
MATH 4500
Take-home MIDTERM
Due 10:30 am,Monday, October 9, 2017

You are allowed to use any theorem, proof, calculation or example done in class or in the sections
of the textbook we covered so far, as long as you clearly indicate what you are using. If you want to
use a computer to check some graphs of curves or calculations, it is fine. You still need to show
details of your calculations and proofs written by you. For a take-home test, students are allowed to
use their notes, textbook, to ask your instructor questions/hints in class. Discussing the test questions
with other students is not allowed. Using another person’s solutions is not allowed. Using other
textbooks and online resources are not allowed.

Since this is take home-exam, your solutions should be written legibly, showing details and steps,
and your answers should be simplified as much as possible. Please include a cover page and start
with a new page with each question. Doing these will give me space to write grades and comments.
You can write on both sides of the paper if you would like. Either staple your pages together or write
your name on each page.

There are 7 questions in this test.
First question is 10 points and the rest are 15 points each, for a total of 100 points.

1. For the curve t  6t2, 3t, 4 2 t
3
2 , t  0 :

a. Calculate the arclength function, starting at t  0,
b. Reparamatrize  with respect to arclength, and
c. Find its length for 1  t  4.

2. Calculate the Frenet frame T,N,B, the curvature and the torsion of the curve
t  2t, t2, 1

3 t
3 , t  .

3. From the textbook: Do the exercises 1.3.12 and 1.3.13, page 21.

4. From the textbook: Do the exercises 1.3.24, page 25.

5. From the textbook: Read the definition of the plane evolute from Example 1.4.11, page 31, and

do the exercise 1.4.14, page 33. Take a  0 and b  0.

PLEASE TURN THE PAGE OVER FOR QUESTIONS 6 and 7.



6. Let s : I  3 be a smooth C curve in 3 such that   0, and s  1. Let
T,N,B,, , and  denote the unit tangent vector, the principal normal, the binormal, the
curvature, the torsion and the speed of , respectively.

Let s  Ts, which is called the Tangent Spherical Image of  or Tangent Indicatrix
(Tantrix) of .

Calculate the speed, the unit tangent vector, the principal normal, the binormal, the curvature, and
the torsion of  (which are ,T,N,B,, and , respectively) in terms of T,N,B,, .

CAUTION:   1, but s is not necessarily an arclength parameter of .

HINTS: First prove that   ,T  N and s  1   
 

2 . Then prove and provide

simplified formulas for N,B, and prove that  





 1 


2 .

7. Let s : 0,L  2 be a smooth C curve with s  1 and curvature s  0 so
that N exists on all of 0,L. A curve  is called parallel to  if it is defined by

s  s  rNs

where r   is a chosen constant and Ns is the normal of . Different choices of r give different
parallels to .
a. Prove that the curvature  of  satisfies that

s 
s

1  rs
when  is regular at s.

b. Give an example of regular curve s, a point s0 on it, an r value, but  is NOT regular at
s0.
c. Prove that The length of   2r  The length of , if  is a simple closed strictly convex

smooth plane curve and r  max1.
A simple closed smooth curve s : 0,L  2 is called strictly convex if its curvature   0

on all of 0,L, and the derivatives of all orders k match at the initial  terminal point:
k0  kL. For example, circles and ellipses are strictly convex. You may assume that the
rotation index of a simple closed curve is 1 if oriented counterclockwise, without proof. However,
provide an explanantion why the signed curvature and standard curvature are the same for a strictly
convex counterclockwise oriented closed curve, if you use such a fact.


