1. Provide the definitions of the following concepts in arbitrary metric spaces (X, d) unless it is
specified otherwise. The definitions you give need to be the same (or have the same meaning) as of
those definitions given in the textbook or in class, without using a theorem or proposition which
require a proof.

a. A sequence {p,} converging to a point p
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b. A convergent series 3~ ¢, inR
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¢. An absolutely convergent series >~ a, in R
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d. A continuous function from one metric space into another
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¢. The limit of a function (from one metric space into another) at given point
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2. Letf: (X,dx) » (Y,dy)and g : (¥,dy) - (Z,dz) be uniformly continuous functions on
metric spaces. Prove that 1 = g o fis uniformly continuous on X.
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3.1f 3 ", a converges and {b,} is a bounded and decreasing sequence,
prove that Z:;o anb, converges, You must provide a precise statement of every theorem that
you use in your solution and we have proven in class or in the textbook.
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4. Prove that every compact metric space is complete, that is, every Cauchy sequence in a
compact metric space is convergent. You may assume diam(E) = diam(E) without proof.

You are asked to prove Theorem 3.11(b) which we proved in class also. You may use any axiom
or proposition/theorem proven earlier, but you can neither use nor refer to Theorem 3.11(b) and the
theorem we proved in class or their consequences. Simply, saying “This follows Theorem 3.11(b)
and the theorems we proved in class” will not earn any credit. You are expected to provide proofs.
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5. Prove that if  : (X,dx) - (Y,dy) is a continnous function and £ is a connected subset of
X, then f(E) is connected in Y.

You are asked to prove Theorem 4.22 which we proved in class also. You may use any axiom or
proposition/theorem proven earlier, but you can neither use nor refer to Theorem 4.22 and the
theorem we proved in class or their consequences. Simply, saying “This follows Theorem 4.22 and
the theorems we proved in class” will not earn any credit. You are expected to provide proofs.
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6. TRUE OR FALSE  CIRCLE YOUR ANSWERS.

NO PARTIAL CREDITS. YOU ARE NOT EXPECTED TO SHOW WORK.
Correct answers are +4 points each,

wrong answers are -1 point each,

ambiguous answers are -2 points each, and

no answers are 0 point each.

Total of problem 5 will be added to your total grade only if it is positive.
HINT: Read very carefully.
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