1. a. Complete the following &-N definition (Definition 4.1.2) for a convergent sequence:
Definition:
A sequence (s,) is said to converge to the real number L provided that....
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b. By using only the £-N definition of convergence and inequalities, prove that
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(Using limit theorems (4.2) will not earn credit.)
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2. A sequence (s,) is defined by
5s1=0

Sel = 3+ 8s, forn > 1.

a. Prove that (s,) is a bounded and monotone sequence.
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b. Explain why (s,) is a convergent sequence. If you use a theorem, give a statement of the
whole theorem (do not just give a number).
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3. Consider S = {0} U [1,3) U (3,4) as a subset of R. Fill in your answers or circle your
answers. You are not expected to provide justifications. No partial credit. No answers and wrong
answers receive 0 points, no penalty in this question.

Leaving an answer blank will not earn credit. If an answer is the empty set, then state it so. If
there exists no answer, then state it so, such as: DNE (does not exist).

a. The supremum of S : sup § = _""_

b. The infimum of § :inf § = O |

¢. The maximum of § :max § = DNG Siwe ‘(‘ é 3
d. The minimum of § : min § = ;CD_

e. The interior of S : int S = ___(LE) w(34)

f. The boundary of § : de=___1_°_l‘, 3¢"“t

g. The accumulation points of § : §' = l t) ‘(']

h. The closure of § : ¢l S = ;"3"’[“‘*]'

Circle your answer. C WO q
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i.IsSanopenset? Yes  or WwWAS#ES = IQS e Lty (34%)
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j.IsSaclosedset? Yes or LdsS $ S 3wk ke (s)

« &S .
k. Is S a bounded set? or No
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3. Consider § = (1,2) U (2,3] U {5} as a subset of R. Fill in your answers or circle your
answers. You are not expected to provide justifications. No partial credit. No answers and wrong
answers receive 0 points, no penalty in this question.

Leaving an answer blank will not earn credit. If an answer is the empty set, then state it so. If
there exists no answet, then state it so, such as: DNE (does not exist).

a. The supremum of § : sup § = _i__

b. The infimum of § : inf§ = __l_

¢. The maximum of § : max § = _6-_

d. The minimum of S : min § = _PVE Sewee ‘ é: S -
e. The interior of S : int S = _C_‘_\g-) vz, 3)

f. The boundary of § : bd S = _l_IL'Z.’ 5,9 S

g. The accumulation points of§:8 = __[i‘_il .

h. The closure of S : ¢l S = _[!t_'ﬂ\-‘ }5 ;

Circle your answer.

i.IsSanopenset? Yes  or wmhk S = ( ‘(1\ O (7g5) %+ S
j.IsSaclosedset? Yes  or Ld S $ S swmen | € bd (S)

(& S
k. Is S 2 bounded set? @ or No
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4. a, State the following.
The Completeness Axiom for R (The Least Upper Bound property of R):
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The Density of Q in R (The density of rationals in real numbers)
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b. Prove the density of Q in R. It suffices to prove this for positive numbers in this test. (You
can continue on the back of the page or on the opposite left, if that is needed, but make sure to write
Problem 4 on top of it.) You are asked to prove Theorem 3.3.13. You may use any axiom or
proposition/theorem proven earlier, but you can neither use nor refer to Theorem 3.3.13 or its
consequences. Simply, saying “This follows Theorem 3.3.13” will not earn any credit. You cannot
use the result of any exercise unless you provide a solution of that exercise.
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4. a. State the following.
The Completeness Axiom for R (The Least Upper Bound property of R):

The Density of Q in R (The density of rationals in real numbers)

b. Prove the density of Q in R. It suffices to prove this for positive numbers in this test. (You
can continue on the back of the page or on the opposite left, if that is needed, but make sure to write
Problem 4 on top of it.} You are asked to prove Theorem 3.3.13. You may use any axiom or
proposition/theorem proven earlier, but you can neither use nor refer to Theorem 3.3.13 or its
consequences. Simply, saying “This follows Theorem 3.3.13” will not earn any credit. You cannot
use the result of any exercise unless you provide a solution of that exercise.
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5. TRUE or FALSE.
CIRCLE YOUR ANSWERS. SHOW NO WORK.
Correct answers are +4 points gach, wrong answers are -1 points each, ambiguous answers are -2

points each, and no answers are 0 point each.
Total of problem 5 will be added to your total grade only if it is positive.

FALSE a. Let (s,) be a sequence of real numbers.

IfVe > 0,Vn € N, |s, — L| < &, then the sequence (s,) converges.
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TRUE @ h. Let (s.) be a sequence of nonzero real numbers.

Then, Vk € R (lim s, exists if and only if lim ks, exists).
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TRUE @ c. Let {54) be a sequence of rational numbers, Q.
IfVve > 0,IM s Vmne N > (mn =M= [y~ Sm| < £), Qawcw}
thendL e @, > Ve > 0,IM > VneN(n =M = |s,— L| < ¢). Gugrie.-.#
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. FALSE d.Vx e RVye R3ne Nsuchthat((x>0andy>0) = x> 2.
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@ FALSE . Let (s.) and (¢,) be sequences of real numbers such that vz € N, 5, < 5.
If lims, = +w, then lim#, = +co.
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5. TRUE OR FALSE.
CIRCLE YOUR ANSWERS. SHOW NO WORK.
Correct answers are +4 points each, wrong answers are -1 points each, ambiguous answers are -2

points each, and no answers are 0 point each. .
Total of problem 5 will be added to your total grade only if it is positive.

TRUE a. Let (s,,) be a sequence of nonzero real numbers.
Then, Vk € R (lim s, exists if and only if lim ks, exists).
H-0 o0
FALSE b. Let (s,) be a sequence of real numbers.
IfVe > 0,Vn € N, |sp — L| < ¢, then the sequence (s5,) converges.

FALSE c. Let (s») and (¢,) be sequences of real numbers such that Vi € N, s < .
Iflims, = +o0, then lim¢, = +oo.

@ FALSE d.Vxe RVyec R3neNsuchthat((x>0andy>0) = x> ).

TRUE e. Let (s,) be a sequence of rational numbers, Q.
IfVe>0,AM s VmneN s (mn=2M= I8 — Sm| < &),

thendL e @, >Ve>0,aM s Vne N (n>2 M= |sn — L} < €).



