PROBLEM SET 4: §1.4

Exercise 6: Let a(t) = (acost,bsint). Then o/(t) = (—asint,bcost) and o’ (t) = (—acost, —bsint). Thus,

lo/| = Va2sint + b2 cos? t = |o| (note in particular that o/ is non-vanishing, i.e. a is regular) and:

i ik
o x o =|—asint beost 0| =k-ab(sin®t+ cos’t) = (0,0,ab)
—acost —bsint 0
Applying the formula r = | ‘Iaxlf;//‘, we conclude:
ab
K =

(a2 sint + b2 cos? t) 3/2

Note that when « defines a circle, i.e. when a = b, this simplifies to:

a? a?

(a2 (Sin2 t + cos? t))3/2 S d@ a

Finally, suppose a(t) = (z (t)) is a (REGULAR) plane curve. Then o/(t) = (2/(t),y'(t)) and &”(t) =

(t),y
(2(), 5" (B)), hence [o’] = /(2/(£)® + (W' (£)°, o] = /(@ (£))? + (v(1))* and:

ik
a/ X a// — :L./ y/ 0 — k . J;/y// _ x//y/
2y 0
Applying the formula x = |a‘/;,“°;”‘ , we conclude:

1" /|

B |9:’y” — 'y
= 4(90/2 N y’2)3/2

Exercise 8: Consider the hyperbolic helix «(t) = (cosht,sinht, t). We have o/(¢t) = (sinht,cosht, 1),

o’ (t) = (cosht,sinht, 0), and o' (t) = (sinht,cosht,0). Thus, v = |o/| = Vsinh®t + cosh®t +1 =

V2cosh?t = /2 - | cosht| = v/2cosht (since cosht > 0 for all ¢ € R) and:

T =« — (sinhtcoshtl) %(tanht,Lsech t)y=T

v v/2cosht
Also:
i ik
o/ x o =|sinht cosht 1| = (—sinht,cosht, sinh?t — cosh? t) = (—sinht, cosht, —1)
cosht sinht 0
Therefore:

o x o (—sinht,cosht, —1) (—sinht,cosht, —1)

B |/ x o] B \/sinh2t+cosh2t+1 B V2 cosh? t
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= m - (—sinht,cosht, —1) = | % (—tanht, 1, —sech t) = B

S

Continuing, we have:

i j k
N:BXT:M:% —tanht 1 —secht| =3 (2 secht,O,f2tanht):‘(f sech t,(),tanht):N‘
tanht 1 secht

|/ xa”|  V2cosht 1 B
|o/|3 (\/ﬁcosht)3 2 cosh?t

(o' x o) e  (—sinht,cosht, —1)e (sinht,cosht,0)  —sinh®¢+cosh®¢t+0 1

|/ x a”\Q (\/icosht)Z 2 cosh? t "~ 2cosh?t

t
Exercise 9: Let «(t) be the hyperbolic helix from the previous exercise. We want to compute fo |/ (u)] du.

Having already computed |o/(t)| = v/2 cosh t, we simply have:

t t t
[ o/ ()] du= \/if() coshu du = \/i{sinht}o = /2 (sinh ¢ — sinh 0) :

Exercise 10: Let a(t) be a (not necessarily unit speed) curve with involute J(t) = a(t) — s(t)m =
a(t) — s(t) - To(t). We claim that the curvature of the involute J(¢) is given by:

Ko (1) 4 7a (1)

s(t) - ka(t)

kg (t) =
where s(t) is the arclength function for a. To simplify the notation as we justify this claim, we will omit the
t’s. Also, we will assume that k() is nonvanishing, so that the RHS of the formula is defined.
Using the product rule to differentiate our formula for J, we obtain:
I =a —8 Ty—5 T, =vsTo —VaTa — 8 kaValNag = —5 - Ko * Vo - Ny

1/ / i / /
J'=—=58 " Kq Va No—8 Ky Vo No—85 Kq Vy - Noy—5Kq- Vs N,

= Ny (=8 KalVa — SLVe — SkaVh) + N. (=8 Ko Vo)
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This gives:
19| =5 kg - Va

Jx7"

(Na (=8 kg - I/a)) X (Na (—8'KaVa — Sk Vo — SkalVh) + N. (=5 - K - Va))

N, - (fsmaya)) X (Na (—8'KaVa — Sk Vo — snaug)) +(Na (=5 kg - Va)) X (N(’y (=5 K - I/a))

I
/N /N

=0
=(Nuo- (=5 kKa- I/a)) X (N(’I (—$ - Kq - I/a)>
=52 k2.2 (N4 x N.)
52 k?)c ' VZ ' (NOL X (7K(IVOLTO¢ + TaVaBa))
= 52 : ki : VZ : (_’%OtyaBa + TaVaTa)
8% k2 v (=FaBa + TaT)
17 x| =2 k203 /K2 72

Now we conclude as claimed:

(Note above that \/kq (£)° = +kq (t), since everywhere we have by assumption kg > 0.)

Finally, we compute the curvature of the involute of the unit circle directly and from this formula. Directly,
we have a(t) = (cost,sint,0), with J'(t) = (—sin(t),cos(t),0), |7'(t)] = sin®t + cos’t = 1, and s(t) =
fot |9(u)| du =t, so that:
o (t —sint, cost,0
3(0) = alt) - s(0) ok (Esint cost,0)
J'(t) = (—sint + sint + tcost,cost — cost + tsint,0) = (tcost,tsint,0)
J"(t) = (cost — tsint,sint + tcost,0)

= (cost,sint,0) — ¢ - = (cost + tsint,sint — tcost,0)

i j K
7 x 7" tcost tsint 0| = (0,0, (costsint + tcos® t — costsint + tsin®t)) = (0,0,¢?)
cost —tsint sint+tcost 0
P lood] e
|73 |(tcost,tsint,0)> ¢

In order to apply the formula, we first note that « is a plane curve, and so having already computed s(t) = t,
we conclude as before: kg(t) =1/s(t) = 1/t.



