1. a. Complete the following &-N definition (Definition 4.1:2) for a convergent sequence:
Definition:

A sequence (s,) is said to converge to the real number Z provided that....
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b. By using only the &-N definition of convergence and inequalities, prove that
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(Using limit theorems (4.2) will not earn credit.)
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2. a. State The Density of Rational Numbers in Real Numbers,
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b. Prove that if x and y are real numbers with x < y, then there exists an irrational number
asuch thatx < a < y,

You are asked to prove Theorem 3.3.15. You may use any axiom or proposition/theorem proven
earlier, but you can neither use nor refer to Theorem 3.3.15 or its consequences, Simply, saying
“This follows Theorem 3.3.15” will not earn any credit. You cannot use the result of any exercise
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¢. Prove that if x and y are real numbers with x < y, then there exists infinitely many f(fl’- 4;& )
irrational numbers between x and y. ]
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3. Fill in your answers or circle your answers, You are not expected to provide justifications. No
partial credit. No answers, incomplete or wrong answers receive 0 points, no penalty in this question.
Leaving an answer blank will not earn credit. If an answer is the empty set, then state it so. If

there exists no answer, then state it so, such as; DNE (does not exist).
Consider all of the sets in this question as subsets of R.
Caution: For each part make sure to use the correct set.

Let §= (0,3) U (3,4) U {6}.
a. The maximum of § : max S = é

b. The infimum of § : inf§= O

¢. The interior of S : int § = (0._3)\-’ ($ ft{')
d. The minimum of S : min§ = DNE& -

e. The closure of S : ¢l § = [Olq)u ¥C&
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LetT= {0} U(Q@n[1,2))
f. The supremum of 7 : sup 7' =

g. The accumulation points of 7: 7’ = L L ?'1

h. The boundary of T: 5dT= [ L, 2] w {o% .
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Circle your answer. Let U = () (1 — 4,1 + ). Hint: Simplify U first.

n=1
i.Is Uanopensei? Yes or

J- Is Ua closed set? @ or No
k. Is U a bounded set? or No
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4, a. State the following.
The Completeness Axiom for R (The Least Upper Bound property of R):
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b. Prove that every bounded and monotone increasing sequence (s,,) is convergent, by using
The Completeness Axiom for R,

You are asked to prove a version of Theorem 4.3.3. You may use any axiom or
proposition/theorem proven earlier, but you can neither use nor refer to Theorem 4.3.3 or its

consequences. Simply, saying “This follows Theorem 4.3.3” will not earn any credit. You cannot use
the result of any exercise unless you provide a solution of that exercise.
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5. TRURGEFALSE.
CIRCLE YOUR ANSWERS. SHOW NO WORK.

Cortrect answers are +4 points each, wrong answers are -1 points each, ambiguous answers are -2
points each, and no answers are 0 point each.
Total of problem 5 will be included your total grade only if it is positive.

TRUE . a.Let S < R. If L = supSforsome L € R, thenL> for all'x in' §.
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,@( 2 avple 3:: }lt Sing S=1.

TRUE ) FALSE b. Let (s,) and (¢,) be sequences in R such that |s,[< |ta}, V7 € N,
If (s) diverges to —oo, then (¢,) diverges.
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@FALSE c. Let (s,) be a sequence of rational numbers, Q.
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TRUE @- Let (s,) and (¢,) be convergent sequences of positive real numbers,
Then ( ) converges.
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CIRCLE YOUR ANSWERS. SHOW NO WORK,

Correct answers are +4 points each, wrong answers are -1 points each, ambiguous answers are -2
points each, and no answers are 0 point each,

Total of problem 5 will be included in your total grade only if it is positive.

@ FALSE ‘a.Vx e R Vy e R (ifx # 0 then 3n € Z (integers) such that mx > y).

TRUE b.LetS < R. fL = supSforsome L € R, thenZ > xforallxin S.

TRUE FALSE / c.Let (s») and (#,) be convergent sequences of positive real numbers.
Then (ﬁ—;’) converges.

TRUE J FALSE d.Let (s,) be a sequence of rational numbers, Q.
Ifve > 0,3M > VmneN > (mn=>M= |s,—su| < &),

then3Le R, > Ve > 0,3M > Vrne N;(n > M = |s, - L| < ¢).

FALSE e.Let (5,) and (¢,) be sequences in R such that |s,[< |t,|,¥n € N,
If (s.) diverges to —oo, then (z,) diverges.



