3. Representing Graphs

t = Wheel [10]; ShowGraph[t, Background -> Yel | ow]

- G aphics -

? Edges

Edges[g] gives the |ist of edges in g. Edges|g,
Al'l ] gives the edges of g along with the graphics options
associated with each edge. Edges[g, EdgeWeight] returns
the list of edges in g along with their edge weights.
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Edges [t ]

{{1, 10}, {2, 10}, {3, 10}, {4, 10}, {5, 10}, {6, 10}, {7, 10}, {8, 10}, {9, 10},
{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}}

Edges [t 1l = Set GraphOptions[t, {{{1, 9}, {2, 3}, EdgeStyle -> Fat}}], All]

{{{1, 10}}, {{2, 10}}, ({3, 10}}, {{4, 10}}, {{5 10}}, {{6, 103}, {{7, 10}},
({8, 10}}, {{9, 101}, {{(1, 23}, {{2, 3}, EdgeStyle > Fat}, {{(3, 4
{{4, 5}}

b
» {{5, 6}}, {{6, 73}, {{7, 8}}, {{8, 9}}, {{1, 9}, EdgeStyle - Fat}}

ShowGr aph [t 1]

- Graphi cs -

Edges [t 2 = Set GraphOptions[t, {{{1, 9}, {2, 3}, EdgeStyle -> Fat}}]]

({1, 10}, {2, 10}, (3, 10}, {4, 10}, {5, 10}, {6, 10}, (7, 10}, (8, 10}, {9, 10},
{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}}
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Edges[t, EdgeWei ght ]

{{1, 10}, 13}, {{2, 10}, 13, {{3, 10}, 1}, {{4, 10}, 1}, {{5, 10}, 1}, {{6, 10}, 1}
{{r, 10}, 13, {{8, 10}, 13}, {{9, 10}, 1}, {{1, 2}, 1}, {{2, 3}, 1}, {{3, 4}, 1},
{{4, 5}, 1}, {{5 6}, 1}, {{6, 7}, 1}, {{7, 8}, 1}, {{8, 9}, 1}, {{1, 9}, 1}}

? Set EdgeVei ght s

Set EdgeWei ght s[g] assi gns randomreal weights in the range [0, 1]
to edges in g. SetWights accepts options Wi ghtingFunction
and Wei ght Range. Wi ghti ngFunction can take val ues Random
Random nt eger, Euclidean, LNorm[n] for non-negative n, or any
pure function that takes as input two points. Wi ght Range can
be an integer range or a real range. The default value for
Wei ghti ngFunction is Random and the default val ue for Wi ght Range
is [0, 1]. SetEdgeWights[g, e] assigns edge weights to the
edges in the edge list e. The options Wi ghti ngFuncti on and
Wei ght Range apply. Set EdgeWei ghts[g, w] assigns the weights in the
weight list wto the edges of g. Set EdgeWi ghts[g, e, w] assigns
the weights in the weight list wto the edges in edge list e.

k = Set EdgeWei ght s [t,
Vi ghti ngFuncti on -> Randoml nt eger, Wi ght Range -> {10, 20}]

-Graph: <18, 10, Undirected>-

Edges [k, EdgeWei ght ]

({{1, 103}, 143, {{2, 10}, 10}, {{3, 103}, 103}, {{4, 10}, 12},

({5, 10}, 193}, ({6, 10}, 13}, {{7, 10}, 143, {{8, 10}, 16},

({9, 10}, 10}, {{1, 23, 19}, ({2, 3}, 18}, {{3, 4}, 143, {{4, 5}, 11},
{{5, 6}, 11}, {{6, 7}, 14}, {{7, 8}, 16}, {{8, 9}, 18}, {{1, 9}, 10}}
?Vertices

Vertices[g] gives the enbedding of graph g, that is, the coordi nates of
each vertex in the plane. Vertices([g, Al ] gives the enbeddi ng of
the graph along with graphics options associated with each vertex.
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Vertices[t]

{{0. 766044, 0.642788}, {0.173648, 0.984808}, {-0.5, 0.866025},
{-0.939693, 0.34202}, {-0.939693, -0.34202}, {-0.5, -0.866025},
{0.173648, -0.984808}, {0.766044, -0.642788}, {1., 0}, {0, 0}}

Vertices|[
t3 =Set GaphOptions[t, {{2, 5, 9, VertexStyle -> Disc[Large]}}], Al]

{{{0.766044, 0.642788}}, {{0.173648, 0.984808}, VertexStyle — Di sc[Large]},
{{-0.5, 0.866025}}, {{-0.939693, 0.34202}},

{{-0.939693, -0.34202}, VertexStyle » Di sc[Large]},

{{-0.5, -0.866025}}, {{0.173648, -0.984808}}, {{0.766044, -0.642788}},
{{1., 0}, VertexStyle - DiscjflLarge]}, {{0, 0}}}

ShowGr aph [t 3]

- G aphics -
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Vertices[t4 = Set GaphOptions[t, {{2, 5 9, VertexStyle -> Disc[Large]}}]]

{{0. 766044, 0.642788}, {0.173648, 0.984808}, {-0.5, 0.866025},
{-0.939693, 0.34202}, {-0.939693, -0.34202}, {-0.5, -0.866025},
{0.173648, -0.984808}, {0.766044, -0.642788}, {1., 0}, {0, 0}}

ShowG aph [t 4]

- G aphics -

?2V
V[g] gives the order or nunber of vertices of the graph g.

VIt ]

10
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V[Del eteVertices[t, {13}11]

V[RandonGr aph[20, .4]]

20
?M

M[(g] gives the nunber of edges in the graph g. Mg, Directed] is
obsol ete because M[g] works for directed as well as undirected graphs.

M[t ]
18

M[AddEdges [t, {{{1, 2}}}1]

19

NOTES

Thereareno optionsfor M (unlike for the old versionof M, thathasa Directed/Undirectedption).Multiple edgegget
countedseparatelandself-loopgetcountedoncefor eachloop.

? ChangeVerti ces

ChangeVertices[g, v] replaces the vertices of graph g with the
vertices in the given list v. v can have the form {{x1, yl1}, {x2,

y2}, ...} or the form {{{x1, y1}, grl}, {{x2, y2}, gr2}, ...},
where {x1, y1}, {x2, y2}, ... are coordinates of points and
grl, gr2, ... are graphics information associated with vertices.

s = Set GaphOptions[t, {{1, VertexColor -> Red, VertexStyle ->Disc[Large]}}];
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ShowGr aph[s]

- Graphi cs -

s = ChangeVertices[t, Vertices[ConpleteG aph[5, 5], All]];
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ShowGr aph[s]

- Graphi cs -

s = ChangeVertices[t, Vertices[ConmpleteG aph[5, 5111;



Chapter3.nb

ShowGr aph[s]

- Graphi cs -

NOTES

The aboveexampleshowsusanew2-leveledmbeddingf awheel.Difficult to recognizethatthegraphis awheel.
ChangeVerticess thereforea goodfunctionto useto producenewembeddingsf graphs.

? ChangeEdges

ChangeEdges[g, e] replaces the edges of graph g with the
edges in e. e can have the form {{sl1, t1}, {s2, t2}, ...}
or the form { {{sl1, t1}, grl}, {{s2, t2}, gr2}, ...}, where
{s1, t13, {s2, t2}, ... are endpoints of edges and grl,
gr2, ... are graphics information associated with edges.

s = ChangeEdges[t, Edges[Conpl eteG aph[10], Al ]1;
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ShowGr aph[s]

- Graphi cs -

s = ChangeEdges|[t, Edges[Conpl eteG aph[5, 5], Al ]];



Chapter3.nb 11

ShowGr aph[s]

- Graphi cs -

NOTES
ChangeEdgeis anothemway of producingnewembedding®f graphs.

? AddEdges

AddEdges [g, edgelList] gives graph g with the new edges in
edgeLi st added. edgelist can have the form {a, b} if we want
to add a single edge {a, b} or the form {{a, b}, {c, d}, ...},
if we want to add edges {a, b}, {c, d}, ... or the form
{ {{a, b}, x3}, {{c, d}, vy}, ...}, where x and y are graphics
informati on associated with {a, b} and {c, d}, respectively.

s = AddEdges|[t, {{{1, 3}, EdgeStyle -> Fat, EdgeCol or -> Red}}];
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ShowGr aph[s]

- Graphi cs -

s = AddEdges[t,

{1, 23,

{2, 1111,
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13

ShowGr aph [s,

- Graphi cs -

Vert exNunber -> On, VertexNunber Col or -> Bl ue]
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ShowGr aph [AddEdges [t, {1, 3}1]

- Graphi cs -

NOTES
* An edgecanbeadddedalongwith anyassociatedraphicsnformation.
* Adding anedgethatalreadyexistsresultsin multiple edges.

? Del et eEdges

Del et eEdges [g, edgelist] gives graph g nminus list of edges edgelList. If
g is undirected then the edges in edgelList are treated as undirected
edges, or otherwi se they are treated as directed edges. If there
are nultiple edges that qualify, then only one edge is deleted.

Del et eEdges [g, edgelList, All] will delete all edges that qualify.
If only one edge is to be deleted, then edgelList can have the form
{s, t}, or otherwise it has the form {{sl, tl1l}, ({s2, t2}, ...}.
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15

ShowGr aph[s]

- Graphi cs -
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ShowGr aph [Del et eEdges [s,

{{1, 2}}11

- Graphi cs -
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ShowGr aph [Del et eEdges[s, {{1, 2}}, Al ]]

- Graphi cs -

NOTES

* Therearethreeedgedetweerl and?2 in thegraphs anddeleting {1,2} deletesonly oneedgeandleavestwo other
edgesconnectingl and2 behind. The outcomas differentwhenALL is providedasthethird argument.

s = Set GaphOptions[t, EdgeDirection -> OnJ;
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ShowG aph[s, VertexNunber -> On]

- Graphi cs -

NOTES

* |f thegraphis directedthentheedgesdn the givenedgelist arealsotreatedasdirectededgesBelow, thedirectededge
{1, 2} is deletedrom s. Furtherbelow, nothingis deletedsince{2,1} is notadirectededgein s.
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19

ShowGr aph [Del et eEdges [s,

{{1, 23}}1,

Vert exNumber -> On]

- Graphi cs -
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ShowGr aph [Del et eEdges [s,

{{2, 1}}1,

Vert exNumber -> On]

- Graphi cs -
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ShowGr aph [Del et eEdges [s, {1, 2}]1]

- Graphi cs -

TODO

* DeleteEdgeshouldalsopermitthe userto usethefunctionby simply typing DeleteEdges[d1,2}] if theuseris deleting
only oneedge.

TIMING DISCUSSION

With andwithoutthe ALL argumentdeletingd edgedrom anm-edggraphtakesd(md) time. In thefollowing expri
ment,m variesfrom 110to 350in stepsof 10 andd is m/2. The expectatioris thatthe runningtime will showa quadratic
increasdn m. Theplot belowdoesnot showthis conclusively. The Select-MemberQombinationseemso work quite
well andkeepthe constanfactorsvery small. Thisis shownby usingFit belowto obtaina quadratichatfits thedata.The
coefficientof x? is rathersmall.

? Exact RandonGr aph

Exact Randontraph[n, e] constructs a random
| abel ed graph of exactly e edges and n vertices.

gt = Tabl e[ Exact RandomGr aph[50, 100 +10i ], {i, 25}1;

et = Tabl e[
Edges[gt [[i 111 [[ RandonKSubset [ Range[ 100 + 10i ], 50+5i]111, {i, 25}1;
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rt =Tabl e[Ti m ng[Del et eEdges[gt [[i 1], et [[i]111;1[[111, {i., 25}]

{0. Second, 0.015 Second, 0.016 Second, 0. 016 Second, 0. 015 Second,

0. 016 Second, 0. 031 Second, 0. 016 Second, 0. 031 Second, 0. 031 Second,
0. 016 Second, 0. 047 Second, 0. 031 Second, 0. 031 Second, 0. 047 Second,
0. 047 Second, 0. 063 Second, 0. 046 Second, 0. 063 Second, 0. 047 Second,
0. 062 Second, 0. 063 Second, 0. 078 Second, 0. 078 Second, 0. 078 Second}

Li st Pl ot [Map[First, rt], PlotJoined -> True]

0. 06}

0. 04

0. 02}

- Graphics -

Fit[Map[First, rt], {1, x, x"2}, X]

0. 00672435 + 0. 00168886 x + 0. 0000483278 x2

? AddVerti ces

AddVertices[g, n] adds n disconnected vertices to graph g. AddVertices]|
g, vList] adds vertices in vList to g. vList contains enbeddi ng
and graphics information and can have the form {x, y} or {{x1, yl},
{x2, y2}...} or the form {{{x1, yl1}, gl}, {{x2, y2}, 02},...},
where {x, y}, {x1, yl1}, and {x2, y2} are point coordinates and
gl and g2 are graphics information associated with vertices.
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ShowGr aph [AddVerti ces[t,

{' 21

4311

- Graphi cs -
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ShowGr aph [AddVerti ces[t,

{{{. 2,

~4}11311]

- Graphi cs -
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ShowGr aph [AddVerti ces[t,
{{{.2, .4}, VertexCol or » Red},

{{.3,

- Graphi cs -

.43,

Vert exCol or - Green}}]]
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ShowGr aph [AddVerti ces[t,

111]

- Graphi cs -
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ShowGr aph [AddVertices[t, 10]]

- Graphi cs -

NOTES

* Below, 10 vertices whoseembeddings derivedfrom theembeddingf K_{5, 5} areaddedto t. In this particular
example oneof the newly addedverticescoincideswith avertexin t andhenceseemdo be missing.
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ShowG aph [AddVertices[t, Vertices[ConpleteG aph[5, 5], All]1]1]

- Graphi cs -

?Del eteVertices

Del eteVertices[g, vList] deletes vertices in vList fromgraph g. vList
has the form {i, j, ...}, where i, j, ... are vertex nunbers.
s = DeleteVertices[t, {1, 3, 10}];

pl = ShowG aph[t, VertexNunber -> On, Graphics];

p2 = ShowG aph[s, VertexNumber -> On, G aphics];
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- G aphi csArray -
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ShowG aph [Del et eVerti ces[Del eteVertices[Del eteVertices[t, {1}], {3}]1, {10}],
Vert exNunber -> On]
2
7
3
4
5
- Graphi cs -
NOTES

* Notehowdeletingverticesl, 3, and10 successivelgivesa differentgraphascomparedo the oneobtainedby deleting
the setof vertices{1, 3, 10}. Thisbecause&erticesarerenumberedftereachdeletion.

? Spectrum

Spectrum[g] gives the eigenval ues of graph g.
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Spect rum[t ]

(7 -3 1430, 24930, (L (-1+1]w§)>1/3 H (3 (F1-ivE))
T B

2273 (1_111;/?@)1/3 T (5 F1+1vE))" 1 iva),

2213 (ijfﬁ)m -z lz (‘1+W§))1/3 (1+1v3),

% o) 3 () - e

3 (1-iVE) (F (i)t LV

228 (-14+i+3)"°

Spect rum[Gr aphUni on[Cycl e[4], Conpl eteG aph[1] ]]

{-2, 0, 0, 0, 2}

Spectrum[St ar [5]]

{_2! ol Ol Ol 2}
Spect rum[Conpl et eG aph[3, 4]]

{0, 0,0, 0,0, -2+/3, 2+/3}
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? ToAdj acencylLi sts

ToAdj acencyLi sts[g] constructs an adjacency list representation for
graph g. It allows an option called Type that takes on values Al or
Sinmple. Type -> Al is the default setting of the option, and this
permits self-loops and nultiple edges to be reported in the adjacency
lists. Type -> Sinple deletes self-loops and nmultiple edges from
the constructed adjacency lists. ToAdjacencyLists[g, EdgeWi ght ]
returns an adjacency list reprsentation along with edge weights.

—
[}

AddEdges [t, {{{1, 1}}}I;

—
]

AddEdges [t, {{{1, 9}}}1;

—
1}

AddEdges [t, {{{2, 3}}}I;

ShowG aph[t, VertexNumber -> On]

- G aphics -
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NOTES

| 0 = ToAdj acencylLi sts[t]

{{1, 2, 9, 9, 10}, {1, 3, 3, 10}, {2, 2, 4, 10}, {3, 5, 10}, {4, 6, 10},
{5, 7, 10}, {6, 8, 10}, {7, 9, 10}, {1, 1, 8, 10}, {1, 2, 3, 4, 5, 6, 7, 8, 9}}

ToAdj acencylLi sts[t, EdgeWi ght ]

{{{1, 13}, {2, 1}, {9, 1}, {9, 1}, {10, 1}}, {{1, 1}, {3, 1}, {3, 1}, {10, 1}},
{{2, 1}, {2, 1}, {4, 1}, {10, 1}}, {{3, 1}, {5, 1}, {10, 1}},

{{4, 1}, {6, 1}, {10, 1}}, {{5, 1}, {7, 1}, {10, 1}}, {{6, 1}, {8, 1}, {10, 1}},
{{7, 1}, {9, 1}, {10, 1}}, {{1, 1}, {1, 1}, {8, 1}, {10, 1}3,

{{1, 1}, {2, 1}, {3, 1}, {4, 1}, {5, 1}, {6, 1}, {7, 1}, {8, 1}, {9, 1}}}

* tis agraphthathasaself-lood1, 1} andmultiple edgesiwo edgesetweer? and3 andtwo betweenl and9.Notethat
in theaboveexampletheself-lood1, 1} showsupasthelin 1's adjacencyist. Themultiple edgeq2, 3} showup with
two 3'sin 2's adjacencyist andtwo 2's in 3's adjacencyist andthe multiple edged1, 9} showup similarly.

* ToAdjacencyLists[tEdgeWeight]s a usefulanalogugo ToAdjacencyListsvhenwe aredealingwith edge—weighted
graphsandwanttheweightsorganizedn a convenienfashion.

ToAdj acencyli st s [Set EdgeWei ght s [t
Wei ght i ngFuncti on -> Random Wi ght Range -> {2, 3}], EdgeWei ght ]

({{1, 2.38054}, {2, 2.73307}, {9, 2.21706}, {9, 2.21706}, {10, 2.53599}},
({1, 2.73307}, {3, 2.9688), (3, 2.9688), {10, 2. 85859,
({2, 2.9688)}, {2, 2.9688), (4, 2.70583}, {10, 2.45127}},
({3, 2.70583}, {5, 2.29361}, (10, 2.84804)},
({4, 2.29361}, {6, 2.60012}, {10, 2.77135}},
({5, 2.60012}, {7, 2.30085}, {10, 2.48463)},
({6, 2.30085}, {8, 2.58848), {10, 2.38553)},
({7, 2.58848]}, {9, 2.13815)}, {10, 2.01952)}},
({1, 2.21706}, {1, 2.21706}, {8, 2.13815}, {10, 2.32987}},
({1, 2.53599}, {2, 2.85859]), (3, 2.45127}, (4, 2.84804},
(5, 2.77135}, {6, 2.48463}, {7, 2.38553}, (8, 2.01952}, {9, 2.32987}}}

s = Set GaphOptions[t, EdgeDirection->Onl;
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ShowGr aph[s, VertexNunber -> On]

- Graphi cs -

ToAdj acencylLi st s[s]

({1, 2, 9, 9, 10}, (3, 3, 10}, {4, 10},

{5, 10}, {6, 10}, {7, 10},

| 3 = ToAdj acencyli sts[t,

(8, 10}, {9, 10},

Type -> Sinple]

{10},

{1}

{5, 7, 10},
}
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? Fr omAdj acencylLi sts

FromAdj acencylLists[l ] constructs an edge list representation for
a graph fromthe given adjacency lists |, using a circular
enbeddi ng. FronmAdj acencyLists[l, v] uses v as the enbeddi ng
for the resulting graph. An option called Type that takes on
the values Directed or Undirected, can be used to affect the
type of graph produced. The default value of Type is Undirected.

ShowGr aph[s = FromAdj acencylLists[l 0, Vertices[t]]]

- G aphi cs -

Edges [s]

{{1, 1}, {1, 23, {1, 9}, {1, 9}, {1, 10}, {2, 3}, {2, 3},
{2, 10}, (3, 4}, {3, 10}, {4, 5}, {4, 10}, {5, 6}, {5, 10},
{6, 7}, {6, 10}, {7, 8}, {7, 10}, {8, 9}, {8, 10}, {9, 10}}

NOTES

* Notethatin goingfrom edgelist representatioto adjacencyist andback,multiple edgesandself-loopsrepreserved
becausghesecanbeinferredfrom the adjacencyist.
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ShowGr aph [Fr omAdj acencyLi sts[l 0]]

- Graphi cs -
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ShowG aph [ Fr omAdj acencyLi st s[ ToAdj acencylLi sts[Star [10]], Type - Directed]]

- Graphi cs -

? ToOrderedPairs

ToOrderedPairs[g] constructs a list of ordered pairs representing the
edges of the graph g. If g is undirected each edge is interpreted
as two ordered pairs. An option called Type that takes on val ues
Sinple or Al can be used to affect the constructed representation.
Type -> Sinple forces the renmoval of multiple edges and sel f -
| oops. Type -> All keeps all information and is the default option.

NOTES

* In going to orderedpairs,we view everyundirectecbdﬂeasapairofdirecteded esTheoptionvaluesfor Typehave
obviousmeaningsNotethatin the examplebelowsincetherearetwo undirectededged1, 9}, theseshowup astwo pairs
{1, 9} andtwo pairs{9, 1}. Thesemantic®f goingfrom a directedgraphto orderegjalrsareobwous.
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|0 = ToOrderedPairs[t]

{{10, 1}, {10, 23}, {10, 33, {10, 4}, {10, 5}, {10, 6}, {10, 7},
{10, 8}, {10, 9}, {2, 1}, {3, 2}, {4, 3}, {5, 4}, {6, 5}, {7, 6}, {8, 7},
{9, 8}, {9, 1}, {9, 1}, (3, 2}, {1, 10}, {2, 10}, {3, 10}, {4, 10},
{5, 10}, {6, 10}, {7, 10}, {8, 10}, {9, 10}, {1, 2}, {2, 3}, {3, 43},
{4, 5}, {5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}

|1 = ToOrderedPairs[t, Type - Sinple]

({1, 23, {1, 9}, {1, 10}, {2, 13}, {2, 3}, {2, 10}, {3, 2}, {3, 4}, {3, 10}, {4, 3},
{4, 53}, {4, 10}, {5, 4}, {5, 6}, {5, 10}, {6, 5}, {6, 7}, {6, 10}, {7, 6},

{7, 8}, {7, 10}, {8, 7}, {8, 9}, {8, 10}, {9, 1}, {9, 8}, {9, 10}, {10, 1},

{10, 23, {10, 33}, {10, 43, {10, 53}, {10, 6}, {10, 7}, {10, 8}, {10, 9}}

s = Set GaphQOptions[t, EdgeDi rection- Onj;

ToOrderedPairs[s ]

{{1, 10}, {2, 10}, {3, 10}, {4, 10}, {5, 10}, {6, 103},
{7, 10}, {8, 103}, {9, 10}, {1, 2}, {2, 3}, {3, 4}, {4, 5},
{5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}

? Fr omOr der edPai r s

FromOrderedPairs [l ] constructs an edge list representation froma I|ist
of ordered pairs |, using a circular enbeddi ng. FrontrderedPairsil,
v] uses v as the enbedding for the resulting graph. The option Type
that takes on values Undirected or Directed can be used to affect
the kind of graph produced. The default value of Type is Directed.
Type -> Undirected results in the underlying undirected graph.

NOTES

* Thesemantic®f goingfrom orderedpairsto adirectedgralghareobviolus.ln goingfrom orderedpairsto anundirected
graph, we gettheunderlyingundirectedyraph.The Type—>Directedoption is the defaultaswell.

s = FronmOrderedPairs[l07;
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ShowGr aph[s]

- Graphi cs -

s = FromOrderedPairs[l 0, Type -> Undirected];

10

{{10, 1y, {10, 23}, {10, 33, {10, 4}, {10, 5}, {10, 6}, {10, 7},

{10, 8}, {10, 9}, {2, 1}, {3, 2}, {4, 3}, {5, 4}, {6, 5}, {7, 6}, {8, 7},
{9, 8}, {9, 1}, {9, 1}, (3, 2}, {1, 10}, {2, 10}, {3, 10}, {4, 10},

{5, 10}, {6, 10}, {7, 103, {8, 10}, {9, 10}, {1, 2}, {2, 3}, {3, 4},

{4, 5}, {5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}
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ShowGr aph[s]

- Graphi cs -
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ShowG aph [FronOr deredPai rs [l 0, Vertices[Conpl eteGaph[5, 5]111]

- Graphi cs -

BUG?

V\rl]hy is tg’()a self-loomnellipse?Somehowthe aspectatio becamesomethingptherthan1 whentheembeddings
changed?

? ToUnor der edPai r s

ToUnorderedPai rs[g] constructs a |list of unordered pairs representing
the edges of graph g. Each edge, directed or undirected, results in a
pair in which the smaller vertex appears first. An option called Type
that takes on values Al or Sinple can be used, and All is the default
val ue. Type -> Sinple ignores nmultiple edges and self-loops in g.

-Graph: <21, 10, Undirecteds>=-
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ToUnor der edPai rs [t ]

{{1, 10}, {2, 10}, {3, 10}, {4, 10}, {5, 10}, {6, 10},
{7, 10}, {8, 10}, {9, 10}, {1, 2}, {2, 3}, {3, 4}, {4, 5},
{5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}

ToUnor deredPairs[t, Type -> NoSel f Loops]

{{1, 2}, {1, 9}, {1, 10}, {2, 3}, {2, 10}, {3, 4}, {3, 10}, {4, 5}, {4, 10},
{5, 6}, {5, 10}, {6, 7}, {6, 10}, {7, 8}, {7, 10}, {8, 9}, {8, 10}, {9, 10}}

ToUnor deredPai rs[t, Type -> NoMil ti pl eEdges]

({1, 23, {1, 9}, {1, 10}, {2, 3}, {2, 10}, {3, 4}, {3, 10}, {4, 5}, {4, 10},
{5, 6}, {5, 10}, {6, 7}, {6, 10}, {7, 8}, {7, 10}, {8, 9}, {8, 10}, {9, 10}}

ToUnor deredPairs[t, Type -> Sinple]

{{1, 2}, {1, 9}, {1, 10}, (2, 3}, {2, 10}, {3, 4}, {3, 10}, {4, 5}, {4, 10},
{5, 6}, {5, 10}, {6, 7}, {6, 10}, {7, 8}, {7, 10}, {8, 9}, {8, 10}, {9, 10}}

s = Set GraphOptions[t, EdgeDirection->0On];

ToUnorderedPairs[s ]

{{1, 10}, {2, 10}, {3, 10}, {4, 10}, {5, 10}, {6, 10},
{7, 10}, {8, 10}, {9, 10}, {1, 2}, {2, 3}, {3, 4}, {4, 5},
{5, 63}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}

NOTES
* Forbothundirectedanddirectedgraphsin goingto unorderedairs,the edgegust getreportedastheyare.

* |t is unclearif thesefunctionsto go backandforth betweere graPhandordered/unordereﬂairsareneedechnymo_re,
sincetherepresentatiors essentiallyunordered/orderepairs.l will checkhow often| usethesefunctions;l seemto just
useEdges|...Jto gettheedgeof thegraph.
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? Fr onnor der edPai r s

FromJnorderedPairs [l ] constructs an edge |list representation
froma list of unordered pairs |, using a circular enbeddi ng.
FromJnorderedPairs([l, v] uses v as the enbeddi ng for the

resulting graph. The option Type that takes on val ues Undirected
or Directed can be used to affect the kind of graph produced.

NOTES

* In goingbackfrom unorderedchairsmattersarestraightforwardsinceunorderecpairscannotbe interpretedn different
ways. Theoption Type—>Directedviewseveryunorderedair astwo directededges.

10 = ToUnor der edPai rs [t ]

{{1, 10}, {2, 10}, {3, 10}, {4, 10}, {5, 10}, {6, 103,
{7, 10}, {8, 10}, {9, 10}, {1, 2}, {2, 3}, {3, 4}, {4, 5},
{5, 6}, {6, 7}, {7, 8}, {8, 9}, {1, 9}, {1, 1}, {1, 9}, {2, 3}}

ShowGr aph [Fr omunor der edPai rs [l 0]]

- G aphics -
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ShowG aph [Fr omnor der edPai rs [l 0, Type -> Directed]]

- Graphi cs -

? ToAdj acencyMat ri x

ToAdj acencyMatri x[g] constructs an adjacency matrix representation
for graph g. An option Type that takes on values Al or Sinple
can be used to affect the graph constructed. Type -> Al is the
default, and Type -> Sinple ignores any self-loops g may have.
ToAdj acencyMatri x [g, EdgeWei ght ] returns edge wei ghts as entries
of the adjacency matrix with Infinity representing nissing edges.

NOTES

* As thingsstandanadjacencymatrix is assumedo be binaryandhencecannotrepreseninultiple edgesthoughit can
represenself-loopsShouldl changethisto makeanadjacencymatrix beanon—negativetegermatrix?
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ToAdj acencyMatri x[t] // Matri xForm

1100000O0O0T11
101000O0O0O0T1
0101000001
0010100001
0001010001
0000101001
000O0O0O1O01O01
000O0O0OO010O011
1 000O0O0OO0T1O01
1111111110

ToAdj acencyMatri x[t, Type - Sinple] // Matri xForm

k

01000O0LO0ODO0T11
1010000O0O0O01
0101000001
0010100001
0001010001
0000101001
000001210101
000O0O0O0O1O011
1 0000O0O0T11OCO01
1111111110

= Set EdgeWeéi ght s [Randontaraph[10, . 3], Wi ghtingFunction -> Eucli dean];

ToAdj acencyMatri x [k, EdgeWei ght] // Tabl eForm

8§ PP, g8 P8 P8 8

. 17557 . 90211

© 1 © 1 ©
© e oS 1.61803 1.90211
. 17557 © © 0. 618034 o e
© 0. 618034 © © o
. 90211 1.61803 oS o o Iee
1.90211 oS o o o
. 90211 2 o © 1. 17557 ©
. 61803 © o © 1.61803 ©
. 17557 © o © o) 1.61803
1. 17557 o 1.90211 o) e

= GraphUni on[ Conpl et eGraph[2], Conpl eteG aph[2], Conpl eteG aph[2]];
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ToAdj acencyMatri x[g, EdgeWei ght ]

{{o, 1, ©, o, o, o}, {1, ©, o, o, o, o}, {wm o, o, 1, o o},
{0, @, 1, o, o, o}, {0, o, o, o, o, 1}, {oo, o, o, o, 1, o}}

ToAdj acencyMatri x[g] // Matri xForm

010000O0
100000
000100
001000
0 00O0O01
0 0O0OT1O0

? FromAdj acencyMat ri x

FromAdj acencyMatri x [m] constructs an edge |list representation
for a graph with adjacency matrix m using a circular
enbeddi ng. FromAdj acencyMatrix[m v] uses v as the enbeddi ng
for the resulting graph. An option Type that takes on the
val ues Directed or Undirected can be used to affect the type
of graph produced. The default value of Type is Undirected.

tg = FromAdj acencyMatri x [ToAdj acencyMatri x [t ]]

-Graph: <19, 10, Undirected>-
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ShowG aph [t g]

- Graphi cs -

? Pseudogr aphQ

PseudographQ[g] yields True if graph
g i s a pseudograph, nmeaning it contains self -l oops.

Pseudogr aphQt ]

True

Pseudogr aphQ[Del et eEdges [t, {{1, 1}}1]

Fal se
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? Unwei ght edQ

Unwei ght edQ[g] yields True if all edge weights are 1 and Fal se ot herw se.

Unwei ght edQ[t ]

True

Unwei ght edQ[ Set EdgeWei ght s[t, Wi ghti ngFuncti on - Random] ]

Fal se

? Si npl eQ

Sinmpl eQ[g] yields True if g is a sinple graph,
meaning it has no multiple edges and contains no self -l oops.

Si npl eQ[t ]

Fal se

s = RenpveSel f Loops[t]; SinpleQ[s]

Fal se

s = RenoveMil ti pl eEdges[s]; Sinpl eQ[s]

True
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? RenoveSel f Loops

RenoveSel f Loops[g] returns the
graph obtai ned by deleting self-loops in g.

s = AddEdges[t, {{{2, 2}}}1;
Pseudogr aphQ[s]

True

Pseudogr aphQ[RenoveSel f Loops [s]]

Fal se

? RemoveMul ti pl eEdges

RenoveMul ti pl eEdges [g] returns the
graph obtained by deleting nultiple edges fromg.

s = Set G aphOpti ons [Wheel [10],
{{{1, 10}, {2, 10}, EdgeStyle ->Fat, EdgeCol or -> Green}}];
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ShowGr aph[ s ]

- Graphi cs -

s = AddEdges [s,

({1

103},

{{1, 103},

{{21

103},

{{3, 4}}}1I;
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ShowGr aph[ s ]

- Graphi cs -

M[s]

22

ss = RenpbveMil ti pl eEdges [s];

M[ss]

18
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ShowGr aph[ss]

- Graphi cs -

NOTES

* S_uﬁposeherearethreeedges{a, b} in agraph.RemoveMultipleEdgeszmovegwo copiesof {a, b}. Thechoiceof
which two to removeis arbitraryandthe usercannotdependon which two edgeghefunctionremovesThisis especially
sobecaus@o assumptiortanbe madeaboutthe orderin which edgesarelistedin the edge-listepresentation.

? EnptyQ
EnptyQ[g] yields True if graph g contains no edges.

Enpt yQ[Del et eEdges [Conpl et eGraph[2], {{1, 2}}1]

True

Enpt yQ[t ]

Fal se
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? Conpl et eQ

Conpl eteQ[g] yields True if graph g is conplete. This means
that between any pair of vertices there is an undirected
edge or two directed edges going in opposite directions.

Conpl et eQ[t ]

Fal se

Conpl et eQ[Conpl et eG aph[10]]

True

Conpl et eQ[s = Del et eEdges [Conpl et eGraph[3], {{1, 2}}11]

Fal se

s = AddEdges [Enpt yGraph[3],
{({{1, 2}}, {{1, 3}}, ({2, 3}}, {{2, 1}}, ({3, 1}}, {{3, 2}}}1;

Conpl et eQ[s]

Fal se

s = Set GaphOptions[s, EdgeDirection->OnJ;
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ShowG aph [s]

- Graphi cs -

Conpl et eQ[s]

Fal se

s = AddEdges [Set G aphOpt i ons [Enpt yGraph[3],
{{{1, 2}}, {{1, 3}}, {{2, 3}}, ({{2, 1}},

EdgeDi recti on -» On],
{{3, 1}}, {{3, 2}}}];
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ShowGr aph[s]

- Graphi cs -

Conpl et eQ[s]

True

?Mil tipl eEdgesQ

Mul ti pl eEdgesQ[g] yields True if g has nultiple
edges between pairs of vertices. It yields Fal se otherw se.

Sort [Edges [t 1]

{{1, 1}, {1, 23, {1, 9}, {1, 9}, {1, 10}, {2, 3}, {2, 3},
{2, 10}, {3, 4}, {3, 10}, {4, 5}, {4, 10}, {5, 6}, {5, 10},
{6, 7}, {6, 10}, {7, 8}, {7, 10}, {8, 9}, {8, 10}, {9, 10}}
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Mul ti pl eEdgesQIt ]

True

Mul ti pl eEdgesQ[Del et eEdges[t, {{2, 3}, {1, 9}}11]

Fal se

s = AddEdges|[t, {{{2, 3}}}]1; Multipl eEdgesQ[ Del et eEdges[s, {{2, 3}, {1, 9}}11]

True

Mul ti pl eEdgesQI Del et eEdges[s, {{2, 3}, {1, 9}}, Al 1]

Fal se

? | nduceSubgr aph

I nduceSubgraph[g, s] constructs the
subgraph of graph g induced by the list of vertices s.

pl = ShowG aph[t, Background -> Hot Pi nk,

Ver t exNunber -> Text [{0.02, 0.02}, TextStyle -> {FontSize ->12}], G aphics];
p2 = ShowG aph [l nduceSubgraph[t, {1, 9, 8, 10}], Background -> Hot Pi nk,

Ver t exNunber -> Text [{0.02, 0.02}, TextStyle -> {FontSize ->12}], G aphics]

- Graphi cs -
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Show[ Graphi csArray [{ pl, p2}], Background -> Yell ow, |mageSi ze -> 600]

- G aphi csArray -
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ShowGr aph [I nduceSubgr aph [t

{1, 9, 8, 10, 5}]1]

- Graphi cs -
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ShowGr aph [I nduceSubgr aph [t

{1, 9, 8, 10, 5, 4, 6}1]

- Graphi cs -
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ShowG aph [l nduceSubgraph[t, {1, 2, 4, 3, 5, 6, 7, 8, 9}]1]

- Graphi cs -

NOTES
* Notethatthelist of verticesneedbe specifiedin orderandmay containduplicates.

* Below| comparehetimesof InduceSubgrapm the old andthe newversionslt is hardto beatthe old implementation
becausénduceSubgrapls sonaturallyandsimply expressedssimplematrix operation®n the adjacencymatrix.
gl =DiscreteMat h* A dConbi natorica' Gi dG aph[30, 30]; g2 = GidGaph[30, 307;

s = RandonSubset [Range[900]1;

{Ti mi ng[Di screteMat h* A dConbi nat ori ca’ | nduceSubgraph[gl, s]; 1,
Ti m ng [l nduceSubgraph[g2, s];1}

{{0. 156 Second, Null }, {0.234 Second, Null }}
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ShowG aph [| nduceSubgr aph[Gi dG aph[50, 50], RandonSubset [Range[2500]]1],
VertexStyl e ->Di sc[0]]

N: 4 P
ERE SN ens

3
R

it
A
=
:

- Graphi cs -

NOTES

* Oneof the CUPrefereeshadcomplainedhatIinduceSubgraptoesnot preserveoriginal embedding{ng thesubgraph.
This is not quitetrue asthefollowing exampleshow.However,InduceSubgrapls cleverin the sensdhatthe subsebf
verticesis alsoviewedasa permutatiorandthe vertexembeddings permutedaccordingly While thisis a naturalconse
quenceof theimplementatiorof InduceSubgrapH,agreewith therefereethatviewing subset@aspermutationslsoin this
contextis a bit of overload.

* Sol haveseparatethetwo tasksinto two functions:InduceSubgrapbnd PermuteSubgrapmduceSubgraphimpl_K
calls PermuteSubgraphith a sortedsubsetAs a consequencénsteadof InduceSubgraplwe usePermuteSubgrapi
functionsrelatedto graphisomorphismPermuteSubgrapmasthe advantagef providingnewembeddingsisa resultof
permutingthe vertices,somethinghatInduceSubgraptid notdo.

r = RandonBubset [Range[100]7];

rp = Permute[r, RandonPernutation[Length[r]]];
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Di scret eMat h* A dConbi nat ori ca’ ShowG aph [
Di scret eMat h* A dConbi nat ori ca‘ | nduceSubgr aph [
Di screteMat h* A dConbi natorica' Gi dG aph[10, 10], r]]

I :

- Graphi cs -
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ShowG aph [| nduceSubgr aph[Gi dG aph[10, 10], rp]]

I :

- Graphi cs -

? Per nut eSubgr aph

Per mut eSubgraph[g, p] permutes the vertices
of a subgraph of g induced by p according to p.

NOTES
* In theexamplebelow,1 —>2, 2 —>10,and10->1 with everythingelsestayingin place.
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ShowGr aph [t

- Graphi cs -

Vert exNunber -> On]
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ShowGr aph [Per mut eSubgr aph[t, {2, 10, 3, 4, 5, 6, 7, 8, 9,
Ver t exNunmber -> On]

10

- G aphi cs -

111,
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ShowGr aph [Per nut eSubgr aph [t ,

- Graphi cs -

Length[rp]

48

{2, 10, 3, 4, 5,

9, 1}11



ShowG aph [Per nut eSubgr aph [Gri dG aph[10, 10], rpl]

- Graphi cs -
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ShowGr aph [ Per mut eSubgr aph[ Gri dG aph[4, 4], RandonPernutati on[16] ] ]

- Graphi cs -

NOTES
* Thisis anothemway to getnewandpossiblyinterestingembedding®f graphs.
* Note how this differs from InduceSubgraph.

? Cont r act

Contract [g, {X, Y}] gives the graph resulting
fromcontracting the pair of vertices {x, y} of graph g.

NOTES

* In SteveSkiena'sdescriptionof Contractin thebook, it talksaboutcontractinganedge.l don’t seewhy contractshould
not bedefinedfor ANY pair of vertices Also, whena pair of verticesthathaveanedgeconnectinghemis contractedthe
edgebecomes self-loopThisis thedefinition of contractin West'sgraphtheorybook.
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ShowGr aph[s = Contract [t, {5, 6}], VertexNunmber -> On]

- Graphi cs -

NOTES

* Notetheself-loopsn s. When5 and6 werecontractednto vertex9 we gotaself-loofd9. 9}. Also notethe multiple
edged9, 8} —sinceboth5 and6 haveedgedo 8, we getthemultiple edged9, 8}.
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ShowGr aph[s = Contract [s, {5, 8}], VertexNunmber -> On]

- Graphi cs -

? G aphConpl enent

G aphConpl enent [g] gives the conpl enent of graph g.

s = Gaph[ {}, {}]; G aphConpl enent [S]

-G aph: <0, 0, Undirected>-
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ShowG aph [Gr aphConpl enent [t ]]

- Graphi cs -

pl = ShowG aph[s = Set G aphOptions[t, EdgeDirection->0On], G aphics];
p2 = ShowG aph[G aphConpl enent [s], G aphics];
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Show[ Graphi csArray [{pl, p2}], | mageSi ze -> 500]

- Graphi csArray -

NOTES

* Ashcan be seenfrom theaboveexamplesGraphComplememnorksasexpectedor undirectedaswell asfor directed
graphs.
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ShowG aph [Gr aphConpl enrent [Conpl et eGraph[10, Type -> Directed]]]

- Graphi cs -
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ShowG aph[s = GraphConpl ement [ Gi dG aph[4, 4]], VertexNunber -> On]
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- Graphi cs -

? MakeUndi r ect ed

MakeUndi rected[g] gives the underlying
undi rected graph of the given directed graph g.

s = MakeUndi rect ed [t ]

-G aph: <21, 10, Undirected>-
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ShowGr aph[s]

- Graphi cs -

s = Set G aphOpti ons [Conpl et eGraph[3],

EdgeDi recti on -> On];
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ShowG aph[s,

- G aphics -

| mageSi ze -> 200]

s = AddEdges[s, {{{2, 1}}}1;

ShowGr aph [s,

- G aphics -

| mageSi ze -> 200]
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ShowGr aph [MakeUndi rect ed[s]]

- Graphi cs -

Set G aphOpti ons[s, EdgeDirection->COf]

-G aph: <4, 3, Undirected>-

NOTES

* NotethatMakeUndirectedakestwo directedecégesgoingin oppositedirectionsandconvertsheminto two undirected
edgesAlso notethedifferencebetweernMakeUndirectedindsimply settingthe EdgeDirectiorOff. MakeUndirectedhlso
ma essurethattheﬁgc?esgofrom lower numberedrerticesto highernumberedrertices.In otherwords,it is abadideato

turn edge—directionsff by usingSetGraphOptions...].

? Undi rect edQ

Undi rect edQ[g] yields True if graph g is undirected.
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Undi r ect edQ[t ]

True

Undi rect edQ[s = Set G aphOptions[t, EdgeDirection->0n]]

Fal se

Undi r ect edQ[MakeUndi rect ed[s = Set G aphOpti ons[t, EdgeDirection->0On]]]

True

? MakeSi mpl e
MakeSi mpl e[g] gives the undirected graph, free
of multiple edges and sel f -l oops derived from graph g.

tt = MakeSi nple[t];

M[tt ]

18

Si npl eQ[tt ]

True
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ShowGraph[tt ]

- Graphi cs -

? Dept hFi r st Tr aver sal

Dept hFirst Traversal [g, v] perforns a depth-first traversal of graph
g starting fromvertex v, and gives a list of vertices in the
order in which they were encountered. DepthFirstTraversal [g, v,
Edge] returns the edges of the graph that are traversed by the
depth-first traversal in the order in which they are traversed.

TODO

* DFSshouldbe mademorepowerfulandflexible —it shouldin additionreturna partitionof the edgesnto treeedges,
backedgesforwardedgesandcrossedgesThis shouldbe donethroughvariousoptionsto DFS.

s = Del eteEdges[t, {{2, 3}}1;
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ShowGr aph[s, VertexNunber -> On]

- Graphi cs -

Dept hFi r st Traversal [s, 2]

(2, 1,9, 8,7, 6, 5, 4, 3, 10}

s = Del eteEdges[s, {{1, 2}}1;
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ShowG aph[s, VertexNunber -> On]

- Graphi cs -

Dept hFi r st Traversal [s, 2]

(2,3, 4,5 6, 7, 8 9,1, 10}

s = Del eteEdges[s, {{2, 3}}1;
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ShowG aph[s, VertexNunber -> On]

- Graphi cs -

Dept hFi r st Traversal [s, 2]

(2, 10, 1, 9, 8, 7, 6, 5, 4, 3}



Chapter3.nb

83

ShowGr aph [Hi ghl i ght [t, {Map[Sort, DepthFirstTraversal [t, 2, Edge]]},
Hi ghl i ght edEdgeCol ors -> {Blue}], VertexNunber -> On]

- Graphi cs -

NOTES
* Notethatmultiple edgesarehighlightedcorrectly—andonly oneof theedged1,9} is highlighted.

$RecursionLimt = 20000;

s = @idGaph[20, 20];
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ShowG aph [Hi ghl i ght [s, {Map[Sort, DepthFirstTraversal [s, 2, Edge]]},
Hi ghl i ght edEdgeCol ors -> {Blue}], VertexStyle ->Disc[0]]

- Graphi cs -

Dept hFi rst Traversal [s = Set G aphOptions[t, EdgeDirection->0On], 1, Edge]

{{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 7}, {7, 8}, {8, 9}, {9, 10}}

pl = ShowG aph[s, G aphics];
p2 = ShowG aph[ Hi ghli ght [s, {DepthFirstTraversal [s, 1, Edge]},
Hi ghl i ght edEdgeCol ors -> {Green}], G aphics];
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Show[ Graphi csArray [{pl, p2}], | mageSi ze -> 500]

- Graphi csArray -
Notethat10is asinkandhenceno edgesaretraversedn a depth—firstraversaktartingfrom 10.

Dept hFirst Traversal [s = Set G aphOptions[t, EdgeDirection->0On], 10, Edge]

{3

NOTES
* DepthFirstTraversaborksfine for directedgraphsaswell.

TIMING DSCUSSION

DFScanbeeasilyimplmentedsothatit runsin O(m+n)time on ann-vertexin—edggraph.Herearesometiming expert
mentsto determingf thisis true. Theplot belowshowsthatwe probablyhavea quadratiamplementatiorof DFS.The
mostlikely reasorfor this stateof affairsis thetwo AppendTol...]callsin DFS.Eachis appendingdo alist thatgrows
linearly andsmceAppendTo'L_... takeslineartime in Mathematica, we endup with a functionthattakesgquadratidime.
This is unfortunatebecaus®FSis fundamentato the package.
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Tabl e[ Gi dG aph[20, 10i], {i, 20}1;
Tabl e[ Ti mi ng[Dept hFirst Traversal [gt [[i 1], 11;1, {i, 20}]

{{0.032 Second, Null }, {0.109 Second, Null },
{0.172 Second, Null }, {0.297 Second, Nul | }, {0.453 Second, Null },
{0. 64 Second, Null }, {0.875 Second, Null }, {1.141 Second, Null },
(1. 484 Second, Null }, {1.907 Second, Nul | }, {2.343 Second, Null },
{2.735 Second, Null }, {3.375Second, Null }, {4.062 Second, Null },
{4.594 Second, Null }, {5.297 Second, Null }, {6.062 Second, Null },
{6. 735 Second, Null }, {7.609 Second, Null }, {8.797 Second, Null }}

e

ListPlot [ Map[#[[1, 1]1]1 & rt], PlotJoined->True]

- G aphi cs -

To makesurethatmy cor(ljjecturaaboutAppendTog..]beingthe problemis true,| reproducehe DFSfunctionsbelowwith
the AppendTol...Jdeleted As aresult,the new DFSfunctiondoesa depthfirst traversabf the graph,butdoesnotremem
bertheedgesr theverticesvisitedin order.The evidences conclusive.

NewDept hFi r st Traver sal [g_G aph, start_Integer, flag_: Vertex] : =
Bl ock[{visit = {}, e = ToAdj acencyLi sts[g],
edges = {}, dfi =Tabl e[0, {V[g]}], cnt =1}, NewDFS[start ];
| f [fl ag === Edge, edges, visit]]

NewDFS[v_Integer] : = (dfi [[V]] = cnt ++;
Scan[ (I f [dfi [[#]] =0, NewDFS[#]1]) & e[[V]1])
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Tabl e[ Gi dG aph[20, 10i], {i, 20}1;
Tabl e[ Ti mi ng[NewDept hFi rst Traversal [gt [[i 1], 11;1, {i, 20}]

{{0. 031 Second,
{0. 078 Second,

Nul | }, {0.063 Second,
Nul | }
{0. 172 Second, Nul | }
Nul | }
Nul | }

, Nul |},

, {0.125 Second, Null }, {0.125 Second, Null },
, {0.187 Second, Null }, {0.25 Second, Null },
, Nul I }, {0.313 Second, Null },

{0. 359 Second, , {0.406 Second, Null }, {0.454 Second, Null },

{0.5Second, Null }, {0.484 Second, Null }, {0.547 Second, Null },

{0. 547 Second, Null }, {0.609 Second, Null }, {0.594 Second, Null }}

{0. 266 Second, {0. 312 Second,

ListPlot [ Map[#[[1, 1]1]1 & rt], PlotJoined->True]

0.6
0.5;
0. 4;

0. 3}

- G aphics -

How doesthe newimplementatiorcomparen runningtime with the old version”Herearesomemoretiming experiments
to determineghis.

Tabl e[ Di scret eMat h* A dConbi natorica' Gi dG aph[20, 10i], {i, 5}1;
Tabl e[ Ti mi ng[
Di scret eivat h* A dConbi nat ori ca‘ Dept hFi rst Traversal [gt [[i 11, 11;1, {i, 5}]

gt
rt

{{0.203 Second, Null }, {0.781 Second, Null },
{1.766 Second, Null }, {3.125 Second, Null }, {4.906 Second, Null }}

'Il\'lhﬁ;ir{s(t) :5L2tiéningsfor thenewimplementatiorof DFSare:{0.031 Second,Null},{0.047Second,Null},{0.0945econd,
ull} {0.

Second,Null},{0.125Second,Null}.Sothe gainsaresignificant.
TODO
* Modify DFSsothatits runningtime is indeedlinear—asymptotically.
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? Br eadt hFi r st Tr aver sa

Br eadt hFi rst Traversal [g, v] perforns a breadth-first traversa
of graph g starting fromvertex v, and gives the breadth-
first nunbers of the vertices. BreadthFirstTraversal [g, V,
Edge] returns the edges of the graph that are traversed by
breadth-first traversal. BreadthFirstTraversal [g, v, Tree]
returns the breadth-first search tree. BreadthFirstTraversal |
g, v, Level ] returns the | evel nunber of the vertices.

ShowG aph[s = Del et eEdges[t, {{2, 3}}], VertexNumber -> On]

- G aphi cs -
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ShowGr aph[s = Del et eEdges[s, {{2, 10}}]1, VertexNumber -> On]

- Graphi cs -
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ShowGr aph [Br eadt hFi r st Tr aver sal [s,

- Graphi cs -

Br eadt hFi rst Traversal [s, 1, Edge]

1, Tree],

({1, 23, {1, 93}, {1, 10}, {2, 3}, {9, 8}, {10, 4},

Br eadt hFi rst Traversal [s, 1, Level ]

(o Ay 2 2y 2y 2 2 2 L 0

Ver t exNunmber -> On]

{10, 53}, {10, 6}, {10, 7}}
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ShowGr aph [Br eadt hFi r st Tr aver sal [s,

10, Tree],

- Graphi cs -

Br eadt hFi r st Traversal [s, 10, Edge]

{{10, 1}, {10, 3}, {10, 4}, {10, 5},

Br eadt hFi rst Traversal [s, 10, Level

LR R I

Ver t exNunmber -> On]

{10, 63}, {10, 7}, {10, 8}, {10, 9},

]

{1, 2}}
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ShowG aph [Br eadt hFi rst Traversal [s, 5, Tree], VertexNumber -> On]

- Graphi cs -

Br eadt hFi r st Traversal [s, 5, Edge]

{{5, 4}, {5, 6}, {5, 10}, {4, 3}, {6, 7}, {10, 1}, {10, 8}, {10, 9}, {3, 2}}

Br eadt hFi rst Traversal [s, 5, Level ]

(7 & 2 i Oy 0, 2 2 2 1
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ShowG aph [Hi ghl i ght [s, {Map[Sort, BreadthFirstTraversal [s, 2, Edge]]l},
Hi ghl i ght edEdgeCol ors -> {Bl ue}], VertexNunmber -> On]

- Graphi cs -

s = GidGaph[30, 307;
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Edgell},

2|

Br eadt hFi r st Tr aver sal [s,
VertexStyle ->Di sc[0]]

{Map[Sort,

Hi ghl i ght edEdgeCol ors -> {Bl ue}l,

ShowGr aph [Hi ghl i ght [s,

- Graphi cs -

RandonBSubset [Range [900]11]1;

I nduceSubgr aph[s,

S =
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ShowG aph[s, VertexStyle ->Disc[0]]
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- Graphi cs -

Br eadt hFi r st Traversal [s, 2, Edge]

{{2, 1}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {8, 8}, {6, 7}}
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ShowG aph [Hi ghl i ght [s, {Map[Sort, BreadthFirstTraversal [s, 2, Edge]]l},
Hi ghl i ght edEdgeCol ors -> {Bl ue}], VertexStyle ->Di sc[0]]
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- Graphics -

NOTES

* Theeccentricityof avertexin anunweightedgraphcannow be easilycalculatedusingthelevelsreturnedoy BFS.|
haverewrittenthe function Eccentricity[...Jin the packageo first testif a graphis weightedandthenuseBFSor Shortest
Pathsaccordingly.

* It is alsoeasyto partionthe edgesof thegraphinto same-levetdgestreeedgesandotheredgesThis canbe usedfor
testingbipartitenesandalsotwo coloringagraphif possible.

TODO
Two otherthingsthatcanbe doneto makeBFSandrelatedfunctionsmore"fun” andaccessiblare:
(1) Add anoptionto BreadthFirstSearctmatreturnsthe edgepartitionmentionedabove.

I(-QZ) Add anoptionto BFSthatreturnsanembeddinghathighlightstheinducedlevels.This canbe doneeasilyusing
ankedEmbedding.

Thisisillustratedin a separateotebook.

Doesnotexist. This bringsup the questionof how we’ll providesupportfor obsoletdunctions?Do we keepthemin this
versionandthenthrow themawayin futureversions?
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?Circul arVertices

CircularVertices[n] constructs a list of n
points equally spaced on a circle. CircularVertices]|
g] enbeds the vertices of g equally spaced on a circle.

TO DO

Aﬁ Iinearkembeddingn which theedgesareshownascirculararcsaboveor belowtheline of verticesshouldbe addedo
the package.

s = CircularVertices[t];

ShowGr aph[s]

- G aphics -
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10111

ShowG aph [Ci r cul ar Verti ces [Conpl et eGraph[10,

IV INas

- Graphi cs -

? RankGr aph

i st

| ] partitions the vertices into classes based

RankGraph[g,

possibly.

on the shortest geodesic distance to a nemnber of
Thecodehereis essentiallythe bfs code. It is a badideato rewritethis codeagain.NewRankGrapishouldbe calling bfs.

Thisis yetanothereasorto makebfs morepowerfulandmoregeneralwith severaldditionaloptions

TODO

41;

s = i dG aph[5,

2, 3, 4311

{1,

r = RankG aph[s,

4, 5}

{11 11 1! 1! 2l 2! 21 21 27 3! 3! 3! 31 31 41 4! 4! 4l



Chapter3.nb 99

sl = Set G aphOptions[s, Table[{i, VertexLabel -> {r[[i11}}, {i, Length[r1}11;

ShowGr aph[s1, Pl ot Range -> Large[O0. 2]]

.4 .4 .4 .4 .5

¢l & & & ¢’

2 o2 o2 o2 o3

.l .1 .1 .1 .2
- Graphi cs -

? RankedEnbeddi ng

RankedEnmbeddi ng[g, | ] perfornms a ranked enbeddi ng of graph g, with the
vertices ranked in terns of geodesic distance froma nmenber of list |.

TODO

(1) To beconsistentvith RankedEmbedding;ircularVerticesshouldbe calledCircularEmbedding.

(2) To beconsistentvith CircularEmbeddingRankedVerticeshouldhavethe samenameasRankedEmbedding.
(3) RankGraphin my view, shoulddissapeaandshouldjust be a call to bfs with certainoptions.

s = GidG aph[5, 517;
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ShowG aph [RankedEnbeddi ng[s, {13}1]

- Graphi cs -
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ShowGr aph [RankedEnmbeddi ng[t, {1}1]

- Graphi cs -

?Eccentricity
Eccentricity[g] gives the eccentricity of each vertex v
of graph g, the length of the | ongest shortest path fromv.
g = Weel [10];
Eccentricity[g]

(2, 2,2, 2 2, 2, 2 2 2 1)

g = GidGaph[l0, 107;
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Eccentricity[g]

{18, 17, 16, 15, 14, 14, 15, 16, 17, 18, 17, 16, 15, 14, 13, 13, 14, 15, 16, 17, 16,
15, 14, 13, 12, 12, 13, 14, 15, 16, 15, 14, 13, 12, 11, 11, 12, 13, 14, 15, 14,
13, 12, 11, 10, 10, 11, 12, 13, 14, 14, 13, 12, 11, 10, 10, 11, 12, 13, 14, 15,
14, 13, 12, 11, 11, 12, 13, 14, 15, 16, 15, 14, 13, 12, 12, 13, 14, 15, 16, 17,
16, 15, 14, 13, 13, 14, 15, 16, 17, 18, 17, 16, 15, 14, 14, 15, 16, 17, 18}

Tim ng[ Eccentricity[g];]

{1.984 Second, Nul |}
g = Set EdgeWei ght s [g];

Tim ng[ Eccentricity[g]l; 1

{3. 844 Second, Nul | }

NOTES

* In generakomputingeccentricitief verticesin agratphis time consuming-typically cubic (for densegraphs) How-
ever,theeccentricitesn an unwelghted_?rapharemuch asterto computethanthosein awelghtedgre::%hsmceB Scanbe
usedinsteadof shortespathalgorithms. haveseparatethe computatiorof Eccentricite®f weighte

ndunweighted
graphs-thedifferenceis significant. g

g = DiscreteMat h* A dConbi natorica' GidGaph[10, 107];

Timi ng[ D screteMat h* A dConbi natori ca’ Eccentricity[g]; ]

{6.016 Second, Null }

? Di anet er

D aneter [g] gives the dianmeter of graph g, the length
of the | ongest shortest path between two vertices of g.

g = Conpl et eG aph[20];
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Di anet er [g]

g = RandonGraph[25, .3];

Di amet er [g]

g = RandonGraph[50, . 3];

Di anet er [g]

g = RandonGraph[100, . 37;

Di anet er [g]

TODO
Forfixed p, as h—>Infinitythe expectedliameterf therandomgraphgoesto 2. | shouldexprimentwith this somemore.

? Radi us

Radi us[g] gives the radius of graph
g, the minimumeccentricity of any vertex of g.

g = Weel [100];
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Radi us [g]

1
? GraphCent er

GraphCenter [g] gives a list of the
vertices of graph g with mininumeccentricity.

g = Weel [1007];

G aphCent er [g]

(100}

? Radi al Enbeddi ng

Radi al Enbeddi ng[g] constructs a radi al enbeddi ng
of graph g, radiating fromthe center of the graph.

TODO

(1) To beconsistentvith CircularEmbeddingndRankedEmbeddingRadialEmbeddinghouldalsohavea versionthat
simply returnstheembeddingf the vertices.

(2) This remarkactuallyappliesto thefunctionsabove—Eccentricity, Diameter,Radius andGraphCenter-or trees the
generafform of thefunctionsshouldnotbeused.t is easyto calculatethe graphcenterof atree—canbedonein linear
time. Sothatis whatshouldbe used.

s = Randomlree[20];
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ShowGr aph[s]

- Graphi cs -
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ShowG aph [Radi al Enbeddi ng[s, 11], VertexNunber -> On]

- Graphi cs -
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ShowG aph [Radi al Enbeddi ng [Randonr ee [20], 11], VertexNunmber -> On]

- Graphi cs -
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ShowG aph [Radi al Enbeddi ng [Randonr ee [20], 11], VertexNunmber -> On]

- Graphi cs -

NOTES
We cangetstrangeembeddingasshownbelowby constructingRadialEmbeddingsf graphsthatarenottrees.
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ShowG aph [Radi al Enbeddi ng[ Gri dGaph[3, 3111

- Graphi cs -

? Root edEnbeddi ng

Root edEnbeddi ng[g, v] constructs a
root ed enbeddi ng of graph g with vertex v as the root.

s = Randonilree[20];
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ShowG aph [Root edEnbeddi ng[s, 1], VertexNumber -> On, Pl ot Range -> Large[0.05]]

- Graphi cs -
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ShowG aph [Root edEnbeddi ng[s, 3], VertexNunmber -> On]

- Graphi cs -
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ShowGr aph [Root edEnbeddi ng[s, 19], VertexNunber -> Center,
Vert exNunmber Col or -> White, VertexStyle -> Disc[lLarge],
Pl ot Range -> Large[0. 03], Background -> Li ght Bl ue]

- Graphi cs -

?Transl ateVerti ces

Transl ateVertices[v, {X, y}] adds the vector {x, y} to the vertex
enbeddi ng | ocati on of each vertex in list v. TranslateVertices]|g,
{X, y}] translates the enbedding of the graph g by the vector {x, y}.

TODO

Tr%nslr?teVerticewill be moreusefulwhensubset®f verticescanbetranslatedl shouldgeneralizehe functionto beable
to dothis.

-Graph: <21, 10, Undirected>-
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Transl ateVertices[t, {.001, .002}]

-Graph: <21, 10, Undirected>=-

?Di |l ateVertices

DilateVertices[v, d] nultiplies each coordinate of each vertex position
inlist | by d, thus dilating the enbedding. DilateVertices]
g, d] dilates the enbedding of the graph g by the factor d.

TODO
Theusershouldbe ableto dilate subset®f verticesaswell.

-Graph: <21, 10, Undirected>-

DilateVertices[t, 2]

-G aph: <21, 10, Undirected>-

? Rot at eVerti ces

Rot ateVertices[v, theta] rotates each vertex position in list v by theta
radi ans around the origin (0O, 0). RotateVertices[g, theta] rotates
the enbeddi ng of the graph g by theta radi ans about the origin (0, 0).

TODO
Sameasfor the previous2 functions.We shouldbe ablethe Rotatea subsebf thevertices.
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ShowGr aph[s = Conpl eteG aph[3, 2, 2, 4]]

- Graphi cs -
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ShowGr aph [Rot at eVertices[s, Pi /4]]

- Graphi cs -

?Nornal i zeVertices

Normal i zeVertices[v] gives a list of
vertices with a simlar enbedding as v but with all
coordinates of all points scaled to be between 0 and 1.

s = Conpl eteG aph[7]
-Graph: <21, 7, Undirected>-
Vertices[s]

{{0.62349, 0.781831}, {-0.222521, 0.974928}, {-0.900969, 0.433884},
{-0.900969, -0.433884}, {-0.222521, -0.974928}, {0.62349, -0.781831}, {1., 0}
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s = Transl ateVertices[s, {0.5, 0.3}]

-Graph: <21, 7, Undirected>-

Vertices[s]

({1.12349, 1.08183}, {0.277479, 1.27493},
{-0.400969, 0.733884}, (-0.400969, -0.133884},
{0.277479, -0.674928}, {1.12349, -0.481831}, {1.5, 0.3}

Vertices[NormalizeVertices[s]]

{{0. 826886, 0.807732}, {0.437903, 0.896515}, {0.125962, 0.647751},
{0. 125962, 0.248764}, {0.437903, 0.}, {0.826886, 0.0887829}, {1., 0.448258}}

? ShakeG aph

ShakeGraph[g, d] perforns a random perturbation
of the vertices of graph g, with each vertex noving,
at nost, a distance d fromits original position.

s = RankedEnbeddi ng[Wheel [10], {1, 2, 3, 4, 5, 6, 7, 8, 9}]

-Graph: <18, 10, Undirected>-
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ShowG aph[s]

- Graphics -

ss = ShakeGraph[s];



Chapter3.nb 119

ShowGr aph[ss]

- Graphics -

ss = ShakeG aph[s, O.3];
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ShowGr aph[ss]

- Graphi cs -
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ShowG aph [Conpl et eGraph[2, 2, 2], VertexNunber -> On]

- Graphi cs -
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ShowGr aph [ShakeG aph [Conpl et eGraph[2, 2, 2], 0.3], VertexNunber -> On]

- Graphi cs -

? GraphOpti ons

GraphOptions[g] returns the display options associ ated
with g. G aphOptions[g, v] returns the display options
associated with vertex v in g. GaphOptions[g, {u, v}]
returns the display options associated with edge {u, v} ing

GraphOpti ons[s]

{3

r = Set GaphOpti ons [Conpl et eGraph[5, 5], VertexCol or - Red, EdgeCol or - G een]

-G aph: <25, 10, Undirected>-
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ShowG aph [r ]

.

/;)':

§
4

- Graphi cs -

GraphOpti ons[r]

{Vert exCol or - R&BCol or [1., 0., 0.], EdgeCol or -~ RGBCol or [0., 1., 0. ]}

NOTES
* Thisfunction’sbehaviomight changevhenl makechange$o ShowGraph.

? Spr i ngEnbeddi ng

Spri ngEnbeddi ng[g] beautifies the enbeddi ng of
graph g by nodeling the enbeddi ng as a system of springs.

s = MakeG aph[Permutations[{1, 2, 3, 4}], (Count [#1 - #2, 0] ==0) &];
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ol dS = Di screteMat h* A dCombi nat ori ca' MakeG aph[
Permutations[{1, 2, 3, 4}], (Count [#1 - #2, 0] ==0) &];

ShowGr aph[s]

- G aphics -

VI[s]

24

M[s]

216

Tim ng[r = SpringEnbeddi ng[s]; ]

{2.172 Second, Nul |}
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ShowGr aph[r ]

- Graphi cs -

Timi ng[r = DiscreteMath' d dConbi nat ori ca’ Spri ngEnbeddi ng[ol dS]; ]

{0. 75 Second, Null }

Not yetimplementedProbablywill notbeimplemented.

Not yetimplementedProbablywill notbeimplemented.



