyto figure outthe asymptoticrunningtime of the function.
However theoutputsizeif quadratian theinputsizeand! suspectherunningtime of thefunctionis no worsethanthe
sizeof the outputproduced.Thefollowing experimenbearsthis conjectureout. Whatis remarkablés thatin under22
secondsthefunctioncould producea graphwith 62,500verticesand222,500edges!This supportsour view thatnow
Combinatoricas notjustatool to play with smallexamplesbut canbe usedfor reasonablsizedcomputations.

Table[ GidG aph[5, 5i], {i, 10}1;
Tabl e [Ti mi ng[G aphProduct [gt [[i 11, g9t [[i111;]1, (i, 10}]

gt
rt

{{0. 062 Second, Nul I
{0. 641 Second, Nul |
{1. 781 Second, Nul |
(4. 656 Second, Nul |

}, {0.219 Second, Nul I
}, {1.156 Second, Nul |
}, {2.547 Second, Nul |
Ia |

}!

}!

}, {3.516 Second, Null 1,
{5.953 Second, Null },

{6. 235 Second, Null }}

g = GraphProduct [ gt [[10]], 9t [[10]1]1];

M[g]

222500
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62500

T

- Graphi cs -

{0. 735 Second, Null }

10000

19900
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a = Discretehath* d dConbi nat ori ca‘ Cycl e [30];

aa = Cycl e[30];

b = Di screteMat h* A dConbi nat ori ca‘ Randonilr ee [30];

bb = Randonilree[30];

{Ti mi ng[Di screteMat h* A dConbi nat ori ca' G aphPr oduct [a, b]l; 1],
Ti m ng[G aphProduct [aa, bbil; 1}

{{1. 484 Second, Null }, {0.078 Second, Null }}

* Earlierl rantheaboveexperimenwith 50 insteadof 30 asthe argumenfor the variousfunctions.But, thatcanoccasion

2

crash my machinebecauseheold implementatiorof GraphProductakesup too muchmemory. Whenl run MMa
andrun out of memory thekernelshutsdownandl geta polite messagéhatthereis no morememory.But, with MMa

3.0,themachinecrashes.

? 1 nci denceMatri x

I nci denceMatrix[g] returns the (0, 1)-matrix of graph g, which
has a row for each vertex and a columm for each edge and ¢
v, e) =1 if and only if vertex v is incident upon edge e.
For a directed graph (v, e) =1 if edge e is outgoing fromyv.

Mat ri xFor m[l nci denceMatri x[Star [10]]]

1 000O0O0O0O0O
0100O0O0OO0CO0ODO
0010O0O0OCO0OO
0001O0O0O0CO0OO
000O0O11O0O0O0CO0
000O0OO11O0O00O0
000O0OOO11O00O0
000O0OOOOTI1O0
0 00OOOOTO 0?1
111111111
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g = Set GaphOptions|[ Star [10], EdgeDirection- Onj;
ShowGr aph[g, VertexNumber - On]

- Graphi cs -

Mat ri xFor m[l nci denceMatri x[g]]

[oNeoNoNeoN NeololNelNolNe]
O O0OOPFrPOO0OOOOoOOo
(ol NeoleoNeoNelNoNoNolNe]

cNeoNoNeoNoNeNoNelNolN
cNeoNoNeoNoNoNoNol e
[oNeoNoNeoNoNoNol NelNe]
cNeoNoNeoNoNael NelNoelNe]
cNeoNoNeoNol NeolNelNolNe]
O OPOOCOO0CO0OO0OOo

? Li neG aph

Li neG aph[g] constructs the |line graph of graph g.
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ShowG aph [Li neG aph [Conpl et eGraph[5]1]]

- Graphi cs -
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ShowG aph [Li neG aph[Cycl e[10]1]1

- Graphi cs -
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ShowG aph [Li neG aph[Gi dG aph[7, 7]1]]
- Graphi cs -
a = DiscreteMath' A dConbi natorica' Gi dG aph[25, 25]; aa =GidGaph[25, 25];
{Tim ng[Di screteMat h* A dConbi natori ca’' Li neGraph[a]; ], Tim ng[Li neG aphl[aa]l; ]
{{19. 656 Second, Null }, {0.219 Second, Nul |l }}
NOTES

* Theline graphinheritsno graphicsfrom the parentgraph.It doesinheritthe embeddinghough.

* IThespeedupnbtainedNith thenewversionis quiteremarkable-19.672secondvs 0.297seconds-in theaboveexam
ple.

TIMING DISCUSSION

| needto look atthe codecarefullyto analyzethe asymptoticunningtime of the function. Idealg/,this would belinearin
the sizeof output.Theline graphof a grid graphis linearis sizeasatfunctionof thegrid graph.Sothefollowing experi
mentshouldgive usrunningtimesthatgrowin alinearfashion.

The plot belowdoesseento supportthis claim!
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Table[ GidGaph[20, 10i7], {i, 15}1;
Tabl e[Ti m ng[Li neGraph[gt [[i]111;1, {i, 15}]

gt
rt

{{0.047 Second, Null }, {0.125 Second, Null }, {0.203 Second, Null },
{0. 282 Second, Null }, {0.39 Second, Null }, {0.453 Second, Null },
{0. 532 Second, Null }, {0.64 Second, Null }, {0.719 Second, Null },
{0. 828 Second, Null }, {0.875 Second, Null }, {0.969 Second, Null },
{1.047 Second, Null }, {1.156 Second, Nul | }, {1.234 Second, Null }}

ListPlot [ Map[#[[1, 1]1] & rt], PlotJoined->True]

- G aphics -

? G rcul ant G aph

CrculantGaph[n, |] constructs a circulant graph on n vertices, neaning
the ith vertex is adjacent to the (i+ )th and (i -j)th vertex, for each
j inlist |. CrculantGaph[n, |], where | is an integer, returns the

graph with n vertices in which each i is adjacent to (i+l) and (i-l).
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ShowG aph [Gi r cul ant Graph[21, RandonkKSubset [Range[10], 3]1]

- Graphi cs -
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ShowG aph [Gi r cul ant Graph[21, RandonkKSubset [Range[10], 3]1]

- Graphi cs -
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ShowG aph [Gi r cul ant Graph[21, RandonkKSubset [Range[10], 3]1]

- Graphi cs -

NOTES

* Notethatcirculantgraphscontainmultiple edgesHereis anillustration.For oddn, usingthe subseRange[Floor[n/2]]
generates completegregohwnh eachedgedoubled.Forevenn, usingthe samesubsegenerates completegraphwith
eachedgedoubleplusedgesof theform{i, i+n/2} for eachi. Thisis a’oroblemln theimplementatiorof CompleteGraphk
| couldalwaysuseCirculantGraplandthrow awaytheduplicatesput| amnotsurel wantto do that.

ne = Edges[Circul ant G aph[5, {1, 2}]]

{{1, 2}, {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}, {4, 5}}
Lengt h[ne]

10

ne = Edges[Ci rcul ant Gaph[4, {1, 2}]1]

{{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}
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Lengt h[ne]

TIMING DISCUSSION

As expectedtherunningtime of the CirculantGraphl...junctionis linearin the sizeof the graphit producesThefunction
is quitefastandproducesa circulantgraphwith 4000verticesand20,000edgesn about3 secondsHowever theolder
implementations fasterbecausét simply usesarotationoperationon theadjacencymatrix. But, usingthe olderimplemen
tationwe cannotcomecloseto generatingsuchlargegraphs.

{Tim ng[
Di scret eivat h* A dConbi natori ca' G rcul ant G aph[2000, {1, 2, 3, 4, 5}1;1,
Ti m ng[Ci rcul ant G aph[2000, {1, 2, 3, 4, 5}]:;1}

{{0. 063 Second, Null }, {0.109 Second, Null }}

p = Tabl e[ RandonKSubset [ Range [200i ], 5], {i, 20}];

rt =Table[Tim ng[ G rcul ant Gaph[200i, p[[i]]11;]1, {i, 20}]

{{0. 062 Second, Nul |
{0. 032 Second, Nul |
{0. 062 Second, Nul |
{0. 093 Second, Nul |
{0. 141 Second, Nul I
{0. 172 Second, Nul |
{0. 203 Second, Nul |

{0. 031 Second, Nul
{0. 062 Second, Nul
{0. 078 Second, Nul

I}
| }, {0.047 Second, Null },
I}
{0. 125 Second, Nul | }
I}
1}
1}

, {0.11 Second, Null },
, {0.125 Second, Null
, {0.156 Second, Null
, {0.188 Second, Null
, {0.234 Second, Null

. 172 Second, Nul
{0. 187 Second, Nul
{0. 219 Second, Nul

O e R e
—~
o
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ListPlot [ Map[#[[1, 111 & rt], PlotJoined->True]

0.2}

0.1

0. 05;

- Graphi cs -

? Conpl et eG aph

Conpl eteGraph[n] creates a conplete graph on n vertices. An option Type
that takes on the values Directed or Undirected is allowed.
The default setting for this option is Type -> Undirected.
Conpl eteGraphja, b, c,...] creates a conplete k-partite graph of
the prescribed shape. The use of ConpleteGaph to create a conplete
k-partite graph is obsolete, use ConpleteKPartiteG aph instead.
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ShowG aph [Conpl et eG aph[10]]

- Graphi cs -

TIMING DISCUSSION

As expectedtherunningtime of the CompleteGra hL...[B linearin thesizeof thegraph.Thefunctionis prettyfast—a 400
vertexcompletegraph(with roughly,80,000edges)akeslessthana secondo be generatedThe olderimplementations
fastersinceCirculantGraphl...Js faster,but thatimplementatiorcannotsomecloseto generatinggraphsof the sizethat
canbegeneratedisingthe newimplementation.

rt = Table[ Ti mi ng[ Conpl eteG aph[100+10i];1, {i, 30}]

{{0. 015 Second, Null
{0. 047 Second, Nul |
{0. 062 Second, Nul |
{0. 094 Second, Null
{0. 109 Second, Nul |
{0. 141 Second, Null
{0. 156 Second, Nul | ,
{0. 188 Second, Nul | {0. 203 Second, Nu , {0.219 Second, Nul
{0. 218 Second, Nul | {0. 235 Second, Nul | }, {0.25 Second, Null },
{0. 25 Second, Null }, {0.281 Second, Null }, {0.297 Second, Nul |l }}

{0. 032 Second, Nu
{0. 063 Second, Nu
. 078 Second, Nu
{0. 078 Second, Nu
{0. 109 Second, Nu
{0. 141 Second, Nu
{0. 156 Second, Nu

, {0.046 Second, Null },
, {0.047 Second, Null },
, {0.078 Second, Null },
, {0.11 Second, Null },
, {0.125 Second, Null }
{0. 156 Second, Nul | 3},
{0. 172 Second, Null },
| }1

—
o

e e e e e e

|}
|}
|}
|}
|}
|}
|}
|}
'}



52

Chapter4.nb

NOTES

Li stPlot [ Table[ { (50 + 5i) (99 +10i), rt[[i, 1, 111} (i, 3031,
Pl ot Joi ned -> True]

0. 25;
0.2
0. 15;
0. 1;

0. 05¢

20000 40000 60000 80000

- G aphi cs -

{Ti m ng[Di screteMat h* A dConbi nat ori ca' Conpl et eG aph[250]; ],
Ti mi ng[Conpl et eGaph[2507; 1}

{{0. 015 Second, Null }, {0.079 Second, Null }}

{Ti M ng[Di screteMat h* O dConbi nat ori ca' Conpl et eG aph[500]; ],
Ti m ng [Conpl et eG aph[5007; 1}

{{0.031 Second, Null }, {0.375 Second, Null }}

* Completedirectedgraphscanalsobegenerated.
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ShowG aph [Conpl et eGraph[10, Type -> Directed]]

- Graphi cs -

TODO

* Completeb_irpartitegraphscanalsobegenerated_;singComple_teGraph[....Il'his_seemsto betoo muchof functionname
%verkr)l?dl]ng. he(?raphsaredﬁferentandthecode|s alsoquitedifferent.l shouldjustusesomethindike CompleteKPartit
raph[...Jinstead.
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ShowGr aph [Conpl et eGraph[3, 4, 3]]

- Graphi cs -

? ShakeG aph

ShakeGraph[g, d] perforns a random perturbation
of the vertices of graph g, with each vertex noving,
at nmost, a distance d fromits original position.
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ShowGr aph [ShakeG aph [Conpl et eGraph[3, 3, 3, 3], 0.3],
VertexStyle -> Disc[Snall ], VertexNunber -> On]

2

- Graphi cs -

Ti mi ng[ Conpl et eG aph[100, 100, 100, 100]; ]

{0. 391 Second, Nul | }

Tim ng[ D screteMat h* O dConbi nat ori ca' Conpl et eG aph[100, 100, 100, 1007; ]

{0. Second, Null }

? Enpt yG aph

Enpt yGraph[n] generates an enpty graph on n vertices. An
option Type that can take on values Directed or Undirected
is provided. The default setting is Type -> Undirected.
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Di scret eivat h* O dConbi nat ori ca‘' ShowG aph [
Di scret eiat h A dConbi nat ori ca' Enpt yGraph[10] ]

- Graphics -

NOTES
* Which embeddings better?

? Tur an

Turan[n, p] constructs the Turan graph, the extrenal
graph on n vertices that does not contain ConpleteGaph[p].
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[10, 4]1]

ShowGr aph [Tur an

- Graphics -
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ShowGr aph [Turan[10, 2]]

- Graphi cs -

TIMING DISCUSSION

Theplot belowconfirmsto someextentthat Turanis linearin thesizeof the outputit producesl needto analyzethecode
furtherto makesurethatthisis true. Theold implementatiorof Turanis muchfasterthanthe newimplementationTuran
is definitely candidatdor speedupTo speedug'uranl needto speedup the CompleteKpartiteGraph[..ilnplementation.

TODO
Speedupghe CompleteKpartiteGraph[..iinplementatiorto makeit morecompetitivewith the olderimplementation.

rt =Table[Timng [gt [[i]] = Turan[i *100, 507;71, {i, 5, 10}]

{{0. 656 Second, Null }, {1.141 Second, Null }, {1.406 Second, Null },
(1. 828 Second, Null }, {2.547 Second, Nul | }, {3.297 Second, Null }}
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ListPlot [Table[{M[ gt [[i1]1, rt[[i -4, 1, 111}, (i, 5 10}1,
Pl ot Joi ned -> True, | mageSi ze -> 400]

200000 250000 300000 350000 400000 450000

- G aphics -

Tabl e[Ti mi ng [ Di screteMat h O dConbi natori ca' Turan[i *100, 50]1;1, {i, 5, 10}]

{{0. 015 Second, Null }, {0.047 Second, Null }, {0.047 Second, Null },
{0. 047 Second, Null }, {0.047 Second, Null }, {0.047 Second, Null }}

Cl ear [gt ]

?Cycl e

Cycle[n] constructs the cycle on n vertices, a 2-regul ar
connected graph. An option Type that takes on values Directed or
Undirected is allowed. The default setting is Type -> Undirected.
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ShowGr aph [Cycl e[20]]

- Graphi cs -

TIMING DISCUSSION

Theold implementatiorof Cycleis quitefastgiventhatit is working on theadjacencymatrix. It is alsosurBrisin hatmy
machinedid not crashwhile attemptingto constructhe 2000x 2000adjacencymatrix. Anyway, thisis probablythe limit
for theold implementationThe newimplementatiormanageso build a 50,000vertexcyle in about3 seconds!

Sincethecodeof Cycleis rathersimple,it is easyto seethatits runningtimeis 6(n). Theplot belowconformsthis.

{Ti mi ng[Di screteMat h* A dConbi nat ori ca' Cycl e[2000]; 1, Ti m ng[Cycl e[2000]; ]}
{{0.047 Second, Null }, {0.031 Second, Null }}
Ti mi ng[ Cycl e[ 500007; 1

{0. 422 Second, Nul |}
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rt = Table[ Ti m ng[Cycle[500i71;1, {i, 20}]

{{0. 015 Second, Null {0. 016 Second, Nul

1 I},
{0. 016 Second, Null }, {0.031 Second, Null }, {0.031 Second, Null },
{0. 031 Second, Null }, {0.032 Second, Null }, {0.046 Second, Null },
{0. 047 Second, Null }, {0.047 Second, Null }, {0.031 Second, Null },
{0. 063 Second, Null }, {0.047 Second, Null }, {0.078 Second, Null },
{0. 062 Second, Null }, {0.079 Second, Null }, {0.093 Second, Null },
{0.078 Second, Null }, {0.094 Second, Null }, {0.094 Second, Null }}
ListPlot [ Map[ #[[1, 111 & rt], PlotJoined-> True]
0. 08}
0. 06|
0. 04
0.02¢
5 10 15 20
- Graphics -
?Star

Star [n] constructs a star on n vertices,
which is a tree with one vertex of degree n-1.
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ShowGr aph [St ar [20] ]

- Graphi cs -

TIMING DISCUSSION
Notethattheold implementatiorof Staris quiteslow ascomparedo thenewimplementatiorStar.As expectedthe

runningtime of Staris linear.

{Ti M ng[Di screteMat h* A dConbi nat ori ca' Star [1000]; ], Tim ng[Star [1000]; ]}

{{0.25 Second, Null }, {0. Second, Null }}

{Ti M ng[Di screteMat h* A dConbi nat ori ca' Star [2000]; ], Tim ng[Star [2000]; ]}

{{1.297 Second, Null }, {0.016 Second, Null }}

rt = Table[ Timng[ Star [100i ];], {i, 100}1;
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ListPlot [ Map[ #[[1, 111 & rt], PlotJoined ->True]

0. 08¢

0.06¢

0. 04

0.02;

20 40 60 80 100
- Graphi cs -
? Wheel

Wheel [n] constructs a wheel on n vertices,
which is the join of ConpleteGaph[l] and Cycle[n-1].
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ShowGr aph [Wheel [20]]

- Graphi cs -

TIMING DISCUSSION
The newimplementatiorof Wheelis muchfasterthantheold. As expectedthenewimplementations linear.

{Ti M ng[Di screteMat h* A dConbi nat ori ca’ Wheel [1000]; ], Ti m ng[Wheel [1000]; 1}

{{0. 047 Second, Null }, {0.016 Second, Null }}

{Ti m ng[Di screteMat h* A dConbi nat ori ca’ Wheel [2000]; ], Ti m ng[Weel [2000]; 1}

{{0.078 Second, Null }, {0.015 Second, Null }}

rt = Tabl e[ Ti mi ng[ Wheel [100i 1;], {i, 200}7;
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ListPlot [ Map[ #[[1, 111 & rt], PlotJoined ->True]

0. 175}

0. 125}
0.1t
0.075¢
0. 05}
0. 025¢

50 100 150 200

- Graphi cs -

? Pat h
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ShowGr aph [Pat h[207] ]

- Graphi cs -

TIMING DISCUSSION

Theold implementatiorof Pathis ridiculouslyslow! The newimplementatioris extremelyfast. A pathof length5000can
be constructedn 0.13secondsSincetherunningtime of the newimplementations sosmallthe plotis somewhabumpy;

it is linearnevertheless.

Ti m ng[Di screteMat h* O dConbi nat ori ca' Pat h[2000]; ]

{20. 859 Second, Nul I }

rt = Table[ Tim ng[ Path[100i ]; ], {i, 500}1;
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ListPlot [ Map[ #[[1, 1]1] & rt], PlotJoined -> True]

0. 14}
0.12;
0.1;
0. 08;
0. 06}
0. 04;
0. 02

\HH\“

100 200 300 400 500
- Graphi cs -

?GidGaph

G idG aph[n, m constructs an nxmgrid graph, the product of paths on
n and mvertices. GidGaph[p, g, r] constructs a pxqsr grid
graph, the product of GidGaph[p, gq] and a path of length r.
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ShowG aph[Gi dG aph[3,

4]11]

- Graphi cs -
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ShowG aph[Gi dG aph[25, 25], VertexStyle -> Disc[Small ]]

- G aphics -

TIMING DISCUSSION
The newimplementatiorof GridGraph(...Jis muchfasterthanthe old implementationAs expectedthe runningtime of

GridGraphis linear.
Ti mi ng[Di screteMat h* O dConbi nat ori ca' Gi dG aph[40, 407; ]

{9. 109 Second, Nul | }

Ti m ng[Di screteMat h* O dConbi natori ca' Gi dG aph[30, 30]; ]

{2.813 Second, Nul |l }
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p = Tabl e[Tim ng[Gi dG aph[20, 10i71;1, {i, 15}]

{{0. 015 Second, Null }, {0.032 Second, Null }, {0.031 Second, Null },
{0. 062 Second, Null }, {0.063 Second, Null }, {0.078 Second, Null },
{0.078 Second, Null }, {0.125 Second, Null }, {0.125 Second, Null },
{0. 141 Second, Null }, {0.172 Second, Null }, {0.187 Second, Null },
{0. 219 Second, Null }, {0.203 Second, Nul | }, {0.219 Second, Null }

ListPlot [Map[#[[1, 1]1] & p]l, PlotJoined -> True]

0.2;
0. 15¢
0.1}
0. 05¢
2 4 6 8 10 12 14
- G aphi cs -
e
? Hyper cube

Hypercube[n] constructs an n-di nensi onal hypercube.
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ShowG aph [Hyper cube [6] ]

- Graphi cs -
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ShowGr aph [Hyper cube [6], Pl ot Range -> Zoom[{1, 2, 3, 4, 5, 6, 7, 8}],
Ver t exNunber -> On, | mageSi ze -> 400]

SN\

N

V‘ \?\‘«\
\\\ %\V\'\‘
A\

x< \ \

- Graphi cs -

TIMING DISCUSSION

Thenewimplementatiorof H}/]percube's muchfasterthanthe old implementation.Theimplementationsisedynamic
rogrammingo constructhehypercubesBecausef this the Tableof timingsbelowfor the newimplementatiorof
ypercubes misleading Informationstoredwhile computingsmallerhypercubegetsusedin computinglargerhyper

cubeslt is alsosomewhapeculiarthat! wasableto computeuptodimensionl5 in thetable,butranout of memorywhen

doingthis separately.
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Ti m ng[Di scret eMat h* O dConbi nat ori ca‘ Hyper cube[107]; ]

{0. Second, Null }

Ti m ng[Hyper cube [10]; ]

{0. Second, Nul I}

Tabl e [Ti mi ng[Hypercube[n]; 1, {n, 15}]

{{0. Second, Null }, {0. Second, Null }, {0. Second, Null },

{0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null },
{0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null },
{0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null }}

Hyper cube [15]

-G aph: <245760, 32768, Undirected>-

? Label edTr eeToCode
Label edTreeToCode[g] reduces the tree g to its Prufer code.

Label edTr eeToCode [Randonilr ee [20] ]

{14, 10, 11, 11, 4, 3, 17, 16, 20, 7, 18, 13, 4, 10, 9, 20, 4, 5}

Label edTr eeToCode [CodeToLabel edTr ee [Tabl e[10, {20}11]

{10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10}
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Label edTr eeToCode [Pat h[1007]

{2, 3, 4, 5,6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61,
62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80,
81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99}

TIMING DISCUSSION

Theimplementatiorof this functionseemdo belinearbasedn the plot below.However,| needto look at codesome
moreto makesurethatthisis indeedtrue. However this functionis a candidatdor speedugsinceit takesabout5 sto
constructa Prufercodewith 1000vertices.

The speedupn goingfrom theold implementatiorio the newimplementatiorseemsgo beroughlyafactorof 6.
TODO
SpeedupabeledTreeToCode]...]

g = Tabl e[Randoniree[i ], {i, 500, 1000, 100}1;

rt = Tabl e[Ti m ng[Label edTreeToCode[ g[[i]]11; 1, {i, 6}]

{{0.766 Second, Null }, {1.125 Second, Null }, {1.625 Second, Null },
{2.125 Second, Null }, {2.813 Second, Nul | }, {3.484 Second, Null }}

ListPlot [ Map[#[[1, 1]1] & rt], PlotJoined->True]

2.5¢

1.5

- G aphi cs -

gg = Tabl e[Di scret eiat h* A dConbi nat ori ca’ Randoniree[i J, {i, 500, 1000, 500}]
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Tabl e[
Ti mi ng[ D screteMat h* A dConbi nat ori ca’' Label edTreeToCode[gg[[i]]11; 1, (i, 2}

{{2.234 Second, Null }, {8.86 Second, Null }}

? CodeTolLabel edTr ee

CodeTolLabel edTree[l ] constructs the unique
| abeled tree on n vertices fromthe Prufer code |,
whi ch consists of a list of n-2 integers between 1 and n.

ShowG aph [CodeToLabel edTree[Tabl e[10, {20}]1]1]

- Graphi cs -
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ShowGr aph [Radi al Enbeddi ng [CodeToLabel edTree[Tabl e[10, {20}]1]1, 11]

- Graphi cs -

TIMING DISCUSSION

A quicklook atthe codeof CodeToLabeled Trevealsthatthe asymptotiaunningtime of this functionis 6(n? log(n)).
Thisis shownto someextentin the plot below-thoughit is obviouslydifficult to concludethelog(n) factor. This function
is definitely a candidatdor speedupThe newimplementations about5 timesfasterthanthe old implementation.

TODO
Speedupthe CodeTolLabeledTrewinction

s = Tabl e[Tabl e [Random[I nt eger, {1, i *100}], {i *100-2}], {i, 10}1;

rt = Tabl e[ Ti mi ng[ CodeToLabel edTree[s[[i1]1; 1, {i, 10}]

{{0. 015 Second, Null }, {0.032 Second, Null },
{0. 062 Second, Null }, {0.109 Second, Null },
{0. 25 Second, Null }, {0.422 Second, Null }, {0.641 Second, Nul | },
{0. 859 Second, Null}, {1.188 Second, Nul | }, {1.469 Second, Null }}
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ListPlot [ Map[ #[[1, 111 & rt], PlotJoined ->True]

=

© o o o
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- Graphi cs -

Tabl e[
Tim ng[ Di screteMat h* O dConbi nat ori ca' CodeToLabel edTree [s[[i111; 1, {i, 3}]

{{0. 062 Second, Null }, {0.344 Second, Null }, {0.484 Second, Nul | }}

? Randomlr ee

RandonmTree[n] constructs a random | abel ed tree on n verti ces.
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ShowG aph [Radi al Enbeddi ng [Randonilr ee [20], 1], VertexNunber -> On]

- Graphi cs -

TIMING DISCUSSION

Thenewversionof RandomTreseemsabout4-5timesasfastastheold version.However the newversionmightbe
speededipif CodeToLabeledTreis speededip. Thatmightbe possibleby somehowgettingrid of the Complement
operations.

RandomTregenerates randomcodeandthenusesCodeTolLabeledTrei® getatree.Soits rqnnin?time is completely
dominatedby therunningtime of CodeToLabeledTre&oit is not surprisingthatthe runningtime plot looks quadratic.

Tabl e [Ti mi ng[Di scret eMat h* A dConbi nat ori ca' Randoniree[i 1; 1,
{i, 100, 800, 100}]

{{0. 203 Second, Null }, {0.672 Second, Null },
{1. 234 Second, Null }, {2.25 Second, Null }, {4.063 Second, Null },
{5.796 Second, Null }, {7.797 Second, Null }, {9.922 Second, Null }}

p = Tabl e[Ti m ng[RandonTree[i 1;], {i, 100, 800, 100}]

{{0. 063 Second, Null }, {0.172 Second, Null },
{0. 359 Second, Null }, {0.672 Second, Null }, {1.078 Second, Nul | },
{1. 656 Second, Null }, {2.313 Second, Null }, {3.047 Second, Null }}
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ListPlot [ Map[#[[1, 111 & p]l, PlotJoined -> True]

- Graphi cs -

? Randon>r aph

Randontzraph[n, p] constructs a random | abel ed graph on n vertices with
an edge probability of p. An option Type is provided, which
can take on values Directed and Undirected, and whose default
value is Undirected. Type->Directed produces a correspondi ng
random di rected graph. The usages Random[n, p, Directed],
Random[n, p, range] and Random[n, p, range, Directed] are
all obsolete. Use Set EdgeWi ghts to set random edge wei ghts.
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81

ShowG aph [s = Randon& aph [50,

- 31,

VertexStyle ->Disc[0.01]]

- Graphi cs -
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ShowG aph [Hi ghl i ght [s, {Map[Sort, Dept hFirstTraversal [s,

Hi ghl i ght edEdgeCol ors -> {Bl ue}l,

IDERRPRCYS

o

- Graphi cs -

VertexStyle ->Di sc[0]]

1;

Edgell},
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ShowG aph [Hi ghl i ght [s, {Map[Sort, BreadthFirstTraversal [s, 1, Edge]]},
Hi ghl i ght edEdgeCol ors -> {Blue}], VertexStyle ->Disc[0]]

- Graphi cs -

TIMING DISCUSSION

RandomGraphl[. Jakestime §(n? + mR, wheren andm arethe numberof verticesandedgesn the producedandomgraph.

Thisis supportedy theplotsbelow.In thefirst plot n is fixed while p increasesn lineartashion.In thesecondplotn

increasesindp is setat 1/n, This meanghatthe expectechumberof edgess linearin n. However therunningtimein this

g?sem)creasesm aquadratidashion.It would wonderfulif | couldimplementRandomGraphl.. $othatits runningtime is
m+n).

TODO

ImplementRandomGraphl.. $othatit takestime 6(m+n).

ThenewRandomGrapls muchslowerthanthe old RandomGraplecaus¢he newRandomGraplfiirst constructs
randomadijacencymatrix (like RandomGraphandthenconvertst into anedgelist representationf agraph.

rt = Tabl e[ Ti mi ng[ Random& aph[100, pl;1, {p, 0.1, 0.9, 0.1}]

{{0.031 Second, Null }, {0.031 Second, Null }, {0.047 Second, Null },
{0. 063 Second, Null }, {0.078 Second, Null }, {0.094 Second, Null },
{0.078 Second, Null }, {0.078 Second, Null }, {0.094 Second, Null }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]
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- Graphi cs -

rt = Tabl e[ Ti mi ng[ Random& aph[20i, N[1/ (20i)11;1, {i, 20}]

{{0. Second, Null }, {0. Second, Null },
{0. 016 Second, Nul {0. 015 Second, Nul
{0. 031 Second, Nul {0. 062 Second, Nul
{0. 093 Second, Nul {0. 125 Second, Nul

|3, I {0. 032 Second, Null },
|3, I
|3}, I
{0. 187 Second, Nul | }, {0.203 Second, Nul |
|3, I
|3, I

, {0.079 Second, Null },
, {0.157 Second, Null },
, {0.25 Second, Null },
{0. 266 Second, Nul {0. 328 Second, Null },
{0. 422 Second, Nul {0. 453 Second, Null },

{0. 359 Second, Null },
{0. 516 Second, Null }}

ListPlot [ Map[ #[[1, 111 & rt], PlotJoined ->True]

0.5
0.4}

0. 3}

- G aphics -
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{Ti m ng[Di screteMat h* A dConbi nat ori ca' RandonGr aph[100, .5]; ],
Ti m ng[Randonar aph[100, .57; 1}

{{0. 031 Second, Null }, {0.063 Second, Null }}

{Ti m ng[Di screteMat h* A dConbi nat ori ca' Randontar aph [300, .5]; 1,
Ti m ng[Randonta aph[300, .57; 1}

{{0. 281 Second, Null }, {0.516 Second, Null }}

{Ti mi ng[ D screteMat h* A dConbi nat ori ca’ RandonGr aph[300, . 8]; 1,
Ti m ng [Randonta aph[300, .81; 1}

{{0.312 Second, Null }, {0.703 Second, Null }}

BUG

Anotherﬂroblemwith thenewRandomGrapls thata versionof theform RandomGraph[rp, range]hasbeenprovided
though,this doesnotwork asof now. | haveto decidewhetherto makethis work or give separat®ptionsfor generating
randommultigraphsandnon-simplgraphs.

? Exact RandonGr aph

Exact Randontgraph[n, e] constructs a random
| abel ed graph of exactly e edges and n vertices.

ShowG aph [Exact Randontar aph [10, 5], Background -> Li ght Bl ue]

- Graphi cs -
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ShowG aph [Exact Randonta aph [20, 30], Background -> Pi nk]

- Graphi cs -

ShowGr aph [s = Exact Randonta aph[100, 100], VertexStyle -> Di sc[0.02]]

- G aphi cs -
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ShowG aph [Hi ghl i ght [s, {Map[Sort, DepthFirstTraversal [s, 1, Edge]]},
Hi ghl i ght edEdgeCol ors -> {Blue}], VertexStyle ->Disc[0]]

- Graphi cs -

TIMING DISCUSSON

This function hasrunningtime 6(mn+n?) becausdt first generates randompermutatiorof sizen(n-1)/2picksthefirst m
elementsaandthenunranksthesenumberdnto a setof edgesEachUnrankoperation(usingthefunction NthPair)takes
6(n) time. Thisis unfortunateand!l wonderif this canbedonein 6(m + n) time. Thefollowing plot showsthelinear
dependencen m andthe plot belowthatshowsthe quadraticdependencenn.

ThenewExactRandomGrapis not muchfasterthanthe old ExactRandomGrapihe smalldifferencecomesabout
becausehe new ExactRandomGraptioesnot needto convertfrom edgedo adjacencymatrix.

TODO
Speedup ExactRandomGraphl..spthatit takesd(m + n) time.

rt = Tabl e[ Ti m ng[Exact Randonta aph[100, m]; ], {m 100, 1000, 100}]

{{0. 031 Second, Nul

| 016 Second, Nul
{0. 031 Second, Nul |

|

|

0. I
0. 032 Second, Nul |
{0. 031 Second, Nul 0. I
{0. 032 Second, Nul 0. I

031 Second, Nul

}!

}!

}, {0.031 Second, Null 1},
046 Second, Null 3},

{
%
{ {0. 032 Second, Null }}



88

Chapter4.nb

ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0. 045
0. 04
0. 035;

. 03¢

- Graphi cs -

rt = Tabl e[ Ti m ng[Exact Randontaraph[n, 5n];]1, {n, 50, 250, 50}]

{{0. Second, Null }, {0.031 Second, Null },
{0. 062 Second, Null }, {0.125 Second, Null }, {0.172 Second, Null }}

ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0. 175
0.15
0. 125
0.1
0. 075
0. 05
0. 025

- Graphi cs -
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{Ti m ng[Di screteMat h* A dConbi nat ori ca‘' Exact Random& aph[100, 100]; 1,
Ti m ng [Exact Randontzr aph[100, 1007; 1}

{{0. 219 Second, Null }, {0.031 Second, Null }}

{Ti m ng[Di screteMat h* A dConbi nat ori ca‘' Exact Random& aph [500, 500]; 1,
Ti m ng [Exact Randontar aph [500, 5007; 1}

{{4.782 Second, Null }, {0.75 Second, Null }}

Tim ng[Map[{Nt hPai r [#]} & Take [RandonPer mut ati on[500 (500 -1) /2], 50017; 1

(1. 843 Second, Null }

Timing[Circul arVerti ces[1000]; ]

{0. 016 Second, Nul I}

TODO
Directedversionof the new ExactRandomGrapshouldalsobe provided.

? RandonVerti ces

RandonVertices[g] assigns a random enbedding to graph g.
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ShowG aph [RandonVerti ces [Cycl e[10]1]]

- Graphi cs -

TIMING DISCUSSION
This functiontakeslineartime andis extremelyfast.

g = GidGaph[50, 50];
Ti mi ng[ RandonVertices[g1; 1]

{0. 031 Second, Nul |l }

? Degr eeSequence

Degr eeSequence [g] gives the sorted degree sequence of graph g.
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Degr eeSequence [Conpl et eGraph[10]]

{9, 9,9 9 9,9 9,9, 9, 9}

Degr eeSequence [Pat h[1007] ]

NN N
NN N
NN NN
NN NN
NN N
NN N
NN N
NN N
NN NN
NN NN
NN N
NN N
NN N
NN N
NN NN
NN NN
NN NN
NN N
NN N
NN N
NN NN
NN NN
NN NN

NN
RNNN

TIMING DISCUSSION
Thefunctionis linearin the sizeof graphandthisis confirmedby the plot below.
Therunningtimesof the old andthe newimplementatiorarecomparable.

g = GidG aph[40, 40]; h = Di screteMath’d dConbi natori ca' Gi dG aph[40,

Ti mi ng[ Degr eeSequence[g]; 1]

{0. 156 Second, Nul |}

Ti mi ng[ D screteMat h* A dConbi nat ori ca’ Degr eeSequence[ h ]; ]

{0.672 Second, Nul | }

Tabl e[Gi dG aph[20, 10i1]1, {i, 20}1;

gt

rt Tabl e[ Ti m ng[ DegreeSequence[ gt [[i]111; 1, {i, 20}1;

407;
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

0. 35¢
0. 3¢
0. 25}
0.2}
0. 15}
0.1}
0. 05}

- Graphi cs -

gt = Tabl e[ Di screteMat h* A dConbi natorica' Gi dG aph[20, 10i], {i, 5}1;

rt = Table[
Timi ng[ D screteMat h* A dConbi nat ori ca' DegreeSequence[ gt [[i111; 1, {i, 5}1;

ListPlot [ Map[ #[[1, 1]1] & rt], PlotJoined -> True]

0.2;
0. 15;
0.1;

0. 05¢

- G aphics -
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? Graphi cQ

GraphicQ[s] yields True if the list of integers s is
graphic, and thus represents a degree sequence of sone graph.

G aphi cQ[Degr eeSequence [RandomG aph [100, .2]1]

True

G aphi cQ[Range[100]]

Fal se

TIMING DISCUSSION
GraphicQandthe newGraphicQarealmostidenticalandshouldtakeexactlythe sameamountof time.

| needto look atthe codeof this functionmorecarefully,butit doesseenthatthis shouldtakelineartime in the sizeof
thesdeqqe_ncel.:romthe plot thisis notconclusivejn fact, the plot seemgo indicatethatthe functionmight betaking
quadratictime.

a = DiscreteMath' A dConbi nat ori ca' RandonTree[400]; aa = Randoniree[400];

$Recur sionLi mt = 10000;

{Ti m ng [G aphi cQ[Degr eeSequence[aa]ll; ],
Ti m ng[Di scr et evat h* A dConbi nat ori ca' G aphi cQ[
Di scret eMat h* A dConbi nat ori ca’ Degr eeSequence[al]; 1}

{{0.125 Second, Null }, {0.203 Second, Null }}

gt Tabl e [ Degr eeSequence [ RandonTree[20i ]]1, {i, 20}1;

rt Table [ Timi ng[ G aphicQ[at [[i1]11; 1, {i, 20}]

{{0. Second, Null }
{0. Second, Null}
{0. 031 Second, Nu

, {0.016 Second, Null }, {0.015 Second, Null }, {0. Second, Null },
i
{0. 062 Second, Nul
I
I

{0. Second, Null }, {0.032 Second, Null }, {0.047 Second, Nul I },
, {0.047 Second, Null }, {0.047 Second, Null },
, {0.047 Second, Null }, {0.031 Second, Null },
, {0.063 Second, Null }, {0.093 Second, Null },
, {0.079 Second, Null }, {0.109 Second, Null }}

{0. 047 Second, Nu
{0. 078 Second, Nu

— e e
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ListPlot [ Map[#[[1, 111 & rt], PlotJoined -> True]

0.1}
0. 08¢
0. 06}
0. 04}

0.02;

- Graphi cs -

? Real i zeDegr eeSequence

Real i zeDegr eeSequence[s] constructs
a senirandom graph wi th degree sequence s.

NOTES

* | find thisfunctionalittle strangeWhy notjustuseGraphicQ’sdeterministicalgorithm?ls thesemi-randorgraph
producedn this mannerreally useful?Doesit producea reasonablyandomRegulargraph?Shouldwe actuallyimplement
thealgorithmin [Wor84] to generatearandomregulargraph?

* ThenewRealizeDegreeSequenisalsoallittle ugly. Maybeits run—timecould beimprovedby usingmoresophisticatec
Mathematica constructs.
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ShowG aph [s = Randonmir ee[15], VertexNunber -> On]

- Graphi cs -

seq = DegreeSequence[s]

{4, 3, 3, 3, 3, 2, 2,1, 1,1, 1, 1, 1, 1, 1}
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ShowGr aph[g = Real i zeDegr eeSequence[seq], VertexNunmber -> On]

6
7
5
3
14
9
10 13
11¢ 12
- Graphics -
Degr eeSequence [g]

{4,3,38 3,8 221111111, 1}

NOTES

* Notethatthe graphthatwe startedwith andthe graphthatresultedrom takingits degreesequencandthenrunningthe
new DegreeSequen@enotisomorphic.

| sonor phi cQ[s, g]

Fal se

TIMING DISCUSSION

Thefunctionis quite slow andneedssignificantspeedupAlso from theplot it is clearthatthefunctionis notlinearin the
sizeof theoutputit producesTherunningtimesof thenewandtheold versionarevirtually identical. This functionis
definitely in needof significantspeedup.

TODO
Speedup theRealizeDegreeSequence[fuhctionsothatit is linearin the sizeof the outputproduced.

st = Tabl e[ DegreeSequence[ Gi dG aph[10, 5i 1], {i, 5}1;

rt =Tabl e[Ti m ng[ Real i zeDegr eeSequence[st [[I1] 1; 1, {i, 5}]

{{0.218 Second, Null }, {0.797 Second, Null },
{1.985 Second, Null }, {3.218 Second, Nul | }, {5.797 Second, Null }}
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ListPlot [ Map[ #[[1, 1]]1 & rt], PlotJoined -> True]

P 3 i 5
- Graphi cs -

st = Tabl e[ Di screteMat h* A dConbi nat ori ca‘ Degr eeSequence [
Di screteMat h* A dConbi natorica' Gi dGaph[10, 5i1], {i, 5}]; rt =Tabl e[
Tim ng[ Di screteMat h* A dConbi nat ori ca’ Real i zeDegr eeSequence[ st [[i 1] 1; 1,
{i, 5}1]

{{0. 235 Second, Null }, {0.843 Second, Null },
{1.907 Second, Null }, {3.531 Second, Null }, {5.328 Second, Null }}

? Regul ar Q

Regul arQ[g] vields True if g is a regular graph.

Regul ar Q[Conpl et eG aph[10]]

True

Regul ar Q[Conpl et eG aph[10, 10]]

True
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Regul ar Q[RandomTr ee [10] ]

Fal se

Regul ar Q[Cycl e[10]1]

True

? Regul ar G aph

Regul ar G aph [k, n] constructs a semnirandom
k-regul ar graph on n vertices, if such a graph exists.

ShowGr aph [Regul ar Graph[1, 30], VertexStyle ->Disc[Small ]]

- Graphics -
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ShowGr aph [Real i zeDegr eeSequence[{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1,1, 12,1, 12,1, 1,1, 1,1, 1, 1, 1, 1}]1, VertexStyle - Disc[Small ]]

\\/\\

- Graphi cs -



100 Chapter4.nb

ShowG aph [Regul ar Graph[2, 30], VertexStyle ->Disc[Small ]]

- Graphi cs -

TIMING DISCUSSION

This functionis essentiallya call to RealizeDegreeSequence[.Hence,jt hasthe sameproblemswith runningtime as
RealizeDegreeSequendees.

{Ti mi ng[Di screteMth’ A dComnbi nat ori ca‘' Regul ar G aph[10, 1007; 1,
Ti m ng[Regul ar G aph[10, 1007; 1}

{{0. 86 Second, Null }, {0.781 Second, Null }}

? MakeG aph

MakeG aph[v, f] constructs the graph whose vertices correspond to
v and edges between pairs of vertices x and y in v for which
the binary relation defined by the bool ean function f is true.
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ShowG aph[g = MakeG aph[Pernutations[{1, 2, 3, 4}],
(Count [#1 - #2, 0] == 2 && (I nversions[#1] > |Inversions[#2])) &]1;

p = Pernutations[ {1, 2, 3, 4}];

pl = Map[ Text [#, {0.05, 0.02}] & Cases[p, {1, _ }11;
p2 = Map[ Text [#, {-0.05, 0.02}] & Cases[p, {2, __ }11;
p3 = Map[ Text [#, {-0.05, -0.02}]1 & Cases[p, {3, __ }11;
p4 = Map[ Text [#, {0.05, -0.02}] & Cases[p, {4, __ }11;

g = Set Vert exLabel s[g, Join[pl, p2, p3, p4]];

ShowGraph[ g, |nmageSi ze -> 600, VertexlLabel Col or -> Red, Pl ot Range -> Large[0. 2]



<
=
"
o
™

.\/N ‘ ¢
NS XI/ X</
A

\ v
R ./qx L
R Y

A yﬂdﬂf("'.\\\\“’mx :

LT -
rd/»/l ﬂ‘)‘.\vv <

/4

—



Chapter4.nb 103

- G aphics -

? | nt erval G aph

I nterval Graph[l ] constructs the
interval graph defined by the list of intervals I.

{{1, 10}, {2, 3}, {4, 5}, {6, 7}, {8, 91}

(72}
n

Interval Gaphfl 1;

s = Set Vert exLabel s[s, Map[ Text [#, {-0.09, 0.02}]1 & |[|171;
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ShowG aph[ s, PlotRange ->Large[.4], |nageSize ->400]

{2, 3}

{4, 5}

o

- Graphi cs -
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? Functi onal Gr aph

Functi onal G aph[f, v] takes a set v and a function f fromv to v and
constructs a directed graph with vertex set v and edges (x, f (x))
for each x in v. Functional Gaph[f, s, v] constructs a graph with
vertex set v and edge set (x, f (e, x)) for every x inv and e in
s. An option called Type that takes on the values Directed and
Undirected is allowed. Type -> Directed is default, while Type ->
Undirected returns the correspondi ng underlying undirected graph.

ShowG aph [Functi onal Graph[Mod [ (#"2 +2 x#), 20] & Tablef[i, {i, 0, 19}]11]

1

AN

/

- Graphi cs -



