1. Provide the definitions of the following concepts in arbitrary metric spaces (X, d). The
definitions you give need to be the same (or have the same meaning) as of those definitions given in
the textbook or in class, without using a theorem or proposition which require a proof.

a. A Cauchy sequence
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d. A continuous function from one metric space into another
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2. State and prove the Generalized Mean Value Theorem.
HINT: It may contain an equation of the form
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a. Statement
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3.Ifboth 35 a,and 3~ by converge absolutely, prove that 3 ; c» converges absolutely,
where ¢, = ZLO arbn for all n € NU {0}. You must provide a precise statement of every theorem
that you use in your solution and we have proven in class or in the textbook.
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4. Prove that if / : (X,dx) — (¥,dy) is a continuous function and X is compact, then f{X) is
compact.

You are asked to prove Theorem 4.14 which we proved in class also. You may use any axiom or
proposition/theorem proven earlier, but you can neither use nor refer to Theorem 4.14 and the
theorem we proved in class or their consequences. Simply, saying “This follows Theorem 4.14 and
the theorems we proved in class” will not earn any credit. You are expected to provide proofs.
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5. TRUE OR FALSE CIRCLE YOUR ANSWERS.

NO PARTIAL CREDITS. YOU ARE NOT EXPECTED TO SHOW WORK.
Correct answers are +4 points each,

wrong answers are -1 point each,

ambiguous answers are -2 points each, and

no answers are 0 point each.

Total of problem 5 will be added to your total grade only if it is positive.
HINT: Read very carefully.

TRUE @ a. Given a sequence {c¢,} in a compact metric space, every subsequence of
{cy» converges 1o the same limit.

X: [—""l\] ) d = stoadoard Buct. dut.

c.-"m':‘C"‘)"k a Coda = —\ Ca*‘—-’—-‘
A Coven™ \ Cegen — T
( TRUE) FALSE b. For given two real sequences {a.} and {b,}, one has
lim% (an+by) > lim'ri'_r’lg a,,+lim'i,_’n£ by
I“‘“*“f(“““' L) 2 \iws-uf Gu + ‘\M'N-( ba Vts‘“{"‘i‘:ﬂ-ﬁ’}u
‘\\I&S“r (-—Qu—' b-n) & |w~1-' ("‘“u\ + \\'N W\f(-—b.)
_— Iwn m{- (ow\-f lp.‘) £ ~ llamc (0.-\} — ‘w‘\mc- (‘94\3
\\m \-J; (mqikn\ ?. \\u\a..t (u...,\ -+ lun. "‘-c- (‘p.\)

TRUE (FALSE/ ¢.Iff: (X,dx) = (Y,dy) is a continuous function, and {x,} is a Cauchy
sequence in X, then {f{x,)} is a Cauchy sequence in ¥.
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