ITERATES OF THE SPHERICAL ALUTHGE TRANSFORM OF
2-VARIABLE WEIGHTED SHIFTS
CHAFIQ BENHIDA AND RAÚL E. CURTO
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Abstract.
Let T ≡ (T1 , T2 ) be a commuting pair of Hilbert space operators, and let
p
P := T1∗ T1 + T2∗ T2 be the positive factor in the (joint) polar decomposition of T; i.e.,
Ti = Vi P (i = 1, 2).
Aluthge transform of T is the (necessarily commuting)
√
√
√ The√spherical
pair ∆sph (T) := ( P V1 P , P V2 P ).
(n)
In this paper we focus on the asymptotic behavior of the sequence {∆sph (T)}n≥1 as
(1)

(n+1)

(n)

n → ∞, where ∆sph (T) := ∆sph (T) and ∆sph (T) := ∆sph (∆sph (T)) (n ≥ 1). In
those cases when the limit exists, the limit pair is a fixed point for the spherical Aluthge
transform, that is, a spherically quasinormal pair. For a suitable class of 2-variable
weighted shifts we establish the convergence of the sequence of iterates in the weak operator
topology.

1. Introduction
The Aluthge transform of a bounded operator T acting on a Hilbert space H was introduced by A. Aluthge in ([1]). If T ≡ V |T | is p
the canonical
polar decomposition of T , the
p
Aluthge transform ∆(T ) is given as ∆(T ) := |T |V |T |. One of Aluthge’s motivations
was to use this transform in the study of p-hyponormal and log-hyponormal operators.
Roughly speaking, the idea was to convert an operator, T , into another operator, ∆(T ),
which shares with the first one many structural and spectral properties, but which is closer
to being a normal operator. Over the last two decades, substantial and significant results
about ∆(T ), and how it relates to T , have been obtained by a long list of mathematicians
who devoted considerable attention to this topic (see, for instance, [2], [9], [20], [26–28],
[29–31]). Aluthge transforms have been generalized to the case of powers of |T | different
from 21 ([5]) and to the case of commuting pairs of operators ([17], [18]).
This generalization, called
Aluthge
transform p
of T, is the (necessarily com√ the√spherical
√
√
muting) pair ∆sph (T) := ( P V1 P , P V2 P ), where P := T1∗ T1 + T2∗ T2 is the positive
factor in the (joint) polar decomposition of T and (V1 , V2 ) is the joint partial isometry.
In this paper, we study the asymptotic behavior of the iterates of the spherical Aluthge
transform of T; that is, the behavior as n → ∞ of the sequence of commuting pairs given
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(1)

(n+1)

(n)

by ∆sph (T) := ∆sph (T) and ∆sph (T) := ∆sph (∆sph (T)) (n ≥ 1). We do this for a class of
2-variable weighted shifts obtained as finite-rank perturbations of spherical isometries. In
those cases when the limit exists, the limit pair is a fixed point for the spherical Aluthge
transform; that is, a spherically quasinormal pair. For this class of 2-variable weighted
shifts we will establish the convergence of the sequence of iterates in the weak operator
topology; see details in Section 4.

2. Notation and Preliminaries
2.1. The classical Aluthge transform. Let H denote a (complex, separable) Hilbert
space, and let B(H) denote the C ∗ -algebra of bounded linear operators on H. For T ∈
1
B(H), let T ≡ V |T | be the canonical polar decomposition of T ; that is, |T | := (T ∗ T ) 2 ,
V is a partial isometry, and ker V = ker |T | = ker T . The Aluthge transform of T is the
operator
1

1

∆(T ) := |T | 2 V |T | 2 .
The Aluthge transform has been extensively studied, in terms of algebraic, structural and
spectral properties. We list below a brief sample of the results obtained over the last
several years.
(i) T is a fixed point of ∆ (that is, ∆(T ) = T ) if and only if T is quasinormal, i.e., T
commutes with |T |.
(ii) (A. Aluthge [1]) Let 0 < p <
is (p + 21 )-hyponormal.

1
2

and assume that T is p-hyponormal. Then ∆(T )

(iii) In [26], I.B. Jung, E. Ko and C. Pearcy showed that T and ∆(T ) share many spectral properties; in particular, σ(∆(T )) = σ(T ).
(iv) In [26, Corollary 1.16], I.B. Jung, E. Ko and C. Pearcy proved that if ∆(T ) has a
nontrivial invariant subspace, then so does T ; and if T has dense range, then the above
implication becomes an equivalence [26, Theorem 1.15].
(v) M.H. Kim and E. Ko ([29]), and F. Kimura ([30]) proved that T has property (β) if
and only if ∆(T ) has property (β).
(vi) In [2], T. Ando established that for all λ ∈
/ σ(T ), one has k(T − λ)−1 k ≥ k(∆(T ) − λ)−1 k.
(vii) G. Exner proved in [21, Example 2.11] that the subnormality of T is not preserved
under the Aluthge transform.
(viii) Subsequently, S.H. Lee, W.Y. Lee and J. Yoon ([31]) showed that for k ≥ 2, the
Aluthge transform, when acting on weighted shifts, does not preserve k-hyponormality.
2

2.2. Iterates of the Aluthge Transform. The iterates of the Aluthge transform are
given by
∆(1) (T ) := ∆(T )
and
∆(n+1) (T ) := ∆(∆(n) (T )) (n ≥ 1).
It is easy to verify that the Aluthge transform of a weighted shift Wω is again a weighted
shift; see Subsection 2.5. Concretely, the weights of ∆(Wω ) are
√
√
√
√
ω0 ω1 , ω1 ω2 , ω2 ω3 , ω3 ω4 , · · · .
If we let

√ √ √
W√ω := shift ( ω0 , ω1 , ω2 , · · · ) ,
then ∆(Wω ) is the Schur product of W√ω and its restriction to the closed linear span
W
{e1 , e2 , · · · }. Thus, a sufficient condition for the subnormality of ∆(Wω ) is the subnormality of W√ω . (For more on this connection, see [15].)
Next, observe that
q
q
√
√
√
√
∆(2) (Wω ) = shift(
ω0 ω1 ω1 ω2 ,
ω1 ω2 ω2 ω3 , · · · ),
1

1

and

∆(3) (Wω ) = shift((ω0 ω13 ω23 ω3 ) 8 , (ω1 ω23 ω33 ω4 ) 8 , · · · ),
1

1

∆(4) (Wω ) = shift((ω0 ω14 ω26 ω34 ω4 ) 16 , (ω1 ω24 ω36 ω44 ω5 ) 16 , · · · ).
Thus, if we let ω (n) denote the weight sequence of ∆(n) (Wω ), we have
q
(n+1)
(n) (n)
ωk
= ωk ωk+1 ,

and an induction argument shows that
(n)

ωk =

n
Y
(nj)
ωk+j
j=0

! 21n

.

(2.1)

The study of the limiting behavior of the iterates of the Aluthge transform has received
considerable attention. Below is a list of some major results in this direction.
(i) In [26], I.B. Jung, E. Ko and C. Pearcy conjectured that for every bounded operator
T the sequence {∆(n) (T )} converges in norm to a quasinormal operator.
(ii) In [2, Theorem], T. Ando proved that the conjecture is true for 2 × 2 matrices.
(iii) In [4], J. Antezana, E. Pujals and D. Stojanoff proved the conjecture to be true for
dim H < ∞; see also [5].
(iv) In 2003, J. Thompson (as communicated in [27, Example 5.5]) found an example of
an operator for which the sequence converges to 0 in the strong operator topology (SOT),
but it does not converge in norm.
(v) In 2001, M. Yanagida found an example of a unilateral weighted shift for which the
sequence of iterates does not converge in the weak operator topology (WOT) (cf. [32, p.
3

2, lines 15 and 16]).
(vi) In [9], M. Chō and W.Y. Lee proved that for any 0 < a < b there exists a unilateral
(n)
weighted shift Wω such that the sequence {ω0 }n≥0 clusters at both a and b.
Possibly the most definitive results about the convergence of the iterates of the classical
Aluthge transform were obtained by K. Rion in [32].
Proposition 2.1. ([32, Proposition 1]) The WOT and SOT convergences of {Tω(n) } are
equivalent to the pointwise convergence of the sequence {ω (n) }n , given by (2.1).
Theorem 2.2. ([32, Theorem 7]) Assume ω is bounded below. Then the set S of SOT
subsequential limits of {∆(n) (Tω )} is nonempty. Moreover, S is a closed interval of quasinormal shifts; that is, S = [a, b]U+ for some a, b > 0.
2.3. The Spherical Aluthge Transform. We first recall the definition of the spherical
Aluthge transform (introduced in [17] and [18]). Given a commuting pair T ≡ (T1 , T2 ) of
T
1
operators acting on H, let P := (T1∗ T1 + T2∗ T2 ) 2 . Clearly, ker P = ker T1 ker T2 . For
x ∈ ker P , let Vi x := 0 (i = 1, 2); for y ∈ Ran P , say y = P x, let Vi y := Ti x (i = 1, 2). It is
easy to see that V1 and V2 are well defined, and extend continuously to Ran P . We then
have

 
 

T1
V1
V1 P
=
=
P,
(2.2)
T2
V2 P
V2

as operators from H to H ⊕ H. Moreover, this is the canonical polar decomposition of






T1
T1
V1
⊥
.
. It follows that
is a partial isometry from (ker P ) onto Ran
T2
T2
V2
The spherical Aluthge transform of T is ∆sph (T) ≡ (Tb1 , Tb2 ), where
1
1
Tbi := P 2 Vi P 2 (i = 1, 2).

The spherical Aluthge transform was introduced in [17]; its general theory was developed
in [18]. One of the basic results follows.
Lemma 2.3. (cf. [18]) ∆sph (T) is commutative.
The equality of the spectra of an operator and its Aluthge transform (mentioned in
Subsection 2.1) can be extended to commuting pairs T (cf. [8]). That is, one can use a bit
of homological algebra applied to the appropriate Koszul complexes to prove directly that
for a commuting pair T ≡ (T1 , T2 )
σT (∆sph (T)) = σT (T),

(2.3)

where σT (T) is the Taylor spectrum of T. (For more information on the notion of Taylor
spectrum and related results, the reader is referred to [11], [12], [34].)
Moreover, if T ≡ (T1 , T2 ) is Taylor invertible and we represent it as a column matrix,
then one can see that P is also invertible, and in this case,

 1
1
1
∆sph (T) = P 2 ⊕ P 2 TP − 2 .
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2.4. Spherically quasinormal pairs. It is well known that the fixed points of the classical
Aluthge transform are the quasinormal operators, that is, those operators T = V |T | such
that V and |T | commute (equivalently, T and |T | commute). For the spherical Aluthge
transform, the fixed commuting pairs are the so-called spherically quasinormal pairs, which
we now define. First, we need some terminology.
Following A. Athavale-S. Podder ([7]) and J. Gleason ([23]), we say that
(i) T is matricially quasinormal if Ti commutes with Tj∗ Tk for all i, j, k = 1, 2;
(ii) T is (jointly) quasinormal if Ti commutes with Tj∗ Tj for all i, j = 1, 2; and
(iii) T is spherically quasinormal if Ti commutes with
P := T1∗ T1 + T2∗ T2 ,
for i = 1, 2. Also, recall that T is said to be normal if T1 T2 = T2 T1 and Ti is normal
(i = 1, 2).
It follows that
normal

=⇒
=⇒
=⇒

matricially quasinormal =⇒ (jointly) quasinormal
spherically quasinormal =⇒ subnormal ([7, Proposition 2.1])
k-hyponormal =⇒ hyponormal.
(2.4)

On the other hand, results of R.E. Curto, S.H. Lee and J. Yoon (cf. [16]), and of J.
Gleason ([23]) show that the reverse implications in (2.4) do not necessarily hold.
In [19, Theorem 2.2], R.E. Curto and J. Yoon showed that the spherically quasinormal
commuting pairs are precisely the fixed points of the spherical Aluthge transform; moreover,
it follows from the results in [18, Section 2] that if T is spherically quasinormal then (V1 , V2 )
is a commuting pair. In [18] it was also shown that every spherically quasinormal 2-variable
weighted shift is a positive multiple of a spherical isometry (see Theorem 3.4). In order
to state this result, we need a brief discussion of unilateral and 2-variable weighted shifts,
which follows.
2.5. Unilateral weighted shifts. For ω ≡ {ωn }∞
n=0 a bounded sequence of positive real
numbers (called weights), let Wω ≡ shift(ω0 , ω1 , · · · ) : ℓ2 (Z+ ) → ℓ2 (Z+ ) be the associated
unilateral weighted shift, defined by Wω en := ωn en+1 (all n ≥ 0), where {en }∞
n=0 is the
2
∞
canonical orthonormal basis in ℓ (Z+ ). The moments of ω ≡ {ωn }n=0 are given as

1,
if k = 0
γk ≡ γk (Wω ) :=
(2.5)
2
ω02 · · · ωk−1
, if k > 0.
The (unweighted) unilateral shift is U+ := shift(1, 1, 1, · · · ), and for 0 < a < 1 we let
Sa := shift(a, 1, 1, · · · ).
We now recall a well known characterization of subnormality for unilateral weighted
shifts, due to C. Berger (cf. [10, III.8.16]) and independently established by Gellar and
Wallen ([22]): Wω is subnormal if and only if there exists a probability measure σ supported
5

in [0, kWω k2 ] (called the Berger measure of Wω ) such that
Z
2
2
γk (Wω ) = ω0 · ... · ωk−1 = tk dσ(t) (k ≥ 1).
Observe that U+ and Sa are subnormal, with Berger measures δ1 and (1 − a2 )δ0 +
a δ1 , respectively, where δp denotes the point-mass probability measure with support the
singleton set {p}. On the other hand,
q the Berger measure of the Bergman shift B+ (acting
2

on A2 (D), and with weights ωn :=
[0, 1].

n+1
n+2

(n ≥ 0)) is the Lebesgue measure on the interval

2.6. 2-variable weighted shifts. Consider now two double-indexed positive bounded
sequences αk , βk ∈ ℓ∞ (Z2+ ), k ≡ (k1 , k2 ) ∈ Z2+ and let ℓ2 (Z2+ ) be the Hilbert space of
square-summable complex sequences
indexed by Z2+ . (Recall that ℓ2 (Z2+ ) is canonically
N
isometrically isomorphic to ℓ2 (Z+ ) ℓ2 (Z+ ).) We define the 2-variable weighted shift
T ≡ (T1 , T2 ) = W(α,β) by
T1 ek := αk ek+ε1 and T2 ek := βk ek+ε2 ,

(2.6)

where ε1 := (1, 0) and ε2 := (0, 1). Clearly,


T1 T2 = T2 T1 ⇐⇒ βk+ε1 αk = αk+ε2 βk all k ∈ Z2+ .

Moreover, for k ∈ Z2+ we have

T1∗ e0,k2 = 0
T2∗ ek1 ,0 = 0

and
and

T1∗ ek = αk−ε1 ek−ε1 (k1 ≥ 1);
T2∗ ek := βk−ε2 ek−ε2 (k2 ≥ 1).

(2.7)

(2.8)
(2.9)

In an entirely similar way one can define multivariable weighted shifts. The weight diagram
of a generic 2-variable weighted shift is shown in Figure 1.
When all weights are equal to 1 we obtain the so-called Helton-Howe shift; that is, the
shift that corresponds to the pair of multiplications by the coordinate functions in the
Hardy space H 2 (T × T) of the 2-torus, with respect to normalized arclength measure on
each unit circle T (cf. [23]). This shift can also be represented as (U+ ⊗ I, I ⊗ U+ ), acting
on ℓ2 (Z+ ) ⊗ ℓ2 (Z+ ).
We now recall the definition of moments for a commuting 2-variable weighted shift T ≡
(T1 , T2 ) = W(α,β) . Given k ≡ (k1 , k2 ) ∈ Z2+ , the moment of T ≡ (T1 , T2 ) = W(α,β) of order
k is

1,
if k1 = 0 and k2 = 0



α 2 · · · α 2
if k1 ≥ 1 and k2 = 0
(0,0)
(k1 −1,0) ,
(2.10)
γk ≡ γk (W(α,β) ) :=
2
2

β(0,0) · · · β(0,k2 −1) ,
if k1 = 0 and k2 ≥ 1


 2
2
2
α(0,0) · · · α(k
β2
· · · β(k
, if k1 ≥ 1 and k2 ≥ 1.
1 −1,0) (k1 ,0)
1 ,k2 −1)
We remark that, due to the commutativity condition (2.7), γk can be computed using any
nondecreasing path from (0, 0) to (k1 , k2 ).
To detect hyponormality, there is a simple criterion:
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(0, 3)

..
.

···

..
.

α02

α12

α01

(0, 1)

α11

α00
(0, 0)

α22

···

α21

···

α20

···
(3, 0)

β20

β10

β00

···

β21

β11

β01

..
.

β22

β12

β02

T2 (0, 2)

···

α10
(1, 0)

(2, 0)

T1
Figure 1. Weight diagram of a generic 2-variable weighted shift.
Theorem 2.4. ([13]) (Six-point Test) Let T ≡ (T1 , T2 ) be a 2-variable weighted shift,
with weight sequences α and β. Then


2
αk+ε
− αk2
αk+ε2 βk+ε1 − αk βk
1
≥ 0 (all k ∈ Z2+ ).
T is hyponormal ⇔
2
2
αk+ε2 βk+ε1 − αk βk
βk+ε
−
β
k
2
A straightforward generalization of the above mentioned Berger-Gellar-Wallen result
was proved in [25]. That is, a commuting pair T ≡ (T1 , T2 ) admits a commuting normal
extension if and only if there is a probability measure µ (which we call the Berger measure
of T) defined on the 2-dimensional rectangle R = [0, a1 ] × [0, a2 ] (where ai := kTi k2 ) such
that

1,
if k = 0


 α2 · ... · α2
,
if k1 ≥ 1 and k2 = 0
(0,0)
(k1 −1,0)
Wα is subnormal ⇔ γk :=
2
2
β
· ... · β(0,k2 −1) ,
if k1 = 0 and k2 ≥ 1


 (0,0)
2
2
2
2
α(0,0) · ... · α(k1 −1,0) · β(k1 ,0) · ... · β(k1 ,k2 −1) , if k1 ≥ 1 and k2 ≥ 1
Z
=
tk11 tk22 dµ(t1 , t2 ) (all k ∈ Z2+ ).
Thus, the study of subnormality for multivariable weighted shifts is intimately connected
to multivariable real moment problems.
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3. Spherically Quasinormal 2-variable Weighted Shifts
In this section we present a characterization of spherical quasinormality for 2-variable
weighted shifts, which was announced in [17] and proved in [18] and [19]. Before we state
it, we list some simple facts about quasinormality for 2-variable weighted shifts.
Remark 3.1. (cf. [16]) We first observe that no 2-variable weighted shift can be matricially hyponormal, as a simple calculation shows. Also, a 2-variable weighted shift T ≡
(T1 , T2 ) = W(α,β) is (jointly) quasinormal if and only if α(k1 ,k2 ) = α(0,0) and β(k1 ,k2 ) = β(0,0)
for all k1 , k2 ≥ 0. This can be seen via a simple application of (2.7) and (2.8). As a
result, up to a scalar multiple in each component, a quasinormal 2-variable weighted shift
is identical to the so-called Helton-Howe shift. This fact is entirely consistent with the
one-variable result: a unilateral weighted shift Wω is quasinormal if and only if Wω = cU+
for some c > 0.
The following result describes the weight diagram of ∆sph (T) ≡ (Tb1 , Tb2 ).
Proposition 3.2. ([18]) Let T ≡ (T1 , T2 ) = W(α,β) be a 2-variable weighted shift. Then
2
2
(αk+ǫ
+ βk+ǫ
)1/4
1
1
b
T1 e k = αk
ek+ǫ1
(αk2 + βk2 )1/4

for all k ∈ Z2+ .

2
2
(αk+ǫ
+ βk+ǫ
)1/4
2
2
b
ek+ǫ2
T2 ek = βk
(αk2 + βk2 )1/4

(3.1)
(3.2)

We now recall the class of spherically isometric commuting pairs of operators (cf. [6],
[7], [23]). A commuting pair T ≡ (T1 , T2 ) is a spherical isometry if T1∗ T1 + T2∗ T2 = I.

Lemma 3.3. [6, Proposition 2] Any spherical isometry is subnormal.

Theorem 3.4. ([16, Theorem 3.1]; cf. [18, Lemma 10.3]) For a commuting 2-variable
weighted shift W(α,β) = (T1 , T2 ), the following statements are equivalent:
(i) W(α,β) ≡ (T1 , T2 ) is a spherically quasinormal 2-variable weighted shift;
(ii) (algebraic condition) T1∗ T1 + T2∗ T2 = C · I, for some positive constant C;
2
2
+ β(k
= C, for some positive
(iii) (weight condition) for all k ≡ (k1 , k2 ) ∈ Z2+ , α(k
1 ,k2 )
1 ,k2 )
constant C > 0;
(iv) (moment condition) for all k ≡ (k1 , k2 ) ∈ Z2+ , γk+ε1 + γk+ε2 = Cγk , for some positive
constant C > 0.
3.1. Construction of Spherically Quasinormal 2-variable Weighted Shifts. As observed in [18], within the class of 2-variable weighted shifts there is a simple description
of spherical isometries, in terms of the weight sequences α ≡ {α(k1 ,k2 ) } and β ≡ {β(k1 ,k2 ) }.
Indeed, since spherical isometries are (jointly) subnormal, we know that the unilateral
weighted shift associated with the 0-th row in the weight diagram must be subnormal.
Thus, without loss of generality, we can always assume that the 0-th row corresponds to
a subnormal unilateral weighted shift, and denote its weights by {α(k,0) }k=0,1,2,··· . Also, in
view of Theorem 3.4 we can assume that c = 1. Using the identity
αk2 + βk2 = 1 (k ∈ Z2+ )
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(3.3)

and the above mentioned 0-th row, we can compute β(k,0) :=

q
2
for k = 0, 1, 2, · · · .
1 − αk,0

With these new values at our disposal, we can use the commutativity property (2.7) to
generate the values of α in the first row; that is,
α(k,1) := α(k,0) β(k+1,0) /β(k,0) .
We can now repeat the algorithm, and calculate the weights β(k,1) for k = 0, 1, 2, · · · , again
using the identity (3.3). This in turn leads to the α weights for the second row, and so
on. For more on this construction, the reader is referred to [19]. In particular, it is worth
noting that the construction may stall if the sequence {α(k,0) }k≥0 is not strictly increasing.
Proposition 3.5. ([14, Proposition 12.14]) Let
√
√
√
√
α(0,0) := p, α(1,0) := q, α(2,0) := r and α(3,0) := r,
and assume that 0 < p < q < r < 1. Then the algorithm described in this section fails
at some stage. As a consequence, there does not exist a spherical isometry interpolating
these initial data.
Remark 3.6. In Proposition 3.5 the reader may have noticed that the 0-th row is not
subnormal; for, it is well known that, up to a constant, the only subnormal unilateral
weighted shifts with two equal weights are U+ and Sa ([33, Theorem 6]). Thus, save for
these two special (trivial) cases, assuming subnormality of the 0-th row will automatically
guarantee that α(k,0) is strictly increasing; therefore, in the sequel we will always assume
that the 0-th row is subnormal.
.
4. Iterates of the Spherical Aluthge Transform
For notational convenience, in this section we will switch from pairs (T1 , T2 ) to pairs
(S, T ). Given a 2-variable weighted shift (S, T ) ≡ Wα,β , recall that the spherical Aluthge
transform is given by
2
2
(αk+ǫ
+ βk+ǫ
)1/4
1
1
(∆sph (S, T ))1 ek = αk
ek+ǫ1
(αk2 + βk2 )1/4

and

2
2
(αk+ǫ
+ βk+ǫ
)1/4
2
2
ek+ǫ2
(∆sph (S, T ))2 ek = βk
(αk2 + βk2 )1/4

for all k ∈ Z2+ .
Thus, it is clear that each of the iterates of ∆sph (S, T ) is a 2-variable weighted shift. We
now define, recursively, two weight sequences, Sn (i, j) and Tn (i, j) using the horizontal and
vertical components of the iterates of the spherical Aluthge transform. For n = 0 we let
S0 (i, j) := α(i,j) and T0 (i, j) := β(i,j) . For n > 0, Sn (i, j) and Tn (i, j) are the weights of the
(n)
horizontal and vertical actions of ∆sph (S, T ). This easily leads to the following expressions:
(∆sph (Sn , Tn ))1 e(i,j) = Sn+1 (i, j)e(i,j)
(∆sph (Sn , Tn ))2 e(i,j) = Tn+1 (i, j)e(i,j) .
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It follows that
Sn+1 e(0,0) = Sn (0, 0)

(Sn (1, 0)2 + Tn (1, 0)2 )1/4
e(1,0)
(Sn (0, 0)2 + Tn (0, 0)2 )1/4

and

(Sn (0, 1)2 + Tn (0, 1)2 )1/4
e(0,1) .
(Sn (0, 0)2 + Tn (0, 0)2 )1/4
As in the 1 variable case [32], one observes that the asymptotic behavior anywhere impacts the asymptotic behavior at the origin (0, 0); as a result, and without loss of generality,
we can focus attention on the recursively defined sequences
Tn+1 e(0,0) = Tn (0, 0)

Sn+1 (0, 0) = Sn (0, 0)

(Sn (1, 0)2 + Tn (1, 0)2 )1/4
(Sn (0, 0)2 + Tn (0, 0)2 )1/4

(4.1)

and

(Sn (0, 1)2 + Tn (0, 1)2 )1/4
.
(4.2)
(Sn (0, 0)2 + Tn (0, 0)2 )1/4
We will now restrict attention to finite rank perturbations of spherical isometries. We
will prove that the iterates of ∆sph converge in the WOT to a spherical isometry. The
proof entails consideration ofWcases of increasing complexity. First, we need some notation.
Let k ∈ Z2+ and let Lk := {ek+p : p ∈ Z2+ }; that is, Lk is the closed subspace generated
by the orthonormal canonical basis vectors in the quadrant determined by the lattice point
k. Alternatively, Lk = k + Z2+ .
Tn+1 (0, 0) = Tn (0, 0)

Remark 4.1. (i) Observe that ifTMk2 represents the range of T k2 and if Nk1 represents
the range of S k1 , then Lk = Mk2 Nk1 . Also, for k1 = k2 = 1, the space L(1,1) is the core
of the 2-variable weighted shift (cf. [18, paragraph immediately following Lemma 3.4]).
(ii) It is easy to show that all iterates of the spherical Aluthge transform leave the
subspaces Lk invariant.
Theorem 4.2. (Case 1: 1-cell perturbation.) Consider the 2-variable weighted shift given
by the weight diagram in Figure 2. Then the iterates of the spherical Aluthge transform of
(S,T) converge in the WOT to a spherical isometry.
Proof. Since the spherical Aluthge transform leaves invariant the subspace where (S, T ) is
a spherical isometry (that is, the subspace M1 ∧ N1 ), it is enough to focus attention on
the asymptotic behavior of the iterates at the origin. It is not hard to see that ∆sph (S, T )
has the same structure, and the same is true of ∆2sph (S, T ), ∆3sph (S, T ), . . .
Thus, for this special case, the asymptotic behavior of the spherical Aluthge iterates is
controlled by the pair

pn := Sn (0, 0)
qn := Tn (0, 0).
Observe that



p1 = p(p2 + q 2 )−1/4
q1 = q(p2 + q 2 )−1/4 ,
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..
.

..
.

···

···

pβ10 β11
qβ01

T (0, 2)

···
2
2
αi,j
+ βi,j
= 1 (i, j) 6= (0, 0)

β22

β12

β02

..
.

α12

α22

···

Spherical isometry

pβ10
q

(0, 1)

α11

p
(0, 0)

α21

···

α20

···
(3, 0)

β20

β10

q

2
Also, ( pβq10 )2 + β01
= 1, · · ·

β21

β11

β01

α10
(1, 0)

(2, 0)

S
Figure 2. Weight diagram for the 2-variable weighted shift in Theorem 4.2

and, in general, for n > 2,


(

p2 = p(p2 + q 2 )−3/8
q2 = q(p2 + q 2 )−3/8
Pn+1

1 k

pn = p(p2 + q 2 )−P k=2 ( 2 )
n+1 1 k
qn = q(p2 + q 2 )− k=2 ( 2 ) .

From this it readily follows that, in the limit, we obtain

1
p∞ = p(p2 + q 2 )− 2
1
q∞ = q(p2 + q 2 )− 2 .
Since
2
p2∞ + q∞
= 1,
we see that the sequence of iterates does converge to a spherical isometry.



Remark 4.3. For future use, we record the following identity involving pn and qn in the
Proof of Theorem 4.2:
−n
p2n + qn2 = (p2 + q 2 )2 .
(4.3)
Theorem 4.4. (Case 2: 2-cell perturbation.) Consider the 2-variable weighted shift given
by the weight diagram in Figure 3. Then the iterates of the spherical Aluthge transform of
(S,T) converge in the WOT to a spherical isometry.
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···

β22
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qβ01

T (0, 2)

···

α12

α22

···

Spherical isometry
β01
(0, 1)
q

α11

α21

···

α20

···
(3, 0)

β20

v
p

(0, 0)

β21

β11
pβ10
q

u
(1, 0)

(2, 0)

S
Figure 3. Weight diagram for the 2-variable weighted shift in Theorem 4.4
Proof. Observe first that the restriction of (S, T ) to the invariant subspace L(1,0) is a 2variable weighted shift satisfying the conditions in Theorem 4.2, with the parameters u and
v taking the place of p and q. In particular, we know from (4.3) that
u2n + vn2 = (u2 + v 2 )2 .
−n

(4.4)

Moreover, by (4.1) the values of Sn+2 (0, 0) are determined by the values of Sn+1 (0, 0),
Tn+1 (0, 0), Sn+1 (1, 0) and Tn+1 (1, 0), and the last two values follow the pattern for the
weights in Theorem 4.2, since the lattice point (1, 0) is in the subspace L(1,0) . We now
observe that
p
Sn (0, 0)2 u2n + vn2 + Tn (0, 0)2
2
2
p
Sn+1 (0, 0) + Tn+1 (0, 0) =
.
Sn (0, 0)2 + Tn (0, 0)2

(Notice that Tn (0, 0)2 appears without another factor in the numerator because Tn+1 (0, 0)
uses information about the lattice points (0, 0) and (0, 1), and of course the restriction of
(S, T ) to L(0,1) is a spherical isometry.)
2
It follows that both the expressions for Sn+1 (0, 0)2 + Tn+1 (0, 0)2 and u2n+1 + vn+1
, which
2
2
are needed for Sn+2 (0, 0) and Tn+2 (0, 0), depend directly on the quantity un + vn , whose
asymptotic behavior is given by (4.4). It is now not hard to check that Sn+2 (0, 0) and
Tn+2 (0, 0) converges to 1 as n → ∞. At the same time, the reader will notice that
convergence does not easily follow from the convergence of the sequence {u2n + vn2 }, but the
concrete asymptotic pattern in (4.4) is important; that is, one has a sequence of the form
−n
c2 , where c is a positive constant.
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Theorem 4.5. (Case 3: 3-cell perturbation.) Consider the 2-variable weighted shift given
by the weight diagram in Figure 4. Then the iterates of the spherical Aluthge transform of
(S, T ) converge in the WOT to a spherical isometry.

(0, 3)
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.

..
.

···

β12

β02
pβ10 β11
qβ01

T (0, 2)

α12

pβ10
q

q

···

α22

···

Spherical isometry
β21
α11

α21

···

α20

···
(3, 0)

β20

v
p

(0, 0)

..
.

β22

β11

β01
(0, 1)

···

u
(1, 0)

(2, 0)

S
Figure 4. Weight diagram for the 2-variable weighted shift in Theorem 4.5
Proof. Observe that the restriction of (S, T ) to the invariant subspace L(0,1) satisfies the
hypotheses in Theorem 4.2. Using this information, one now needs to imitate the Proof
of Theorem 4.4 to reach the desired conclusion.

Theorem 4.6. (Case 4: multi-cell perturbation.) Consider the 2-variable weighted shift
given by the weight diagram in Figure 5. Then the iterates of the spherical Aluthge transform of (S, T ) converge in the WOT to a spherical isometry.
Proof. As the reader will surely anticipate, this case reduces to the previous cases, through
a series of steps. For instance, the restriction of (S, T ) to L(1,0) fits Case 3, and once this
information is incorporated, Case 4 becomes similar to Case 2.

We conclude this section with two open questions, which we plan to discuss in a separate
paper.
Question 4.7. Let (T1 , T2 ) be a commuting pair of operators on a finite dimensional Hilbert
space. Does the sequence of iterates ∆nsph (T1 , T2 ) converge in the norm?
Remark 4.8. One very special case of Theorem 4.2 has to do with taking the HeltonHowe shift and altering only the weights α(0,0) and β(0,0) . By commutativity, we must
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Figure 5. Weight diagram for the 2-variable weighted shift in Theorem 4.6
2
2
have x := α(0,0)
= β(0,0)
. Call this new shift (Sx , Tx ). (Strictly speaking, (Sx , Tx ) does
not satisfy the hypotheses of Theorem 4.2, since the Helton-Howe shift (S1 , T1 ) is not a
spherical isometry, but ( √12 Sx , √12 Tx ) is.) One can then prove that the Berger measure of
(Sx , Tx ) is (1 − x)δ(0,0) + xδ(1,1) . When we take the√
spherical√Aluthge transform, the atoms
remain unchanged, but the densities become 1 − x and x, respectively. As we keep
iterating, the square root becomes √
fourth root, √
eighth root, etc., so the Berger measure of
2n
2n
the n-th iterate is given by (1 −
x)δ(0,0) +
xδ(1,1) . As the number of iterates grow,
this expression converges to 1, so in the limit we get only δ(1,1) , that is, the Berger measure
of the Helton-Howe shift.

Remark 4.9. The reader must have surely noticed that in Theorem 4.2 the parameters
p and q determine the asymptotic behavior of the iterates. On the other hand, due to
the commutativity of (S, T ) those parameters are directly related, that is, qα01 = pβ10 ;
in other words, q depends on p and the data encapsulated by the spherical isometry
(S, T ) ↾L(1,0) W L(0,1) . That is, the asymptotic behavior in that case depends on one degree of freedom, given by, for instance, p. In Theorem 4.4, the number of degrees of
freedom is two (think about the parameters p and u as being free), while in Theorem 4.5
the number of degrees of freedom is three. We leave it to the reader to determine the
number of degrees of freedom in Theorem 4.6 and in more general cases.
Question 4.10. What is the asymptotic behavior of the iterates of the spherical Aluthge
transform of 2-variable weighted shifts with finitely atomic Berger measures?
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