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1 Solving 3 equations in 3 unknowns

ail a2 ais b1 bl
Suppose A = | a9 a» asx by | and b= | by
as; ase ass bs b3

.
We want to solve A7 = b .

Well we make the augmented matrix:

ajy app az by
as1 A22 G923 b2
asy asy ass bs

row reduce and get:

100 —ag3azoby +agoagsby +ajzazabs—ay9az3bs—ajzasgbs+aisassbs
—a13a22a31+a12a23a3]b+a13a21agz—a11a23a32—a12a2 a33+a11a§2a33

010 —aggagi by +agiazzby+ajzaziba—ajjazzbos—ajzasiby+aqiasgbs
13022031 —a12023031 — a13a21a35+a11a23 2+a12a21a33 a11a262a33

001 —a99a31b1+agiagabi+ajgazibo—ayjazabs—ajoan; b3+aijasnbs
—a13022031+a0120230311+013021032—011023032—012021033+011022033

If we look at the denominators or the right hand column
we see they are all the same and that in fact they are
the determinant of A. The numerators are more myste-
rious, but they do have the look of "the determinant of
something”. If we think about this for a while—perhaps
days not hours—we would likely discover Cramer’s rule
for this case.



2 Cramer’s Rule

To make a long story short, here is a final result of the
above line of calculation.

Important: Cramer’s Rule is only for solving n equa-
tions with n unknowns.

Notation: If A2 = b is an n X n matrix, let A;( b )
denote the matrix obtained_b)y removing the i-th column
of A and replacing it with b .

1 2
Example 2.1 Suppose A= 0 —1 1 andﬁz
2 3 =2
1 11 1
—
2 | then Ay(b)=102 1
3 2 3 =2

Proposition 2.2 (Cramer’s Rule) If A is an n X n
H
invertible matrix, then for any b the unique solution



[

X9

— 7. :
of Ax” = b 1is the the vector - where

ey
det A, (?

Ti—= ——F—7— )

det A

Example 2.3 So using the matrix from the above A =

1 2 1 1

- - —_—
0 —1 1 and b = 2 | and writing o =
2 3 =2 3
x
Yy
2z

We first calculate det A = 5 thus A is is invertible, so
Cramer’s Rule applies. Next we calculate

I 2 1
.
det Aj(b)=det | 2 =1 1 | =22
3 3 =2



- 1 1
det Ag(b)=det | 0 =1 2 | =1
2 3

And so the unique solution to our equation is

22 —9 1
rT=—,y=—and z = -
5 5 5

Remark 2.4 There is a faster way to do this that we
already know:

[f we row reduce the augmented matrix

1 2 11
0 -1 1 2
2 3 —23
we get:
100 %2
010 -2
001 1

ot



However Cramer’s Rule is useful for other things since
it gives an explicit formula for the solution of a set of
equations (if it has one).

3 A formula for an inverse of a 3 x 3 matrix

So if we want to calculate an inverse for a 3 X 3 matrix

air ar2 ais
A= | a9 agn asy | we form the larger matrix

as; as2 Aass

aip a2 a3 1 00
21 Q929 A93 010
001

as; asz2 Aass

row reduce and get

422233 —A23A432 a13232—42124a
—ajgzagzazijtaizazzagzltajzazjazz—a11az3a3z—a12a21a33+aijag2a3s —ajgzagzazitaizazzagzltaijzaziazz—aijaz3azz—aiza21a33+aiiazzass a13@22@3] —a12a23¢
a23@31 422193 13231 —49112
—ajgzagzazjtaizazzagzltajzazjazz—ai1az3a3z—aiza21a33+aijazzass a13a22a31—a12023a31—4134221a32+a11a23a32+a12a21a33-a11322433 —aj3a2a31+a12a23
a22231 —421932 12231911932
a13a22a31 012023031 —413a21a32+a11a23a32+a12a21a33-a11322433 —ajgzagazitaigazzagzltajzagiazz—aijaz3zazz—aiza21a33+aiiazzassy @13a22a3]1 — 212323



Even with small type we cannot fit this onto our page
so we look at the top row, columns of this matrix one at
a time:

(92033 —093032
—a13022031+a0120230311+013021032—011023032—012021033+011022033
(23031 —0921033
—a13022031+0120230311+013021a32—011023032—012021033+011022033
(2920431 —0921032

13022031 —012023031 —013021032+011023032+012021033—011022033

13032—a012033
—a13022031+a0120230311+013021032—011023032—012021033+011022033
13031—a011033
(13022031 —a12023031 —013021a32+a011023032+012021033—011022033
12031 —011032
—a13a22031+a12023031+013021032—011023032—012021033+011022033

(13092 —012a93
(13022031 —A12023031 —1130210432+011023032+012021033—0111022033
23031 —0921033
—a13022031+a0120230311+013021032—011023032—012021033+011022033
(2920431 —0921032
13022031 —@A120923031 —a13021a32+011023032+012021033—011a22a33

We can see that the denominators are the determinant
and the negative of the determinant. The numerators
appear to be determinants of some 2 X 2 matrix.

It would take a while to puzzle the pattern out, so here
is the solution—mnot just for this case but also the n x n
case.



First we recall a definition from Section 1 of Chapter
3:

Given a square matrix A, the (7, j)-cofactor of A is
O@j = (—1)i+j det Aij

Definition 3.1 Given an n xn matriz A the classi-
cal adjoint or adjugate of A, denoted adjA is the
matriz whose entry in the 15 position is Cj;.

Remark 3.2 This definition is “tricky”. Note that the
adjugate is not simply the matrix of cofactors.

Read the definition of adjugate carefully and note that
in the ¢ position is C; (which is not the same as Cj;).
We will see this most clearly when we work an example.

Proposition 3.3 If A is a square matrixz then

1
Al = djA.
det A e
Example 3.4 Lets use this formula to find the inverse
1 2 1
of A= 0 —1 1 |. This is the matrix used in Ex-
2 3 =2

ample 2.3. We have calculated that det A = 5.
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We begin to calculate adj A.

— (-1)(-2) = (13 = -1

-1 1
C11‘+' '

3 =2
Be careful on the next one and watch your ¢ and j.

Cor = + ‘ - ' —(2)(=2) = (1)3 = T

Continuing down the first row for adj A:

cu=+| 2 1= @0- ey -3

NOTE in this calculation the top entries of the top row
are Cy1,Cyy, and C51 If we complete the calculation we
get

-1 7 3

adjA = 2 —4 —1

2 1 -1

And so we get

1 7 3
A-! 1 s _25 54 51
BEL U B U R
o 5 5 5



4 What is the meaning of the value of the
determinant if it is not zero?

We first consider a 2 X 2 matrix. It has two column
vectors and these are vectors in the plane. We can view
these as adjacent edges of a parallelogram P IF they are
linearly independent.

Next consider a 3 X 3 matrix. It has three column vec-
tors and these are vectors in space. We can view these as
three edges of a parallelogram P which meet at a common
corner of P IF they are linearly independent.

Proposition 4.1 If A is a 2 x 2 matriz then |det A|
1s the area of the parallelogram determaned by the col-
umn vectors of A.

If A is a 3 X 3 matrix then | det A| is the area of the
parallelepiped determined by the column vectors of A.

Proposition 4.2 Let T: R?> — R? be a linear trans-
formation determined by matrix A. If S is a parallel-
ogram in R? then:

{area of T(S)} = |det A|{area of S}.
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Let T: R® — R® be a linear transformation deter-
mined by matriz A. If S is a parallelepiped in R
then:

{volume of T(S)} = |det A|{volume of S}.

Remark 4.3 If A is not invertible then det A =0
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